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Abstract This work examines the soliton solution for the space-time fractional coupled
Korteweg-de-Vries equation using the residual approximation power series method, which is
an extension of Taylor’s series methodology. The structure of a rapidly converging series is used
to study the solution of the governing equation. A few graphical representations that demon-
strate the correctness and quick convergence of the answer are used to explain the method’s
consistency.

1 Introduction

The prevalent progress in the fields of fractional differential equations and fractional calcu-
lus has been assumed in the recent past. Electromagnetic waves, ion-acoustic waves, bio-
informatics, nanotechnology, viscoelasticity, chemical engineering, mechanical engineering, electrode-
electrolyte polarisation, heat conduction, diffusion equations, and nearly every other area of sci-
ence and technology are among the prominent examples of numerous projects that are shaped by
fractional order differential equations[1, 2]. Because of its wide range of applications in many
different fields, approximate and exact solutions of differential equations involving fractional or-
der derivatives have received a lot of attention.The solutions and their dependability are more
significant factors than the modelling aspects of these kinds of differential equations. Critic facts
that generate emergent divergence, bifurcation, and convergence of the solution from that model
are crucial. Many methods have been developed to find the solution of the differential equations
with fractional order derivatives in order to achieve the goal of high accuracy and reliabil-
ity of solutions. Numerous unconventional techniques, such as the Lie group analysis method
[3, 4, 5], homotopy perturbation techniques (HPM)[6], Extended tanh-function method [7], Ja-
cobi elliptic function method [8], Exp-function method [9], Sine-cosine method [11], Fractional
sub-equation method[12], Residual power series method [13, 14, 15] and other iterative tech-
niques, can be used to find analytical or numerical solutions of fractional differential equations.
A technique for determining the approximate series solution of a particular physical event is the
residual power series approach [13, 14, 15, 16, 17, 10]. In this paper, we study the mathematical
model of waves on shallow water surfaces the space-time fractional coupled korteweg-de Vries
equation (KdV) [5].

The following is how the paper is organized: The Riemann-Liouville derivative and fractional
order power series are the subjects of significant elementary results in section (2). Section
(3) completes the Residual power series method, which is designed to solve the Space- time
fractional coupled Korteweg-de-Vries (KdV) equation. The following section (4) includes a few
graphical penalties that show how stable and effective the method and solution are. The closing
observations are in the final section (5).
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2 Preliminary

The fundamental notation and definition of fractional study are presented in this section that will
be used for further study.

Definition 2.1. Fractional Power Series
For 0 <n —1 < a <n, m > my, the series expansion is defined as

o

Z b”(m — mo)na =by+ bl(m — m())a + bz(m — mo)za + .., 2.1
k=0

is said to be fractional power series at m = my including constant coefficients.

Definition 2.2. For 0 < n — 1 < a < n, m > my, the shape of power series defined as
Z fu(@)(m —mo)* = fo(x) + fi(z)(m —mo)® + fo(z)(m — me)** + ..., (2.2)

is known as fractional power series at m = my, where f,,(z), n = 0,1,2,--- are function of =

which is known to be coefficient of the series.
Remark 2.3. The power series at z = zy
o
Zamzfzo ), 0<n—1<a<n, zp<z<z+R. (2.3)
=0

If D™*}h(z) is continuous in (2o, 29 + R), form =0,1,2,---

D™ f(z0)
C(ma+1)’

, then a,,,’s can be calculated by
Ay, =

where D™ = D*D“ ... D* (m — times).

3 Residual power series method for Space- time fractional coupled
Korteweg-de-Vries (KdV) equation

Consider the system of space-time fractional coupled korteweg-de Vries equation (KdV) [5]
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a5 = it T g (3.1)

is a mathematical model of waves on shallow water surfaces, where u, v are velocity and height
respectively, and ay, ap, a3 ,by by are constants.

