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Abstract The study explores k-gonal numbers (denoted ! P) and their algebraic structures,
extending their definition to all integers n and introducing specialized binary operations for cryp-
tographic applications. This paper focused on generating n‘", k-gonal numbers, denoted 7 P, for
all integers as follows:

np ) 3lk=3)(n—1)+(n+1)] fork>2n>0
pPis ¢ 2 (1)
2[(k=3)(n—1)+(n—1)] fork>2n<0

» for n > 0, this aligns with the standard formula for k-gonal numbers.

« for n < 0, the formula generalizes k-gonal numbers to negative indices, enabling symmetry
in algebraic operations.

Also, it introduces to study of the Algebraic structure of some sets of k-gonal numbers, which
can form a Monoid, under the binary operations,

"pem p = {EP +7" P+ (k—2)mn, if m,n both are the same sign

3 e e SIER and
WP+ P — (k—2)mn, if m,n is an opposite sign

ppon p - BENEDmn gy (n 1), ifm >0, >0
pop p d PP B 1) (n 4 1), ifm > 0,n<0
k k - np.mp _ (k—4)(k—2)7nn( 1 1 it 0 >O;

kL ok 7 m+1)(n—1), ifm<0,n>

ZP'?P_w(m—i_l)(n—i_l)’ ifm<0,n<0

i.e., the paper generalizes k-gonal numbers to a monoid with specialized operations, offering a
novel framework for cryptographic systems. By leveraging the geometric and algebraic prop-
erties of polygonal numbers, it provides a foundation for secure key generation and exchange.
Notations: Successively replacing k = 3,4,5,6,7,8, ..., etc., in above k-gonal numbers.

3P = Set of 3-gonal (Triangular) numbers; y P = Set of 4-gonal (Square) numbers;
§P = Set of 5-gonal (Pentagonal) numbers; o P = Set of 6-gonal (Hexagonal) numbers;

7P = Set of 7-gonal (Heptagonal) numbers; g P = Set of 8-gonal (Octagonal) numbers;

1 Introduction

Number theory, the “Queen of Mathematics" is a broad and diverse part of pure and applied
Mathematics that developed from the study of the integers with origins reaching back as far as
the ancient Greeks and continuing into modern times.

The study of Number Theory is critical because all other branches depend on their final results
on this branch. It is widespread in cryptography.

In this present topic, we are discussing some inherent properties of k-gonal numbers.
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The 3-gonal numbers are represented as a triangular array of dots [4, 5, 9, 10]. The oblong
numbers are represented as rectangular arrays of dots. The 4-gonal numbers are represented as
a square array of dots. Hence k-gonal numbers are represented as regular arrangements of dots
in geometric patterns. From a literature review point of view, k-gonal numbers are regular poly-
gons as shown below in Figure 1. One of the Greek mathematicians, Hypsicles of Alexandria

3-gonal numbers

1® 300 6 [ ] 10 [ ] 15
4-gonal numbers

4 2000
1@ 400 s00e lc000@®

22 [ ] 35

Figure 1: Geometric Representations of k-gonal numbers

gave the first general definition of k-gonal number in 170 BC. Diophantus, generate them as
2
P, = W. Also, Fermat introduces Polygonal number theorem.

Cryptographic Applications
The algebraic properties of k-gonal numbers under & and ® make them suitable for symmetric
key generation [1, 2, 3,4,5,6,7, 8]:

(i) Non-linearity: The operations & and © introduce complexity, resisting linear cryptanaly-
sis.

(ii) Scalability: The parameter k allows customization of the cryptographic system.

(iii) Unique Factorization: The monoid structure may enable secure key exchange protocols
by leveraging the difficulty of reversing operations.

Key Properties
 Closure: @ and © ensure results remain k-gonal numbers.
« Associativity: Critical for monoid structure.

- Symmetry: Negative indices extend applicability, enabling bidirectional operations

2 Main Work

In this paper, I have proposed to redefine to generate k-gonal’ numbers not only for Positive
integers but also Negative integers.

Also, introduces to study Algebraic structure of k-gonal numbers by defining additive and mul-
tiplicative binary operations.

Also, discuss some inherent properties of some sets of k-gonal numbers.

3-GONAL NUMBERS (Triangular Numbers)

Handshake Puzzle problems, Full Mesh Network problems, and Number strip Puzzles are solv-
able with using of 3-gonal numbers. Now we can introduce a set of 3-gonal numbers as follows,
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replace k£ = 3 in Equation (1),

-

Case 1: Now introduces Additive Binary operation () on above set § P as follows:

(n+1), ifn>0

( 1, ifn<0 ={0,1,3,6,10,15,21,28,36,45,55,66,--- , etc.}
n—1), ifn

ISIERNTS

TP +%P+mn, if m,n are same sign

3 3= n . L
WP+ 3P —mn, if m,n are opposite sign

Proof. Case 1.1: Let m, and n both are the same sign. Without loss of generality, let m > 0,n >
0. Consider

PP+EP4mn=Z(m+ 1)+ 2

3 (n+1)+mn

I ) 1) =
Let m, and n both are the same sign. Without loss of generality, let m < 0,n < 0. Consider
PP+YP+mn= %(m— 1)—|—g(n— 1) +mn
= R (o n) — 1) = PP,

Hence, I conclude that, if m and n are the same sign, the binary operation &, on a set of 3-gonal
numbers are defined as yP & J'P = "P + §'P 4+ mn = """ P.
Case 1.2: Let m, n be the opposite sign. Without loss of generality, let m > 0,n < 0. Consider

gnP—i—gLP—mn:%(m—i—l)—ﬁ—g(nfl)fmn
- ?((m—n)—i—l) =mnp,

Hence, I conclude that, if m, n is an opposite sign, additive binary operation €, on a set of
3-gonal numbers are defined as

gLP @ gﬂP — ’H’LP _"_ gLP _"_ mn g gnfnP.

