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Abstract In this paper, we examine the solvability of an infinite system of integral equations
of Hammerstein type in three variables in two newly constructed tempered sequence spaces bu{j
and cs”, with the help of measure of non-compactness and Meir-Keeler condensing operator. In
order to demonstrate and establish the significance of our results, we additionally offer suitable
examples.

1 Introduction

Integral equations (IE) are a significant extension of nonlinear functional analysis. Nonlinear
integral equations often arise to explain a broad range of real-world issues. They occur in tack-
ling various engineering, population dynamics, feedback systems, stability of nuclear reactors,
and economics challenges [2]. One of the most important and thoroughly researched nonlinear
integral equation is the Hammerstein one. In recent times, many researchers have been inter-
ested in analyzing the solutions of various functional equations. Measure of noncompactness
(MNC) is a useful tool in fixed point theory, which plays an important role in figuring out the
solvability of functional equations.

Kuratowski [1] was the first who described the concept of MNC as a function that provides
a quantitative measure of how far a given set is from being compact. Later on, many prominent
mathematicians and researchers further generalized the concept. In 1955, Darbo [3] introduced
the famous Darbo’s fixed point theorem using Kuratowski measure of non-compactness. Over
the period of time, a number of researchers have used MNC to demonstrate the existence or
solvability of several linear and non-linear equations in various Banach sequence spaces. We
suggest the readers to visit [7], [9], [12], [14], [17] and the references therein for such results.

Finding the solutions of distinct differential or integral equations on different classical spaces
can occasionally be challenging , as the solutions may not be present in classical sequence
spaces. Therefore, it is necessary to extend the classical sequence spaces. Banas and Krajew-
ska filled the void in [15] by proposing the concept of a positive and non-increasing sequence
named as tempered sequence. For example, if we take the classical sequence space buy and the
tempered sequence (pn,) = #, (m € N), then it gives a new sequence space bvfj, allowing

o0
> pmltm — Umi1| < 0o. We go into great depth on the tempered sequence in section 4.
m=1
Using the concept of tempered sequence, Ghasemi and Khanehgir [16] studied the solution

of n-variable integral equations in c; and Elﬂ , in [18], Mehravaran et al. introduced the tem-
pered sequence m” (), in [19], Rao et al. checked the solvability of infinite systems of nonlinear
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tempered fractional order BVPs in C(Q,cl) and C(Q,c"). In [20], Simbeye et al. checked the
solvability of an infinite system of integral equations of Hammerstein type in three variables in
tempering sequence spaces c, and £} .

Motivated by all these works, in this article, we extend the results of [20] and check the
solvability of the following infinite system of IE with a Hammerstein structure in three variables
in two newly generated tempered sequence spaces bvjj and cs”.

xn@u,%z,%) = Tn(5117$22»$33)+/ / / Kn@u@zza533»%11»@2%@33)hn@11a@22»%3»
Ao Jp

m

m(@naazz,am))dandazzday (1.1)

wheren € N and ¢y, ¢y, b33 € I° for I = [f1, D).

The significance of this work lies in the novel application of measure of non-compactness
to infinite-dimensional sequence spaces tailored by tempering sequences, which opens new av-
enues in the study of integral equations. These results not only enrich the theoretical under-
standing but also lay the groundwork for future studies involving more complex or generalized
systems.

For convenience, we use NBS for nonempty bounded subset and BCS for a bounded
closed set.

This work is organized as follows: in section 2, we present some preliminary findings and
analysis of MNC. We imply the Hausdorff measure of non-compactness (H-MNC) on sequence
spaces in section 3. We construct two new tempered sequence spaces bvf and cs’ and define H-
MNC on these spaces in section 4. The solvability of the system (1.1) in bvf] is examined in section
5, and our conclusion is demonstrated with an example. Section 6 examines the solvability of
(1.1) in cs” followed by an example to support our findings.

2 Preliminaries

Assume € as a complete normed linear space (Banach space) over the real numbers with the
norm || - ||. Suppose B(xo,dy) represents a closed ball with radius dy and center at xy in €.
For any subset Y of €, let Y and Conv(Y') be the closure and convex closure of Y respectively.
Additionaly, let R be a subfamily of all relatively compact sets, and P is set of all NBS of €.
Moreover, ‘ﬁg be the subfamily of all BCS.

Definition 2.1. [5] A mapping 5
[:Pe > Ry
is called MNC in € if
(i) ker f = {& € Pe : f(&) = 0} is non-empty and ker f C Re.
(i) &) C &, = f(6)) < f(&,).
(iii) f(&) = f(&).
(iv) f(Conv(8)) = f(6).
V) f(s&1 + (1 - 5)62) < sf(61) + (1 - 5)f(&2), Vs € (0, 1).

(vi) If (Z,,) is a non-increasing sequence in B§ and if (f(Z,,)) is in co, then there exists at least
one j € Esuchthatj €7Z,,VneN.