In this section, we will construct the residual power series (RPS) solution of [12, 13] . Let us
consider system (3.1) subject to the initial condition (at t=0)

u(z,0) = f(z),
v(z,0)=g(z). (3.2)

Let the solution of system (3.1) is written in the form of fractional power series expansion about
initial point t = 0 as written below

tme

me ) Fmp T

m=0
e I 0
- relt>
mzzogm I'(mp+1)’

(3.3)
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With initial condition (3.2) of the analytic approximate solution for the system (3.1) is in the form
of an infinite fractional power series given by RPSM.

In order to obtain the numerical values from above series, u,(x,t) and v, (z,t) denote the
nt" truncated series of u(x,t) and v(z,t) respectively. That is,

tme

up (2,t) = mX::Ofm (z) m7

tme

For m = 0 on applying initial condition, the 0" residual power series approximate solutions of
u(z,t) and v(z,t) are written in the following form:

uo(z, 1) = fo(z) = u(x,0) = f(x),

vo(z,t) = go(x) = v(x,0) = g(x). (3.5)
Now (3.4) becomes
— - e
un (2,t) = f(2) +n;fm( ) Elmp 1)
vn(x7t):g(;v)+ng(x) %, zel,t>0. (3.6)

In this way, the m*" residual power series approximate solution u,(x,t) and v,(z,t) can be
derived if fm(z) and g, (x) are known form =1,2,...,n.
Now let us define the residual function for system (3.1) as written below:

Resy(x,t) = 0] u — aluﬁfu — azvﬁfv - ay?zu,

Res,(z,t) = 0Jv — bjud’v — bdv. 3.7)
Also, the n'" residual function can be expressed as
Resy p(7,t) = 0)un — a1un,05uy, — 420,07 vy, — 4303,
Resyn(,t) = 0] v, — biundPv, — 0,0, n=1,2,3,... (3.8)
Following are fundamental results for residual function

Resy(z,t) =0, Res,(z,t) =0. (3.9

lim ResSym(z,t) = Res,(x,t),

m—so0
mli_r1>1Oo Resy m(z,t) = Resy(z,t). (3.10)
Di“Res,(z,0) = D;*Resym(z,0) =0,
D;*Res,(z,0) = D{*Resy m(z,0) =0, r=0,1,2,--- m.
3.11)

On Substituting the n*" truncated series (3.6) into (3.8) and by calculating the fractional
derivative D,E”_m of Resy n(x,t), forn =1,2,3,---  att = 0 together with (3.11), we obtain

the following algebraic system

D"V Resy n(2,0) = 0, 0<~y<1, n=123" . (3.12)
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The values of f,(x) and g, (x) is obtain using (3.12). The n'* RPS approximate solution is

derived in this way.
For n=1, the first RPS solution can be expressed in the following form:

(1) = @) + 1@ gy
n(et) = 9(0) + ) o

Following is the residual function for n = 1

Resy 1 (x,t) = 00uy — alulagul — ayv,0%v — aﬁiu,,

Res, 1 (x,t) = 0fvy — bjuid2v; — bydivy.
By putting (3.13) into (3.14) at t = 0, we obtain
Resyi(w,t) =0 (f(2) + fi(e) iy ) = ar (F(@) + fi (@) i)
X0} f(x)Jrfl(x)r(;iil)) —az( (z) + g1(2) (;:U)

x 9P (g(x) +91($)r(p+1 ) 303 (f(m) + fi(x) F(Zil))

Resy(2,t) = 0f (g(2) + g1 (@) srlyy ) = o (S (2) + (@) ey )

%0 (9(x) + 91 (2)riyy ) = 0223 (9(2) + 902 iy )

(3.15), (3.16) and by using result (3.12), we obtain

fi(@) = a1 f(2)00 f(2) — axg(2)2 g(x) — a3 f (),
g1(z) = bif(2)90g(x) — b0 g(x),

Therefore, the 15t approximate solution of system (3.1) can be written as

Ul(lv,t) = f(iE) + (alf(fl?)aff(%) - azg(x)afg(:r) - aﬁif@)) T

tP

) = @)+ (01 @)02(@) = wdle@) 7o

The 2™ residual power series solution for m = 2 can be obtained as follows:

p 20
UZ(JT,t) — f(z)+f1($)ﬁ+fl($)ﬁa
Uz(x, t) = g(:];) + g1 (.T)l_,(pt:_l) + 92(-'15)1—,(;::_1).