Case 1.3: Now introduces another Additive Binary Operation on % P, whenever m,n has an
opposite sign, which is defined as follows:

npomp— T"P+7%P+ (m+ 1)n, if m,n are opposite sign,m +n >0
3 T TP+ 7P+ m(n—1), ifm,n areopposite sign,m +n <0
If m, n are opposite sign, m +n > 0. Let m > 0,n < 0, consider
g”PJr?PJr(erl)n:%(m+1)+§(n—l)+(m+l)n
+
:m2 Y(m+n)+1)=mnp

Hence, I conclude that, if m and n are an opposite sign, with m +n > 0, binary operation &, on
a set of 3-gonal numbers is defined as

YPOYP=7P+5P+(m+1)n=yp,
if m, n are opposite sign, m +n < 0.

Let m > 0,n < 0, consider

m

2(m+1)+f(n—l)+m(n—1)

2
m-4+n ~ Tn
=— (m+n)—1)=P"p.

PP+ PP 4 m(n—1) =
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Hence, I conclude that, if m and n are an opposite sign, with m + n < 0, binary operation &, on
a set of 3-gonal numbers is defined as

"P@TP="TP+ TP +m(n—1)="r"P,
O

Case 2: Now introduces multiplicative binary operations (®) on the above set 3-gonal numbers
as follows.

YPYP+ 5 (m—1)(n—1), ifm>0,n>0
ipomp = YPYP+ ZR(m—1)(n+1), ifm>0,n<0
YPYP4+ "2 (m+1)(n—1), ifm<0,n>0
YPYP+ ZR(m+1)(n+1), ifm<0,n<0
Proof. Case 2.1: Let m > 0,n > 0. Consider
np.mp Mo = (™ n mn _
PP TP+ (= 1)(n - 1) (2(m+1))(2(n+1))+ = 1)(n—1)
= ZElm 4 D+ 1)+ (m—1)(n - 1)]
mn

Hence, I conclude that, if m > 0 and n > 0, another binary operation (®), on a set of 3-gonal
numbers is defined as

{POYP =Y PP+ o (m—1)(n—1)=§"P,

Case 2.2: Let m > 0,n < 0. Consider

np.mp 4 %(mf Dn+1)= (%(m-i— 1)) (%(nf 1)) + %(m, 1)(n+1)
= Trlm+ D(n=1) + (m—1)(n +1)]
:%(mn—l)gg’*"R

Hence, I conclude that, if m > 0 and n < 0, binary operation (®), on a set of 3-gonal numbers
is defined as

{POYP =5 PP+ (m—1)(n+1) =P

Case 2.3: Let m < 0,n > 0. Consider

P3P+ T (- 1) = (= 1) (34 1) + 2 m 1) 1)
_ %[(m_ D(n+1)+ (m+1)(n—1)]

=—(mn—-1)2y"P.

Hence, I conclude that, if m < 0 and n > 0, Multiplicative binary operation (©®), on a set of
3-gonal numbers is defined as

?P@?‘P:’”P”;P—i—%(m—l-l)(n—1)%’3””P.
Case 2.4: Let m < 0,n < 0. Consider
np.m mn — (" — e mn
PP+ S )+ 1) = (Fm-1) (50 -1)+ T2 m+ D+ 1)
= ol =D =D+ (m+ Dn+1)]
mn
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Hence, I conclude that, if m < 0 and n < 0, Multiplicative binary operation (®), on a set of
3-gonal numbers is defined as

TPOTP=7PP+ o

im0+ 1) = 5P

Case 3: Now we can go to introduce Algebraic Structure on the set of § P.

From case 1 and case 2, the Binary operation of Addition and Multlphcatlon is well defined on
a set of 3-gonal numbers. Hence Closure Axiom exists on §' P.

Also, concerning Additive Binary Operation @, the Associative Axiom is well-defined

GPOYP)®SP =P (P ®SP)

on the following subcases.
Case 3.1: If all are the same sign. Suppose, if m > 0,n > 0,7 > 0 then

nP@mP D P m+nP@lP m+n+lp
3 3

Also,
"Po(PPaiP)=tPo PP =1""p
Hence (JP O 'P)@LP=2P o (FPOLP).
Case 3.2: If one of them is a negative integer. Suppose, if m > 0,n > 0,1 < 0 then

(P@glp)®3p_m+np@3p 77L+'IL lP

Also,
mmelp s ifm—1>0

"Po(PPelP)=tPo P = :
P ®sP) 3 {g mHp ifm—1<0

Hence, (3P @ 7'P) @ LP =1P & (P ®LP).
Case 3.2: If two of them is a negative integer. Suppose, if m < 0,n < 0,1 > 0 then
l—n—m :
P, ifl—-n—-—m2>0
FPOTP)@LP=1""PeiP = ’ -0
G ) @3 : {;"mlp, ifl—n—m<0
Also,
P ifl-m >0

"Po(PP)olP=Pal™P= .
GP) @s 3 {’;H mp, ifl—m <0

Hence,
GP@&yP)@3P =3P (P &5P).

