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Abstract Differential geometry, a classical branch of mathematics, is important in many
fields, including physics, engineering, computer science, etc. This article reviews its applications
and importance in various fields. In computer aided geometric design (CAGD), it is used to
create and manipulate curves and surfaces, thereby improving design accuracy and efficacy. In
road engineering, it provides tools to understand the road geometry and helps in optimizing
road curvature and elevation for safety and comfort. Geologists model and analyze the earth’s
surface to understand geological features using methods of differential geometry. In electrical
engineering, the interpretation of electrical values using the Frenet frame is examined, as well
as the use of the geometric algebra in analyzing the power system and electric circuit. Thus, the
paper emphasizes differential geometry’s critical role in solving real-world problems and driving
technological innovations.

1 Introduction

Differential geometry is a branch of mathematics that studies geometric problems using meth-
ods from calculus [15, 36]. The principles of curves, surfaces, planes, and sectional curvature
in 3-dimensional Euclidean space were developed in the 18th and 19th centuries, forming the
foundation for the field of differential geometry [27]. Prior to the 18th century, many new curves
were discovered, but interest in differential geometry declined sharply afterwards. It was the
efforts of Clairaut and Euler who revitalized the field by applying calculus to geometric prob-
lems [32]. A key concept that emerged during this time was Gaussian curvature, thoroughly
investigated by Carl Friedrich Gauss, who demonstrated it as an intrinsic property of surfaces,
independent of their isometric embedding in Euclidean space [9].
The concept of a manifold was introduced by Bernhard Riemann in 1854 A.D., marking the no-
tion of Riemannian geometry [33]. Riemann’s work extended the scope of differential geometry
to include the geometric structure of differentiable manifolds. Extra structures can be added to
manifolds to create a variety of geometric objects. Sasakian, Kenmotsu, Finsler, Kahler, and
Hermitian manifolds are a few examples; each has special qualities. These topics offer an in-
teresting area of research, as shown in [7, 10, 13, 22, 23, 29]. This new perspective not only
provided a unified explanation of a broad class of geometries but also introduced mathematical
tools essential for addressing various issues in differential equations, analysis, and mathematical
physics [33]. These developments have opened new avenues for applying geometric and topo-
logical notions to solve complex problems.
In recent years, there have been significant advancements in differential geometry that we ex-
plore in this paper. We also discuss various applications and how modern developments have
continued to advance our understanding and capabilities within this field.
The rest of the paper is organized as follows. Section 2 includes some basic concepts of differ-
ential geometry. Section 3 is divided into four subsections where applications in various fields
have been discussed. Sub-section 3.1 is dedicated to the ruled surfaces, 3.2 has applications in
road designing, 3.3 discusses the tools of differential geometry that can be utilized in modeling
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of geological surfaces and 3.4 investigates applications in electrical circuits. An example is pre-
sented in section 4 that discusses the applications of differential geometry to calculate the area
of a cylindrical antenna. The conclusion of the article is given in section 5.

2 Preliminaries

In this section, we have briefly discussed the principal concepts from the theory of curves and
surfaces in order to fulfill the requirements of the next section.

Theorem 2.1. ([1, 21, 26]) Let α = α(s) : I → R3, (I ⊆ R), be a unit-speed curve parameter-
ized by arc length s, with the non-vanishing curvature, and α̇ = dα

ds then,

ṫ = κn

ṅ = −κt+ τb

ḃ = −τn

(1)

The above set of formulae is called Frenet formulae, where t, n, and b denote the tangent,
normal, and binormal vectors respectively, of α. The set {t,n, b, κ, τ} is called the Frenet
apparatus [26]. κ is curvature and τ is the torsion of curve α given by

κ = ∥α̈∥ and τ =
α̇ · (α̈× ...

α)

κ2

Theorem 2.2. ([4, 15]) Given any continuous functions κ and τ defined on an interval I , then
there exists a unique space curve α whose curvature and torsion correspond to κ and τ , respec-
tively. This is called the fundamental theorem of space curves.

The definition of ruled surfaces is given below. Moreover, the definitions of the first and second
fundamental forms on surface are also given.

