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Abstract This study investigates the concept of prime labeling in the graph representation
of electrical networks and logic gates. Using Python coding, the research explores how the
adjacency matrix of these graphs can be used to assign prime labels to the vertices, enhancing
the analysis of network behavior and circuit logic.

1 Introduction

Graph theory, as a branch of mathematics in computer science, physics, and chemistry, deals with
graphs, which are systems representing relationships between pairs of entities. It continues to be
a fundamental area of mathematics due to its versatility in modeling intricate problems across
diverse fields such as biochemistry, electrical engineering, computer science, and operations
research. Its ability to model multifaceted relationships makes it an invaluable part of modern
mathematics. From communication networks to algorithm design, graph theory significantly
impacts critical areas of science and technology [1].

Furthermore, graph theory plays a vital role in network security and mathematics, especially
in cryptography. The science of securing messages through disguised meanings employs graph-
based methods to produce secure keys. The use of adjacency matrices in cryptographic algo-
rithms strengthens security by ensuring that encryption and decryption keys are more robust
than other methods [5].

Graphs consist of vertices (or nodes) and edges (connections between objects). They may be
undirected, treating edges symmetrically, or directed, capturing specific directional relationships
between vertices [11].

The use of graph theory in electrical networks began with Gustav Kirchhoff in 1845, who ap-
plied trees to analyze circuits. By modeling components as nodes and their connections as edges,
he applied Kirchhoff’s circuit laws-the foundation for modern electrical engineering analysis.
This exemplifies how abstract graph concepts can provide practical insight into system design
and optimization [13]. According to Kirchhoff’s voltage law, the total voltage across compo-
nents in a closed loop is zero, while Kirchhoff’s current law states that the total current entering
and exiting a node is conserved [15].

Graph theory is essential for representing information visually and solving complex prob-
lems efficiently. It helps resolve diverse real-world issues by analyzing structural relationships.
A strong understanding of different graph types and techniques is required to effectively ad-
dress these challenges. Applications range from network optimization to molecular modeling,
demonstrating the broad utility of graph theory [8].

Electrical networks-systems composed of interconnected components-can be represented by
graphs, where vertices correspond to terminals and edges to connections. Such representations
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facilitate the application of Kirchhoff’s laws to analyze and optimize systems, highlighting the
essential relationship between graph theory and electrical engineering [3].

Graph theory also finds use in communication networks, such as multi-hop wireless net-
works, where node coloring problems arise [14]. In these contexts, graph theory supports effi-
cient channel assignment and enhances system optimization. Its contributions are critical to the
development of modern communication systems.

Graph theory is also widely used in the analysis of social, transportation, and biological net-
works. Its power lies in modeling complex systems using nodes and edges to represent elements
and their relationships. This modeling capability allows researchers to better understand the
structure and behavior of large-scale systems composed of many interacting components [2].

In addition, graph theory aids in the analysis of infrastructure networks such as roads, pipelines,
and cables. Algorithms for solving shortest path problems are essential in these domains, where
minimizing distance, cost, or other weights between nodes is a key objective [12].

In chemistry and pharmacology, graph theory facilitates the modeling of molecular structures
for computational analysis. Atoms are represented by vertices, and chemical bonds by edges.
These graph models help analyze molecular properties and compare molecular structures, which
is important in chemical design and drug development [7].

Another active area in graph theory is graph labeling, with applications in coding theory,
radar systems, and communication networks. Labeling schemes help solve practical problems
by assigning values to graph elements. For example, [10] highlights how graph labeling improves
wireless communication networks, especially in enhancing network security and structure.

Graph labeling includes a variety of schemes such as cordial, prime, graceful, and harmo-
nious labeling. Specialized variants like Fibonacci labeling, sum divisor cordial (SDC) label-
ing [19], edge sum divisor cordial labeling [18], Fibonacci prime anti-magic labeling [20], odd
Fibonacci mean labeling [21], k-th Fibonacci prime labeling [22], and radio mean labeling [23]
are active areas of study.