Also, the existence of an Additive Identity element on a set of 3-gonal numbers is P = 0 € §
With P @ P =3P @ 3P = § P. Hence we conclude that (§ P®) is a Monoid.
Since under this binary operation ‘@’, a set of 3-gonal numbers 5 P satisfies the Closure Axiom,
Associative Axiom, and Existence of Identity Axiom.
Case 4: Similarly, concerning Binary operation ‘®’, the set of 3-gonal numbers 3 P satisfies the
Associative Axiom,

GPOTP)OLP=1PO (J'POLP).

Hence
GBPOTP)OLP =3P (F'PoLP) =P,

Also, the existence of a Multiplicative Identity element on a set of 3-gonal numbers is }P = 1 €
7I,P

3 .

With §P ® 1P = 1P ® %P = § P. Hence we conclude that (} P, ®) is a Monoid.

Since under this Multiplicative binary operation ‘®’, Set of 3-gonal numbers 5 P satisfies the
Closure Axiom, Associative Axiom, and Existence of Identity Axiom.
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2.1 Properties of 3-gonal numbers

. n o io. [(N+2
Property 1: Sum of First n(n > 0) 3-gonal numbers )" | }P is = 5 P.
Proof. Consider

n n n n

; +1 1 . .
E 3P = I = ( i* + z)
i=1 i=1 i=1 i=1

E L +n(n2+1))_n(n4+1)((2n3+1)+1)
_ n(n4+1) ((2n3+1) +1) _ n(n—0—11)§2n+4) _ (n—3¢—2>?

Property 2: Residues of a set of 5 P, mod m (for each positive integer m), repeats every m step
if m is odd, and every 2m step if m is even.

Proof. By replacing each positive integer m, we can easily verify the residues of a set of § P,
mod m repeats every m step if m is odd, and every 2m step if m is even. O
Property 3: (3P)* + (n—lp)z YR ifn>0
roperty 3: =
perty 5: (3 3 gn—l)ZP, ifn<0

Proof. If n > 0, consider
nn2 (1) 2 n(n—+1)\° nin—10\> n?(2n*+2 n2
Gpp e (pip) = (MDY (DY) ey

If n < 0, consider

(gp)2+(g—1p)2 (71(712_1)>2+<(n—2)2(n—1))2 (n—12(n*+ (n—2)?)

~(n— 1)2(2n% + 4 — 4n) B ("_])ZP
= 1 = :

It is also one of the additive binary operations @, between successive 3-gonal numbers.

n n—I1 n 2 n—1 2
;P& P=(3P) +<3 P) :

O
Property 4: The sum of Reciprocal’s of 3-gonal numbers (for n > 0) is 2.
Proof. Consider
=T =2) 7 =2 - - -2
;?P ;”(”+1) ;n(n+1) ;[n 1+n}
O

Property S: If n, m, and [ are three positive integers then 5 P = Im if and only if
n+m+l n+m n+l
prmilp = ntmp 4 ntlp,

Property 6: Let n > 0, define a mapping f : ¥ P — P with f(z) = 92 + 1,g9(z) = 25z +
3, f(z) = 492 + 6 all are 3-gonal numbers.
It follows that recursive function, forn > 0, f : (2*,5P) — P, is

_n?Bz+1)+nBz+1)+2z

fn,z) = 2n+ 122+ 2(n+1) 5

2
forall z € 3 P.
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9n2—|—9n—|—2_ 3In+1
2 2

Proof. f(z) =9z +1=9(Z(n+1))+1=
Similarly,

(3 +72) 3n+l})

250> +25n+6  Sn+2

— 5'IL+2P
3 3 (5n+3) =

g(e) =250+3=25(S(n+1)) +3 =
2
Similarly,

490> +49n + 12 Tn+3

7n+3
5 = 5= (n+4)=1""P.

h(:v):49x+6:49<g(n+1))+6:

Now, I can extend to generate composite functions using of above functions.
Let

P(z) = fog(z) = f(9(x)) =9 (3"*P) +1
:9(5n+2(5n+3)> +1 :9(257”‘2+25”+6) 4| - 2250 + 225 + 56

2 2

= 20 (150 4 8) = 97
Similarly, f o h(z),g o h(z), f o p(x),..., etc. All are becoming 3-gonal numbers. i

Also, f(z) = 9z + 1, f(z) = 25z + 3, f(z) = 492 + 6 are maps 3" "' P, J" 2P, " p
respectively.
It follows that the next sequence of 3-goal number g”HP maps 812410, ;I"“P maps 1212415,
1310 P maps 169z + 21, ... ., etc
Now I can go to introduce that recursive function, forn > 0, f : (27,5 P) — } P, is

n?(8z + 1) +n(8x + 1) + 2z
2

fn,z) = Q2n+ 1)z + =

2(n+1): forall z € 3 P.

