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Abstract The Time-fractional Chaffee Infante equation is used in variety of field including
diffusion of gases in a homogeneous medium, which are useful in physics of combustion, trans-
portation of masses, and also the dynamics of solitons. In this paper, we find the soliton solutions
of the time-fractional equation using (G′/G, 1/G)-expansion method. This method is useful in
finding the solution of a nonlinear evolution equation in form of hyperbolic-type, trigonometric-
type and rational type functions. We shall check the effect of the time fractional variable on the
solution using 3D graphical representations, density plots and line graph.

1 Introduction

In the 19th century, Scottish Engineer John Scott Russell observed an interesting pattern during
his study of water waves [1], which he later described as the “waves of translation". Later,
Zabusky and Kruskal coined the term ’soliton’ to introduce these waves. Solitons are defined as
the localised solitary waves that doesn’t change its shape and structure while propagating through
a medium. Since then, solitons are used in variety of fields like plasma physics [2, 5], optical
fiber mechanisms [3, 4], medical imaging, long-distance communications [6], ocean engineering
[7], fluid dynamics [8], etc. These are phenomena are better described with the help of nonlinear
partial differential equations (NLPDEs) [9] and the fractional version of NLDEs [10].

One significant example of a fractional NLEE in the context of solitons is the TF-CI equa-
tion, that is used in homogeneous medium to model and study the behaviour of gas diffusion.
There are several field like combustion physics, mass transportation, soliton dynamics, etc. The
equation of classical CI equation is given by [11]

uxt + (−uxx + αu3 − αu)x + σuyy = 0, (1)

and the time-fraction version of the TF-CI equation [12] is given by(
∂βU
∂tβ

)
x

−
(
∂2U
∂x2 − αU3 + αU

)
x

+ θ
∂2U
∂y2 = 0, (2)

where α represents the coefficient of diffusion and θ represent degradation coefficient. The dif-
fusion of a gas in a homogeneous medium is an important phenomenon in a physical context and
the CI model provides a useful model to study such phenomena. The TF-CI equation, in porous
medium, polymers or any disordered sytems, helps in modelling the subdiffusion behaviour.
These disordered systems are the systems where the diffusion is slower than the classical Brow-
nian motion. The mentioned equation is also useful in examining and predicting the biological
systems, such as neutral circuits and tomour development. Due to the introduction of fractional
derivatives, with their intrinsic memory properties, the prediction of growth or reduction in to-
mours can be explained by TF-CI equation.

In the 17th century, Leibnitz et. al.[13] proposed the concept of fractional calculus to gen-
eralize the classical calculus operations of differentiation and integration to non-integer orders.
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This generalization allows for the consideration of rates of change and integrals of non-integer
order, providing a powerful tool to describe and analyze various complex systems and phenom-
ena. Various phenomena utilize fractional differential equations to describe them perfectly. In
particular, time fractional differential equations represent a type of differential equation in which
time is represented as a fractional variable [14]. This approach is particularly useful for mod-
eling and understanding phenomena with memory effects, hereditary properties, and anomalous
diffusion.

There are numerous examples of different time fractional differential equations (TFDEs),
like TF Korteweg-de Vries (KdV) equation [15], TF Burgers’ equation [16], TF-Fisher equa-
tion [17], TF-Zakharov-Kuznetsov (ZK) equation [18], TF-FitzHugh-Nagumo equation, TF-
Zakharov equations, TF modified Korteweg-de Vries (mKdV) equation [19], TF-Cahn-Hilliard
equation, TF-Ginzburg-Landau equation, etc., for which its soliton solutions have been found.
To study the soliton solutions of nonlinear TFDEs, a variety of reliable and efficient methods are
available. These include the sine-cosine method [20, 21], the extended direct algebraic method
[22], the first integral method [23], modified Kudryashov method [24], the homogeneous bal-
ance method [25], simplified Hirota’s method [26], modified simple equation method [27, 28],
the direct algebraic method [29], generalized Kudryashov method [30, 31], Exp-function method
[32, 33], Jacobi elliptic function expansion method [34, 35], the Hirota bilinear method [36], the
(G′/G)-expansion method [37, 38], and the (G′/G2)-expansion method [39, 40].

Here, we shall employ the (G′/G, 1/G)-expansion method to find the soliton solutions of
the TF-CI equation and also show the effect of change in fractional variable β, using 3D plot,
density plot and line graph. But before understanding the methodology of the above expansion
method, we first discuss the conformable fractional derivative that we have used in (2).