Definition 2.3. ([11, 35]) Consider a one-parameter family of lines represented by {α(t), ζ(t)}.
The corresponding parameterized surface is given by

χ(t, λ) = α(t) + λζ(t), t ∈ I, λ ∈ R, (3)

which is known as the ruled surface generated by {α(t), ζ(t)}. The curve α(t) is referred to as
the directrix of χ.
If we reparameterize eq.(3) using the variable s, then

χ(s, λ) = α(s) + λζ(s), λ ∈ R. (4)

In simple terms, ruled surfaces are formed by sweeping a vector along a base curve.

Definition 2.4. ([11]) Let χ(s, λ) = α(s) + λ ζ(s) be an arbitrary ruled surface generated by a
family {α(s), ζ(s)} with ∥ζ(s)∥ ≡ 1. The surface χ(s, λ) is said to be developable if

(ζ, ζ̇, α̇) ≡ 0 (5)

The Gaussian curvature of a developable surface vanishes everywhere [11], i.e.,

κG = κ1κ2 = 0

First Fundamental Form: ([11, 26]) Let α(t) = χ(u(t), v(t)) be a curve on a surface patch χ.
The first fundamental form is

E du2 + 2F du dv +Gdv2 (6)

where
E = ∥χu∥2, F = χu · χv, G = ∥χv∥2
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Second Fundamental Form: ([11, 26]) Let α(t) = χ(u(t), v(t)) be a curve on a surface patch
χ. If a unit normal vector to the surface is given by

N =
χu × χv

∥χu × χv∥

The second fundamental form is

Ldu2 + 2M dudv +N dv2 (7)

where
L = χuu ·N , M = χuv ·N , N = χvv ·N

3 Applications of Differential Geometry

3.1 For Developable Ruled Surfaces

Ruled surfaces find applications in conventional manufacturing techniques in many industries,
including engineering, clothing, art, design, and sculpture. In [34], the author examines a
straightforward technique for creating ruled surfaces, with curvature axis of the curve as gen-
erator. The ruled surface of this kind is developable [10], and there is at least one curve on the
surface for which the axis of curvature lies entirely on the surface. Additionally, it studies the
classification of the developable surfaces associated with space curves having singularities, as
these surfaces and curves are not used in real-world applications. This improves our knowledge
about the singularities of the developable surfaces by suggesting the use of round pattern envi-
ronment maps to visualize the singularities and form structures like flowers around them.

3.1.1. Some Definitions

Definition 3.1. ([31]) Let σ be a unit speed curve parameterized by arc length s. A circle having
3-point contact with the given space curve σ at point s0 is called an osculating circle and the
center of circle at any point s0 is given by

C = σ(s0) +
1

κ(s0)
n(s0) (8)

Definition 3.2. ([31]) A sphere having 4-point contact with the curve σ at s0 is known as oscu-
lating sphere. The center of the sphere at any point s0 is given by

m0 = σ(s0) +
1

κ(s0)
n(s0)−

κ̇(s0)

κ(s0)2τ(s0)
b(s0) (9)

Definition 3.3. ([31, 34]) Let σ(s) be a space curve, for any point s0 on the curve, the position
vector d of the curvature axis is given by

d = σ(s0) +
1

κ(s0)
n(s0) + λb(s0) (10)

The curvature axis is a line that is generated by the locus of center of these spheres, and this line
traverses from the center of curvature of the curve [11].

3.1.2. Method to Construct a Developable Ruled Surface

Theorem 3.4. ([34]) Let σ(s) be a smooth parameterized curve with {t,n, b, κ, τ} be its Frenet
apparatus , then

R(s, λ) = σ(s) +
1

κ(s)
n(s) + λb(s) (11)

defines a developable surface.



APPLICATIONS OF DIFFERENTIAL GEOMETRY 21

Proof. To prove R(s, λ) is a developable surface, eq.(5) must be satisfied. i.e.

(ζ, ζ̇, α̇) ≡ 0

To compute α̇, ζ and ζ̇, comparing eq.(4) and eq.(11)

α(s) = σ(s) +
1

κ(s)
n(s) and ζ(s) = λb(s)

α̇(s) = − κ̇(s)

κ(s)2n(s) +
1

κ(s)
τ(s)b(s)

and ζ̇(s) = −λτ(s)n(s)

⇒ (ζ, ζ̇, α̇) = 0, this shows R(s, λ) = σ(s) + 1
κ(s)n(s) + λb(s) is a developable surface.