Also, it is easy to verify that for fixed values of x. In particular,

Whenz =1 (21P), f(n,1) =3""'P;

When z =3 (23P), f(n,3) = 5"+2P

Whenz =6 (2 3P), f(n,6) = 7"+3P

if follows thatat z = 10 (2 4P) , f(n,10) =3""P;

Hence, for generalisation for some z = ¥ P, f(n,5P) = g(ZkH)”M)P and

fn2) = @n+ 1%+ Z(n+1).

Also, from above property 5, it is possible to generate at least k number of countable subsets
g(2k+1)"+k)P on Set of § P.

4-GONAL NUMBERS (SQUARE NUMBERS)

Now I can go to introduce square numbers, by replace k¥ = 4, in Equation 1, for all integers as
follows P = n* = {0,1,4,9,16,25,36,49, 64,81,100, .. ., etc.}.
Case 1: Now introduces two types of additive binary operations on Set of ' P as follows:

pamp = 1P +17P+2mn
"P+TP—2mn|’

Consider } P + P + 2mn = m? +n* + 2mn = (n+m)* =} P +m.

Again consider P + J'P — 2mn = m? + n* — 2mn = (n —m)? =}~ " P.

Hence, conclude that the above additive binary operation is well-defined on the set of ;' P.
Case 2: Similarly, introduces multiplicative binary operation on Set of ;' P as follows:

tPoOP=}P-J'P
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Consider } P - 'P = m? - n? = (mn)? = 7" P.

Hence, conclude that the above Multiplicative binary operation is well-defined on the set of } P.
Property 1: Under these binary operations set of 4-gonal numbers can satisfy the Associative
Axiom.

GPeyP)oLP=1Pa('PaLP),
GPOJP)O{P =3P 0O (P O4P)

Concerning the Additive binary operation, the existence of the identity element is P € } P.
Since jP @ P =P @ 3P =}P.

Concerning Multiplicative binary operation, the existence of the identity element is } P € } P.
Since }P® \P=PoyP="P.

Hence, we can conclude that a set of 4-gonal numbers, under these additive and multiplicative
binary operations can form a Monoid.

Hence, (} P, @), (} P, ®) are Monoid.

Property 2: Let p be an odd prime. Then p can be expressed as the sum of two squares if and
only if p 2 1(mod 4).

Proof. 1t is easily with using of induction method.

Suppose, choose any two squares, Let 4, 9 be squares, and their sum is 13, which obviously
satisfies p = 1(mod 4). Conversely, also if p = 1(mod 4) then p can be expressed as the sum of
two squares. O

Property 3: If §* P is a 3-gonal number then 8(5"P) + 1 is a 4-gonal number.

Also, §" P is a perfect square then 4(§*P)(8(%*P) + 1) is a 3-gonal number.

There are some sets of 3-gonal numbers as well as 4-gonal numbers. The following sequence is
a set of 3-gonal as well as 4-gonal numbers.

{1,36,1225,41616, 1413721,48024900, 1631432881, 55420693056, . . . , etc.}.

Proof. If ' P is a Triangular number, consider
8(3'P)+1=38 (%(m + 1)) +1=02m+1)2=2""p

which is a 4-gonal number.
Hence f : §P — ;P with f(z) = 8z + 1 is well-defined.
If I* P is a perfect square then

BEPNBE L) +1) _serr

AT P)SEP) +1) = . =

which is a 3-gonal number. O
Property 4: The Sum of two consecutive 3-gonal numbers is always 4-gonal number.

Proof. If m > 0, consider

1
g"P—i-g"HP:%(m—l—l)—i—%((m—i—l)—}—l)
1
:%(m—k(m—l—l)—i—l)=(m+l)2:T+1P.

If m < —1 and m + 1 < 0, then consider

m+1

PP AP =2 m—1) + ((m+1)—1)

m

= z(m—l—i—(m—i-l)):(m)z:TP.

Ifm=—lorm+1=0,thenconsider PP+ 5P =7'"P+IP=1+0=1=(£1)2 O
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5-GONAL NUMBERS (Pentagonal numbers)

Now I can go to introduce 5-gonal numbers by replacing k = 5, in Equation (1)

-

Case 1: Now I can go to introducing binary operation on a set of 5-gonal numbers as follows:

Bn-1), ifn>0

Gnil) if o = 10,1,5,12,22,35,51,70,92, 117,145, .. etc }
n , 1fn

[SISANTS

5 5 =

npamp 2P+ 7P +3mn, if m,n both are same sign
§P+ 7P —3mn, if m,n are opposite sign

Case 1.1: Let m, and n both are the same sign. Choose m > 0,n > 0. Consider
"P TP 4 3mn = g(Bn 1)+ %(3771 — 1)+ 3mn

m-+n mtn
= 2B A n) 1) =P,

Case 1.2: Let m, and n both be the same sign. Choose m < 0,n < 0. Consider

n
2

m-+n m-n
=— (B3(m+n)+1)=0""P.