Note that, the MNC f is called sublinear when
(@) f(s6) =|s|f(&) fors € R and
(b) (&1 +6,) < f(&)) + f(&).
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Definition 2.2. [6] Suppose f and fg be two MNC’s on the Banach spaces €, and €&, respec-
tively. An operator H : €, — &, is (f1, f2)-condensing operator when

1. H is continuous,

ii. /L(H(C)) < fi(C), where C is bounded as well as non compact subset of €. A ( fi, fo)-
condensing operator becomes f-condensing operator when f; = fo = f and &, = ¢&,.

Definition 2.3. [4] Consider 91 as a metric space with metric p. A mapping
J:M—-IM

is a Meir-Keeler contraction or simply, a M-K contraction if V € > 0, 3 ¢ > 0 with o(Ju, Jv) < €
whenever € < g(u,v) < € + 4,V u,v € M.

Theorem 2.4. [4] Whenever (I, o) is complete, M-K contraction J on 9 always has a unique
fixed point.

Definition 2.5. [13] Let & be a Banach space with MNC 7, and ® C €. An operator J : ©® — ©
is called Meir-Keeler condensing operator or simply M-K condensing operator if V ¢ > 0, 3
§ > 0s.t. n(J(D1)) < e whenever € < (D) < €+ § V bounded subset D, of D.

Theorem 2.6. [13] For a subset ® of € and arbitrary MNC 1, if § , the Meir-Keeler condensing
operator on 9, is continuous then J has at least one fixed point and the set of all fixed points of
Jin® is a compact set.

Suppose C(J, €) denote a Banach space of all continuous functions defined on J with values
in & equipped with the norm

1ylle = sup{lly(2)I| : z € J}-

3 The H-MNC on sequence spaces

Suppose S be a bounded subset of a metric space (X,0). Then the Hausdorff measure of non-
compactness (H-MNC) on S, denoted by x(S), is defined as

x(S) —inf{<>O:SC U2iv), rie X v<al gign,neN},

i=1

where PB(ri, vi) is an open ball in X.

Consider (™) = {el 62 ,€ (n ,. ..} as a sequence such that
L i i
e§”>: ’ lfl " WneN.
0, if i#n

For x = (x;), its n-section is formulated as

Ll — i 26l
i=1

Definition 3.1. Let X be a sequence space of real or complex valued sequences. Then,

1) X is known as FK-space when

« X is a complete linear metric space, and

» Vn €N, the map p, : X — C formulated by p,(z) = (z,) is continuous.

i1) A FK-space together with a norm is called a BK-space.
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iii) A FK-space X has AK if V sequence z = (z,,) € X possesses a distinctive form z =

lim zl",
n—oo
Lemma 3.2. [11] Assume X as a BK space with Schauder basis b,, Q € Bx, &, : X = X, is
the projection onto the linear span of {ey, ez, - ,e,} and T is the identity operator. Then
1. e .
Ltim sup <sup Iz - 6n><x>||> <70 = inf(swlE-&)@l)
a4 nooco TEQ " \zeQ
< timsup (sup [ - &)1
n—o00 zeQ
where, a = limsup ||Z — &,,]|.
n—oo
When
G,: X=X
S.1.
Sy(ar, 22, ) = 2™ = (x1,22,++ ,2,0,0,--+) Vo= (z1,22,--) €X
then

f(Q) = lim (sup I(I—Gn)(x)ll).
z€Q

n—o0

4 H-MNC on bvf{ and cs”

The sequence space bvy is defined by

bvy = {u = (Up,) : Z [, — Upnt1| < oo}
m=1

o]
is a BK-space with ||ul|pw, = Y. |tm — Umt1|- The space bvy is denoted by bv N ¢y and bvy C bu
m=1
(details in [10]). Therefore,

by = {u: (Um) : Z [t — Upnt1] <oo}.

m=1

Theorem 4.1. The H-MNC on buvy is given by

x(H) = li_>m sup { Z [t — um+1|} ,where H be N'BS of bvy.
n—o0 cH —_

Applying a fixed, non-increasing positive sequence p = (p,)5, known as tempering se-

quence, Banas and Krajewska [15] first instituted the idea of tempered sequence space.