3.1.3. Finding Curve α from a Given Developable Surface

Theorem 3.5. ([16]) Any developable ruled surface in 3-dimensional Euclidean space is classi-
fied as one of the following surfaces

(i) cylinder

(ii) cone

(iii) tangent ruled surfaces.

(a) Generalized cylindrical developable surfaces are given by

R(s, λ) = α(s) + λe (12)

Comparing eq.(12) with eq.(11),

α(s) = σ(s) +
1

κ(s)
n(s), e = b(s),where ∥e∥ = 1

The binormal vector of curve σ is a constant vector. Therefore, α is a plane curve and torsion
τ = 0.

(b) For conical developable surfaces

R(s, λ) = α+ λe(s) (13)

where α is a point in R3 and e(s) is smooth unit vector field.
If the surface is conical developable, then from eq.(11) and eq.(13), we get

σ̈(s) + σ(s) = 0

On solving the above differential equation, we get the coordinate functions σi(s) of the curve σ
as

σi(s) = c1i cos s+ c2i sin s

where c1i, c2i are constants.

(c) Tangent ruled surfaces
R(s, λ) = α(s) + λα̇(s) (14)

Comparing eq.(14) with eq.(11),

α(s) = σ(s) +
1

κ(s)
n(s) and b(s) = α̇(s) (15)

⇒ b(s) = − κ̇(s)

κ(s)2n(s) +
τ(s)

κ(s)
b(s)
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⇒ κ̇(s) = 0, which results that κ(s) = constant and also τ = κ

Since, α̇(s) = σ̇(s) +
1

κ(s)
ṅ(s)

From eq.(15), b(s) = σ̇(s)− t(s) + b(s) and κ(s) = τ(s) (16)

σ̈(s) = ṫ(s)

1
κ(s)2 σ̈(s) + σ(s) = α(s) (17)

On solving eq.(17)) we get

σi(s) = ci1 sin(κs)+ ci2 cos(κs)+κ

[
sin(κs)

∫
xi(s) cos(κs) ds− cos(κs)

∫
xi(s) sin(κs) ds

]
where ci1 and ci2 are constants.
Corollary 1: ([34]) For a developable surface, there is at least a curve σ for which every line on
the surface can act as a curvature axis at each corresponding regular point.

3.1.4. Discussion on Singularities

Singular point of a parameterized surface: A point where the differential map is not one-to-one
is called a singular point [11].
Using a black background and distributing white circles on it uniformly by using environment
map is an effective method for illustrating singularities on the surfaces. In this instance, circles
surrounding singularity form a pattern that resembles flowers. In CAD, environment maps is a
surface analysis tool.
Singularities on a developable surface are the points where the surface cannot be smoothly flat-
tened. Singularities can be classified into three types [34]

(i) cuspidal edge

(ii) cuspidal cross-cap

(iii) swallowtail

The type of surfaces discussed in this paper have singularities along the base curves [34].

• A tangent developable surface has a cuspidal edge singularity at σ(t) if τ(t) ̸= 0.

• A tangent developable surface has a cuspidal cross-cap singularity along σ(t0) if τ(t0) = 0
and τ ′(t0) ̸= 0.

Theorem 3.6. ([34]) Let σ represent a space curve with singularity at t0. Then, the developable
surface formed by its curvature axis possesses singularity.

3.2 Application of Differential Geometry in Highway Designing

The author in [6] studied that space curves play a vital role in roadway design. In [6], the author
presents new approaches for 3-dimensional road designs, along with a review of two-dimensional
road designs from [28] and 3-dimensional designs from [2, 17]. To model and analyze roads,
knowledge of surface theory is required; however, curves can be used to approximate the road
centerline. A road can be thought of as a ruled surface whose centerline serves as its directrix.
Based on the fundamental theorem of the space curves, a curve can be uniquely determined by
its curvature and torsion [4]. Some special curves need to be investigated for the same purpose.
Additionally, a few techniques from differential equations, function theory, and numerical anal-
ysis are used in the modeling of highways.
Two new ideas have been suggested by the author to utilize differential geometry in road designs,
and a general case of a parabolic curve has been examined.
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3.2.1. Suggested New Ideas

(a) The first fundamental form on a surface patch is given by

I = E du2 + 2F du dv +Gdv2

If F = 0, then the parameters u and v are orthogonal, i.e., the v-parameter curve cuts equal
segments from all u-parameters as shown in Figure 1 ([6, 15]).