EP+ TP+ 3mn = 2(3n+ 1)+ 2 (3m + 1) + 3mn

Hence from Case 1.1 and Case 1.2, I conclude that if m, and n both are the same sign, then the
additive binary operation on Set of 5-gonal numbers is

PP P=CP+7P+3mn.
Case 1.3: Let m, and n are opposite signs. Choose m < 0,n > 0. Consider

PP+T"P —3mn = (3n—0—1)+%(3m—1)—3mn

3 IS

-n m—n
=— B(m—n)+1)=7""P.
Hence I conclude that if m, and n both are opposite signs, then the binary operation on a set of
5-gonal numbers is § P © {*P = ¢ P + §'P — 3mn.
Case 2: Now introducing binary operation on a set of 5-gonal numbers as follows:

pp.rp -3 (m—1)(n—1), ifm>0,n>0
gp.gnp_WTnm_l)(n+1), ifm>0,n<0
J(n—1), ifm<0,n>0
)(n+1)

(
YP-pp -
pp.mp - dmn( n+1), ifm<0n<0

gLP @ g’LP —

Case 2.1: if m > 0,n > 0. Consider

np.mp 3inT"(m— Dn—1)= (%(371— 1)) (%(3771— 1)) - 3TfLT”(m— D(n—1)

Case 2.2: if m > 0,n < 0. Consider

pp.mp 3TfLT"(m— Dn+1) = (g(3n+ 1)) (%(3m— 1)) S D+ 1)
=

Bn+1)B3m—1)—=3(m—1)(n+ 1)]

(3”2%1(371771 + l)) =rp
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Case 2.3: if m < 0,n > 0. Consider

P3P - 1) = (260 - 1) (2Em+ 1) = 2 1) (- 1)
PGB —1)Bm+1) = 3(m+ 1)(n—1)]

<3T;m(3nm + 1)) —mnp

Case 2.4: if m < 0,n < 0. Consider

(m+1D(n+1)= (%(3n+ 1)) (%(3m+ 1)) - 37%"(m+ D(n+1)

mn

4

3mn

np.mp _
5 5 4

[(Bn+1)(3m+1) = 3(m + 1)(n + 1)]

Hence, conclude that the above Multiplicative binary operation is well-defined on the set of §P.
Case 3: Now I can go to introduce Algebraic Structure on the set of 5-gonal numbers.

From case 1 and case 2, the Binary operations are well defined on a set of 5-gonal numbers.
Hence Closure Axiom exists on £ P.

Also, concerning Additive Binary Operation ¢, the Associative Axiom is well-defined

(GPeyP)esP =3P (PP a5P)

Also, the existence of an Additive Identity element on a set of 5-gonal numbers is P =0 € 2 P.
With 2P & 2P =P & P = 2 P. Hence we conclude that (! P, &) is a Monoid.

Since under this additive binary operation ‘@’, a set of 5-gonal numbers £ P satisfies the Closure
Axiom, Associative Axiom, and Existence of Identity Axiom.

Similarly, concerning Multiplicative Binary operation ‘®’, the set of 5-gonal numbers I P satis-
fies the Associative Axiom, (YP © I'P) o P =2P o (PO LP).

Suppose choose n = 1,m = 2,1 = —1. Consider
3
(PolP)os'P= <?P~g”PZm(m1)(n1))®5_1P:(1-50)®5_1P
3
=50;'P=tPo;'P= (?P~§“P—T(m+1)(n—l)) =5.1+0=5.

Again consider
iPoOGPo'P)=iPeIP=1-5+0=5.

Hence (2P © T'P)®LP = "P ® (I'"P ® LP). Also, the existence of a Multiplicative Identity
element on a set of 5-gonal numbers is }P =1 € 7 P.

With 2P ® 1P = 1P ® 2P = 2 P. Hence we conclude that (2 P, ®) is a Monoid.

Since under this Multiplicative binary operation‘®’, Set of 5-gonal numbers £ P satisfies the
Closure Axiom, Associative Axiom, and Existence of Identity Axiom.

Property 1: Sum of first n(n > 0) pentagonal numbers 2 P = n(} P).

The average value (Expected value) of 5-gonal numbers (for n > 0) is always a 3-gonal number.

6-GONAL NUMBERS (Hexagonal numbers)

Now I can go to introduce 6-gonal numbers by replacing k£ = 6 in Equation (1)

_ ifn >
np= {”(2” D, ifn=0 ) 6 15.28,45.66,91,120, 153, 190, . .. etc.}

n(2n+1), ifn<0
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Case 1: Now I can go to introduce additive binary operation on a set of 6-gonal numbers as
follows:
¢P+¢P+4mn, if m,n both are same sign

PO =19,, m : o
§P + 5P —4mn, if m,n are opposite sign
Case 1.1: if m, and n both have the same sign. Let m > 0,n > 0. Consider
¢P+¢P+4mn=n2n—1)+m2m—1)+4mn
=(m+n)2(m+n)—1)=¢""P.
Case 1.2: if m, and n both are the same sign. Let m < 0,n < 0. Consider
¢P+¢P+4mn=n2n+1)+m2m+1)+4mn
=(m+n)2(m+n)+1)=g"P.
Case 1.3: if m, and n both are opposite signs. Let m > 0,n < 0. Consider
eP+¢P—4mn=n2n—1)4+m2m+1) — 4mn
=(m-n)2(m—n)+1)=¢""P.