Following is the 2nd residual function which can be expressed as follows:

Resya(z,t) = 0V uy — aluzafuz — azvzafvz — a38£u2,
Resl,g(x, t) = 8{’1}2 — b]Uz@f’Uz — 6282’02.
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Inserting (3.21), (3.22) into (3.23), (3.24) using initial condition, we obtain
90 tP 2
unlat) = e T
Resualw0) = 0f (f(0) + 1) oy + 20015, 777
tP t2e
rorD POt 1))

tP +2p
x 0 (f(x) + fl(ff)m + fz(@m)

—a (f(fﬂ) + fi(x)

(3.25)

tP 2
—a (g(x) + g1 (x)m + gz(x)m)

tP 20
X 55 <9($) + a1 (@m + gz(ﬂf)m)

2p
— a3 (f(@)+ fi <x># + me)

p 2p
Resya(z,t) = 0O (g(x) + 9 (@ﬁ + 92(@%)

v t2r )

—b (f(g;) + fl(x)m + fz(:v)m

(3.26)
From (3.25), (3.26) and (3.12), we have
H@) = a(f(@)02 fi(z) + fi(2)05 f(2)) + ax(g1(2)D2 g(x)
+9(2)90 g1 (2)) + a30; f1(x), (3.27)
px) = bi(f(@)0)g1(x) + fi(x))g(x)) + bagi (). (3.28)

Hence, the 2nd approximate solution of system (3.1) is written below

wa@t) = F(2) + (0 f(@)02 f(x) - arg(2)02g(x) — a:0L (@) iy
+(a1 (f(@)0] fi(w) + fi(2)0] £ (2)) + @z (gl< )9l g(x)
+9(2)0791(2)) + a393.f1(2)) 2p+1> (3.29)
v(z,t) = g(@) + (bif(2)079(x) — b2039()) riy + (01 (f(2)0 1 ()
+£1(2)02g(2)) + bag1 (@) ey (3.30)

Proceeding like this, we can obtain the remaining approximate solutions of order 3,4 and the
rest one of system (3.1). Therefore, we have

tme

Z I @) F Ty (3.31)

mp

m=0
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4 Numerical Discussion

The efficacy and dependability of the proposed technique for fractional bi-Hamiltonian Boussi-
nesq systems are evaluated graphically in the current section. Let us choose

fe) = 5oy
B —cos(x)
9@ = T @D

The behavior of solution is discussed as:

(b)

Figure 1: The modality of solution of (3.19) and (3.20) has been shown by (a) and (b), respec-
tively, fora = 0.2, a; = % ap=1,a3=05b = % b, =5 and f(x), g(z) in (4.1).
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(b)

Figure 2: The modality of solution of (3.29) and (3.30) has been shown by (a) and (b), respec-
tively, fora = 0.2, a; = %, a=1,a3=0.5b = %, b, =5 and f(x), g(z) in (4.1).

Therefore, As a result, it is clear from the graphs that the obtained solution converges to an
analytical solution by more the terms of the approximate residual solution.

5 Conclusion

The approximate residual power series solution of the Space- time fractional coupled Korteweg-
de-Vries (KdV) equation was successfully obtained in this study using RPSM. Based on the re-
sults, we may conclude that RPSM is a very effective and realistic method for studying fractional
equations. As a result, we can conclude that the RPSM is a very useful and innovative approach
for examining the precise and approximate solutions of physical phenomena that are appearing
in many scientific fields. The behavior of approximate residual solutions is seen in the charts.
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