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Abstract The Quartic Fuzzy Set (QFS) represents an advanced generalization of several
fuzzy set frameworks, including Fermatean Fuzzy Sets (FFSs), Pythagorean Fuzzy Sets (PFSs),
Intuitionistic Fuzzy Sets (IFSs), and conventional Fuzzy Sets (FSs). Similarity measures in fuzzy
set theory play an important role in diverse areas such as pattern recognition (PR), classification,
and multi-criteria decision-making (MCDM). In the context of MCDM, the process of assigning
weights to criteria often depends on a fuzzy framework. This study seeks to develop a similarity
measure for QFS utilizing the Hausdorff distance, a powerful method for quantifying similarities
between objects. Furthermore, we propose axiomatic definitions for distance measures in the
QFS framework.

This paper presents a novel distance measure designed specifically to evaluate dissimilarities
between Quartic Fuzzy Sets (QFSs). Based on this distance measure, a methodology for assess-
ing similarity between QFSs is developed. Additionally, the study identifies and discusses key
properties of the proposed similarity measures. To illustrate their practicality, we include mul-
tiple numerical examples in fields such as pattern recognition and linguistic variable analysis.
The paper also introduces an original algorithm for Orthopair Fuzzy TODIM, an interactive and
efficient approach for MCDM, which integrates these innovative techniques. This newly devel-
oped Orthopair Fuzzy TODIM method has been successfully applied to solve various real-world
MCDM problems across different domains. The algebraic findings validate that the proposed
similarity measures are both practical and effective for addressing challenges related to fuzzy
linguistic variables and MCDM applications.

1 Introduction

Decision-making plays a vital role in our daily lives, influencing various situations and con-
texts. In an ideal scenario, all the information available to us would be accurate and reliable.
However, the complexity and uncertainty of real-world situations mean that the information we
rely on is often incomplete or imprecise [1, 2, 3]. This presents a considerable challenge: ef-
ficiently managing and interpreting uncertain or ambiguous data to improve the quality and
effectiveness of decision-making processes [4, 5, 6, 7]. Various methodologies, such as fuzzy
sets, interval-valued fuzzy sets (IVFSs), and rough sets, have been proposed to address the chal-
lenges posed by uncertainty and imprecision [8, 9, 10, 11, 12, 13, 14]. Among these, fuzzy set
extensions, particularly Intuitionistic Fuzzy Sets (IFSs), stand out for their effectiveness in han-
dling ambiguous information. IFSs distinguish themselves by representing each element with
three parameters: degree of membership (DM), degree of non-membership (DNM), and hesi-
tation degree (HD). This unique capability to capture and model uncertainty has made IFSs a
popular choice in diverse fields, including pattern classification (PC) [15, 16, 17, 18], medical
diagnosis [19, 20, 21], and information fusion [22, 23, 24].

In numerous real-world situations, individuals frequently encounter hesitation and uncer-
tainty, complicating the process of reaching definitive decisions. To better address these chal-
lenges, Torra [25] proposed hesitant fuzzy sets (HFSs), which allow for the inclusion of multiple
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potential values within the range [0, 1] for each alternative. This approach provides a more
refined framework for handling hesitation and ambiguity. Subsequently, Rodriguez et al. [26]
explored the advancements and practical applications of HFSs, highlighting their relevance in
various contexts.

The literature includes a wide range of studies focused on the distance, similarity, and entropy
measures for hesitant fuzzy sets (HFSs), with significant contributions made by researchers such
as [27, 28, 29, 30]. Building on the foundational concepts of fuzzy sets (FSs), Yager and Abbasov
[31] and Yager [32] introduced Pythagorean fuzzy sets (PFSs), which offer greater flexibility and
applicability compared to intuitionistic fuzzy sets.

PFSs are defined using a MD and a degree of NMD constrained by the condition that the
sum of their squares does not exceed one, i.e., 0 < r> + 1> < 1. This differs from IFSs, where the
relationship 0 < r +1 < 1 must hold. For example, if r = 0.90 and | = 0.4, IF'Ss would be invalid
because r + 1 > 1, but PFSs remain valid as 0 < r2 + 12 < 1. This broader condition enables
PFSs to model uncertainty more effectively in various applications. PFSs also employ unique
aggregation operators, making them suitable for use in fields such as PR, image processing, and
MCDM. Their enhanced ability to handle ambiguous and uncertain information allows PFSs to
outperform IFSs in representing real-world scenarios more accurately and efficiently.

Senapati and Yager [33] introduced Fermatean fuzzy sets (FFSs) to overcome certain lim-
itations of membership degree (MD) and non-membership degree (NMD) under the condition
r3 4+ I3 < 1. Building on this foundation, we propose an extension called Quartic Fuzzy Sets
(QFSs). This study explores the fundamental properties of QF Ss to provide a deeper understand-
ing of their structure and advantages.

QFSs represent a significant advancement over earlier fuzzy set models, including FSs, IFSs,
PFSs, and FFSs, all of which can be considered subsets of the QFS framework. The introduction
of QFSs, as proposed by Yager [34] and Yager and Alajlan [35], marks a critical step forward
in generalizing fuzzy set theory. Compared to IFSs, PFSs, and FFSs, QFSs offer enhanced
flexibility, robustness, and applicability, making them better suited for addressing complex and
uncertain real-world scenarios.

To address MCDM problems involving Quartic Fuzzy (QF) data, we propose an enhanced ex-
tension of the Technique for Order Preference by Similarity to Ideal Solution (TOPSIS). Initially
introduced by Hwang [36], the TOPSIS method has consistently demonstrated its advantages
over other MCDM techniques.

Researchers have extensively used the TOPSIS framework in a variety of decision-making set-
tings throughout the years [37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. The applications are many and
include ranking fast racing cars, choosing the best e-commerce sites, assessing the performance
of heart surgeons, identifying high-performing staff, choosing plant locations, locating appro-
priate material suppliers, and selecting robots for particular jobs. This versatility underscores
its effectiveness in tackling complex decision-making problems.

While the aforementioned methods prove effective in certain scenarios, they exhibit several lim-
itations:

o Some distance measures for IFSs fail to fully adhere to axiomatic principles.

o Many existing distance measures for IFSs can produce counter-intuitive results when calculat-
ing dissimilarities between sets.

o Certain measures lack precision in accurately predicting the class of a query pattern in pattern
classification tasks.

These shortcomings highlight the ongoing need for more reliable and intuitive methods to differ-
entiate between IFSs. To address this gap, we propose a novel distance measure, SV}, inspired
by the Hellinger distance, for evaluating the dissimilarity between Quartic Fuzzy Sets (QFSs).
This study explores the fundamental properties of SV and validates its utility through numerical
examples. Additionally, a decision-making approach based on SV is introduced and applied to
a real-world case study, demonstrating its practical effectiveness.

Contribution
* In this study, we present a novel approach for calculating the distance between Quartic Fuzzy
Sets (QFSs) based on the Hausdorff metric.
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* Our work’s main goal is to provide a similarity measure for QFSs by utilizing the Hausdorff
metric as a fundamental mechanism. We propose several similarity measures that help evaluate
the degree of similarity between QFSs.

* Additionally, we introduce axiomatic definitions for both the distance and similarity measures
associated with QFSs. In order to ensure the measures’ applicability and dependability in actual
situations, these definitions specify the fundamental characteristics and requirements that they
must meet.

* We develop an orthopair fuzzy TODIM algorithm using these distance and similarity measures.
To improve pattern recognition, control language variables, and address MCDM issues, this ap-
proach makes use of the suggested measures.

Organization

The fundamental concepts of [F'Ss, PFSs, FF'Ss, and QF S's, along with the Hausdorff Metric,
are outlined in Section 2. In Section 3, we present a new measure for the QFS framework
and explore its properties and associated graphs. Section 4 introduces a similarity measure
based on the Hausdorff metric. In Section 5, a PR methodology is discussed, accompanied by
numerical examples. Section 6 provides a comparative analysis of linguistic variables, supported
by an example. Section 7 presents a detailed comparative study. Section 8 focuses on Multi-
Criteria Decision Making (MCDM) with a real-life case study. Finally, Section 9 concludes with
a summary and future directions for research.

2 Preliminaries

Throughout this paper, let P = {pi,pa,...,pq} represent a non-empty finite set. 1FS be the
collection of Quartic fuzzy sets for P. Let G1, G, and G be the QF Ss subsets in P.