I = E du2 +Gdv2

Figure 1. u and v-parameters are orthogonal when F = 0

(b) The Frenet frame when κ and τ are kept constant:

ṫ(s) = κn(s)

ṅ(s) = −κ t(s) + τ b(s)

ḃ(s) = −τ n(s)

(18)

Also, ẗ(s) = κ(−κt(s) + τb(s))

and
...
t (s) = −κ2ṫ(s)− τ 2ṫ(s)

If we denote ṫ(s) = y, then this equation becomes a second order linear differential equation
with constant coefficients as

ÿ + (κ2 + τ 2)y = 0

This implies, depending on the values of κ and τ , y can be easily computed, then ṫ(s) and t(s).
After substituting these values into the Frenet formulae, n(s) and b(s) can be obtained, and the
set of eq.(18) can be solved.

3.2.2. A General Case for Plane Road

For a certain length, a plane road is thought to have a parabola-shaped profile. A conic section
has the general form

g(x, y) = a11x
2 + 2a12xy + a22y

2 + 2a10x+ 2a20y + a00,

where at least one of the real coefficients a11, a12, a22 is non-zero.

If ∆ =

∣∣∣∣∣∣∣
a11 a12 a10

a21 a22 a20

a01 a02 a00

∣∣∣∣∣∣∣ and δ =

∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣ where ∆ ̸= 0 and δ = 0, then g(x, y) is a parabola.

Considering the conic y = ax2 + bx+ c, which can be rewritten as ax2 + bx− y + c = 0, then
∆ = −a

4 ̸= 0, δ = 0 and this conic represents a parabola [3].

The geometry of a parabola depends upon the values of a, b, c. For a choice where a > 0, b ≤ 0,
the parabola will be upward and is shifted toward the positive x-axis. To get a positive value of
discriminant D = b2 − 4ac, we must have c > 0.

For y = ax2 + bx+ c
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dy

dx
= 2ax+ b

The coordinate of the local minima is
(
− b

2a ,−
D
4a

)
.

The curvature of the parabola is given by

κ =
∥y′′(x0)∥(√

1 + (f ′(x))
2
)3

κ =
2a(√

1 + (2ax+ b)2
)3

at x = − b

2a
, κ = 2a

The designing and construction of this type of road definitely depends upon the curvature of the
parabola.

Case I: Let A and B be points that are symmetric about the axis of the parabola such that
AB = 2 l. If θ is the angle between the tangents drawn at points A and B as shown in Figure 2
[6]. It is evident that this angle θ (θ0 < θ < 2π), affects how the road is constructed as well. A
formula that relates the angle θ to the curvature of the parabola is required.

Figure 2. A general case when road section is considered parabolic

The equation of tangent to the parabola g(x, y) = ax2 + bx+ c− y at point A is given by [3]

∂g(x, y)

∂x

∣∣∣∣
A

(x− xA) +
∂g(x, y)

∂y

∣∣∣∣
A

(y − yA) = 0

∂g

∂x
= 2ax+ b

∂g

∂y
= −1

From Figure 2 coordinates of A and B are

A = (0, c), B = (2l, 4al2 + 2bl+ c)

The tangent at A is
y = bx+ c

The direction vector v1 for the line can be represented as (1, b), where 1 represents change in x
and b represents change in y. Tangent at A can be expressed as

x

1
=

y − c

b
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Tangent at B has equation
y = (4al+ b)x− 4al2 + c

The direction vector v2 of the line can be represented as (1, 4al + b) where 1 represents change
in x and 4la+ b represents change in y.
The tangent at B is given by

x

1
=

y + 4l2a− c

4la+ b

We know that cos θ =
⟨v1,v2⟩
∥v1∥∥v2∥

=
1 + b(4al+ b)√

1 + b2
√

1 + (4al+ b)2

Substituting l = − b
2a but 2a = κ ⇒ l = − b

κ , we get:

cos θ =
1 − b2

1 + b2

This relation indicates that cos θ is determined by the coefficient of x only when b < 0. Also,
cos θ is independent of curvature κ of the curve.
Now, we consider the case when b = 0, to have a positive value of discriminant, D = −4ac > 0
we have to consider c < 0.