2 Conformable fractional derivatives (CFDs)

There are different types of fractional derivatives like Riemann-Liouville Derivative [41], Caputo
Derivative [42], etc. One of the following derivatives is CFD, which is defined as “For the
function g(t), a CFD [43, 44] of order β is defined as,

Dβ
t g(t) = lim

ϵ→0

g(t+ ϵt1−β − g(t)

ϵ
,

where (0 < β ≤ 1)".
Theorem 1 [43]: Suppose α ∈ (0, 1], and f and g be α-differentiable at t > 0. Then

(i) Dβ
t (0 < β ≤ 1)(af + bg) = aDβ

t f + bDβ
t g, ∀a, b ∈ R,

(ii) Dβ
t (t

Ω) = ΩtΩ−β , ∀Ω ∈ R,

(iii) Dβ
t (fg) = fDβ

t g + gDβ
t f ,

(iv) Dβ
t

(
f
g

)
= gDβ

t f−fDβ
t g

g2 ,

(v) If f is differentiable, then Dβ
t (f(t)) = t1−β df

dt (t).

Theorem 2 [43]: Suppose f : (0,∞) → R be a function such that f is differentiable and also
α-differentiable. Let g be a function defined in the range of f and also differentiable. Then

Dβ
t (f ◦ g)(t) = t1−βg′(t)f ′(g(t)).

3 Methodology

Before discussing the main steps of the method mentioned above, we consider the following
second-order linear ordinary differential equation as given in [45, 46]:

G′′(η) + ΛG(η) = Ω, (3)
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where Λ,Ω are constants, and the equation (3) follows the conditions given below:

(ω)′ = −ω2 + Ωϒ − Λ,

(ϒ)′ = −ωϒ,

where ω =
G′

G
, and ϒ =

1
G

.
The solutions of equation (3) can be classified into the following three cases:

Case 1: (Hyperbolic type functions) If Λ < 0, the general solution is given by

G(η) = A1 sinh (η
√
−Λ) +A2 cosh (η

√
−Λ) +

Ω

Λ
, (4)

with
ϒ

2 =
−Λ

Λ2(A2
1 −A2

2) + Ω2
(ω2 − 2Ωϒ + Λ), (5)

Case 2: (Trignometric type functions) If Λ > 0, the general solution is given by

G(η) = A1 sin (η
√

Λ) +A2 cos (η
√

Λ) +
Ω

Λ
, (6)

with
ϒ

2 =
Λ

Λ2(A2
1 +A2

2)− Ω2
(ω2 − 2Ωϒ + Λ), (7)

Case 3: (Rational type functions) If Λ = 0, the general solution is given by

G(η) =
Ω

2
η2 +A1η +A2, (8)

with
ϒ

2 =
1

(A2
1 − 2ΩA2)

(ω2 − 2Ωϒ), (9)

such that A1 and A2 are arbitrary constants.
Using these solutions, we begin the main steps of the methods, which are as follows:

Consider the general nonlinear fractional differential equation in three independent variables, x,
y, and t:

K(U , Dβ
t U , Ux, Uy, Uxx, . . .) = 0, 0 < β ≤ 1, (10)

where Dβ
t U is the conformable derivative of U with respect to time t, and Ux,Uy are the partial

derivatives of spatial dimensions x, y respectively, giving K, a polynomial of unknown function
U = U(x, y, t) and its derivatives.

Using the transformation,

U(x, y, t) = W(η), and η = x+ y − c
tβ

β
, (11)

where c is a constant that is to be determined later, we reduce (10) to an ODE in W = W(η) as

N (W,W ′,W ′′, . . .) = 0, (12)

where N is a polynomial of W and its ordinary derivatives, such that the notation (′) in equation
(12) denotes the ordinary derivative with respect to η. Now, the steps are as follows:
Step 1: We assume that the equation (12) can be represented as the polynomial in two variables
ω and ϒ, as shows below:

W(η) =
N∑
i=0

piω
i +

N∑
j=1

qjω
j−1

ϒ, (13)

where pi (for i = 0, 1, 2, . . . , N ) and qj (for j = 1, 2, . . . , N ) are constants to be determined,
with the condition p2

N + q2
N ̸= 0.
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Step 2: Using the homogeneous balancing principle, we determine the positive integer N in
(13). In this, we equate the highest-order derivatives with the highest nonlinear term in (12),
considering the following rules, such that the degree of W(η) is given by Deg[W(η)] = N ,

Deg
[
dqW(η)

dηq

]
= N + q,

Deg
[
(W(η))p

(
dqW(η)

dηq

)s]
= Np+ s(N + q).

