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Abstract Cracks are the most common problem and challenge that seem to persist in any
building construction industry. The object of present paper is, first to derive a general expression
for thermal flux with diffusivity and conductivity of solid materials in term of fractional order of
one dimensional heat equation. We then addressing the impact of fractional order on heat flux
during conduction process. The main object of present work is to extend a variability of formula
for building construction materials and study the thermal grid points distribution on concrete in
order to reducing the thermal cracks during construction process. This research is significant
as it predicts thermal expression for various building construction mixtures of concrete (cement,
sand and aggregates). The work also capturing the influence of thermal action on 2D and 3D
behaviour on piece of concrete slab.

1 Introduction

One of the frequent issues on any construction site is concrete cracking. The two basic forms
of damage in any concrete structure are the cracks and cavities. These cracks and cavities, in
turn, reduce the load endurance and hardness of the structure. Corrosion and weakness are
the by-products of excessive and uncontrolled cracking of the concrete structure. Cracking not
only spoils the ravishing appearance of the structure but it may also cause discomfort to the
people staying in such buildings with heavy cracks and cavities. [1]. The causes of these cracks
may vary, including external factors force, pressure etc. However, they are primarily related to
concrete specifications and construction techniques. Cracks occur when the stress in a build-
ing component exceeds its strength, allowing water, air, and chloride to penetrate the concrete.
Other factors like wind or seismic loads do generate stress in the building component and consid-
ered external forces. In contrast, dead load, moisture changes, thermal movements and chemical
reactions are interior forces [2].
Cracks are generally classified into two types: Structural and Non –Structural Cracks. Non
–Structural Cracks are typically caused by moisture or heat changes, chemical reactions, creep,
elastic deformation, or problems with the foundation of soil (such as moving, settling or un-
controlled vegetation). These cracks do not result in structural weakness but are caused by
internally generated stress in building materials. Researchers have identified various types of
concrete cracks along with their causes preventing measures and treatments. Thermal cracking
is caused by excessive temperature differences within a concrete structure or its surroundings
due to environmental fluctuations. Concrete elements with large dimensions (min dimension >
1.5 m) may have a huge temperature difference between the center and outside at the time of
curing. Among the prescribed type of concrete cracking and its cause, the one of unavoidable
crack is thermal cracking shown in figure 1 and figure 2.

Description of the concrete crack problem: Many researchers have investigated the effects
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(a) Figure 1: Vertical cracks in concrete (b) Figure 2: Cracks due to change in temperature

of temperature, the angle of the interface crack and the strength of the concrete on the frac-
ture characteristics. Numerous studies have focused on the high temperatures generated by
cement hydration in concrete structures, as these conditions can lead to significant temperature-
generated stresses and cracking. This makes it crucial to monitor the temperature development
and implement effective cracking control measures. The case study of a concrete mass tunnel in
Shantou City, China was investigated [3]. Thermal behavior and cracking risks were analyzed,
with temperature monitored during curing. Gradient concrete and a plastic mesh were suggested
to prevent cracks. The side wall had the highest risk. Cooling pipes weren’t used, so their effect
wasn’t assessed.

2 Structure of mathematical model

A thorough assessment of damage in concrete exposed to elevated temperatures requires a clear
understanding of how cracks develop and how localized failures occur over time. Present work
introduces a theoretical model to monitor the temperature fluctuations during concrete casting
process. The results are obtained by incorporating the concept of fractional variable operators
with one, two and three dimensional heat equations. The work is divided into two segments. The
first segment focused on the relationship between heat flux and fractional order of one dimen-
sional heat equation. The second segment addresses the distribution of temperature grid points
on a concrete slab in both cases two and three dimension.
To derive general expression of heat flux in solid material, we consider one dimensional heat
equation of fractional order given by [4]:

D
(α,β)
t V (x, t) = λ

∂2V (x, t)

∂x2 ; 0 ≤ α ≤ 1, β ≤ 1, t > 0, x ∈ R, (2.1)

here λ is the thermal diffusivity of solids. Initially at time t = 0 temperature of solid material
is taken as T0(T0 > 0). The raising of temperature through external cause, is considered as
Ts > 0, defining by V (x, t) = T−T0

Ts−T0
[5].Throughout the theoretical investigation the thermal

conductivity of solid is considered as constant parameter. The boundary and initial conditions
are given below:

V (x, 0) = 0, x ≥ 0

V (0, t) = 1, t > 0

lim
x→∞

V (x, t) = 0, t > 0 (2.2)