Suppose £ consists the sequences (real or complex) z = (2,)°°, so that p,z, — 0 as
n — oo. Let £ = ¢f is a Banach space with the norm

[2llee = sup{pnlznl}.
neN

Inspired by this construction, we have established new tempered sequence spaces bvf and
cs? and discussed H-MNC on it.
Consider a set $) = bvfj with real or complex sequences u = (uy,)e_, so that

oo
Z Pm|Um — Ump1] < 00.

m=1
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Clearly ) forms a Banach space with the norm

oo
Hu”bvo = Z pm|um — Um+1]-

m=1
When p,, = 1V m € N then bvj = buy.
Proposition 4.2. The spaces buvj, and bvy are isometric.
Proof. Consider a mapping U : bv{ — bv, defined as
B(u) = BV(u)Z) = (pivi) 1,
where u = (u;) € bvfj. For fix v = (v;), 10 = (1v;) € bv{ we get
1B(0) = B(1)[low, = 1(p59:)521 — (pi10i)iZ1 [lbw,

= |{pi(0; = 1)}y,

= Z lpi{(0; —10;) — (0;11 — 10;41) }]
i=I

oo
= ZPH(W —10;) — (0541 — W11
i=1

= o = vollpy,

which implies that 0 is an isometry between bv{j and bv.
Observing Theorem (4.1) and Proposition (4.2) NBS H, of bvfj, we have concluded that

n—o00
ueH,; m=n

oo
Xb’l)(f(Hl): lim sup {meum_um+1|}'

Again, the sequence space cs is defined as
n
_ — (2O - T; .
cs = {z = (2:1)% nhﬂrrolog:zz < oo}

=0

is a sequence space with BK , AK properties and normed by ||z|| = sup | >_ z;|.

i=0

Theorem 4.3. For any bounded subset T' C cs, the H-MNC is defined as

) |

n
Let 3 contains the sequences (real or complex) z = (z;)32, such that sup p,| Y z;| < oc.
n =0

m

Zi

Xes(T) = lim (sup sup

n—oo
€ m -
= =n

Suppose 3 := cs” is a Banach space with the norm

n
[2]lcse = sup py| ZZZ‘
" i=0

Proposition 4.4. The spaces cs” and cs are isometric.
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Proof. Consider a mapping f : ¢s” — cs defined as

(2) = J(2:)2) = (pizi) 2,

f
where z = (z;) € es”. Letr = (;),n = (1) € cs” we get

1£(x) = F®)lles = llpsxs — pivilles
= {pi(ri = 9i)}l .

Z pi(xi — i)
i=0

= ||t — 9llese-

= sup
n

.. From Theorem (4.3) and Proposition (4.4), we have

m
Xew (1) = Jim, (:gg P | 2% ) |
= =n

where Ty be the NBS of cs”.

5 Solution in bv{

Our assumptions are as below:
(A.) The functions (h;)?2, on I3 x R are continuous and real-valued. Define the operator
Y 1 P x buf — bulj as
(Yx)@n:azzv%s) = (h1($11,$zz,$33,x), h2($117$22a$337x)7 )

maps I* x bvf to bvf. The family of functions (Y x)(¢1,, ¢, ¢33) hold equicontinuity at all
points of the space bvf.

(B.) Ci@n7522@337@117E22’$33) and di(ana&zzv%&@n7@227$33) are continuous functions
on I such that

|Knhn — Kngthnpt| < cn(@11, 6225 033, U115 U2, ¥33) + dun (D11, Pans D335 U115 U, U33)
\5’371,(%17@227@33) - xnﬂ(@m@zzaawﬂ-

Here the function

ancn(an’522»53%@117E22,@33)

n=1

is uniformly convergent on £6. dn (011> P22 D335 Y11, V225 ¥33)men is equibounded on 1.
The function c(¢y1, ¢y, 33, V11, ¥, ¥33) is given by

(D11, D2y G335 V11> Vo2, Uh33) = Z Prcn (D11, D225 335 V115 V225 ¥33) -
n=1

Consider

D = sup{d,,(¢11, P22, P33, Y11, Y22, ¥33) 1 (D11, Poas D335 11, Y, h33) € I%ne N}.
C = sup{c(dy1, P, D33 11, Y2y ¥33) = (D115 Pazs P33, U115 Uans P33) € I ne N}.

(C.) The functions K,, : I® — N are continuous throughout the entire domain I® where n € N.

Again, Kg@w 52;, $3@ @117» Ez;v 133) exhibit equicontinuity w.r.t. the variables (¢, 92y, d33),
also K, (@11, by, P33, V11, U, V33)s are equibounded on I°. The constant K is defined as

K = sup {|Kn($11@2278337E11a@227@33)|}
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(D.) The functions r,, : I’ — R are continuous. Again, R is given by

R = Z 7 (115 $22: 833) = Tns1 (D11, Pa2s D33) -

n=1

Theorem 5.1. On account of assumptions (A)-(D), the system (1.1) has a solution z(¢,,, dy, d33) =
k(D115 bozs d33)721 bVf for a fixed (¢, ¢y, P33) € I, whenever (7 — i)*D < 1.