(14)

In case, the balanced number N for certain equations, after reduced using equation (11), isn’t a
positive integer, specialized transformations are employed to reduce the NLEEs.

Step 3: After substituting the value of N in (13), we employ the resultant expansion into (12),
giving us the polynomial of ω and ϒ, where the degree of ϒ doesn’t exceed one, with the help of
(4) and (5). Then we equate the coefficient of each power of the resultant polynomial to zero, we
formulate a system of equations. The system of equations can be solved by using mathematical
software like Maple or Mathematica to determine the unknowns: pi, qj , c,Ω,Λ < 0, A1, and A2.
The resulting solution for Λ < 0 is expressed using hyperbolic type functions.

Step 4: We apply the same procedure using (6) and (7) and solve the equations to determine
the unknowns: pi, qj , c,Ω,Λ > 0, A1, and A2. This gives the solutions in the form of trigono-
metric type functions. Then we employ (8) and (9) in (12) to get the solutions when Λ = 0 ,
which are in the form of rational type functions.

Now, we use the steps above to find the soliton solutions of the TF-CI equation in the next
section.

4 Application

To find the solutions of the TF-CI equation in (2), we reduce it to an ODE using the transforma-
tion in (11), which gives us the follwing equation:

W ′′′ + (k − θ)W ′′ − 3αW2W ′ + αW ′ = 0.

We integrate the above equation once which gives us

W ′′ + (c− θ)W ′ + αW − αW3 = 0. (15)

For the next step, we found N = 1 for (15). Therefore, we suppose that the solution of the above
euation is:

W = p0 + p1ω
1 + q1ϒ

1. (16)
Putting the value of W from (16) in (15) and solve the system of equations, that is, by the
coefficients of ω and ϒ for each case of the mentioned method.

4.1 Hyperbolic type function

We get the following system of equations after using the equation (5) for the substitution of ϒ2

as follows:

ω0 = −ap3
0 + ap0 − p1cΛ + p1Λθ +

3ap0q
2
1Λ2 + q1Λ2Ω

Λ2
(
A2

1 −A2
2

)
+ Ω2

+
2aq3

1Λ3Ω(
Λ2
(
A2

1 −A2
2

)
+ Ω2

)2 ;

ω1 = −3ap2
0p1 + ap1 + 2p1Λ +

3ap1q
2
1Λ2

Λ2
(
A2

1 −A2
2

)
+ Ω2

;

ω2 = −3ap0p
2
1 − p1c+ p1θ +

3ap0q
2
1Λ + q1ΛΩ

Λ2
(
A2

1 −A2
2

)
+ Ω2

+
2aq3

1Λ2Ω(
Λ2
(
A2

1 −A2
2

)
+ Ω2

)2 ;

ω3 = p1(2 − ap2
1) +

3ap1q
2
1Λ

Λ2
(
A2

1 −A2
2

)
+ Ω2

;
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ϒω0 = −3ap2
0q1 + aq1 + p1cΩ − p1Ωθ + q1Λ +

−6ap0q
2
1ΛΩ + aq3

1Λ2 − 2q1ΛΩ2

Λ2
(
A2

1 −A2
2

)
+ Ω2

−
4aq3

1Λ2Ω2(
Λ2
(
A2

1 −A2
2

)
+ Ω2

)2 ;

ϒω1 = −6ap0p1q1 − 3p1Ω − q1c+ q1θ −
6ap1q

2
1ΛΩ

Λ2
(
A2

1 −A2
2

)
+ Ω2

;

ϒω2 = −3ap2
1q1 + 2q1 +

aq3
1Λ

Λ2
(
A2

1 −A2
2

)
+ Ω2

.