Case II: Let A′ and B′ be points that are symmetric about the axis of the parabola, with A′B′ =
2l′, as shown in Figure 3 [6]. Let the tangents at A′ and B′ has angle θ′ between them.

Figure 3. A similar general case when axis of parabola is y-axis

Coordinates at A′ = (−l′, al′
2 + c) and at B′ = (l′, al′2 + c).

A similar computation as in Case I gives

cos θ′ =
1 − κ2l′

2

1 + κ2l′2

Here, θ′ depends on the curvature κ and the distance between A′ and B′.

3.3 Applications to Geology

In [20], the author discusses a new tool that proposes applications of differential geometry to
characterize geological surfaces, focusing on fold orientation, shape, and cylindricity. It pro-
vides aspects of fold shape that are geologically significant by measuring surface curvature and
disregarding curvature values below a certain magnitude using a curvature threshold. These
comprehensive explanations replace 2-D approximations that relied on fold cylindricity assump-
tions and traditional analysis methods that provided stereographic projections of strike and dip
values across a fold.
Structural geologists have used curve computations to characterize folded surface geometry,
measure strain or deformation in deformed strata, and forecast fracture orientations and den-
sities in bent strata. The author builds on this research and presents a novel computer tool to
facilitate fold structure investigations.
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If the temperature of the rock is warm enough for it to behave like plastic, it is prone to fold
when tectonic forces squeeze it from the sides, especially in sedimentary rock. The folds are of
different types. The most common are

(a) Anticline: An upward fold is called an anticline [12].

(b) Syncline: A downward fold is called a syncline [12].

The folds have similar geometry to some of the most common surfaces, that is why structural
geologists analyze the structure of folds.
It is possible to imagine natural surfaces as continuous functions or sample points on scanned or
seismic grids. Consider z(u, v), a single-valued continuous function for the elevation measure-
ments. The surface patch can be described as

χ(u, v) = ue1 + ve2 + z(u, v)e3,

where u and v are two independent parameters and {e1, e2, e3} are unit vectors in the Cartesian
coordinate system.
At any point on the surface, infinitely many curves can be drawn, resulting in different curva-
tures at the same point. Therefore, the concept of principal curvatures becomes useful here.
The maximum and the minimum values of curvature at any point on the surface are called the
principal curvatures. They determine the local geometry of the surface. The magnitudes and
orientations of the principal curvatures are computed using the components of the first and the
second fundamental forms [25]. At each grid point, matrices are created as follows

A =

(
E F

F G

)
, B =

(
L M

M N

)
.

The shape operator at any point p on the surface is given as follows

S(p) = A−1B.

The eigenvalues of S(p) are the magnitudes of principal curvatures at any point p, while the
eigenvectors of S(p) correspond to the orientations of the principal curvatures.

3.3.1. Geologic Curvature and Curvature Threshold
Gaussian curvature has been used in the study of geological structures. It is denoted by κG =
κ1κ2, where κ1 and κ2 denote principal curvatures at the point p [1, 11, 21, 26].

Synform Saddle Synform Basin

Perfect Saddle Plane Not Possible

Antiform Saddle Antiform Dome

Figure 4. Geological curvature determined using Gaussian curvature κG and mean curvature κH
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If κG = 0, it follows that at least one of the values of principal curvatures is necessarily zero. If
either value is zero, the surface is locally shaped like a cylinder. If both values are zero, then the
surface behaves locally as a plane. Also, if κG < 0, the principal curvatures are of opposite signs,
i.e., the surface is locally saddle. Furthermore, if κG > 0, both the principal curvatures exhibit
same sign, then the surface assumes the shape of a basin or dome. Gaussian curvature alone
cannot provide a complete description of a surface patch. Therefore, the idea of mean curvature
is used. Mean curvature is denoted by κH = 1