Definition 2.1. [9] A [F'Ss G| in G is given as

G = {(pnerl (p’ﬂ)’lGl (pn)) |p € P} yn=1,2, cees - (2.1)

where rg, (p,) means the DM and lg, (p,)) means DNM of p, € P in G such that 0 <
G, (Pn) +1c,(pn)) < 1. Here, hgy, (pn)) = 1 —ra, (pn) — lg, (pn) denotes the hesitancy degree.
Consider a situation where an object has a DM of 0.5 and a DNM of 0.7. If we combine the DM
and DNM values (0.5 + 0.7), the resulting sum is 1.2. This does not meet the previously stated
condition, which requires the sum to be less than or equal to 1.

Definition 2.2. [31] A PF'S (G,) in P is specified by
G1 = {(pn,76,(Pn),lw(pn)) | p€ P},n=1,2,....,p, with 0 < ré] (pn) + lél(pn) < 1, where
the functions r¢, : T — [0, 1] and lg, : P — [0, 1] indicate the DM and DNM of p in P, for

eachp € P, ha, = (1 — {rg, (pn)* + 13, (pn)})% is the degree of hesitancy.
Let DM be 0.7 and DNM be 0.5, we see that 0.7> + 0.5% < 1 that satisfy the PFS.

Definition 2.3. [33] A FF'S (G)) in P is specified by

G1 = {(Pn.rc,(Pn)lc,(pn)) |p € P},n=1,2,....,q, with 0 < 14, (pn) + 13, (pn) < 1, where
the functions rg, : P — [0,1] and I, : P — [0, 1] indicate the DM and DNM of p in P,
for each p € P, hg, = (1 —{rg (Pn) + 1, (Pn)})% is said to be Fermatean fuzzy degree of
hesitancy.

if we take DM is 0.9 and DNM is 0.6. This condition 0.9 + 0.62 f 1 for PF'S's, is not satisfied.
That means FFS is applicable.

Definition 2.4. A QF'S (G)) in P is specified by

G1 = {(Pn,rc,(Pn)lc,(pn)) |p € P},n=1,2,...,q, with 0 < 1, (pn) +1¢, (pn) < 1, where
the functions rg, : P — [0,1] and I, : P —> [0, 1] indicate the DM and DNM, for each
1

p€ P, hg, = (1={rg (pn) +1¢, (pn)})* is Quartic fuzzy degree of hesitancy.
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Figure 1: A Graph of Various Fuzzy Sets

In this scenario, we have an MD of 0.8 and an NMD of 0.9. When we assess the condition
0.9° + 0.8% £ 1 for FFS, it is not met, indicating that FFS cannot be used here. In such cases,
we turn to QFS for the solution.

The inequality 0 < (r¢, (pn)? + (1 — (1 — 1§, )p)% < 1 is clearly true for a positive real number
n. The concentration and dilatation of a QF Ss G| are explained as follows by Definition (2.4):

CON(G1) = {(pn,rcon(c,)(Pn), lconc)(Pn)) - p € P} (2.2)
where rcon(cy) (Pn) = (1, (Pn): loon(ay) (pn) = (1 — (1 — lél)z)% ; and

DIL(Gy) = {(Pn:Tpir(c)(Pn) Ipin) (pn)) 1 p € P} (2.3)

1

where Tprrcy) (Pn) = (&, (pn) U1y (pa) = (1= (1= 14,)3)1
Let (r,1) be a point for IFS, PFS, FFS, and QFS, where r and | lie in [0,1]. It can be
observed that r* < r3 < r? <rand* < 1? < I?> <, which implies that r* +1* < 1, P +13 < 1,
r2+1> <1, andr+1 < 1. The space covered by IFS, PFS, FFS, and QF S withq = 1,2,3,4
is shown in Figure 1.

1

Definition 2.5. [47] Some operations are given as :

(i) G C GiffVp, € P,rg,(pn) <ra,(pn) and lg, (pn) > la, (pn) 3
(i) Gy =G iffVp, € PGy C Gy and G, C Gy;
(i) If G\* = {(pn;lc, (Pn): e, (pn)) | p € P}

Definition 2.6. [48] Let SV} be a mapping, SV; : QFSs(P) x QFSs(P) — [0,1]. SV1(Gy, Ga)
is a distance measures, which holds:

P1HO<L SVl(Gl,Gz) <1

(P2) SVi (G, Ga) = 0.

(P3) SVi(G1,Ga) = SVi(G2, Gh).

P4 If Gy € Gy C G then SVl(Gl, G3) > Max {SV] (Gl,Gz), SVi (Gz, G3))}

Definition 2.7. [49, 50] Consider a mapping A* that operates on QF'Ss F and F, defined as
A* 1 QFSs(P) x QFSs(P) — [0, 1]. The measure similarity A*(G1, G,) satisfies the following
properties:
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i) 0< A*(G1,Ga) < 1
(i) A*(G1,G2) = A*(G2, Gh).
(i) A*(G),G) =1
(iv) IEG1 C Ga C G, then A*(Gy, G3) < A*(G1,Ga) and A* (G, Gs) < A*(Ga, Gs).

Existing Similarity Measures

Chen [51]
SE‘H(GhGZ) —1- Zi’?:] (|TG1(pn) - TGz(p;Z)) — |ZG1(pn) - le(pn)D (24)
Hong and Kim [52]
Str(Gl,Gy) =1— Zf:1 (Ira—1(pn) — rGZ(ZZ)H + e, (pn) — e, (pn)]) 2.5
Liand Xu [53] .
1')* 1 m _l 1 n + ) n _l 5 n
SZX(G]aGZ) =1- Z’Lfl (‘TG (p ) G (p4]))| |’I"G (p ) el (p )|)_ (2 6)
S (rr(pn) — rE(pa)| + e, (Pr) — las (Pn)]) '
4p
Le et al. [54] .
p _ 2 - 2 3
S (G, Gh) =1 — ( Y ((rey(pn) TGz(pn;;) + (lg, (pn) = la,(pn)) )> e
Gupta R [55] .
_ 1 &SHG,Ga) + S;'(Gl,Gz)
SH(G1,Gp) = = 2.8
1, 2 p Z ( )

Where S,Z;(Gl,Gz) = SZ(G],GQ) == 1

1
I+|rG, (pn)—Tc, (Pn)]” I+l (pn)—lc, (Pn)]”

Hausdorff Metric

A commonly used mathematics metric, the Hausdorff metric, evaluates the distance between two
non-empty compact subsets, G| and G, in a Banach space B. It is calculated by taking the
maximum value of the forward and backward direct Hausdor{f distances.

The formula d(p, q) also indicates the distance between a point p in the set Gy and a point q
in the set G,. k(G1,G2) = maxpeq, {mingeq, (||p — q||)} is the forward distance, and

b6 1) = max { mindllp —al)

peEG

is the backward distance. The following is a formal definition of the Hausdorff metric:
K(Gy,G,) = max {k(G1, G,), k(G2,G1)} 2.9)

It is important to note the asymmetry of the Hausdorff metric. k(G1,G) # k(Ga,G)) in gen-

erallet Gy = [a1, a] for example, if R = S.G, = [B1, 82] are the two intervals, from equation
(2.9), we have:

K(G1,Ga) = max {|ay — Bi, |aa — Bal} - (2.10)

The first famous formula for calculating the difference between two intervals is (2.10). This mea-
sure of distance serves to establish a metric for similarity, playing a pivotal role in demonstrating
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Figure 2: Quartic distance measure graph

the likeness between two sets. Their widespread applications across diverse fields have notably
boosted their prominence. Despite existing distance metrics and Hausdorff-based measures for
IFS and PF'S's detailed in previous literature [56, 57].