Here, we solved the above system of equations using Mathematica 14 to find the values of
pi, qj , c,Λ,Ω, A1, and A2. Given below are the results as follows:

(i)

p0 → −1
2
, p1 → − i

2
√

Λ
, q1 → −

√
A2

1Λ2 −A2
2Λ2 + Ω2

2Λ
, a → −2Λ, c → θ + 3i

√
Λ


(ii)

p0 → −1
2
, p1 → − i

2
√

Λ
, q1 →

√
A2

1Λ2 −A2
2Λ2 + Ω2

2Λ
, a → −2Λ, c → θ + 3i

√
Λ


(iii)

p0 → 1
2
, p1 → − i

2
√

Λ
, q1 → −

√
A2

1Λ2 −A2
2Λ2 + Ω2

2Λ
, a → −2Λ, c → θ − 3i

√
Λ


(iv)

p0 → 1
2
, p1 → − i

2
√

Λ
, q1 →

√
A2

1Λ2 −A2
2Λ2 + Ω2

2Λ
, a → −2Λ, c → θ − 3i

√
Λ


(v)

p0 → −1
2
, p1 → i

2
√

Λ
, q1 → −

√
A2

1Λ2 −A2
2Λ2 + Ω2

2Λ
, a → −2Λ, c → θ − 3i

√
Λ


(vi)

p0 → −1
2
, p1 → i

2
√

Λ
, q1 →

√
A2

1Λ2 −A2
2Λ2 + Ω2

2Λ
, a → −2Λ, c → θ − 3i

√
Λ


(vii)

p0 → 1
2
, p1 → i

2
√

Λ
, q1 → −

√
A2

1Λ2 −A2
2Λ2 + Ω2

2Λ
, a → −2Λ, c → θ + 3i

√
Λ


(viii)

p0 → 1
2
, p1 → i

2
√

Λ
, q1 →

√
A2

1Λ2 −A2
2Λ2 + Ω2

2Λ
, a → −2Λ, c → θ + 3i

√
Λ


(ix)

p0 → 0, p1 → − i√
Λ
, q1 → −

√
A2

1Λ2 −A2
2Λ2 + Ω2

Λ
, a → −Λ

2
, c → θ


These results gives us the value of U1i’s, in the form of hyperbolic type function with the help of
(4) when we put all the coefficients in equation (13).

U11(x, y, t) = −1
2
−

√
Ω2 + (A2

1 −A2
2)Λ

2

2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
+

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))
2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(15)
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where η =

(
x+ y − (θ + 3i

√
Λ)tβ

β

)

U12(x, y, t) = −1
2
+

√
Ω2 + (A2

1 −A2
2)Λ

2

2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
+

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))
2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(16)

where η =

(
x+ y − (θ + 3i

√
Λ)tβ

β

)

U13(x, y, t) =
1
2
−

√
Ω2 + (A2

1 −A2
2)Λ

2

2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
+

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))
2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(17)

where η =
(
x+ y − (θ−3i

√
Λ)tβ

β

)
U14(x, y, t) =

1
2
+

√
Ω2 + (A2

1 −A2
2)Λ

2

2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
+

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))
2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(18)

where η =
(
x+ y − (θ−3i

√
Λ)tβ

β

)
U15(x, y, t) = −1

2
−

√
Ω2 + (A2

1 −A2
2)Λ

2

2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
−

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))
2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(19)

where η =
(
x+ y − (θ−3i

√
Λ)tβ

β

)
U16(x, y, t) = −1

2
+

√
Ω2 + (A2

1 −A2
2)Λ

2

2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
−

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))
2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(20)

where η =
(
x+ y − (θ−3i

√
Λ)tβ

β

)
U17(x, y, t) =

1
2
−

√
Ω2 + (A2

1 −A2
2)Λ

2

2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
−

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))
2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(21)

where η =
(
x+ y − (θ+3i

√
Λ)tβ

β

)
U18(x, y, t) =

1
2
+

√
Ω2 + (A2

1 −A2
2)Λ

2

2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
−

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))
2
(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(22)
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where η =
(
x+ y − (θ+3i

√
Λ)tβ

β

)

U19(x, y, t) =
1
2
−

√
Ω2 + (A2

1 −A2
2)Λ

2(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

)
−

Λ
(
A1 cosh

(√
−Λη

)
+A2 sinh

(√
−Λη

))(
A1Λ sinh

(√
−Λη

)
+A2Λ cosh

(√
−Λη

)
+ Ω

) ,
(23)

where η =
(
x+ y − θtβ

β

)
4.2 Trigonometric type functions

Here, we employ the equation (7) for the substitution of ϒ2, giving us the system of equations as
follows:

ω0 = −ap3
0 + ap0 − p1cΛ + p1Λθ −

3ap0q
2
1Λ2 + q1Λ2Ω

Λ2
(
A2

1 +A2
2

)
− Ω2

+
2aq3

1Λ3Ω(
Λ2
(
A2

1 +A2
2

)
− Ω2

)2 ;