Hence, conclude that the above additive binary operation is well-defined on the set of ¢ P.
Case 2: Now we can introduce Multiplicative binary operation on a set of 6-gonal numbers as
follows:

eP-2P —-2mn(m—1)(n—1), ifm>0,n>0
n n eP-2P—2mn(m—1)(n+1), ifm>0,n<0
6P®6P: . .
eP-2P —2mn(m+1)(n—1), ifm<0,n>0
eP-¢P —2mn(m+1)(n+1), ifm<0,n<0

Case 2.1: if m > 0,n > 0. Consider
¢P-¢P-2mn(m—1)(n—1)=(n2n—-1))(m2m —1)) —2mn(m — 1)(n — 1)
=nm[2n—1)2m—1) —2(m —1)(n — 1)]
=nm[dnm —2n —2m + 1 —2mn + 2m + 2n — 2]
nm|[(2nm — 1)] = ¢™P

Case 2.2: if m > 0,n < 0. Consider
eP-2P -2mn(m—1)(n+1)=n2n+1))(m2m —1)) = 2mn(m — 1)(n+ 1)
=nm[2n+1)2m —1)=2(m —1)(n+ 1)]
=nm[dnm —2n+2m — 1 — 2mn — 2m + 2n + 2]
=nm[2nm —1)] =¢™P
Case 2.3: if m > 0,n < 0. Consider
eP-¢P-2mn(m—1)(n+1)=n2n—-1)(m2m+1)) —2mn(m—1)(n+1)
nm[2n+1)2m —1) = 2(m — 1)(n+ 1)]
=nm[dnm — 2n+2m — 1 — 2mn — 2m + 2n + 2]
nm[(2nm — 1)] = ¢ P

Case 2.4: if m < 0,n < 0. Consider
eP-¢P —=2mn(m+1)(n+1)=(n2n+1))(m2m+1)) = 2mn(m+ 1)(n+ 1)
=nm[2n+1)2m+1) =2(m+ 1)(n + 1))
=nm[dnm+2n+2m+ 1 —2mn — 2m — 2n — 2]
=nm[(2nm — 1)] = ¢™P.
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Hence, conclude that the above Multiplicative binary operation is well-defined on the set of ¢ P.
Case 3: Now I can introduce Algebraic Structure on the set of 6-gonal numbers.

From case 1 and case 2, Binary operations are well defined on a set of hexagonal numbers.
Hence Closure Axiom exists on ¢ P.

Also, concerning Additive Binary Operation @, the Associative Axiom is well-defined

PParP)®LP=2P@® (PPoLP)

Also, the existence of an Additive Identity element on a set of 6-gonal numbers is gP =0c¢P.
With 2P & 9P =P & 2 P = ? P. Hence we conclude that (? P, , @) is a Monoid.

Since under this additive binary operation ‘®’, a set of 6-gonal numbers ¢ P satisfies the Closure
Axiom, Associative Axiom, and Existence of Identity Axiom.

Similarly, concerning Multiplicative Binary operation ‘®’, the set of 6-gonal numbers ¢ P satis-
fies the Associative Axiom, (7P ® #P) © P =¢2P ® (2P ©LP).

Also, the existence of a Multiplicative Identity element on a set of 6-gonal numbersis (P =1 €
P,

%Vith "P®iP=LPopP ="7P. Hence we conclude that (2 P,,®) is a Monoid.

Since under this Multiplicative binary operation‘®’, Set of 6-gonal numbers ¢ P satisfies the
Closure Axiom, Associative Axiom, and Existence of Identity Axiom.

n(n+1)4n —1)

Property 1: Sum of the first n(n > 0) hexagonal numbers is 6

7-GONAL NUMBERS (Heptagonal numbers)

Now I can go to introduce 7-gonal numbers, by replace & = 7 in Equation 1

ir-{

Case 1: Now I can introduce binary operation on a set of 7-goal numbers as follows:

(5n—3), ifn>0

Gna3), if = 10.1,7,18,34,55,81,112, 148,199,235, .. etc.}.
n , 1fn

SIS

npgmp— 7P+ 7'P +5mn, if m,n both are the same sign
! ! P +MP —5mn, if m,n are an opposite sign

Case 1.1: if m, and n both are the same sign, let m > 0,n > 0. Consider

TPP+1TP+5mn = g(Sn— 3)+ %(Sm— 3) + 5mn

S ) = 3) = P,

Case 1.2: if m, and n both are the same sign, let m < 0,n < 0. Consider

;p+;np+5mn:g(5n+3)+%(5m+3)+5mn
m-+n

= T (S(m ) +3) = 5P,

Case 1.3: if m and n are an opposite sign, let m > 0,n < 0. Consider

PP+T"P—5mn = (5n—3)+%(5m+3)—5mn

03

m—n N
= (5(m+n)—=3)=7""P

Case 1.4: Another additive binary operation on a set of 7-gonal numbers is as follows:

TPeTP=3P+7P—-5mn+3n,ifm>0,n>0
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Consider
n m n m
PP4+T"P—5mn+3n= 5(5n—3)+?(5m—3) —5mn+ 3n

~ 50 =3n+5m* —=3m—10mn+6n _ 5(m—n)>—3(m—n)

2 2
m—n

= (5(m—n)=3)=0""P

Hence, conclude that the above additive binary operation is well-defined on the set of 7 P.
Case 2: Now I can introduce another binary operation on a set of 7-gonal numbers as follows:

YP-7P— 20 (m —1)(n—1), ifm>0,n>0
npomp = np.m . T (m —1)(n+1), ¥fm_0,n<0
np.m m"(m—i—l)(n—l), ifm<0,n>0
np.mp—Bmnm 4 )(n+1), ifm<0,n<0.
Case 2.1: if m > 0,n > 0. Consider
15mn
7P-T'P — (m—1)(n—-1)
15mn