3 Proposed Quartic Distance Measure

In this section, we will propose a new distance metric to address the shortcomings of current
measures for comparing QF'S's

To develop an innovative Hausdorff metric-based distance measure for QFSs, we first de-
fine a generalized interval representation of these sets. The Hausdorff metric is particularly
suitable for this purpose, as it can be directly applied to intervals, making it an ideal choice
for comparing QF Ss. Let G| and G, be two Quartic, and consider two subintervals I, (py)
and 1, (py) on the interval [0, 1], denoted as I, (pn) = [ré, (pn), 1 — 1§, (pn)] and I, (pn) =

[7'4G2 (pn)a 1 - lé‘z (pn)]’ respectively. Here, K* (IGI (pn)7 I, (pn)) is given by

K*(Ig,(pn), I, (pn)) = max {|rg;, (pn) = 1¢, (pn)|, [(1 = 1g;, (pn)) — (1 = U&, (pn))| }- Thus we
introduce new Hausdorff metric SVi(G, G,) between the QFSs G| and G, as follows:

1 2sin (5 max (jr () — 1, (o)), [ (pa) — 12, (pa)])
SWGI’GZ)‘qZ(Hsm( T max (s, (on) — s, (o)l s, (0) l‘z;z(pnm)) G-b

Note. The concepts of distance measures and metrics differ fundamentally. There exists an
axiomatic contrast between these measurement tools. The transfer of a metric using the function
k(d*) = & i d* consistently results in a metric. However, it’s not always the case that transforming
a distance measure yields another distance measure.

For example, if d* is a measure of distance, then it falls inside the range d* € [0, 1]. Here,
0 < k(d*) < 1.5 for a given value of a = 3. As a result, the function k(d*) violates property P1
of a distance measure. Figure 2 shows the graph of proposed measure.
Graphs of Quartic distance measure

Property 1. 0 < SV (G1,G,) < 1.

Proof. For G|, G, € QFS( ), it is evident that

0 < [rgy, (pn) — &, (Po)l, 11, (pn) — 1, (Pn)| < 1.

0 < max (|1 (pu) — s, (o). Il‘él(pn) laz(pn)I) L.
0< (% max (|7"4Gl (Pn) — 7"‘52 (Pn)l; |lé¥] (Pn) le pn)|))

N\:n
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This implies that 0 < sin (5 max (|7, (tm) — ¢, (Pn)|: 1, (Pn) — la, (Pn)])) < sing
Nz
0 < sin (5 max (|rg, (pn) — 7é, (Pn)|s |16, (Pn) — 1, () ) (3.2)

This implies that 0 < 2sin (5 max (|rg (pn) — &, (pa)|, 1, (pn) = 1, (Pn)])) < 2
From equation (4.3) 1 < 1+ sin (5 max (|7, (pn) — v, (pn)l, |lG1(pn) I&, (pn)])) <2
Suppose z; = sin (5 max (|7"G1 (pn) — er (pn)l, |ZG1 (pn) — ZGZ (Pa)]))

then we have 0 < {2 < 1 for all ; € [0, 1],

Therefore by equation (4.1), we get 0 < SV;(G1,G,) <1

Property 2. SV, (G1,G,) = 0.

Proof. Suppose G| = G, then TG (Pn) = 4G (pn), l‘él (pn) = l‘éz (pn) for all p,,.
Tél (Pn) — 7'4G2 (pn) =0 l(;] (Pn) — (pn) = 0 for all p,,.
therefore, |1, (pn) — 7¢;, (pn)| = |l (pn) =14, ()| = 0,

This gives SV1(G1,G2) = 0.
Property 3. SVi(G1,Gz) = SVi(Ga, Gy).

Proof. It is obvious that SV (G, G2) = SV, (Gz, G1) holds because, for each p,, € P, \r‘c‘;l (pn)—

18, (0n)l = 11, (0n) = 18, (0a)]s 11, (0n) = &, ()| = |1&, () — &, (pn)| and hence, property
3. is proved.
Property 4. If G; C G, C G5 then SV, (Gl, Gg) > Max {SV] (Gl, Gz), SV (GQ, G3)}

Proof. If G C G5 C Gs then 1y (pn) < ¢, (pn) < g, (pn)s I, (Pn) = 18, (pn) = 1, (pn), for
all p,, € P. Thus, we can get SVI(Gl,Gz) = max {|r§ (pn) — er(pn)\ \lGl(pn) I&, (pn)l}
SVi(Gi,G3) = max {|T‘(1;1(pn) TG3 (pn)l, |lG1(pn) lég (Pn) |} and

SVi(G,Gs3) = max {|rg, (pn) — rGa(p7,)| i, (pn) — 1&, (pn)|}. We arises two cases: If (i)
| 78, (pn) = ra(pn) | = [ &, (pn) — &, (pn) |, then K*(Gy,Gs) = r&, () — &, (pn)|. How-
v e v ) 15 (o) — () 121 By 1,02) 1< | () = 1, () | and
| le(pn) 18, (on) | < 11, (pn) =1, (pn) | < | & (Pn) — rg3 (pn) | On the other hand, we have
| rGl(pn) TGZ (pn) [ <| TG,(pn) 7“53 (pn) | and | 7%2 (pn)— lG; (pn) [ <] T‘é, (pn)_T4G3 (pn) |- By
the findings from earlier analyses, we can deduce a novel outcome, K (Ig,,Ic,) < K(Ig,,Ic,)
and K (Ig,, Ie,) < K(Ig,,Ig,). Hence, we have SV| (G, Gz) < SVi(G1, G3).

(i) If | 73, (pn) = 18, (0n) | < | UG, (pn) — &, (pn) |, then K(G1,G3) = [l (pn) — U&, (pa).
However’ we have | Tél (pn) - Téz (pn) | < T4G1(pn) - T4G3 (pn) | < lél (pn) — lé:} (pn) | and
|78, (0n) =78, (pn) | <1 7E, (Pn) =78, (Pn) | < | ZGI (pn) —1&, (pn) |- On the other hand, we have

|1, () = U, (pn) | < T&, (pn) =18, (pn) | and | 1g;, () —1&, (pn) | < | 1, () — &, (pa) |- By
amalgamating the findings from earher analyses, we can deduce a novel outcome, K(Ig,,Iq,)
< K(Ig,,1¢,) and K(Ig,,1c,) < K(Ig,,Iq,). Hence, we have SVi(G,,G2) < SVi(G1, G3).
Hence, cases (i) and (ii) satisfied the (P4).

If Gi € Gy C Gsthen g, (pn) < 78, (pn) < 78, (Pn)s I, (Pn) < 1, (pn) < 1, (pn), for all
pn € P.

&, (Pn) = 76, ()| = e, () — 1, (0015 11, (pn) — 1, (pn)| = 1&, (pn) — 1&, ().

(Ir&s, (Pn) =7, () s [, () = &, (0)]) = (I8, () — 18, (a5 11, (Pn) — 1, (P0)])
max (|ré;, (pn) = 78, ()], 118, () = U&, (pn)]) = max (|7, (pn) — 1, (Pa)], Ilcl(Pn) 1&, (pn)l)
e (ot ) %, )1y )~ ) 3 5 ) =, 0, 0~ 5, 00)
sin (3 max (1, (o) — o, (po)]. 15, (p) — 18, (1)) >
sin (5 max (|r4G1(pn) &, ) 11E, () — ZG,( n)l))-
Since for all u;, z; € [0, 1] and u; < z;,
Now 12+uu, < Ef;.
Hence SVl(Gl,G3) § SV](G],Gz),
Similarly, we can prove SV; (G4, G3) < SVi(Ga, G3).
Corollary 1. If G; = (1,0) and G, = (0, 1), then SV (G,G2) = 1
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Proof: Proof is clear.
Corollary 2. If G; = (0,0) and G, = (0,0), then SV, (G, G2) = 0.
Proof. Proof is clear.

Example 3.1. Given two QF'Ss G, Gy in P = {p;} these QF'S’s are expressed as follows:
G = {(piara l)}a G = {(pular)}
The variables r and [ can only have values within [0,1], and their sum, r + [, must not be more
than 1. Figure 4 illustrates this link. Figure 6 illustrates the measure of the SV; between QF'S's
Gy and Gy. It is evident from looking at Figure 3 that the SV value constantly falls between
0 and 1 when r and 1 change. Thus, SV;’s Property 1 is confirmed. Graphs 3-7 illustrate the
influence of  and [, along with the variables « and 3, on SV} across different cases. Upon closer
inspection of Graphs 3-7, it is clear that the correlation between SV; and the r and [ variables
of QFSs is non-linear, effectively capturing the non-linear attributes of SV;. Moreover, the
maximum value of SV; derived from r and [ in diverse cases is as follows:
x Gy = {(pi, 1,0)} = SVi(G1,Ga) = 1, forGy = {p;,0,8)},8 € [0, 1].
x Gh = {(pi,0,1)} = SVI(G1,Gr) = 1, forGy = {pi,,0)} ,a € [0, 1].
x Gy = {(pi,0.5,0.5)} = SVi(G1,G2) =1, forGy = {p;,0,0)}.