Prime labeling assigns distinct positive integers to graph vertices such that adjacent vertices
receive relatively prime labels. A graph that admits such labeling is known as a prime graph [6].
This type of labeling plays a key role in theoretical investigations and applications.

Python has recently been used to explore graph labelings computationally. For example, [25]
generated over a thousand graceful and odd-even graceful labelings for the Grotzsch and Peter-
son graphs. In [26], Python code produced vertex labels for the union of subdivided star and
bistar graphs. Similarly, [27] combined graph theory with Chaldean numerology and arithmetic
number labeling to encrypt text.

In [17], Python was employed to analyze edge sum divisor cordial labelings of circular ladder
graphs (when s is even), star subdivisions S(K1,s), and bistar graphs Bs,s (for odd s), all of which
were proven to be ESDC graphs. All the graphs discussed here are simple, finite, connected, and
directed, with no loops or multiple edges.

2 Methodology

The proposed recognition methodology can be divided into two important steps. Prime labeling
is applied to two groups of graphs:

• The graph representation of logic circuits

• The graph representation of electrical circuit networks

3 Main Results

3.1 Application of Prime Labeling in Logic Circuit

In the simulation, a logic circuit is modeled as a directed graph in graph theory. Each logic gate
within the circuit corresponds to a vertex (or node) in the graph, while the connections between
the input and output ports of adjacent logic gates are represented as directed edges within the
graph.
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Each logic gate vertex has exactly one outgoing edge representing its output, and one or two
incoming edges representing its input(s), depending on its type. Additionally, inputs and outputs
of the circuit are also represented as vertices within the graph.

In this model, it is assumed that each input vertex of a logic gate connects to exactly one
neighboring gate’s output vertex, while a logic gate’s output vertex may connect to the input
vertices of one or more neighboring gates, creating a fan-out effect.

Input vertices within the graph only have outgoing edges, whereas output vertices only have
incoming edges. Furthermore, the graph representation ensures that there are no loops present
within the circuit.

3.1.1 Implementation of Prime Labeling in a Dependence Graph of a Logic Circuit for a
Simple Markov Random Field

The below logic circuits, represented by variables {s0, s1, s2, s3, s4, s5}, translate into depen-
dence graphs. These graphs, akin to Markov random fields, illustrate conditional dependencies
among logic variables.

Absent directed logic flow, statistical dependence governs interactions. Nodes denote ran-
dom logic variables, while edges signify their conditional relationships. Understanding such
representations is pivotal for grasping circuit behavior and optimizing design strategies.

A logic circuit and its dependence graph for a simple Markov random field is shown below
[9].

Figure 1. A logic circuit and its dependence graph for a simple Markov random field

Now, prime labeling applies in the following graph R which has been created by the above
logic gate and its graph.

Figure 2. Implementation of prime labeling in the graph representation of above logic circuit.

The vertex set of the graph R is defined as:

W (R) = {z1, z2, z3, z4, z5, z6}. (3.1)
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The edge set of R is:

F (R) =



fi = z2i−1z2i, for 1 ≤ i ≤ 3;

fi+3 = ziz3, for 1 ≤ i ≤ 2;

fi+5 = zi+2z5, for 1 ≤ i ≤ 2.

(3.2)

A one-to-one correspondence function is defined by:

g : W (R) → {1, 2, . . . , |W (R)|}, given by g(zi) = i, for 1 ≤ i ≤ 6. (3.3)

Thus, gcd(g(z), g(w)) = 1 for all adjacent vertices z, w ∈ W (R).
Hence, a valid prime labeling is applied in Figure 2, which is derived from the logic gate

circuit and its corresponding graph.