Proof. First, we consider an operator ) on C(I°, bvf) as -

(@@@11@22@33) = ((@w)n(5117$zz,533))
=n$,$ 35 + " ’ VKnaaa va a@ ,E 7@
7"(112233)/}}/}}/,1 (D115 P25 D335 %11 2233)
hn@n ) @22» %37 93@11 7%27 @33)) C@n d@zz 0@33
— (n @ Fmd) + [ [ K@ B BB T T
(7‘1( 15> P22, 933) /“/M/ﬂ 1(D115 0225 D33, V115 V25 33)

P (11, Yans sz, (Y11, V0, ¥33)) dipyy diday dipas + . > (5.1

Now, we will show that 2) self-maps on the space C(I°,bvf). Letn € Nand (¢, ¢, ¢33) € I
Then by using assumptions (A) and (C), we get

H(@w)n($117$227$33)”bv6’
= an|(@x)n($ll’$227$33) = (D) n+1 @117522’533”

n=1

Z (D11, 22, 933) ///K (D115 D225 D335 V115 U2y ¥33)

n(@llv@Zlawﬁn 95(1/)11’1?22’ ¢33)) dwll deZ d¢33
—I'n 5 aa 75 - ’ ’ VKTL 5 a$ 75 a@ 7@ 7@
T +1( 115 %22 33) /2 /ﬁ /ﬁ +1( 115 %225 %33 11 22 33)

hn+1 (El 1> ¥227 E337 93@1 1 E227 EB?&)) d@ll d@ZZ d@33

S L

nll"

n(7/1117¢227 "/)333 95(1/1117 1/)22’ 53)) - Kn+1 (51175227 5337@117@227 E33)

w (D11, Ga2s D33, U115 Uon, V33)

n+l (E 110227 ESS? x(@llv@Z% EB)) d@ll d@ZZ d¥33

Z/ / / Putlen(D11; 625 033, U115 V22, V33)| + (D115 Pozs D335 V11> U2y ¥33)
- i

|33n(1/’11 ) wzzy ¢33) - xn+1(¢11 ) ¢227a33)|}0@11d@22d¥33-
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Using Lebesgue monotone convergence theorem [8], we get-
|(Q.Jx)n($11,$227$33)|bv5
<R+ / / / an |en (D115 0225 D335 V11, U2y V33)| + d (D11, a2y D335 V115 V22, 33)

|33n(7/)11a¢227 ¢33) - $n+1(¢11:@227533)|}

<R+C(D— )’ + D0 — )’ sup{||z[[p } < oo. (5.2)
Thus (92)(d11, daps d33) € bg ¥ (D11, das b33) € I°.
Again,
(P15 D22, P33) oy < R +C(0 — p)’ + D0~ ﬁ)SH‘ervg'
As D(D — ji)® < 1, s0, we have -

||x(¢117¢22a¢33)”bv) = W

Therefore, using (5.2), we conclude that ) is self-map on C(I°, bvf)).
Also,

(D) (P11, P2, d33) — O] < 7,

which implies ) maps to a ball with radius 7 and center at the origin, B, which belongs to
C(I3,bvf).

Next, we will check continuity of ) on B;. Consider a fix ¢; > 0 and y € B;. Choose
7 € By s.t. |y — G| < e for arbitrary fix (¢, ¢y, d33) € I’ and n € N, we get

1Y) (D11, 22> 33) — (DT (P11, P22, P33) |

o0

; I RS )

(7/)11»1/12271/1337 (@117@227@33)) - hn(@l17$227@337 17@117@227E33))|d¥11d@22d@33

< ’CZ[U /V /V pr{ P (€1, %22, V33, Y (P11, 22, ¥33))
i
— hn (011,22, V33, T (115 V225 ¥33)) | YA 1 diDp diss. (5.3)
Now, by condition (A), define d;(¢;) as -
S1(e1) = sup {|hn (¥ 11, ¥a2s Y33, 4) — hn (11,00, V33, 9)| - Gy € Bi, ly — 7l < er },
so that 6 (1) — O whenever ¢; — 0.

*. Using the Lebesgue monotone convergence theorem [8], equation (5.3) and assumption
(C), we obtain

1Qy) = @D < K@= p)ai(er),
which prove the continuity of ).

Lastly, we will show that that ) is a M-K Condensing Operator, i.e. for ¢ > 0 and § > 0, we
have

X(Br) € le,e+0) = x(D(Br)) < e
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Using H-MNC on bvg and the assumptions (B) - (D)-

X(9(B#)) = lim sup (Z prlzr — -Tk:+1|)

n—)OO,UE;BA ko

Tk@ua@zz,aﬁ)‘f‘///Kk@na522»53&@117@22»%3)
A Jp Jp

= lim sup (Zpk

N0 heB s E>n

hk(@]]a¥227a337 x(all 7@227%33)) d@ll dEZZ d¥33
@B = [ K@iy Bans Bess B11 s B
rk+1( 11 22 33) /ﬁ /ﬁ /ﬂ k+1( 11 22 33 11 22 33)

)

< lim sup ( / / / Prler(D11s @2, D33, V11, Vaas ¥33) + di (D11, s D335 11, Unn, P33)
k>n

n=0 heBs

hk‘Jr] (5117522’ E33? z(allaaﬂa ¥33>) d@ll dEZQ dE33

ka($117$22’$33) - xk+1($117$22a$33)| d@ll d$22 d%a)

n—=00 ycB 4

< lim sup ( / / / Peck (D11, Pans D33, 11, V2, ¥33) + dic (D11, P2, D335 15 an, V33)
k>n H

Pk\xk@n»%zvaﬁ) - xk+1($11,$22,$33)| d@n d@zz d%s)

< (0 — p)’Dx(Bs).