Graphs of Quartic distance measure for different values
For each p,, € P, a weight w,, is assigned, where 0 < w,,, < 1 and Zgnzl w,, = 1 holds. Let’s

delve into the method of establishing a weighted distance measure for IFSs: Distance Measures
SV : QFSs(P) x QFSs(P) — [0, 1] is given as

. 2sin (5 max (|7, (pm) — 16, (0m)|s 11, (pm) = U&, (pm)]))
SVu(G1,G2) = 'rnz::I Wm (1 +sin (5 max(|7"c‘;] (pm) — T4G2(Pm)|a |lé*1 (tm) — l‘é‘z(Pm)D))
3.3)
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Note: Equation 3.3 becomes Equation 3.1 if we change w,, = 1/q.

4 Quartic Similarity measure

The well-known notion of the dual distance and similarity measure allows us to determine
the similarity among two QF'Ss by considering their distance apart and the Hausdorff met-
ric. Let’s suppose that h represents a function that exhibits a monotonic decrease. Since 0 <
SVi(G1,Ga) < L, h(1) < R(SVi(G1,Ga)) < h(0). This implies 0 < (h(SVi(G1,G2)) —
h(1))/(h(0) = h(1)) < 1.

Definition 4.1. Let P = {p;,p,, ..., p, } be the universal set and G = {(pn, ¢, (Pn). lc, (Pn)) | Pn € P},

Ga = {(pn,rc,(Pn),lc,(Pn)) | Pn € P} be two QF'Ss on P. Let us suppose that k& be a mono-

tone decreasing function. Then, a new similarity measure Vg(Gy, G2) between two QFSs G4

and (35 is defined as:

k(SVi(G1,Ga)) — k(1)
k(0) — k(1)

Equation (4.1) allows for the computation of different similarity metrics by choosing a suit-

able value for k. A simple approach is to select the linear function k(z) = 1 — z. Using this, the
similarity between QQF'S's can then be determined.

Vs(Gy,Gr) = 4.1)

Vs1(G1,Ga) =1 - SV, 4.2)

Moreover, an alternative option is to opt for a straightforward rational function such as k(z) =
1/(1 + z). In this case, the similarity metric between QF'Ss G and G is defined as follows:

1 -5V
Vsa2(G1,G2) = g 43)
e’SV‘ —e !
VS3(G1,G2) = Tl _ et (4.4)

5 An Analytical Comparison

In the comparative analysis, we illustrate the practical utility of the proposed methods. To
achieve this, we present examples related to pattern recognition and subsequently apply them
to queries involving fuzzy linguistic variables.
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Table 1: Values of similarity measures

ProposedM easures
Si S> S3 Result

Vsi Vs1(G1, R) = 0.6730 Vs1(G2, R) = 0.6909 Vs1(Gs, R) = 0.7440 Gs
Vsa Vs2(G1, R) = 0.3206 Vs2(Ga, R) = 0.5531 Vs2(G3, R) = 0.5748 G
Vs3 Vs3(Gy, R) = 0.3540 Vs3(Ga, R) = 0.5934 Vs3(G3, R) = 0.6134 Gs
FExitingMeasures

Se[51] St (G, R) =0.8092  S:p(Ga,R) =0.8296  S&,(Gs,R) =0.8954 Gs
Shr[52] St (G, R) =0.8759 Sy (G2, R) =0.8407 S} (G3, R) =0.9092 Gs
ST x[53] Six(G1,R) =0.7426  S& (G2, R) =0.7630  SE,(G3, R) =0.7815 G
S7[54] Si(Gy, R) = 0.8092 S7 (G, R) = 0.8296 SL(G3, R) = 0.8954 Gs
ShI55] S5(G1, R) = 0.8838 S57.(G2, R) = 0.8203 S%.(G3, R) = 0.8960 Gs

5.1 Pattern Recognition

Using Equations (4.2-4.4), a number of pattern recognition cases are shown.

Example 5.1. Let three QF'Ss in P = {p;, p2, p3}. The three QF'S’s are:

G1 ={(p1,0.3,0.7), (p2,0.9,0.9), (p3,0.7,0.9) }, G2 = {(p1,0.7,0.9), (p2,0.2,0.9), (p3,0.5,0.7) },
G3 = {(p1,0.9,0.5), (p2,0.7,0.8), (p3,0.5,0.4) }.

Let a given sample be

A = {(p1,0.7,0.7), (p2,0.9,0.9), (p3,0.7,0.2) }. Using Equations (4.2-4.3), the computed val-
ues are summarized in Table 1. From the table, it is clear that A shows the highest similarity to
G5. This indicates that the proposed similarity metrics effectively classify the F'Ss based on the
maximum similarity value.

Example 5.2. Let three QFSsin T = {py, p2, p3}. The three QF'S’s are:

G1 = {(p1,0.4,0.8), (p2,0.6,0.5), (p3,0.8,0.9)}, G2 = {(p1,0.8,0.9), (p2,0.3,0.9), (p3,0.6,0.8)},
G5 = {(p1,0.7,0.6), (p2,0.8,0.9), (p3,0.6,0.5)}.

Let a given sample be

A=1{(p1,0.8,0.8), (p2,0.6,0.7), (p3,0.8,0.3) }.

The provided examples of different types highlight the practicality and effectiveness of the pro-
posed similarity measures. Additionally, an illustrative case is presented to evaluate the similarity
between linguistic variables.

6 Linguistic Variables

An accompanying example is provided to illustrate how linguistic variables can be evaluated for
similarity using particular measures. The example uses these measures, which are described in
Equations (4.2) to (4.4), to evaluate similarities between linguistic variables. Tahani initially in-
troduced the use of fuzzy sets to establish a framework for fuzzy query processing [58]. Expand-
ing on Tahani’s work, Kacprzyk and Ziolkowski further developed the concept by integrating
fuzzy linguistic quantifiers into database queries [59]. Furthermore, Petry carried out a thorough
investigation into fuzzy databases, including both their applications and underlying principles
[60]. Candan et al. highlighted the crucial role of employing similarity measures to effectively
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Table 2: Values of similarity measures

ProposedM easures
Si S> S3 Result

Vsi Vs1(G1, R) = 0.6187 Vs1(G2, R) = 0.6484 Vs1(G3, R) = 0.6948 Gs
Vsa Vs2(G1, R) = 0.3625 Vs2(Ga, R) = 0.4666 Vs2(G3, R) = 0.5176 G
Vs3 Vs3(Gy, R) = 0.3980 Vs3(Ga, R) = 0.5064 Vs3(G3, R) = 0.5575 Gs
FExitingMeasures

Se[51] St (G, R) =0.7926  S{p(Ga,R) =0.8245  S&,(G3,R) =0.8939 Gs
Shr[52] Sy (G, R) =0.8815 Sy (G2, R) =0.8537 S} (Gs, R) =0.9056 Gs
Srx[53] Six(G1,R) =0.7648  S& (G2, R) =0.7606  S&p,(Gs, R) =0.7848 G
Sr[54] S5 (G, R) = 0.5963 S5 (G2, R) = 0.6205 S7 (G, R) = 0.6648 Gs
Sgr[55] S5(G1, R) = 0.8621 S5%(G2, R) = 0.8353 S%.(G3, R) = 0.8960 Gs

query a database [61]. Improving the usefulness of fuzzy queries requires an understanding of
the degree of similarity between fuzzy sets. Additionally, Hussain and Yang examined similarity
metrics for language variables [62]. The recommended similarity metrics between QFSs are
used in the example (6.1) to describe the similarities between linguistic variables.

Example 6.1. Let G; = {(pn,7¢, (pn): 1, (Pn)) | pn € P} be a QFS on K. V positive real
number p, we have QF'S's G‘f from the definition 2.4, with

1
Gi'l = {(pm (Tél(pn)d, (1-(1- lél)d)4) “Pn € P} ,d>0,2< g < oo
The QFS G has two linguistic operators, dilation and concentration. The dilation of G| is

represented as DIL(G,) = G 1% and the concentration of G; is CON(G) = G3. The parameters
"very (G1)" and "more or less (G)" can be used to describe these procedures, respectively. In
this case, the QF'S is contained in the set P = p1, p2, p3, P4, P5.