ω1 = −3ap2
0p1 + ap1 + 2p1Λ −

3ap1q
2
1Λ2

Λ2
(
A2

1 +A2
2

)
− Ω2

;

ω2 = −3ap0p
2
1 − p1c+ p1θ −

3ap0q
2
1Λ + q1ΛΩ

Λ2
(
A2

1 +A2
2

)
− Ω2

+
2aq3

1Λ2Ω(
Λ2
(
A2

1 +A2
2

)
− Ω2

)2 ;

ω3 = p1(2 − ap2
1)−

3ap1q
2
1Λ

Λ2
(
A2

1 +A2
2

)
− Ω2

;

ϒω0 = −3ap2
0q1 + aq1 + p1cΩ − p1Ωθ + q1Λ +

6ap0q
2
1ΛΩ − aq3

1Λ2 + 2q1ΛΩ2

Λ2
(
A2

1 +A2
2

)
− Ω2

−
4aq3

1Λ2Ω2(
Λ2
(
A2

1 +A2
2

)
− Ω2

)2 ;

ϒω1 = −6ap0p1q1 − 3p1Ω − q1c+ q1θ +
6ap1q

2
1ΛΩ

Λ2
(
A2

1 +A2
2

)
− Ω2

;

ϒω2 = −3ap2
1q1 + 2q1 −

aq3
1Λ

Λ2
(
A2

1 +A2
2

)
− Ω2

;

We proceed with solving the above system using Mathematica 14 to find all the coefficients
along with c,Λ,Ω, A1, and A2, whose results are given below:

(i)

p0 → −1
2
, p1 → − i

2
√

Λ
, q1 → −

√
Ω2 − (A2

1 +A2
2)Λ

2

2Λ
, a → −2Λ, c → θ + 3i

√
Λ

 ,

(ii)

p0 → −1
2
, p1 → − i

2
√

Λ
, q1 →

√
Ω2 − (A2

1 +A2
2)Λ

2

2Λ
, a → −2Λ, c → θ + 3i

√
Λ

 ,

(iii)

p0 → 1
2
, p1 → − i

2
√

Λ
, q1 → −

√
Ω2 − (A2

1 +A2
2)Λ

2

2Λ
, a → −2Λ, c → θ − 3i

√
Λ

 ,

(iv)

p0 → 1
2
, p1 → − i

2
√

Λ
, q1 →

√
Ω2 − (A2

1 +A2
2)Λ

2

2Λ
, a → −2Λ, c → θ − 3i

√
Λ

 ,

(v)

p0 → −1
2
, p1 → i

2
√

Λ
, q1 → −

√
Ω2 − (A2

1 +A2
2)Λ

2

2Λ
, a → −2Λ, c → θ − 3i

√
Λ

 ,
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(vi)

p0 → 0, p1 → − i√
Λ
, q1 → −

√
Ω2 − (A2

1 +A2
2)Λ

2

Λ
, a → −Λ

2
, c → θ


These results gives us the value of U2i’s, in the form of trigonometric type function with the help
of (6) when we put all the coefficients in equation (13).

U21(x, y, t) = −1
2
−

√
Ω2 − (A2

1 +A2
2)Λ

2

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

)
−

iΛ
(
A1 cos

(√
Λη
)
−A2 sin

(√
Λη
))

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

) ,
(24)

where η =
(
x+ y − (θ+3i

√
Λ)tβ

β

)

U22(x, y, t) = −1
2
+

√
Ω2 − (A2

1 +A2
2)Λ

2

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

)
−

iΛ
(
A1 cos

(√
Λη
)
−A2 sin

(√
Λη
))

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

) ,
(25)

where η =
(
x+ y − (θ+3i

√
Λ)tβ

β

)

U23(x, y, t) =
1
2
−

√
Ω2 − (A2

1 +A2
2)Λ

2

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

)
−

iΛ
(
A1 cos

(√
Λη
)
−A2 sin

(√
Λη
))

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

) ,
(26)

where η =
(
x+ y − (θ−3i

√
Λ)tβ

β

)

U24(x, y, t) =
1
2
+

√
Ω2 − (A2

1 +A2
2)Λ

2

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

)
−

iΛ
(
A1 cos

(√
Λη
)
−A2 sin

(√
Λη
))