Thus,

e[l — (» — p)°D]
f)*D

ondensing operator on B; C bv{.

Taking 6 = (_19 ,we gete < x(B7) < e+ 4.
Hence %) is an M-K
Therefore, we notice that ) fulfills all the conditions of theorem (2.6). Thus %) has a fixed

point on B, which behaves as a solution of the system of equations (1.1). Therefore, integral
equation (1.1) has a solution in bvjj. O

Example 5.2. To illustrate our result, we examine the following Hammerstein type integral equa-
tion

o 1 2 2 2T — — - _ _
x"(¢11a¢227¢33):551n(¢11¢22¢33)+/1 /1 /1 (¢1|+¢22+¢333—;¢“+¢22+¢33)

(COS(WW Z(ﬂ% - $k+l)> dipyy dipyy dipsz,  (5.4)

4n
k=n

for (511,522,533) S [1,2] X [172] X [1,2],774 S N and let 13 = [1,2]
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Comparing (5.4) to (1.1) we have

Tn (611 ) 522» 533)

I . - = =
n s1n(¢11¢>22¢>33),

(V1) + Uy + V33 + Gy + by + D33)
3n '

cos(wni/)zz?/m n Z T — Thit >

K (h11, 002y D335 U115 s th33) =

P (11, U, 33, (115 hap 33)) =

S /\

Pn =

By observing Theorem (5.1), we see that all the assumptions are satisfied. Define the operator
Fi as

(le)($117$225$33) = hn(6117$227633’I(6115$227633)>

that maps I3 x buf into bvl). Now, we will show that {(Fiz)(¢,,, ¢, $33)} is equicontinuous at
arbitrary x € bvf.

Fixe>0,n €N, and (¢11, b2, ¢33) € I3, suppose y € bug so that ||z — y||p,e < €.

o oo
|h'rb($ll7$22’$337x) —hn@n,%z@syy)l = | Z Ty = Tint1) Z Ym — Ym+1)

m=n m=n
oo

< Z ‘ - xm+l (ym - ym+1>|
m=n

= Iaf yll

<

Hence, {(Fiz)(¢y, b2, b33)} is equicontinuous.

The functions K,,(¢11, $ars 033, V11, Vo, P33) are continuous on I3 and sequence of functions
K (011, 025 335 V115 V22, ¥33) are equicontinuous on I3. Also,

K = sup |Kn($11»522@33,@117@22’@33” =0.

Again, consider fix ¢ > 0, (z,y) € I3, n € N then for any arbitrary (¢,, b5, d33) ,
(¢1a¢27¢3) € I3 with

|y — b11| < €10y — Il <€ |p3 — h33] < e
We have,

21+ZZ+Z3+$+Q+Z

|Kn(517527g37 z,y, Z) - Kn($117$227$337x7y7 Z)|

IN

3n
_ futopténtartyte
3n
1 = _ - -
< Tz(¢1_¢”>+(¢2_¢22)+(¢3_¢33)|
1 = _ - -
< 3?(|¢1—¢11|+\¢2—¢22|+|¢3—¢33\)
< e

Therefore, K, (¢, b, P33, T, Y, 2) is equicontinuous.
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Now,

|kehi (011, D2, P33, ) — kst s 1 (D11, o, D33, )|

(1/)11 + Py + P33+ O1y + byy + P33) €081 Uan33) (2K + 1)
420k +1)2

1/)11 + gy + V33 4 G11 + yy + D33
3/€(k—|—1) Z ‘xm xm+1|

= %(%@zz@z,%,%27%3) + dk(an75227$33a@117$227$33)|$k = Lk+1]-

Assuming

(11 4 Yoy + P33 4 11 + Doy + b33) cos(VyUnth33) (2k + 1)
42(k + 1)
Py 4y + 33+ Gy + by + O3

i (P11, b22s D33, V115 Vs ¥33) = 3k(k+1) ’

Ck(all752275337@117@227@33)

itis clear that c,, and d,, are real-valued functions. In addition, D = sup{d,, (¢, b, P33, V11, V2> V33)} =
6¢(3) — 12 + «?

0,Vn € N, and Z Prcn(Pr1, P22y G335 Y11, Va2, 133) converges uniformly to C()T ~

0.21175 on I%, Where () is a zeta function. Again we have (0 — [1)*D < 1,therefore,e by the

theorem (5.1) we can conclude that the above example (5.2) contains a solution in bvjj.