Gy = (p1,0.7,0.5), (p2,0.6,0.9), (p3,0.8,0.6), (p4,0.9,0.5), (ps, 1.0,0.0).

Gi = (p1,0.84,0.71), (p2,0.77,0.95), (p3,0.89,0.77), (p4,0.95,0.71), (ps, 1.00, 0.00).

GT = (p1,0.49,0.25), (p2,0.36,0.81), (p3,0.64,0.36), (ps, 0.81,0.25), (ps, 1.00,0.00).

Gt = (p1,0.24,0.06), (p2,0.13,0.66), (p3,0.41,0.13), (ps, 0.66,0.06), (ps, 1.00, 0.00).

Within the framework of set K, the QF'S GG; embodies the concept of "Wide." It has been estab-
lished that operations like CON(G1) and DIL(G)) serve as linguistic hedge expressions such
as "Somewhat Wide," "Wider," and "Widest."

Hence, we establish the following associations:

Glé signifies "Somewhat Wide,"
G7 signifies "Wider,"
G1 signifies "Widest".

The abbreviations for the terms "Wide," "Somewhat Wide," "Wider," and "Widest" are de-
noted as W, S.W, WI., and WID. respectively. The similarity measures described in Equations
(4.2) to (4.4) are utilized to evaluate the similarity between QF'S. The outcomes of this compar-
ison are presented in Table 3, enabling assessments to be drawn regarding the similarities among
different QF'S's.
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Table 3: Similarity Measures

L S.W. WI. WID.
1.0000 0.9763 0.9775 0.9809
w 1.0000 0.7775 0.7817 0.7943

1.0000 0.8028 0.8055 0.8171
0.9763 1.0000 0.9807 0.9841
S.W. 0.7775 1.0000 0.7966 0.8037
0.8028 1.0000 0.8190 0.8251
0.9775 0.9807 1.0000 0.9766
WI. 0.7817 0.7966 1.0000 0.7726
0.8055 0.8190 1.0000 0.7989
0.9809 0.9841 0.9766 1.0000
WID. 0.7943 0.8037 0.7726 1.0000
0.8171 0.8251 0.7989 1.0000

Gl(VV, WID.) > Gl(VV, WI.) > Gl(VV, S.VV.), Gl(S.W, WID.) > Gl(S.W., WI.) > Gl(S.W, W),
Gi(WI.,SW.)>G (WI.,W.)>G(WI.,WID.),

G (WID.,SW.) > G (WID.,W.) > G (WID.,W1I.).

The proposed similarity measures (4.2) to (4.4) have been demonstrated to fulfill essential cri-

teria (Table 3), enabling precise comparisons among W, S.W., WI., and WID. This substantiates

their utility and practical applicability. Figure 8 shows the graph of linguistic variables.

7 Comparative Analysis

A similarity measure [63] in a recent study.

Sp(G1,Ga) +1—dj,
2

S*(G1,Gy) = (7.1)

where S%(G1,G2) =1 — ﬁ [ {|rél —rg | F I, — 1| +m, — quz|} and

dy = 1= 1 cos {3 {max (2, — &, | 115, ~12,)})

Now, we conduct a quantitative analysis of the similarity measures we introduced and compare
them with those proposed by [63]. The goal is to highlight the advantages and superior perfor-
mance of our suggested approaches.

Example 7.1. Let P = {p;} be the universe of discourse. Suppose G; = {(p1,0.3,0.4)},
G2 = {(p1,0.4,0.3)}, and G3 = {(p1,0.0,0.45)}. It becomes evident that G is more similar to
G, than it is to G3. Therefore, similarity measure between G} and G, would be greater than sim-
ilarity measure between Gy and G3. According to the S*(Gy, G3) [36], we obtain S*(G,G,) =
0.8718 > S*(G1,G3) = 0.6230. And Sy1(Gi1,G2) = 0.7294 > Sy(G,G3) = 0.3755;
Sv2(Gr,Ga) = 0.5741 > Sy1(G1,G3) = 0.2312; Sy3(Gh,Ga) = 0.6250 > Sy1(G1,G3) =
0.2652. Equation 7.1’s conclusion is supported by the results of equations 4.2 — 4.4, which
show that GG} is more like G than G3. Therefore, the three QFSs (G|, G2, and G3) are correctly
classified by the proposed similarity measures.

8 Application to MCDM

Decision-making holds immense significance in our day-to-day existence, given the frequent
cases demanding our selection of the most favourable choice among a finite set of options. In a
wide range of fields, including the biological sciences, engineering, computer science, business
intelligence, medical sciences, financial management, and the social and political sciences, this
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Figure 8: Graph of Linguistic Variables

process is extremely important. A well-known technique called MCDM is intended to make
decision-making easier by analyzing a variety of factors and selecting the best choice. Integrat-
ing decision-makers’ (DMs’) preference data into the assessment of the available options is a
crucial component of MCDM. Uncertainties, ambiguities, and lack of expertise, however, are
common in real-world scenarios and can result in mistakes and inaccuracies while making deci-
sions. Because these uncertainties can significantly affect the efficacy and outcomes of steps, it
is necessary to identify and manage them.

QFSs have proven to be a useful tool for decision-making when faced with unclear or inade-
quate information. They provide a high degree of accuracy and precision, which aids decision-
makers in navigating the complexities of unclear or inadequate data. Using QFSs makes the
decision-making process more solid and dependable. First introduced in [64], the TODIM ap-
proach is an interactive MCDM methodology that has shown remarkable efficacy in real-life
problems. Further research in this area has been expanded by other scholars [65, 66].

This research introduces an advanced version of the TODIM method, referred to as Or-
thopairian Fuzzy TODIM. The approach integrates the similarity measures outlined in Equations
(4.2)-(4.4) to manage situations involving QFSs effectively. By applying the Orthopairian Fuzzy
TODIM framework, we can efficiently tackle MCDM challenges across a variety of real-world
scenarios. The set of alternatives is represented as G = {G}, G, ..., G; }, while the set of criteria
is denoted as V' = {V}, V3, ..., V; }.

Following the TODIM methodology, the evaluation begins by analyzing the gains and losses
of each alternative V; with respect to every criterion V;. Subsequently, the dominance level of
each alternative G; over another alternative G, is determined for each criterion V;. During the
completion of these computations, the options GG; are arranged according to their total perfor-
mance scores in descending order. To solve real-world problems using the proposed similarity
measures from Equations (4.2)-(4.4), the following steps outline the process for developing the
algorithm:

1. Construction of Fuzzy Decision Matrix (FDM)

The decision-making process involves a set of alternatives, represented as G = {G, Ga, ..., G, },
and criteria denoted by V' = {V}, 1, ..., V;}. To facilitate this process, we define an orthopair
fuzzy decision matrix (OFDM), G = [g;;]p X ¢, gave by the decision-makers involved in a
MCDM issue. Each element g;; within the matrix is a Quartic Fuzzy Number (QFN), expressed
as h;; = (r45,1;;). Here, r;; and [;; represent the degree to which the alternative G; satisfies the
criterion V; and the degree to which it does not, respectively. The matrix must adhere to the con-
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dition 0 < 7*G (t,) +1*G 1 (t,m) < 1is satisfied, where 7G (t,,,) € [0,1] and I*G (t,,,) € [0, 1],
ensuring consistency and validity. In general, the QFNs supplied by the decision-makers are
integrated into the decision matrix A. These ambiguous numbers successfully handle the uncer-
tainties and ambiguities included in the decision-making process by encapsulating the degrees
of pleasure and discontent for each alternative with regard to the criteria.

E. B .. B,
B | din dip - dyy
B, | dy dn - dyy

D = [dijlmoxn = : : s : ®.1)
B, | din dip -+ dij

2. construction of Normalised FDM (NOFDM)

W = (wi,j)mxn = (82)

ufj, for cost attribute ¢,,,

— {uij, for benefit attribute ¢,,,,
During this phase, we transform the original OFDM D = [d;;] into a NOFDM. However, if
cost serves as the criterion, then we consider dfj.
3. Relative weight
Step 3 involves computing the relative weight v;,. for each criterion V;. This calculation, done
using the formula v;. = v;/v,, derives the individual weights v; for each criterion V;, where j
ranges from 1 to n. These weights v; follow the condition Z;Lzl v; = 1.