2(κ1 + κ2). The mean and Gaussian curvatures at a
point collectively define the orientations and shape of a surface, as shown in Figure 4 [5, 20].
Idealized shapes like the plane, cylindrical antiform and synform, and the perfect saddle are in-
cluded in the categorization of the geologic curvature. Since these shapes require at least one
of the values of principal curvatures to be exactly zero, they are not found in geologic datasets.
This is not possible due to measurement error and the irregular nature of geological surfaces.
Although geologists frequently describe and analyze folds as cylindrical for simplicity, even if
they are not perfectly round.
On the other hand, it might be helpful to estimate some geological surfaces as ideal or to measure
the deviation of a geologic surface from the ideal. To evaluate these approximations, a curvature
threshold κt is used. By defining an absolute value of curvature beyond which computed princi-
pal curvatures, regardless of sign, are considered zero, this threshold enables the categorization
of idealized shapes.
For approximating the geological surfaces as perfect saddles, a very similar technique is used.
Saddle surfaces have opposite-sign principal curvatures κ1 and κ2, with a perfect saddle having
κ1 = −κ2 or κH = 0. Although principal curvature values for geologic surfaces are unlikely to
be equal, they may be close enough. Idealized perfect saddles may be defined as sites where the
absolute sum of |κ1 + κ2| < κt. is less than κt.

3.4 Applications in Electronics

The correlations between geometrical quantities, such as curvature and torsion, and electrical
values, e.g. current, voltage, and frequency are discussed in [19]. The suggested methods of-
fer a comprehensive framework for defining the time derivative of the electrical values in both
stationary and transient settings. It utilizes the Frenet frame used in differential geometry. The
given methodology generalizes and unifies the phasor and time domain frameworks. The time
domain represents changes in electrical quantities over time, while the phasor domain is used to
analyze sinusoidal steady-state behavior [8]. The transient state of an electric system refers to its
initial response when switching from one state to another, while the steady state represents the
circuit’s long-term behavior after the transient state has diminished [8].
Other notable findings include a description of the rate of frequency change, which incorporates
the idea of the torsional frequency, and an interesting interpretation of the relationship between
time derivatives of current, frequency, and voltage.
From now on, we denote the time variable by t. Also, it must be noted that the derivative with
respect to t is denoted by prime and the derivative with respect to arc length s is denoted by dot.
Let α : [0,∞) → R3 be a space curve in parameter t given by α(t) = (α1(t), α2(t), α3(t)). If
{e1, e2, e3} constitutes an orthonormal basis in R3. Similarly, curve α can be represented as

α = α1e1 + α2e2 + α3e3

The arc length s of curve is given by

s =

∫ t

0

√
α′(r) ·α′(r) dr + s0,

s′ =
ds

dt
= ∥α′∥ (19)

where α′ =
d

dt
(α1e1) +

d

dt
(α2e2) +

d

dt
(α3e3)

also α̇ =
dα

ds
=

dα

dt
· dt
ds

=
α′

s′
=

α′

∥α′∥
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This shows that α̇ is tangent to curve α and it has unit magnitude. The vectors constituting the
Frenet frame are given as follows

t = α̇, n =
α̈

∥α̈∥
, b = t× n (20)

also κ = ∥α̈∥ =
∥α′ ×α′′∥

∥α′∥3 (21)

τ =
α̇ · (α̈× ...

α)

∥α̇× α̈∥
=

α′ · (α′′ ×α′′′)

∥α′ ×α′′∥2 (22)

3.4.1. Expression for Voltage, Current and Their Time Derivatives
In this sub-section we give the expressions for voltage, current, frequency, and their time deriva-
tives based on the Frenet frame. The voltage vector ν is assumed to be the time derivative of the
curve α. Let ϕ denote the magnetic flux vector, defined as

ϕ = −α (23)

By Faraday’s law [14]
ν = −ϕ′ (24)

Now, if {t, n, b} is written in terms of voltage vector and its derivative. The time derivative of
arc length s from eq.(19), eq.(23) and eq.(24))

s′ = ∥ν∥ = ν

also, α̇ = −ϕ̇ = −ϕ′

s′
=

ν

ν
(25)

α̈ = −ϕ̈ =
ν′

ν2 − ν′ν

ν3

and ...
α = −

...
ϕ =

ν′′

ν3 − 3 ν′ν′

ν4 +
3 (ν′)2ν

ν5 − νν′′

ν4

Since α̇ · α̈ = 0
⇒

(ν
ν

)
·
(
ν′

ν2 − ν′ν

ν3

)
= 0

ν · ν′

ν3 =
ν′ν · ν
ν4

which gives ρ =
ν′

ν
=

ν

ν
· ν

′

ν
(26)

In time-frequency analysis, ρ is commonly referred as instantaneous bandwidth [8]. However,
author has used the interpretation of ρ as provided in [18], i.e., the symmetric component of
geometric frequency.
From eq.(26) ρν = ν′

From a geometrical aspect, ν′ may be seen as the radial component of the velocity ν and ρ can
be interpreted as the radial frequency.