By applying Fourier sine transform, on both sides of the equation (2.1), we obtained

D
(α,β)
t Vs(n, t) = λ

√
2
π

[
sin(nx)

∂V

∂x

]∞
0

− nλ

√
2
π

∫ ∞

0

∂V

∂x
cos(nx) dx,

On integrating, we get

D
(α,β)
t Vs(n, t) = nλ

√
2
π
− n2λVs(n, t),
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On taking Laplace transform of above equation and inverse Laplace transform, we obtained

Vs(n, t) = nλ

√
2
π
tα Eα,α+1(−n2λtα),

On taking inverse Fourier sine transform of above equation, the solution of equation (2.1) in the
form of wright function w(α, β; z) as given below,

V (x, t) = W

(
−α

2
, 1;

−x√
λtα

)
. (2.3)

The expression (2.3) is the temperature for solid material due to temperature fluctuations.
Thereby a proposed theorem to discuss the rate of flow of thermal energy through heat transfer
due to difference in temperature on solid material can be given as:

Theorem 2.1. Let D(α,β)
t V (x, t) = λV ′′(x), where α > 0, β > 0, λ > 0, and x ∈ R, with the

following boundary conditions:

V (x, t = 0) = 0, V (x = 0, t) = 1, x ∈ R, lim
x→∞

V (x, t) = 0.

The temperature is given by:

V (x, t) = 1− x√
λtα

· 1
Γ
(−α

2 + 1
)

1!
+

(
x√
λtα

)2

· 1
Γ(−α+ 1)2!

− · · · = W

(
−α

2
, 1;

−x√
λtα

)
,

where W (·) is the Wright function.
Then, the heat flux at a certain point x = 0 on the surface of the solid is expressed as:

Φq =
C(Ts − T0)√
λtαΓ

(
1 − α

2

) .
where C > 0, α > 0, λ > 0, Ts is the surface temperature, and T0 is the ambient temperature.
Here, C is the conductivity of the solid and λ is the diffusivity of the solid.

Proof: To prove this theorem, Fourier’s law for the flow of thermal energy through conduction
in solids is used. The surface heat flux of the solid is given by:

Φq = −C

[
∂T

∂x

]
, (2.4)

By applying the initial conditions and using the obtained result (2.3) in equation (2.4), at the
point x = 0, we get:

Φq = −C (Ts − T0)

(
−1√
λtα

)
· 1

Γ
(−α

2 + 1
)
· 1!

. (2.5)

This is the desired proof of the theorem.

Theorem 2.2. For the fractional order heat equation

D
(α,β)
t V (x, t) = λV ′′(x), (α > 0, β > 0, λ > 0, x ∈ R),

if the temperature on the surface of the solid is given by

V (x, t) = 1− x√
λtα

· 1
Γ
(−α

2 + 1
)

1!
+

(
x√
λtα

)2

· 1
Γ(−α+ 1)2!

− · · · = W

(
−α

2
, 1;

−x√
λtα

)
,

with boundary conditions

V (x, t = 0) = 0, V (x = 0, t) = 1, x ∈ R, lim
x→∞

V (x, t) = 0.
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At a certain point x = 0, the heat flux on the surface of the solid is defined by:

Φq =
C(Ts − T0)√
λtαΓ

(
1 − α

2

) ,
where C > 0, α > 0, λ > 0, Ts > 0, and T0 > 0. Here, C is the conductivity of the solid and λ
is the diffusivity of the solid.

Then, the accelerating heat flux of the n-th order is given by:

dnΦq

dtn

∣∣∣∣∣
t

=
(−1)nC(Ts − T0)

(
α
2

)
n√

λt(
α
2 +n)Γ

(
1 − α

2

) .

where
(
α
2

)
n

is the Pochhammer symbol.

Proof: From the obtained result of Theorem 1, and by performing successive differentiation
with respect to time, the fractional order α appears in multiplicative series form of the respective
ordered terms: (α

2

)(α
2
+ 1

)(α
2
+ 2

)
. . . , α > 0.

By adopting the principle of mathematical induction, we can derive the required proof of Theo-
rem 2.

2.1 Numerical model of obtained result on concrete slab

To examine the pattern of heat flux on concrete, we consider a 15 cm thick concrete slab which
is coated with black silicone paint for the study of flowing thermal energy. Since black silicone
paint transfers negligible heat, we consider the coating as a heat insulator [6].