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

) ,
(27)

where η =
(
x+ y − (θ−3i

√
Λ)tβ

β

)

U25(x, y, t) = −1
2
−

√
Ω2 − (A2

1 +A2
2)Λ

2

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

)
+

iΛ
(
A1 cos

(√
Λη
)
−A2 sin

(√
Λη
))

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

) ,
(28)

where η =
(
x+ y − (θ−3i

√
Λ)tβ

β

)
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U26(x, y, t) = −

√
Ω2 − (A2

1 +A2
2)Λ

2

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

)
+

iΛ
(
A1 cos

(√
Λη
)
−A2 sin

(√
Λη
))

2
(
A1Λ sin

(√
Λη
)
+A2Λ cos

(√
Λη
)
+ Ω

) ,
(29)

where η =
(
x+ y − θtβ

β

)
4.3 Rational type function

Finally, we use the substitution of ϒ2 from (9) that provides us the system of equations that is
given below:

ω0 = −ap3
0 + ap0;

ω1 = −3ap2
0p1 + ap1;

ω2 = −3ap0p
2
1 − p1c+ p1θ −

3ap0q
2
1 − q1Ω

A2
1 − 2A2Ω

+
2aq3

1Ω(
A2

1 − 2A2Ω
)2 ;

ω3 = −ap3
1 + 2p1 −

3ap1q
2
1

A2
1 − 2A2Ω

;

ϒω0 = −3ap2
0q1 + aq1 + p1cΩ − p1Ωθ +

6ap0q
2
1Ω + 2q1Ω2

A2
1 − 2A2Ω

−
4aq3

1Ω2(
A2

1 − 2A2Ω
)2 ;

ϒω1 = −6ap0p1q1 − 3p1Ω − q1c+ q1θ +
6ap1q

2
1Ω

A2
1 − 2A2Ω

;

ϒω2 = −3ap2
1q1 + 2q1 −

aq3
1

A2
1 − 2A2Ω

;

After solving the above system of equations for the case of Λ = 0, we found only trivial solu-
tions using the computing softwares.

All the graphical representations, i.e., 3D plots, density plots and line graphs, of all the solu-
tions are given in Appendix after the references.

5 Conclusion

In this paper, we employed the (G′/G, 1/G)-expansion method to find the soliton solutions of
the time-fractional Chaffee-Infante (TF-CI) equation. This gave us the different solutions in the
form of hyperbolic and trigonometric solutions, depending upon the value of Λ. The 3D plots
and density plots, along with the line graphs at a specific value of time t, have been used to show
the effect of the fractional variable β in the various solutions. In the case of Λ < 0, we got the
solutions in the form of hyperbolic-type functions, four of which are the dark solitons and five
of that are the bright solitons. Whereas, when Λ > 0, we acquired the solutions in form of the
trigonometric-type functions, whose 3D plots of the absolute values of U2i’s are supposedly the
periodic breather solitons, with the exception of U29, that is to be a periodic kink soliton. This
concludes that the method applied is effective in the extraction of soliton solutions of the TF-CI
equation.

References
[1] M. Santagiustina and G. S. Carlo, Solitons in Electromagnetism: From the Speculations of John Scott

Russell to Optical Soliton Communications [Historical Corner]. IEEE Antennas Propag. Mag. 60(5), 154-
161 (2018)



136 S. Kumawat, B. Bhushan and S. Kaur

[2] Y. Shen, B. Tian, S. H. Liu and D. Y. Yang, Bilinear B acklund transformation, soliton and breather so-
lutions for a (3+1)-dimensional generalized Kadomtsev-Petviashvili equation in fluid dynamics and plasma
physics. Phys. Scr. 96(7), 075212 (2021)

[3] M. A. S. Murad and F. M. Omar, Optical solitons, dynamics of bifurcation, and chaos in the general-
ized integrable (2+ 1)-dimensional nonlinear conformable Schrödinger equations using a new Kudryashov
technique. Journal of Computational and Applied Mathematics, 457, 116298. (2025)

[4] M. A. S. Murad, H. F. Ismael and T. A. Sulaiman, Resonant optical soliton solutions for time-fractional
nonlinear schrödinger equation in optical fibers. Journal of Nonlinear Optical Physics and Materials, 34(7),
2450024. (2025).