= (56n-3)) (Z5m-3)) - (m—1)(n—1)
= %[(sn —3)(5m —3) = 15(m — 1)(n — 1]
- (%(ZSmn 150 — 15m+9 — 15mn + 15m + 15n — 15))

= T(lOmn76) =3 —(5mn—-3)=1"P

Case 2.2: if m > 0,n < 0. Consider

15mn

2 m = 1)(n+ 1)

7P 7P~

15mn

5n+3)( (5m—3))— T m=1)(n+1)

[(5n+3)(5m —3) —15(m — 1)(n+ 1)]

mﬁ
4
m
= (T(ZSmn — 150+ 15m — 9 — 15mn — 15m + 150+ 15))

T (Smn +3) = mnp

1 =
( Omn + 6) 3

_ T
Case 2.3: if m < 0,n > 0. Consider

15mn
4

= (2sn-3) (Z(5m+3) - 2 (1) - 1)
= %[(Sn —3)(5m+3) — 15(m + 1)(n — 1)]
- (%(ZSmn + 150 — 15m — 9 — 1Smn + 15m — 150+ 15))

FPFP -

(m+1)(n—-1)

- %(10mn+6) - %(5mn+3) —mnp
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Case 2.4: if m < 0,n < 0. Consider

15mn

7P-TP— (m+1)(n+1)

= (S(5n-3)) (35m-3)) - 15:m<m +1)(n+1)

= %[(m— 3)(5m —3) = 15(m + 1)(n + 1)]

(- (25mn — 150 — 15m 49 — 15mn + 15m + 157 — 15))

= %(IOmn -6) = n;n (5mn —3)=7"P.

Hence, conclude that the above Multiplicative binary operation is well-defined on the set of 7 P.
Case 3: Now we can go to introduce Algebraic Structure on the set of 7-gonal numbers.

Hence, from the above cases, the Binary operations are well-defined on a set of 7-gonal numbers.
Hence Closure Axiom exists on 7 P.

Also, concerning Additive Binary Operation ¢, the Associative Axiom is well-defined

FPoTP)elP="Po("PalP)

Also, the existence of an Additive Identity element on a set of 7-gonal numbers is YP = 0 € 7 P.
With 7P & 9P = 9P & 7P = 7 P. Hence we conclude that (7 P, @) is a Monoid.

Since under this additive binary operation‘®’, a set of 7-gonal numbers 7 P satisfies the Closure
Axiom, Associative Axiom, and Existence of Identity Axiom.

Similarly, concerning Multiplicative Binary operation ‘®’, the set of 7-gonal numbers 7 P satis-
fies the Associative Axiom,

FPOMP)OLP="Po ("POLP).

Also, the existence of a Multiplicative Identity element on a set of 7-gonal numbers is } P =1 €
P

With 7P ® 3P =1P ® 7P = 7 P. Hence we conclude that (7 P, ®) is a Monoid.

Since under this Multiplicative binary operation‘®’, Set of 7-gonal numbers 7 P satisfies the
Closure Axiom, Associative Axiom, and Existence of Identity Axiom.

Property 1: Relation between 7-gonal numbers and 4-gonal numbers.

For each 7-gonal number, there is a 4-gonal number in the form of 40(% P) + 9.

Property 2: The sum of Reciprocals of positive 7-gonal numbers is 1.32.

Proof. Consider

Z::@:; 5z— - E 57—3 32{571— _n}_132

8-GONAL NUMBERS (Octagonal numbers)

Now we can introduce 8-gonal numbers, by replace & = 8 in Equation (1)

~2), ifn>
np = n(3n —2), ?"—0:{0,1,8,21,40,65,96,...,etc.}.
n(3n+2), ifn<0

Case 1: Now introduces additive binary operation on a set of 8-gonal numbers as follows;

npemp = gP+§"P+6mn, if m,n both are same sign
P+ mP —6mn if m,n are opposite sign
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Case 1.1: if m, and n both are the same sign, let m > 0,n > 0. Consider

§P+§P+6mn=n(3n—-2)4+mBm-—2)+6mn
=(m+n)3(n+m)-2)=¢"P.

Case 1.2: if m, and n both are the same sign, let m < 0,n < 0. Consider

PP+ P4 6mn =n(3n+2) + m@Bm+2) + 6mn
=(m+n)3(n+m)+2)=¢"P.

Case 1.3: if m and n are opposite signs, let m > 0,n < 0. Consider

gP+gP—6mn=nBn+2)+m@Bm-2)—6mn
=(m-n)3(m—n)—2)=¢"P.

Hence, conclude that the above additive binary operation is well-defined on the set of g P.