6 Solution in cs”
Assume the following suppositions:

i. (hi)pe, on I 3 x R> are continuous and real-valued functions. Define the operator Z :
I? x ¢s? — csP as

(Zx)($117$227$33) = hl@n»&zz@nﬁ),h2($117$zz’$3373§)7~--

maps I° x csP to csP. The family of functions (Zz)(¢,,, by, 33) hold equicontinuity at all
points of the space cs”.

ii. Suppose ji(¢y1, brn, b33) and 1;(py, bas, P33) are continuous functions on I* so that

|h (6110225 P33 (D115 Pa2: D33))| < G D15 D2, B33) + In (D11 D22, D33) [ Tn (D115 D2, D33).

Here, (jn(d115 P25 P33) ) nens (ln(@11, Pan, B33) )nen are real-valued continuous functions on
I3. The function

Z Priin(P11: G225 P33)

n=1

is uniformly convergent on I*. 1,(¢y1, by, $33)nen is equibounded on I°. The function
3(@115 2, b33) is given by

3(D11: 022, 33) = anjn($11,$22,$33)-
n=1

Consider

L= SUP{ln(an»azbay) : (51175227533) € —73,“ € N}.
J = max{jn (¢, P22, P33) : (P11, P2, P33) € P.one N}.
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iii. The functions K, : I® — N are continuous on I°. Again, K, (1105, 033,011V, ¥33)
exhibit equicontinuity with respect to the variables (¢, ¢y, ¢33), and equibounded on I°.
Consider & as

R =sup {|Kn(¢’11,¢227¢33,¢117¢22a¢33) DO Pans B335 11, Vs Y33 € 13} < o0.

iv. The functions r,, : I> — R are continuous. Also, the sequence of functions (r,,) converge
uniformly to 0. Again,

R = sup{|rn(B11, P22, 33)| : (D11, P2y D33) }-

Theorem 6.1. On account of assumptions (i) - (iv), the system of equations (1.1) has a solution

95(611@227633) = (xk(an,&zz,a%))iil in C(I3a05p)f0” a fixed (511,8227533) € I*, whenever
(0 — ﬂ)3ﬁ£ < 1.

Proof. First, we consider an operator 4 on the space C(I3, cs”) by -

(m)@nvazzaaw) = (M)n(511,$22,533)
— @Bt + | [ [ K@i BB B11, B T
7“(¢11 22 ¢33) /ﬂ/#/ﬂ (11 $s P33, 115, Y 33)
hn@n ) @22, @33» 55@11 , @227 @33))0@1#@2261@33
= ) 77 77 + ’ ’ I/K ) )7 77 ’7 77 77
{T1(¢11 Fr2s B3) /u /u /H @11, Brzs By B, By D)

P (11, Vans sz, (Y11, V2, ¥33) ) Aty diyydipyy + - - } (6.1)

Now we will show that i is self mapped on C(I3, cs?). Forn € N, (¢, ¢, #33) € I, from
assumptions (i) and (iii) we have-

|(ilz)n($l 1s 522, &33) |csP = Suppn

i=0
< suppn| S @10 3) + S [ [ K11 G, B B o B
nﬂ i:OT(“ 225 $33) io/ﬂ/ﬂ/ﬂ (D115 P22s D335 U115 Y225 133)
h; @11 R @337 x@l 1, %3))5@11(@226@33
S 9:{+S n Kla 75 ’5 7@ 7@ a@
BLPP/H/“/H ZZ:; (D115 D225 D335 11> Y22, P33)
hi(Y11, Vans W33, (V115 Y2, ¥33) ) dipy 1 AWy dipss
S %+ﬁ 127 77 ai +lli 37 ai
S:llp/ﬂ /u /u ; (P] (V11,90 1/’33) (V11,90 7/J33)
Pi|xi(¢11ﬂ/)22a7/’33)|>d1/)11d7/122d¢33
<

SRﬂLﬁSUP[ / / |ZPiji(@ll7@227@33)‘dE11d@22d$33
n Jp Jp Jp 5

+ ﬁi}sup/ / / Pi‘Zxi(allaE227E33)|dElldE22d$33v
noJp Jp e 5
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thus
()i (611, b2, B33)] < R+ KD — 2){T + Ll|aesr } < o0,

n
i=0

and hence lin}) ST (Ux)i(@y;, daas P33)| exists. Thus the operator (Uz) (@, day, d33) € cs? for
n—0,;—0

arbitrary (¢, ¢, ¢33) € I°.
Ki(f11, 02, b33, V115 U225 ¥33)

3
t)\t
,
*p\‘
=

Further,
n . - _

= suppn Zri(¢11,¢22’¢33)+
" i=1 =0

Hx(all 7522)533)“68")
hi (511 7@2% @337 x(a] 15 EZZ) E33))dil ldEZZdJ?B

< RH+RD— 1) T+ Ll|zlesr }-

Since AL(? — f1)? < 1 we have -
o R+ A — i)}
HI(¢117¢223¢33)HCS” < 1 _ﬁ(f)—ﬂ)SS

Thus we can say that I is a self-map on C(I°, cs?). Again |(Uz)(¢;, P, b33)| < 7, which
shows that the operator 4 is self mapped into the ball B; with centered at the origin and radius

J
=7

of 7.