[5] M.A. Akbar, N.H.M. Ali and M. T. Islam, Multiple closed form solutions to some fractional order nonlinear
evolution equations in physics and plasma physics. AIMS math. 4(3), 397-411 (2019)

[6] I.S. Amiri, D. Gifany and J. Ali, Ultra-short multi soliton generation for application in long distance
communication. J. Basic Appl. Sci. 3(3), 442-451 (2013)

[7] S.R. Islam and H. Wang, Some analytical soliton solutions of the nonlinear evolution equations. J. Ocean
Eng. (2022)

[8] Z. Du, B. Tian, X.Y. Xie, J. Chai and X.Y. Wu, Bäcklund transformation and soliton solutions in terms of
the Wronskian for the Kadomtsev-Petviashvili-based system in fluid dynamics. Pramana, 90, 1-6 (2018)

[9] B. Tian and Y.T. Gao, Beyond travelling waves: a new algorithm for solving nonlinear evolution equations.
Comput. Phys. Commun. 95(2-3), 139-142 (1996)

[10] H. Sun, Y. Zhang, D. Baleanu, W. Chen and Y. Chen, A new collection of real world applications of
fractional calculus in science and engineering. Commun. Nonlinear Sci. Numer. Simul. 64, 213-231 (2018)

[11] S. Arshed, G. Akram, M. Sadaf, M. Bilal Riaz and A. Wojciechowski, Solitary wave be-
havior of (2+ 1)-dimensional Chaffee-Infante equation. Plos one, 18(1), e0276961, (2023). DOI.:
doi.org/10.1371/journal.pone.0276961

[12] D. Tetik, A. Akbulut and N. Çelik, Applications of two kinds of Kudryashov methods for time fractional
(2 + 1) dimensional Chafee-Infante equation and its stability analysis, Optical and Quantum Electronics
(2024) 56:640, DOI.: doi.org/10.1007/s11082-023-06271-w

[13] M. Weilbeer, Efficient numerical methods for fractional differential equations and their analytical back-
ground. Clausthal-Zellerfeld, Germany: Papierflieger. (2006)

[14] A. Kubica, K. Ryszewska and M. Yamamoto, Time-fractional differential equations: a theoretical intro-
duction. Singapore: Springer. (2020)

[15] S. Rashid, A. Khalid, S. Sultana, Z. Hammouch, R. Shah and A. M. Alsharif, A novel analytical view of
time-fractional Korteweg-De Vries equations via a new integral transform. Symmetry. 13(7), 1254 (2021)

[16] L. Li, D. Li, Exact solutions and numerical study of time fractional Burgers’ equations. Appl. Math. Lett.
100, 106011 (2020)

[17] S. Ramya, K. Krishnakumar and R. Ilangovane, Exact solutions of time fractional generalized burgers-
Fisher equation using exp and exponential rational function methods. Int. J. Dyn. Contr. 12(1), 292-302
(2024)

[18] M.N. Islam, R. Parvin, M.R. Pervin and M.A. Akbar, Adequate soliton solutions to the time fractional
Zakharov-Kuznetsov equation and the space-time fractional Zakharov-Kuznetsov-Benjamin-Bona-Mahony
equation. Arab J. Basic Appl. Sci. 28(1), 370-385 (2021)

[19] H.U. Rehman, M. Inc, M.I. Asjad, A. Habib and Q. Munir, New soliton solutions for the space-time
fractional modified third order Korteweg-de Vries equation. J. Ocean Eng. (2022)

[20] A.M. Wazwaz, The tanh method and the sine-cosine method for solving the KP-MEW equation. Int. J.
Comput. Math. 82(2), 235-246 (2005)

[21] A. Bekir, New solitons and periodic wave solutions for some nonlinear physical models by using the
sine-cosine method. Phys. Scr. 77(4), 045008 (2008)

[22] H.U. Rehman, N. Ullah, M.I. Asjad and A. Akg ul, Exact solutions of convective-diffusive Cahn-Hilliard
equation using extended direct algebraic method. Numer. Methods Partial Differ. Equ. 39(6), 4517-4532
(2023)

[23] A. Ghosh and S. Maitra, The first integral method and some nonlinear models. Comput. Appl. Math.
40(3), 79 (2021)

[24] A. Kilicman and R. Silambarasan, Modified Kudryashov method to solve generalized Kuramoto-
Sivashinsky equation. Symmetry. 10(10), 527 (2018).