From eq.(21) κ =
∥ν × ν′∥

ν3 =
ω

ν
(27)

Here ω is the vector which is anti-symmetric component of geometric frequency and written as
[18]

ω =
ν × ν′

ν2

ων may be seen as the azimuthal element of velocity ν. Therefore, ω represents azimuthal
frequency.

From eq.(22) τ =
ν · ν′ × ν′′

ω2ν4
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or τ =
ν′′ · (ν × ν′)

ω2ν4 =
ν′′ · ω
κ2ν4

Except in the cases when ν′′ = 0 or ω = 0, the torsion vanishes when the vectors ν′′ and ω are
perpendicular to each other. This happens when the voltage is imbalanced.
Therefore, the Frenet frame vectors can be expressed as

t =
ν

ν
, n =

α̈

∥α̈∥
, b =

ω

ω

α̈ = (ν′ − ρν) (28)

∥α̈∥ =
√
∥ν′∥2 − ∥ρν∥2

From n = b× t, we get
α̈

∥α̈∥
=

ω

ω
× ν

ν

Also, ∥α̈∥ = ων, gives
α̈ = ω × ν

From eq.(28) ν′ = ρν + ω × ν (29)

or
(

d

dt
− [ρ+ ω×]

)
ν = 0

which gives operator

Dν
t : =

d

dt
− [ρ+ ω×] (30)

The upper symbol in the Dν
t shows the vector on which operator Dν

t is applied. Also, the
derivative w.r.t. time of a vector is divided into two components in eq.(29) and eq.(30) namely,
the symmetric component ρ and the anti-symmetric component (ω×).

3.4.2. Derivative of Frequency in Frenet Frame
In order to derive the expression for ω′, using eq.(20) and eq.(25), we have

t′ = ν ṫ, n′ = νṅ, b′ = νḃ

Then the Frenet frame can be written as

t′ = ωn, n′ = −ωt+ ξb, b′ = −ξn

where ω = νκ from eq.(27) and ξ = ντ and ξ may be described as torsional frequency.

d

dt

ω

ω
=

ω′

ω
− ωω′

ω2 = −ξn

n

ω′ =
ω′ω

ω
− ω

ξn

n

or ω′ = ηω + τν × ω (31)

where η = ω′

ω is symmetric component and [τν×] is the anti-symmetric component of the time
derivative of ω.
eq.(31) represents the generalized form of the rate of change of frequency. The rate of change
of frequency is crucial for evaluating energy network stability and inferring power system safety
and control [30]. The τ = 0 implies the system is balanced, thus it leads to

∥ω′∥ = ω′,

At last, the time derivative of the symmetric component of geometric frequency is described in
[18] as

ρ′ =
ν · ν′′

ν2 + ω2 − ρ2 =
ν′′

ν
− ρ2.
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4 Example

Let’s consider a real-life example. The surface area of an antenna affects its bandwidth [24].
Therefore, we are interested in calculating the area of a cylindrical antenna given by the equation

χ(u, v) = (r cosu, r sinu, v) u ∈ [0,
2π
3
], v ∈ [0, 0.1]

Area is given by

A =

∫ 0.1

0

∫ 2π
3

0

√
EG− F 2 du dv

A =
2
15

π r

Figure 5. Cylindrical antenna design at r = 0.3

5 Conclusion and Future Directions

In this article, we explored wide and impactful applications of differential geometry in current
science and engineering, highlighting its practical and versatile nature. Our investigation high-
lights the ways in which the fundamental theorem of space curves and the Frenet frame can
be applied in road design, as well as the ways in which the study of curvature axis of a curve
can produce ruled surfaces. We also discuss how differential geometry techniques can be ap-
plied in electronics to analyze electrical values like current, voltage, and frequency, and how
fundamental forms can be utilized to characterize geological folds. It is clear that differential
geometry applications are not limited to these areas only, demonstrating its significant impact in
many other fields. Future work includes developing more efficient algorithms for representing
and manipulating ruled surfaces in CAGD, as well as using differential geometry to study the
shape optimization of main suspension cables of suspension bridges. Additionally, differential
geometric tools can be applied to characterize fractures and analyze the curvature of reservoir
layers.
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