Next, we will investigate continuity of £l on By. Fix 2 > 0 and b € By. Choose a € B such
that |a — b| < €. Then for arbitrary fixed (¢,,, @2y, P33) € I° and n € N, we get -

”(’ub)($117$22a633) - (ua)($1176227$33)”68"
{ J I e e A T N e )
o Jp

n

>

< Sup pn
n i=1

- hz@] 1 @22) E337 CL(E] 1 7@2% @33))}6@1 1 d@ZZdEB } |

v

hii 77 77 ,bi 77 ,7
;Aéé(wwwwwwwm

< Rsup pr,
- hl(a] 1 @227 E337 CL(E] 1 7@2% @33))d$11d$22da33

Now, by assumption (i), define the set d2(e;) as -
d2(€2) = sup {hi(wlla¢22a¢33»b) - hi@n,%zﬂas,a)\ 2a,b € By, ||b—al|esr € 62},

whenever e; — 0, d2(e2) — 0
Applying (iii) and the Lebesgue monotone convergence theorem [8], we deduce -
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H(Ub)@n,@z@m) - (Lla)(% 522@33)”&99

Z/ /; / 1/)11’1#22,%37 (@117@227@33))

IN

R SUp P

- hz‘@m@zzaﬂxaa@na@2%@33))”@11‘@226@33

3
S hz@ 7@ aa ab _hza 7@ 7@ ) cs/’di d@ d@
//ﬂ/|(112233) (112233@\ 114Y20¥33
< R0 —h)’oa(e).
Taking the supremum Y (¢, yy, P33) € I
(D) (G115 Baas P33) — (La) (D11, 2y b33) | (13 50y < R(D = 1)’ S2(e2). (6.2)

Since , the equation (6.2) holds for arbitrary (¢,;, ¢»,, #33), hence, we can conclude that & is a
continuous operator on By.

To prove 4 as a M-K condensing operator, we will show that 3¢ > 0 and > 0 so that
X(Br) € [e,6 + ) = x(U(DB,)) <e.
Considering assumtions (ii), (iii), and (iv), we get

)

i>n

X(U(Bs) = lim lsup <pn

n—=00 | 1eB,

< nll)r{.lo LSEU%) (Pn ;n 11,0, B33) + / / /u Ki(h11, 0225 P33: 115 Va2, U33)
hi(11, Vaps V33, (V11 Vg, a3) ) diby Aty i )]

< n11_>ngo Lselg)f (Pn ;7‘1(@17(/522;%3 + pn ;/ / / (D11, 22y D33, V115 ap, V33)
B (11, Vans W335 (P11, Yo,y 33) ) dipy  dipyp dips )1

< nILII;O Lseum?,f. (ﬁpn/ / / ;h ¢11ﬂ/}22a¢33» (¢11a¢22»¢33) d¢11d¢22d¢33>]

<

lim Lseumgr' (ﬁpn/ / / DR

i>n

+ li@n ) 7/1227¢33)|$i(¢11a¢22>1/’33)|d¢11d1/}22d¢33>1

IN
b
=
>
|
=»
~
=
3

Therefore,
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By assuming
)*RE]
£

(5:6[17(
(

>
\
RS

i

)

>
=»

we get
€ <x(By) <e+d.

Hence, 4l is a M-K condensing operator on B; € cs”. Thus, by theorem (2.6), i holds a fixed
point on B, which performs as a solution of (1.1) in cs”. O

Example 6.2. To illustrate our result we examine the below Hammerstein IE

o 1 - 3 43 43 - - - - - -
T D11y Pags B33) = Earctan(¢1l,¢22,¢33)+-/2 /2/2COS(1/’11+¢22+¢33+¢11+¢22+¢33>

n

o0

(1 + @u%z%a)z Z 331‘(@11’@22,@33)

— i, Ay i) 6.3
32+ (Y1 + ¥o +¥33)Y] ) Pudbndys, (63)

for (11,2, %3) € [2,3] x [2,3] X [2,3],n € Nand let I, = [2,3].