In the Orthopairian Fuzzy TODIM methodology, the highest weight v,. is chosen as the ref-
erence weight. Consequently, dividing this reference weight by the other weights v; yields the
relative weights v;,.

This computation allows us to gauge the relative significance of each criterion concerning the
reference weight. It’s a vital step that incorporates criterion weightings into the decision-making
process.

v, =max(v; : j ={1,2,...,n})

4. Degree of dominance G;

We establish the level of superiority of each option G; over another option G; concerning the
criterion V; in the following manner:

virS*(Lij,It5)

S RETI Lij > Iy

V(G Gy) = Iy = I (8.3)

v i <1

Determining the extent of one alternative G; dominating another alternative GG; concerning crite-
rion Vj involves intricate calculations using specific formulas. Based on whether it shows a gain
or a loss, dominance is determined. When I;; > I;; or I;; — I;; > 0, it signifies a gain. In such

virS(Lij,dej)
n v 9

where S(I;;,I;;) denotes similarity metrics, and v,
j=1"i .

cases, we apply the formula

is the relative weight of criterion V.

Conversely, if I;; < I;; or I;; — I;; < 0, it indicates a loss. Here, the formula used is
325158 (Lig, Iij)
Vjp

attenuation factor of the loss.

It’s crucial to note that when I;; = I, it’s considered inconclusive.

These detailed computations enable the evaluation of dominance levels for each pair of alter-
natives and their corresponding criteria, taking into account both gains and losses while incorpo-
rating the relative importance of the criteria. This process plays a crucial role in analyzing and
ranking the alternatives in the decision-making framework.

, where v, represents the relative weight of criterion V;, and 6 denotes the
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5. Overall dominance
The measure x(G;, G;) is employed to assess the overall dominance level of N; with respect to
each alternative G;. The value of x(G;, G) reflects the degree to which alternative G; outper-
forms alternative G, signifying its relative superiority.
6. Overall value of G; We use this formula:

2 X(Gi, Gy) —min(350 x(Gy, Gy))
max {327 x(Gi, G1) } — min(2 (G, Gv))

Since 0 < A < 1, it is obvious that we must choose the larger value of \;, which will be regarded
as the optimal option G;.

7. Ranking

At this step, alternatives are arranged in descending order based on their overall scores. The
alternative with the highest \; value is deemed the most preferable. The A; values reflect the
comprehensive assessment or preference associated with each alternative. This ranking approach
enables the identification and prioritization of the most suitable options, aligning with the deci-
sion criteria and the preferences of the decision-makers. Figure 9 shows that the experts make
framework how we work on MCDM problems.

MGi) =

A Case Study

In the modern era, we are bound by the internet for our daily basic needs, which eventually made
ample tech companies boom around the world. We turn on the Internet for fast and informative
resources through uninterrupted Internet services. Some companies around the globe are provid-
ing the basic internet services NPC (Network Parameter Control). Some of the best NPC, which
are providing an exceptional boost among all the different working companies, are mentioned
below which we are considering in our case study (Google, Amazon, TCS, Open A.I and Apple)
such as {Gl, Gz, G3, G4, Gj}

The internet has become a crucial element of daily life, enabling global connectivity and
offering access to vast information and resources. The necessity for reliable and fast internet
services increased during the COVID-19 epidemic, especially in underdeveloped countries. The
efforts of a planning commission in a developing nation to select the best Network Provider
Company (NPC) for enhancing online education are examined in this case study. Five NPCs are
evaluated as part of the evaluation process using a set of predetermined criteria.

In a developing nation, a planning commission recognizes the value of reliable and effective
internet services in enabling the sharing of information and data online. To address this, the com-
mission has shortlisted five potential Network Provider Companies (NPCs): {G, G2, G3, G4, Gs}.

Evaluation Criteria: The commission has outlined five specific criteria to evaluate and deter-
mine the most suitable NPC to improve online education, as detailed in Table 4.
Assessment Procedure and Resolution: The planning commission intends to conduct a thorough
assessment of each NPC using the established criteria. This evaluation will include reviewing
performance history, gathering insights through surveys, and dependability of each provider.

The findings from this process will guide the commission in selecting the NPC that offers the
most suitable internet services for advancing e-learning within the country. The selected NPC
will be responsible for working closely with educational institutions, delivering cost-effective
and reliable internet solutions, and ensuring robust technical support and data protection mea-
sures.

Table 5 presents the Orthopair FDM for the alternatives across the evaluation criteria. Table 6

4 , 4 + . 4 , 4 .
max(rg, re,) tmin(rg, TGZ), and Table 7 shows the relative

shows the Criterion’s weight using w; =
weights.

To assess the dominance degree of G; over G for each criterion, Equation (4.2) is applied in-
dividually. In Table 8, and the dominance degree that corresponds to criterion V) is written as
1(G;, Gy). Similarly, the dominance degrees for criteria V3, V3, Vi, and Vs,are calculated as
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Figure 9: Graph of Framework
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Table 4: Overview of the Criteria

Criteria

Representation of Criteria

1. Government-recognized (V1)

2. Internationally approved (V2)

3. Approved certification (V3)

4. Network providence (V4)

5. Variety of content (V5)

The commission evaluates the companies should be a Government-
approved company for better providence and unobstructed provi-
-dence of sources. It also makes a point clear about scams on the
internet which eventually makes a lot of difference in terms of
acceptance of resources. Ice cream on the cake being it has a
certification from the respective government.

The following companies should be internationally approved

for internet acceptance world-wide. For better providence of
international education among the world.

This criterion determines the companies should be certified and
have a certification in every aspect for better. Eventually, a cert-
-ified company has better feedback than other companies.

The commission evaluates the companies have the best possible
network providence for a smooth and better functional providence
in data and inormation. An unobstructed network has a better result among
NPC, education will be easier with more network providence.

This criteria defines that the companies have a variety of content
for better providence and students of online data and information will use that
content for their education good content, and quality of content are
importance among students, a platform with good content attracts
a lot of students and other needy peoples around the globe.

Table 5: QFSs decision matrix

G G

GZ G3 G4 G5

Gi (08,04) (0.605) (0506) (0.6,0.7) (0.7,0.6)
G, (0.8,0.6) (07,05 (0.50.8) (0.2,0.8) (0.50.7)
Gy (0.7,0.7) (04,0.7) (0.60.8) (0.3,09) (0.6,0.5)
Gy (050.7) (0.7,02) (0502) (0.502) (0.4,0.8)
Gs (0.7,05) (0.6,0.6) (0.6,0.5) (0.6,0.8) (0.2,0.9)

Table 6: Criterion’s weight

wl w2 w3 w4 w5

max/min 0280 0260 0.110 0.110 0.230

Table 7: Relative weight

Rwl Rw2 Rw3 Rw4 RwS

max/min 0280 0.260 0.110 0.110 0.230
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Table 8: The matrix for V;

G G] Gz G3 G4 GS

G; 0.0000 0.3722 02043 0.2043  0.3501
G, 03864 0.0000 -0.7351 -0.3898 0.0000
Gz 03259 -0.6112 0.0000 -0.6112 -0.6030
G4 03259 -0.6112 -0.4970 0.0000 -0.7089
Gs 04542 0.2422 -0.8716 0.0000  0.0000

Table 9: The matrix for V,

G G G, Gs Gy Gs

G; 0.0000 -0.5672 0.0000 0.0000 0.0000
G, -0.5464 0.0000 -0.7351 -0.4970 0.0000
G; 03864 -0.4784 0.0000 -0.8749 0.3501
Gy -05464 -0.4784 0.0000 0.0000 0.1565
Gs -0.6423 04376 0.2423 0.1082  0.0000

U (Gi, Gy), ¥3(Gi, Gt), ¥a(Gy, Gy), and 5(G;, Gt), with the evaluations detailed in Tables 9,
10, 11, and 12, respectively. These computations show how much G; outperforms each alterna-
tive Gi; in terms of the corresponding criterion. This method makes understanding the relative
performance and dominance of the alternatives according to each criterion easier.