When one end of the concrete slab is heated through an external heat source, it is observed
that at 1000 K, the concrete slab approximately behaves like a black body. Initially, at time t = 0,
the temperature of the concrete slab is taken as T0(Concrete) = 300 K. After 2 minutes of heating
(t = 2 min), the temperature of the concrete surface reaches Ts(Concrete) = 500 K.

We investigate the entire process by considering a varying range of fractional orders α =
0.5, 1, 1.5, and 2, and obtain the corresponding heat flux values as follows:

ϕq =


76709 W/m2, for α = 0.5
16021 W/m2, for α = 1
2366 W/m2, for α = 1.5
0 W/m2, for α = 2,

The geometrical representation of heat flux with respect to the fractional order is shown in
Figure 3.

Figure 3: Linear curve of heat flux for concrete
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2.2 Bivariate correspondence between heat flux and fractional order for concrete:

We now extend the present study related to heat transfer through a concrete slab. A magnified
view of the rate of heat energy flow with respect to the fractional order is considered by reducing
the range to 0.09 ≤ α ≤ 0.5.

To establish a tangible relationship between fractional order derivatives and the heat flux
generated on the concrete slab, we define two variables: the first variable is the fractional order
α, denoted as X = variable1; the second variable is the calculated heat flux Φq, denoted as
Y = variable2.

We found that the correlation between heat flux and fractional order lies within the range
−0.75 ≤ r ≤ −1. A scatter plot with error bars for the concrete slab is presented in Figure 4.

Figure 4: Scattered heat flux plots with fitted curve for concrete

The appropriate equation of the fitted curve is also investigated, given below

Φq(Heat Flux) = 2.22α2 + 36.5α+ 89, α > 0. (2.6)

3 Thermal modelling for solid

According to thermodynamics, heat in the form of thermal energy can be transferred through
three processes: conduction, convection, and radiation. Our investigation focuses on the con-
duction process of heat transfer in solid materials. We consider the two-dimensional (2D) and
three-dimensional (3D) heat equations in the unsteady state.

In this study, we adopt a technique called the ’Adomian-Natural Transform Decomposition
Technique’ to obtain solutions of the 2D and 3D heat equations for solid materials. This tech-
nique [7], developed by combining two powerful tools—the Adomian Decomposition Method,
introduced by Georg Adomian in 1980, and the Natural Integral Transform Method—is used to
obtain the solution in the form of a decomposition series.

In this context, we discuss two cases: Case-1 and Case-2. In Case-1, the solution of the
two-dimensional heat equation is obtained using a suitable initial condition, denoted as I.C.-1.
In Case-2, an alternative series solution of the two-dimensional heat equation is obtained using
a second initial condition, denoted as I.C.-2, for t > 0.

Additionally, the two results obtained for both cases are numerically analyzed for a concrete
slab. We also examine the behavior of temperature variation during the conduction process
numerically. Furthermore, the variation in temperature is illustrated using surface graphs and
contour wireframe curves.

3.1 Solution of fractional order two-dimensional heat equation:

We consider a rectangular shaped solid material, whose two-dimensional fractional order heat
equation is given by [8],

∂αV (x, y, t)

∂tα
= λ

(
∂2V

∂x2 +
∂2V

∂y2

)
, x > 0, y > 0, t > 0. (3.1)

Here λ is the thermal diffusivity of solid material, which is considered as constant parameter
throughout the investigation. Here V (x, y, t) shows the temperature on the surface of solid at
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time t > 0.

Case-1:In this case to obtain the solution of equation (3.1), we consider the initial condition
at time t = 0, such that

I.C.-1: V0 = V (x, y, 0) = (1 − x)ey, x > 0, y > 0. (3.2)

By taking Natural transform [9] on equation (3.1), we get

sα

uα
N+ [V (x, y, t)]−

sα−1

uα
V (x, y, 0) = N+

[
λ

(
∂2V

∂x2 +
∂2V

∂y2

)]
,

By the Adomian Natural transform decomposition technique, we get the first initial term, given
below:

V0(x, y, t) = N−
[
(1 − x)ey

s

]
,

And the recurrence relation in the following form

N+ [Vj+1(x, y, t)] =
uα

sα
N+

{
λ

(
∂2Vj

∂x2 +
∂2Vj

∂y2

)}
, j = 0, 1, 2, . . .