Comparing (6.3) to (1.1) we have

o 1 L
Tn(P11, 025 033) = ﬁarctan(gbn,zj)n,gbﬁ),

Kn(f11: 00, b33, 0115 ¥aps thy;) = cos <¢H T T 00 ¥ O +¢33>’

n
. L 1+@11@22@33)2i%@m@zza%s)
P (11, Va2, Y33, (Y11, V22, ¥33)) < 32+ (B :WE Ty )
1 2 T P33

By observing Theorem (6.1), we see that all the assumptions are satisfied. Again, the operator
F, defined by - o S
(F22) (11, 022, 33) = (han(D115 D25 D335 (D11, P22, 933)))
which maps I x cs? into csP. Now, we will show that {(F>x)(¢yy, ¢, b33)} is equicontinuous

at arbitrary x € cs”. Fixe > 0, n € N and (¢, by, b33) € I3. Suppose y € csP so that
|z — yllcsr < €. Then

(Y1190¥33)°

3[n? + (Eu + Py +J33)4] Z{xi(d’nv%z’wg)

|hn($11,522,$33, 33) - hn(%,%z%z, l/)| =

- yi@na@n,%ﬁ}

(V11 ¥01h33)* = (T T
< 32 1 (911 + Dy + D) Z;L{%Wna?ﬂzzv%a)
- yi(@lla@ﬂ»@ﬁ)}

1 = - - =
< gsip in(¢117¢227¢33)_yi(7/)11a¢227¢33)
1
< eyl
§ €

g.
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Hence, {(F>z)(¢y, b2, b33)} is equicontinuous.

The functions K, (¢y, $r, P33. 1115 ¥ 133) are continuous on I3 = [2,3] x [2,3] x [2,3]
and the sequence of functions K, (¢, ¢y, b33, 111, ¥, t33) are equicontinuous on I3. Also,

/R = Sup{|Kn(¢“,¢22,¢33,1/)11a77/122»¢33| 2611@227533,@117E227E33 S 12} =1.

Again, consider a fix € > 0, (x,y) € I, n € N. Then for any arbitrary (¢,1, ¢5, b33) and
(615&2753) S I‘% with

= _ € — € - €
|p1 — 11| < §a|¢2 — ¢ < §,|¢3 — ¢33l < 3
we have,

= = = —_ b+ dt o tptatr
|Kn(¢17 ¢2’ ¢3)p7 q, T) - Kn(¢117 ¢22a ¢337pa q, T)l S ¢] ¢2 ¢33TL

O+ In+o+p+qtr

3n
1 = - - -
< 37L|¢1—¢11+¢2—¢22+¢3—¢33|
1 - _ - -
< %(Wl—¢11|+|¢2—¢22|+\¢3—¢33|)
< e

Therefore, K, (9,1, $2y, P33, D, G, T) are equicontinous.
Fixing (11,0, 33) € I3, x € cs?, and n € N, we get

o0

- 1+ (V1190933)° ; (V115 ¥22: ¥33)
1P (11, Y20, Y33, 2)| = 32 4+ (Y11 + ¥an + ¥33)%]
1 @11@22@33)2 § ffi@na@zz»%s)

— — — —+ — — —
3[n2 + (111 + ¥y +133)% 3[n2 + (111 + ¥y +133)%
1 (V11¥0¥s3)° i (Y11, %2, ¥33)|
— — — + =N —
3[n% + (1) + ¥op + 933)*] 3[n% + (Y11 + oy +33)?]

= 1— = + @—11@22§33)2 = \i%@u»@zzawmﬂ
32+ (Y1 + ¥ +¥53)* 32+ (U1 + v +933)0]

Here,
1
3[n? + (11 + o + U33)Y]
(@1@22@33)2 -
3[n? + (Y11 + Yo + ¥33)7]

In (11, Va2, ¥33)

bn (Y115 P22, ¥33)

o0
Clearly both j, and l,, are real-valued continuous functions on I 2. > pPnjn is uniformly con-
n=1

vergent on I, 2.
Moreover,

o 1
10 (D11, P22, P33)] < 3 vn €N,
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and o
£ = sup — (¢i11¢22?33)2 - 1
n 3[4 (¢11 + dn + 633)Y] 3
Further, the function r,, (¢, , 5y, $33) is continuous for all (¢, by, d33) € I and it converges
uniformly to 0.

Again,

(0 —h)PRE < 1.

Thus, the theorem (6.1) is satisfied. Hence we can imply that the example (6.3) holds a solution
on cs”.

7 Conclusion

In this paper, we successfully investigated the solvability of an infinite system of Hammerstein-
type integral equations involving three variables within the framework of two newly constructed
tempered sequence spaces, bvf, and cs”.By employing the concepts of Hausdorff measure of non-
compactness and Meir-Keeler condensing operators, we established the existence of solutions
under specific conditions. Our results extend and generalize earlier work in the area by in-
troducing new sequence spaces that provide a more flexible analytical setting, especially when
classical spaces prove insufficient.

Potential directions for future research include exploring the stability, uniqueness, and
approximation of solutions in these and other generalized sequence spaces. Additionally, the
Sframework could be extended to fractional or stochastic integral equations or applied to prac-
tical models in physics, biology, or engineering where non-compact behaviors arise naturally.
Further development of numerical methods tailored to tempered sequence spaces may also en-
able practical computation of such solutions.
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