Case 2: Now introduces multiplicative binary operation on a set of 8-gonal numbers as follows:

gP-gP—6mn(m—1)(n—1), ifm>0,n>0
P -7'P —6mn( H(n—-1), fm>0,n<0
np.mp—6mn(m—1)(n—1), ifm<0n>0"
gP-7P—6mn(m—1)(n—1), ifm<0,n<0
Case 2.1: if m > 0,n > 0. Consider

gP-gP—6mn(m—1)(n—1)=(nBn—-2))(mBm—2)) —6mn(m—1)(n—1)
=nm((3n —2)(3m —2)) —6(m —1)(n—1)
= nm(9mn — 6n — 6m + 4 — 6mn + 6m + 6n — 6)
=nm(3nm —2) =¢™P
Case 2.2: if m > 0,n < 0. Consider
gP-gP—6mn(m—1)(n+1)=(n(3n+2))(mBm-2)) —6mn(m—1)(n+1)
=nm((3n+2)3m —2)) —6(m—1)(n+1)
nm(9mn — 6n + 6m — 4 — 6mn — 6m + 6n + 6)
=nm(3nm+2)=§"P

Case 2.3: if m < 0,n > 0. Consider
gP-PP—6mn(m+1)(n—1)=(n(3n—2))(mBm+2)) —6mn(m+1)(n—1)
=nm((3n —2)3m+2)) —6(m+ 1)(n—1)
nm(9mn 4+ 6n — 6m — 4 — 6mn + 6m — 6n + 6)
=nm(3nm+2)=§"P

Case 2.4: ift m < 0,n < 0. Consider
gP-gP—6mn(m+1)(n+1)=(nBnrn+2)(mBm+2)) —6mn(m+1)(n+1)
=nm((Bn+2)3m+2)) —6(m+1)(n+1)
= nm(9mn + 6n + 6m + 4 — 6mn — 6m — 6n — 6)

=nm(3nm —2) = g™P.

Hence, conclude that the above Multiplicative binary operation is well-defined on the set of § P.

Case 3: Now I can introduce Algebraic Structure on the set of 8-gonal numbers.
From case 1 and case 2, the Binary operations are well defined on a set of 8-gonal numbers.
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Hence Closure Axiom exists on g P.
Also, concerning Additive Binary Operation &, the Associative Axiom is well-defined

FPoTP)alP=0Pa (FPaLP)

Also, the existence of the Additive Identity element on a set of 8-gonal numbers is gP =0€egP.
With §P & 9P =3P & § P = 3 P. Hence we conclude that (} P, @) is a Monoid.

Since under this additive binary operation ‘@’, a set of 8-gonal numbers g P satisfies the Closure
Axiom, Associative Axiom, and Existence of Identity Axiom.

Similarly, concerning the Multiplicative Binary operation ‘©’, a set of 8-gonal numbers g P
satisfies Associative Axiom,

FPOPP)OLP=PO (F'POLP).

Also, the existence of a Multiplicative Identity element on a set of 8-gonal numbers is P = 1 €
eP

g P.

With §P ® {P = P ® §P = §P. Hence we conclude that (§ P, ®) is a Monoid.

Since under this Multiplicative binary operation ‘®’, Set of 8-gonal numbers g P satisfies the
Closure Axiom, Associative Axiom, and Existence of Identity Axiom.

3 Conclusion

This paper focused on studying the Algebraic structure of k-gonal numbers as a Monoid, con-
cerning the following Binary operations. In particular, concerning Addition, I conclude that

WP+ P+ (k—2)mn, if m,n both are the same sign

ROk {QP +" P — (k—2)mn, if m,n are an opposite sign

And concerning multiplication,

ppom p— BAEDmn 4y 1), ifm > 0,n>0
wp oy P = ppom p kDm0, (4 1), ifm>0,n<0
ppom p— BAEZDmn (4 1y~ 1), ifm < 0,n>0
ZP-Z"P—<k74)(ﬁ72)mn(m+l)(n+l), ifm<0,n<0
References

[1] https://mathworld.wolfrom.com/pythagorean triples

[2] Overmars, A., Ntogramatzidis, L., & Venkatraman S. (2019). A new approach to generate all Pythagorean
triples by Anthony Overmars, AIMS Mathematics, 4(2):242-253.

[3] Apostol T. M. “Introduction to Analytic Number Theory”, Springer Science & Business Media (1998).

[4] Dickson, L. E., Dickson, L. E., Cresse, G. H., Dickson, L. E., Mathématicien, E. U., & Dickson, L. E.
(1920). History of the theory of numbers: Diophantine analysis. Washington, DC: Carnegie Institution of
Washington.

[5] Hattangadi, A. A. (2002). Explorations in Mathematics. Universities Press.

[6] Hazra, A. K. (2007). Matrix: Algebra, Calculus and Generalized Inverse (Part II) (Vol. 2). Cambridge
International Science Publishing.

[7] Singh, B. (2002) Advanced Abstract Algebra, Anu Books.
[8] Burton, D. (2010). Ebook: Elementary number theory. McGraw Hill.

[9] Sridevi, K., & Srinivas, T. (2023). Existence of Inner Addition and Inner Multiplication on Set of Trian-
gular Numbers and Some Inherent Properties of Triangular Numbers. Materials Today: Proceedings, 80,
1822-1825.

[10] Sridevi, K., & Srinivas, T. (2020). A new approach to define two types of binary operations on set of
Pythagorean triples to form as at most commutative cyclic semi group. Journal of Critical Reviews, 7(19),
9871-9878.


https://mathworld.wolfrom.com/pythagorean triples

A STUDY OF k-GONAL NUMBERS 17

Author information

Dr. T. Srinivas, Department of FME, Audi Sankara College of Engineering & Technology, Gudur, Andhra
Pradesh, India.
E-mail: drtsrinivas80@gmail.com



	1 Introduction
	2 Main Work
	2.1 Properties of 3-gonal numbers

	3 Conclusion