To assess the dominance degree of G, over G; for each criterion, Equation (4.3) is applied
individually. In Table 13, and the dominance degree that corresponds to criterion V] is written
as ¥1 (G4, Gy). Similarly, the dominance degrees for criteria V4, V3, Vi, and Vs,are calculated
as 12(Gy, Gy), ¥3(Gy, Gy), 4(Gy, Gy), and 15(G;, Gy), with the evaluations detailed in Tables
14, 15, 16, and 17, respectively. These computations reveal how much G; outperforms each
alternative G, in terms of the corresponding criterion. This approach facilitates comprehension
of the alternatives’ relative dominance and performance concerning each criterion.

To assess the dominance degree of G; over G, for each criterion, Equation (4.4) is applied
individually. The results are shown in Table 18, and the dominance degree that corresponds to
criterion V; is written as 11 (G;, G¢). Similarly, the dominance degrees for criteria V5, Vi, V4, and
Vs,are calculated as 2 (G, Gt), ¥3(Gi, Gt), ¥a(G;, Gy), and ¢s(G;, Gy), with the evaluations
detailed in Tables 19, 20, 21, and 22, respectively.

Sensitive analysis under similarity measures
Case Study Conclusion: The advancement of online education in developing nations depends
on the choice of internet service provider. The planning commission can determine which NPC
best suits the demands of the populace by assessing important elements including coverage,
price, connectivity, technical assistance, and data security. Better access to online education will

Table 10: The matrix for V3

G G] Gz G3 G4 GS

G; 0.0000 0.0000 -0.7351 0.0000 0.0000
G, -0.4608 0.0000 0.2042 -0.7351 0.4116
Gz 03864 0.0000 0.0000 -0.7351 0.2953
Gs -0.6423 -0.2537 -0.3898 0.0000 -0.2697
Gs -0.5464 0.4376 0.2042 0.1082  0.0000
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Table 11: The matrix for V4

G G G, Gs Gy Gs

G; 0.0000 -0.5672 0.0000 -0.7351 0.0000

G, -0.5464 0.0000 0.2042 0.1382 0.2953

Gs; 04542  0.3723  0.0000 0.1382 0.2456

Gy -0.6423 0.1664 0.0800 0.0000 -0.2697

Gs -0.5464 0.2610 0.1700 0.1082  0.0000
Table 12: The matrix for V5

G G] Gz G3 G4 GS

G; 0.0000 0.0000 0.0000 0.0000 -0.6030

G, -0.6423 0.0000 -1.0246 -1.0246 0.0000

G; 04542  -0.6667 0.0000 -0.6112 -0.5086

G4 -05464 -0.3234 -0.7351 0.0000 0.1565

Gs -04542 04376 0.0000 0.2423  0.0000
Table 13: The matrix for V;

G G G, G3 Gy Gs

G;  0.0000 0.3068 0.1603 0.1603 0.2886

G, 0.3185 0.0000 -0.5768 -0.2831 0.0000

G; 0.2557 -0.3016 0.0000 -0.4634 -0.4970

G4 0.2557 -0.3016 -0.3674 0.0000 -0.6289

Gs 04030 03068 -0.7184 0.0000 0.0000
Table 14: The matrix for V5

G G G, Gs Gy Gs

G; 0.0000 -0.4675 0.0000 0.0000 0.0000

G, -0.5036 0.0000 -0.5768 -0.3674 0.0000

Gs; 03185 -0.3754 0.0000 -0.7184 0.2886

G4 -0.5036 -0.3754 0.0000 0.0000 0.1137

Gs -0.5698 0.3882 0.1997 0.0784  0.0000
Table 15: The matrix for 13

G G Gs Gs Gy Gs

G, 0.0000 0.0000 -0.5768 0.0000 0.0000

G, -0.3616 0.0000 0.1603 -0.5768 0.3651

Gs 03185 0.0000 0.0000 -0.5768 0.2317

G4 -0.5698 -0.1842 -0.2831 0.0000 -0.1959

Gs -0.4504 0.1997 0.1603 0.0787  0.0000
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Table 16: The matrix for V4

G G G, G Gy Gs

G; 0.0000 0.0000 0.0000 -0.5768 0.0000

G, -0.4504 0.0000 0.1603 0.1021 0.2317

G 04030 0.3068 0.0000 0.1603 0.1861

G4 -0.5741 0.1209 0.0575 0.0000 -0.1959

Gs -0.4504 0.1978 0.1287 0.0787  0.0000
Table 17: The matrix for Vs

G G] Gz G3 G4 GS

G; 0.0000 0.0000 0.0000 0.0000 -0.4970

G, -.5698  0.0000 -0.9090 -0.5768 0.0000

Gs 04030 -0.5915 0.0000 -0.4634 -0.3991

G4 -04504 -0.2391 -0.5768 0.0000 0.1137

Gs -0.5698 0.3882 0.0000 0.1997  0.0000
Table 18: The matrix for V;

G G G, G3 Gy Gs

G; 0.0000 0.3259 0.1717 0.1717  0.3065

G, 0.3383 0.0000 -0.6178 -0.3053 0.0000

Gs; 0.2739 -0.3242 0.0000 -0.4982 -0.5280

G4 02739 -0.3242 -0.3959 0.0000 -0.6562

Gs 04205 03259 -0.7631 0.0000 0.0000
Table 19: The matrix for V5

G G G, Gs Gy Gs

G; 0.0000 -0.4966 0.0000 0.0000 0.0000

G, -0.4784 0.0000 -0.6178 -0.3959 0.0000

Gs; 0.3383 -0.4020 0.0000 -0.7631 0.3065

G4 -04784 -0.4020 0.0000 0.0000 0.1227

Gs -0.5946 04050 0.2121 0.0849  0.0000
Table 20: The matrix for 13

G G Gs Gs Gy Gs

G, 0.0000 0.0000 -0.4020 0.0000 0.0000

G, -0.3873 0.0000 0.1717 -0.6178 0.3810

Gs 03383 0.0000 0.0000 -0.6178 0.2482

G4 -0.5946 -0.1987 -0.3053 0.0000 -0.2113

Gs -0.5946 0.3259 0.1717 0.0849  0.0000
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Table 21: The matrix for V4

G G G, G Gy Gs
G, 0.0000 0.0000 0.0000 -0.3873 0.0000
G, -0.4784 0.0000 0.1717 0.1100 0.2482
Gz 04205 03259 0.0000 0.1717  0.2002
G4 -0.5945 0.1304 0.0619 0.0000 -0.2113
Gs -0.4784 0.2128 0.1385 0.0849  0.0000
Table 22: The matrix for Vs
G G] Gz G3 G4 GS
G; 0.0000 0.0000 0.0000 0.0000 -0.5280
G, -0.5945 0.0000 -0.9484 -0.6178 0.0000
Gz 04205 -0.6172 0.0000 -0.4982 -0.4274
G4 -0.4784 -0.2576 -0.6178 0.0000 0.1227
Gs -0.5945 0.4050 0.0000 0.2121  0.0000
Table 23: Overall dominance degree of Vg
G G G G G4 Gs > X(Vi, Vi)
Gy 0.0000 -0.1950 -1.2659 -0.5308 -0.2529 -2.2446
G, -1.8095 0.0000 -2.0864 -2.5083 0.6709 -5.7333
Gz 20071 -1.3840 0.0000 -2.6942 -0.2206 -2.2917
G4 -2.0515 -0.8891 -1.5419 0.0000 -0.9353 -5.4178
Gs -1.7351 1.8160 -0.2551 0.5669 0.0000 0.3927
Table 24: Overall dominance degree of Vg,
G G G, Gs Gy Gs Z?:I x(Vi, Vi)
G7 0.0000 -0.1607 -0.4165 -0.4165 -0.2084 -1.2021
G, -1.5669 0.0000 -1.7420 -1.7020 0.5968 -4.4141
Gz 1.6987 -09617 0.0000 -2.0617 -0.1897 -1.5144
Gy -1.8422 -09794 -1.1698 0.0000 -0.7933 -4.7847
Gs -1.6374 1.4807 -0.2297 0.4358 0.0000 0.0494
Table 25: Overall dominance degree of Vg3
G G G Gs3 Gy Gs Z;—Ll x(Vi, V2)
Gp 0.0000 -0.1707 -0.2303 -0.2156 -0.2215 -0.8381
G, -1.6003 0.0000 -1.8406 -1.8268 0.6292 -4.6385
Gz 17915 -1.0175 0.0000 -2.2056 -0.2005 -1.6321
Gy -1.8720 -1.0521 -1.2571 0.0000 -0.8334 -5.0146
Gs -1.8416 1.6746 -0.2408 0.4668 0.0000 0.0590
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Table 26: \; values of V; over each V;