[25] E. Fan and H. Zhang, A note on the homogeneous balance method. Phys. Lett. A. 246(5), 403-406 (1998)

[26] A.-M. Wazwaz: Multiple-soliton solutions for extended (3+1)-dimensional Jimbo-Miwa equations. Appl.
Math. Lett. 64, 21-26 (2017)

https://doi.org/10.1371/journal.pone.0276961
https://doi.org/10.1007/s11082-023-06271-w


Application of (G′/G, 1/G)-expansion method to the TF-CI equation 137

[27] M.O. Al-Amr, Exact solutions of the generalized (2+ 1)-dimensional nonlinear evolution equations via
the modified simple equation method. Comput. Math. Appl. 69(5), 390-397 (2015)
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Appendix

(a) β = 0.5 (b) β = 0.5 (c) β = 0.75 (d) β = 0.75

(e) β = 0.9 (f) β = 0.9 (g) β = 1 (h) β = 1

Figure 1: 3D plots and density plots of U11 for different β when A1 = 8;A2 = −7; θ = 1; Λ =
−1.5; Ω = −15; y = 1

Figure 2: The line graph describing changes in U11 as β changes when A1 = 8;A2 = −7; θ =
1; Λ = −1.5; Ω = −15; y = 1 and t = 10
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(a) β = 0.5 (b) β = 0.5 (c) β = 0.75 (d) β = 0.75

(e) β = 0.9 (f) β = 0.9 (g) β = 1 (h) β = 1

Figure 3: 3D plots and density plots of U15 for different β when A1 = −8;A2 = −7; Λ =
−0.5; Ω = 5; θ = 1; y = 1

Figure 4: The line graph describing changes in U15 as β changes when A1 = −8;A2 = −7; Λ =
−0.5; Ω = 5; θ = 1; y = 1 and t = 10
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(a) β = 0.5 (b) β = 0.5 (c) β = 0.75 (d) β = 0.75

(e) β = 0.9 (f) β = 0.9 (g) β = 1 (h) β = 1

Figure 5: 3D plots and density plots of U19 for different β when A1 = 18;A2 = −5; Λ =
−0.9; Ω = 10; θ = 1; y = 1

Figure 6: The line graph describing changes in U19 as β changes when A1 = 18;A2 = −5; Λ =
−0.9; Ω = 10; θ = 1; y = 1 and t = 10
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(a) β = 0.5 (b) β = 0.5 (c) β = 0.75 (d) β = 0.75

(e) β = 0.9 (f) β = 0.9 (g) β = 1 (h) β = 1

Figure 7: 3D plots and density plots of |U21| for different β when A1 = 12;A2 = −5; Λ =
1/6; Ω = 20; θ = 1; y = 1

Figure 8: The line graph describing changes in |U21| as β changes when A1 = 12;A2 = −5; Λ =
1/6; Ω = 20; θ = 1; y = 1 and t = 10
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(a) β = 0.5 (b) β = 0.5 (c) β = 0.75 (d) β = 0.75

(e) β = 0.9 (f) β = 0.9 (g) β = 1 (h) β = 1

Figure 9: 3D plots and density plots of |U22| for different β when A1 = 12;A2 = −5; Λ =
1/6; Ω = −20; θ = 1; y = 1

Figure 10: The line graph describing changes in |U22| as β changes when A1 = 12;A2 =
−5; Λ = 1/6; Ω = −20; θ = 1; y = 1 and t = 10
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(a) β = 0.5 (b) β = 0.5 (c) β = 0.75 (d) β = 0.75

(e) β = 0.9 (f) β = 0.9 (g) β = 1 (h) β = 1

Figure 11: 3D plots and density plots of |U25| for different β when A1 = −12;A2 = −5; Λ =
1/6; Ω = 8; θ = 1; y = 1

Figure 12: The line graph describing changes in |U25| as β changes when A1 = −12;A2 =
−5; Λ = 1/6; Ω = 8; θ = 1; y = 1 and t = 10
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(a) β = 0.5 (b) β = 0.5 (c) β = 0.75 (d) β = 0.75

(e) β = 0.9 (f) β = 0.9 (g) β = 1 (h) β = 1

Figure 13: 3D plots and density plots of |U26| for different β when A1 = 6;A2 = 5; Λ = 0.1; Ω =
−8; θ = 1; y = 1

Figure 14: The line graph describing changes in |U26| as β changes when A1 = 6;A2 = 5; Λ =
0.1; Ω = −8; θ = 1; y = 1 and t = 10
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