By taking inverse Natural transform and by plugging the successive values of j = 0, 1, 2, . . . , we
get the solution in series form, given below:

V (x, y, t) = (1 − x)ey
[

1 +
λtα

Γ(α+ 1)
+

λ2t2α

Γ(2α+ 1)
+ · · ·

]
, (3.3)

Above expression show the solution of 2D heat equation (3.1) in the form of decomposition
series. Now we convert the obtained solution (3.3) into closed form by putting α = 1, steps are
as follows:

V (x, y, t) = (1 − x)ey
[

1 +
λt

Γ(2)
+

(λt)2

Γ(3)
+ · · ·

]
,

V (x, y, t) = (1 − x)ey
[

1 +
λt

1!
+

(λt)2

2!
+ · · ·

]
,

V (x, y, t) = (1 − x)eyeλt,

or
V (x, y, t) = (1 − x)e(y+λt). (3.4)

The above expression shows the solution of considered equation (3.1) in compact form. The
result (3.4) provide the exact value of temperature on the surface of solid at any time t > 0.

Numerical simulation for two dimensional concrete slab:To observe the diversity of temper-
ature for concrete and the flow of energy in the form of heat at t = 1 minute, we make certain
assumptions in our model. We consider the length and breadth of the concrete slab to lie within
the ranges 0 ≤ y ≤ 2 and 0 ≤ x ≤ 1 unit, respectively.

By plugging in the value of the thermal diffusivity of concrete λC = 0.75 × 10−6m2/s [10],
we obtain different temperature values V (x, y, t) (in degrees Celsius) on the surface of the con-
crete slab. We present the surface graph of temperature variation in the xy-plane for the concrete
slab in Figure 5(a). Additionally, we provide the V-contour wireframe graph for temperature to
enhance the pattern of temperature variation on the concrete slab, as shown in Figure 5(b).
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Figure 5(a) Figure 5(b)

3.2 Alternative solution of fractional order two-dimensional heat equation:

In this section, we expand our investigation with suitable second initial condition. We provide
alternative solution of equation (3.1) through case -2.

Case-2:We consider the second initial at t = 0, given by

I.C.-2: V0 = V (x, y, 0) = e(2x+y), x > 0, y > 0. (3.5)

By adopting the technique of case 1 for the particular value of α = 1, we get the second solution
of equation (3.1) in series form, given by (3.6),

V (x, y, t) = e(2x+y)

[
1 +

5t
1!

+
(5λt)2

2!
+ · · ·

]
, (3.6)

or
V (x, y, t) = e(2x+y+5λt), x > 0, y > 0. (3.7)

The above solution is compact form of solution of equation (3.1).
Numerical simulation of two dimensional concrete slab:On considering the same assumption
as taken in case-1, we generate the temperature values for concrete slab for case-2. The corre-
sponding surface graph of temperature is shown by figure 6(a) and the V-contour wired curves
for concrete are given in figure 6(b).

Figure 6(a) Figure 6(b)

4 Solution of three-dimensional fractional order heat equation:

Here we consider three-dimensional heat equation for solid material with independent three
variables x > 0, y > 0 and z > 0 is given by,

∂αV (x, y, z, t)

∂tα
= λ

(
∂2V (x, y, z, t)

∂x2 +
∂2V (x, y, z, t)

∂y2 +
∂2V (x, y, z, t)

∂z2

)
, x > 0, y > 0, z > 0

(4.1)
Here V (x, y, z, t) is the temperature on the surface of solid material and λ is the diffusivity of
solid. We discuss two cases to get the solution of three-dimensional heat equation with two initial
conditions at time t = 0.
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Case-1:In this case, the initial condition at time t = 0, in form of product of exponential function
and sine function has been taken, which is given as

V0(x, y, z, 0) = e(x+y) sin(z), x > 0, y > 0, z > 0. (4.2)

By taking Natural transform of the equation (4.1), we get

sα

uα
N+ [V (x, y, z, t)]−

sα−1

uα
V (x, y, z, 0) = N+

[
λ

(
∂2V

∂x2 +
∂2V

∂y2 +
∂2V

∂z2

)]
,

By taking the inverse Natural transform of above equation and adopting the Natural transform
decomposition technique, we find the first initial term

V0(x, y, z, t) = N−
[
V0(x, y, z, 0)

s

]
.

The recurrence relation is given by

Vj+1(x, y, z, t) = N−
(
uα

sα
N+

{
λ

(
∂2Vj

∂x2 +
∂2Vj

∂y2 +
∂2Vj

∂z2

)})
, j = 0, 1, 2, 3, . . .