S\ Sy M Sy M
G; 08231 G; 08135 G; 0.7561
G, 04782 G, 03691 G, 03342
G; 0.7567 G5 0.6806 G3 0.6678
G4 0.0000 G4 0.0000 G4 0.0000
Gs 1.0000 Gs 1.0000 Gs 1.0000
omfes 5] el S0 53
Vi
1
V2
Va4 V3

Figure 10: Graph of Quartic Fuzzy Sets with Sensitive Analysis

Table 27: Ranking of Similarity Measures

SimilarityMeasures Ranking

Vs1 Gs >G> G3> Gy > Gy
Vso Gs >G> G3> Gy > Gy
Vss Gs >G> G3> Gy > Gy
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Table 28: The matrix for V;

G G] Gz G3 G4 GS

G; 0.0000 0.8755 0.7045 0.8205 0.9005
G, 0.8255 0.0000 -0.6795 -0.4285 0.6795
Gz 0.7705 -0.6295 0.0000 -0.7223 -0.7205
G4 0.7045 -0.6322 -0.5101 0.0000 -0.9438
Gs 09438 0.8005 -0.7205 0.0000  0.0000

Table 29: The matrix for V5

G G G, Gs Gy Gs

G; 0.0000 -0.8755 0.0000 0.0000 0.0000
G, -0.7255 0.0000 -0.6795 -0.6351 0.0000
Gs; 0.7205 -0.7705 0.0000 -0.7180 0.8205
Gy -0.7955 -0.8943 0.0000 0.0000 0.5287
Gs -0.9438 0.9005 0.8205 0.4787  0.0000

be made possible by this decision, which will aid in closing the digital gap and advancing the
nation’s socioeconomic development. The graph of quartic fuzzy sets with sensitivity analysis is
shown in Figure 10, and the ranking of similarity measures is shown in Table 27.

Case Study Analysis: In this study, the proposed similarity measures were compared with the
similarity metric S*(G, G, )introduced by [63]. To demonstrate this comparison, a case study
was used as a practical example. The initial steps (Steps 1, 2, and 3) of both approaches are
consistent, as they rely on the similarity S*(G,G,) as defined by [63]. However, in Steps 4
through 7, the similarity measure S* (G, G,) was specifically applied as follows:

In Step 4, the dominance degree of V; over /N, was determined for the criteria V1, V;, V3, V4, and
Vs. The similarity measure S*(G,G,). was employed to calculate these dominance degrees.
The outcomes for each criterion are provided in Tables 28-33.

Step 5: The overall dominance degrees of V; over V; calculated using the similarity measure
S*(Gh,Ga), are summarized in Table 33. This table highlights the extent to which each V; over
V;, offering a clear perspective on their relative strengths and comparative advantages.

Table 34 shows the overall values of V; over V; using \; for the similarity measure S*(G1, G2)
in Step 6.

Final Ranking: The possibilities are ranked in descending order based on their \;. values, as
shown in Table 35. The table provides the final ranking, which is as follows: Gs > G4 > G3 >
G > (s,

The correlation factors for each alternative are displayed in Figure 11. Comparison of Meth-

Table 30: The matrix for V3

G G] Gz G3 G4 GS

G; 0.0000 0.0000 -0.7045 0.0000 0.0000

G, -0.6545 0.0000 0.6795 -0.8693 0.8755

Gz 0.7205 0.0000 0.0000 -0.7894 0.6545

Gs -0.9438 -0.5037 -0.4537 0.0000 -0.5787
Gs -0.7955 0.8255 0.6545 0.4287  0.0000
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Table 31: The matrix for V;

G G G, Gs3 Gy Gs

G; 0.0000 0.0000 0.0000 -0.8205 0.0000
G, -0.8005 0.0000 0.8693 0.6351 0.8605
Gz 0.8938 09193 0.0000 0.7894 0.4414
Gy -0.9005 0.5387 0.2916 0.0000 -0.5787
Gs -0.8205 0.7572 0.4414 0.4287  0.0000

Table 32: The matrix for Vs

G G G» G» Gy Gs

G; 0.0000 0.0000 0.0000 0.0000 -0.9005
G, -0.8688 0.0000 -0.8755 -0.8605 0.0000
Gz 0.8938 -0.9438 0.0000 -0.4414 -0.6545
G4 -0.8205 -0.7072 -0.8355 0.0000 0.5787
Gs -0.9005 0.9255 0.0000 0.8255 0.0000

Table 33: Overall dominance degree of S*(F}, F)

G G G, G Gy Gs > x(Vi, Vi)
G; 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
G, -2.2238 0.0000 -.6857 -2.1585 24155 -2.9130
Gz 39991 -14245 0.0000 -1.8817 0.5414 1.2343
Gy -2.7558 -2.1987 -1.5077 0.0000 -0.9938 -7.4560
Gs -2.5165 4.2092 1.1959 2.1616 0.0000 5.0502

Table 34: Overall outcomes of V; over each alternative V;

S*(G1,Gy) G G Ga Gs Gy Gs

Ai 0.5962 0.3632 0.6949 0.0000 1.0000

Table 35: Ranking of Alternatives

SimilarityMeasures Ranking

S*[63] Gs >G4 >G3>G1 > Gy
St 1511 Gs > Gs > Gy > Gy > G
St [52] Gs > Gy >G3 >G> Gy
SZX[53] Gs > Gy >G3 >G> Gy
52[54] Gs>Gr >G> G > Gy

S;‘%[SS] Gs > Gy >G3 >G> Gy
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Figure 11: correlation coefficients for each alternative’s proximity

ods: When comparing the proposed measures (4.2)-(4.4) with the approach introduced by [63],
it is evident that both methodologies produce identical outcomes for the given application. G
is as the best option, with the final ranking order being Gs > G4 > G3 > G| > G,. Notably,
an analysis of Equations (4.2)-(4.4) compared to those in [63] demonstrates that the proposed
methods are more straightforward and intuitive. Additionally, a comparative evaluation using
Example 7 reveals that the proposed methods outperform the approach by [63].

9 Conclusion

The innovative idea of QFS is presented in this study as a remedy for the drawbacks and re-
strictions of the IFS, PFS, and FFS models. Through a detailed numerical analysis, the paper
critically examines the weaknesses of IFS, PFS, and FFS, highlighting their limitations.

The primary benefit of the suggested strategy is its successful application of QFSs, which
work incredibly well in unpredictable situations. Because of QFSs’ adaptability, DMs can more
accurately depict information, reducing the uncertainty that comes with decision-making. Addi-
tionally, the method exhibits extensive applicability to a range of MCDM issues.

The following are some major areas where the study contributes:

« A new definition of QFS is introduced, incorporating the concept of hesitation grade.

« A geometric comparison is made between QFSs and IFSs, PFSs, and FFSs, highlighting
the superior features of QFS.

» The basic operations and accuracy functions for QFSs are explored.

* A QF TOPSIS method is developed to solve MCDM problems, particularly for selecting
the optimal NPC.

« Distance measures for QFSs are analyzed and compared, demonstrating the advantages of
QFSs and evaluating their performance relative to existing distance and similarity measures.

The proposed approach has some notable limitations that must be acknowledged. A signifi-
cant drawback is its inability to address varying degrees of uncertainty in the evaluation results,
which is a critical aspect of decision-making. This omission limits the method’s capacity to fully
capture the complexities of real-world scenarios. Additionally, the computational demands of
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working with Quartic fuzzy sets, especially when dealing with extensive or high-dimensional
datasets, can pose challenges, potentially restricting its practicality in certain applications.
Future studies should concentrate on improving the method by combining it with multi-decision-
maker group decision-making processes, taking into account a range of perspectives and knowl-
edge, in order to overcome these difficulties. Moreover, the distance measures developed for
the Quartic TOPSIS method could be adapted to broader decision-making systems across vari-
ous fields. Applying more MCDM methods, like COPRAS and ELECTRE-I, could increase the
process’s efficacy and dependability even further.
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