By taking inverse Natural transform and by plugging the successive values of j = 0, 1, 2, . . . , we
get the solution in series form, given below:

V (x, y, z, t) = e(x+y) sin(z)
[

1 +
λtα

Γ(α+ 1)
+

λ2t2α

Γ(2α+ 1)
+ · · ·

]
,

V (x, y, z, t) = e(x+y+λt) sin(z), x > 0, y > 0, z > 0. (4.3)

The above expression is the solution in compact form of equation (4.1), for α = 1.

Numerical simulation of three dimensional concrete slab:For the three-dimensional graphi-
cal representation of the obtained temperature given in equation (4.3), we consider a piece of
concrete slab whose length lies along the x-axis, breadth along the y-axis, and thickness along
the z-axis. The time duration for applying heat to the concrete slab from an external source (as
a theoretical assumption) is one minute. We assume that the independent spatial variables vary
along the coordinate axes within the range 0 ≤ x, y, z ≤ 1 units. The resulting temperature
distribution across the concrete slab is illustrated by the grids in Figure 7.

Figure 7: 3D Temperature grids on 3D concrete slab

To get Alternative solution of three-dimensional heat equation (4.1) here we discuss second case.

Case-2:In this, we consider the second initial condition at t = 0 for x, y, z ≥ 0, given by:

V (x, y, z, t) = (1 − x) e(y+z). (4.4)
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By taking the Natural transform of the equation (4.1) and using the Adomian Natural transform
decomposition technique we get solution in series form, given as

V (x, y, z, t) = (1 − x) e(y+z)

[
1 +

2λt
1!

+
(2λt)2

2!
+ · · ·

]
,

For α = 1, solution has another face in compact form, given by

V (x, y, z, t) = (1 − x) e(y+z+2λt). (4.5)

For the graphical representation of the variation of temperature given in equation (4.5) for the
concrete slab, we maintain the previous assumptions as in Case 1. For the particular value of
α = 1, and using the thermal diffusivity of concrete λC = 0.75 × 10−6m2/s, we obtain the
temperature grids shown in Figure 8 below:

Figure 8: 3D Temperature grids on 3D concrete slab

5 Results and Discussion:

In this work, we present a thermal modelling approach to study the relationship between the
fractional order of the one-dimensional heat equation and the calculated heat flux and temper-
ature behaviour in building construction materials. The goal is to help reduce thermal cracks
during the construction process. We derive a general expression for heat flux in terms of ther-
mal conductivity and diffusivity of solid materials. A numerical simulation is also carried out,
analysing the influence of fractional order on heat flux.

We also extend the analysis to the two-dimensional and three-dimensional heat equations.
Compared to previous work on thermal modelling, the results of our model are more applicable
to various kinds of concrete with differing thermal properties. This study is strictly limited to
the conduction process in solid materials caused by temperature fluctuations and applies only to
rectangular-shaped objects; it does not provide results for cylindrical or square-shaped geome-
tries, which is considered a limitation of the current thermal model.

As a result of the numerical model for the one-dimensional heat equation, we observed a cor-
relation of −0.9857 between the fractional order and heat flux, with the fitted curve for scattered
heat flux dots given by:

ϕq (Heat Flux) = 2.22α2 + 36.5α+ 89, α > 0.

For the two-dimensional and three-dimensional heat equations, we found that the growth of
temperature on the surface of the concrete slab is 7.389◦C in Case 1, whereas for Case 2, the
maximum growth of temperature on concrete is 54.598◦C, and the minimum temperature is noted
as 0◦C. Additionally, a 3D surface plot of the temperature distribution in the concrete slab was
generated.
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6 Conclusion:

Thermal cracks in concrete occur when there is a significant temperature difference between the
outer layer and the inner layers of the concrete. The temperature gradient causes energy to flow
from regions of high temperature to regions of low temperature, resulting in a heat transfer rate
described in terms of heat flux. Our model investigates this heat flux in terms of the fractional
order of the one-dimensional heat equation. A strong correlation was identified, and within a
small range of fractional orders, a scattered heat flux distribution was observed with a best-fit
quadratic curve.

Since temperature difference is one of the causes of thermal cracking, we present a model
for specific thermal conductivity and thermal diffusivity to understand the fluctuations of tem-
perature in two-dimensional and three-dimensional concrete slabs. Under the considered initial
conditions, we found consistent patterns of temperature distribution. Additionally, the obtained
results are applicable for studying the temperature variation in different concrete mixtures such
as NC1 and NC2, by incorporating their respective thermal conductivity and thermal diffusivity
values.
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