3.1.1(a) Python Implementation of Prime Labeling for the Graph Representation of the
Above Logic Circuit

The following Python code simulates prime labeling for the graph described above using its
adjacency matrix representation:

from math import gcd

import numpy as np

# Define the prime labeling function

def prime_labeling(vertices):

return {vertex: i + 1 for i, vertex in enumerate(vertices)}

# Function to check if a graph satisfies the prime labeling condition

def is_prime_labeling(adjacency_matrix, labeling):

n = len(adjacency_matrix)

for i in range(n):

for j in range(n):

if adjacency_matrix[i][j] == 1:

# Check if there is an edge

if gcd(labeling[f"z{i+1}"], labeling[f"z{j+1}"]) != 1:

return False

return True

# Input the adjacency matrix

def main():

# Example adjacency matrix for the provided graph

adjacency_matrix = np.array([

[0, 1, 1, 0, 0, 0], # z1

[1, 0, 1, 0, 0, 0], # z2

[1, 1, 0, 1, 1, 0], # z3

[0, 0, 1, 0, 1, 0], # z4

[0, 0, 1, 1, 0, 1], # z5

[0, 0, 0, 0, 1, 0] # z6

])

# Define vertices

vertices = [f"z{i+1}" for i in range(len(adjacency_matrix))]

# Apply prime labeling

labeling = prime_labeling(vertices)
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# Check if the graph satisfies the prime labeling condition

prime_status = is_prime_labeling(adjacency_matrix, labeling)

# Print the results

print("Graph representation of above adjacency matrix is a prime graph:",

prime_status)

print("Vertex Labels:")

for vertex, label in labeling.items():

print(f"g({vertex}) = {label}")

# Run the main function

if __name__ == "__main__":

main()

Output:

Graph representation of above adjacency matrix is a prime graph: True

Vertex Labels:

g(z1) = 1

g(z2) = 2

g(z3) = 3

g(z4) = 4

g(z5) = 5

g(z6) = 6

3.1.2 Implementation of Prime Labeling in a Graph Representation of a Logic Circuit

Figure 3. A Logic gate and its graph representation

Now, prime labeling is applied to the graph R, which has been constructed based on the above
logic gate and its corresponding graph representation [16].

Figure 4. Implementation of prime labeling in the graph representation of above logic circuit

The vertex set of the graph R is defined as:

W (R) = {u1, u2, u3, u4, u5, u6, u7}. (3.4)
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The edge set of R is:

F (R) =



fi = z2i−1z2i, for 1 ≤ i ≤ 2;

fi+2 = ziz5, for 1 ≤ i ≤ 4;

fi+6 = zi+1z7, for 1 ≤ i ≤ 2;

f9 = z6z7.

(3.5)

The one-to-one correspondence function is defined as:

g : W (R) → {1, 2, . . . , |W (R)|}, given by g(zi) = i, for 1 ≤ i ≤ 7. (3.6)

Since gcd(g(z), g(w)) = 1 for all adjacent vertices z, w ∈ W (R), the graph R admits a prime
labeling.

Hence, prime labeling is applied in Figure 4, which is created based on the above logic gate
circuit and its corresponding graph.

3.1.2(a) Python Implementation of Prime Labeling for the Graph Representation of the
Above Logic Circuit

The following Python program verifies whether a given logic-circuit-based graph admits a valid
prime labeling using its adjacency matrix:

from math import gcd

import numpy as np

# Define the prime labeling function

def prime_labeling(vertices):

return {vertex: i + 1 for i, vertex in enumerate(vertices)}

# Function to check if a graph satisfies the prime labeling condition

def is_prime_labeling(adjacency_matrix, labeling):

n = len(adjacency_matrix)

for i in range(n):

for j in range(n):

if adjacency_matrix[i][j] == 1: # Check if there is an edge

if gcd(labeling[f"z{i+1}"], labeling[f"z{j+1}"]) != 1:

return False

return True

# Main function

def main():

# Define the adjacency matrix

adjacency_matrix = np.array([

[0, 1, 0, 0, 1, 0, 0], # z1

[1, 0, 0, 0, 1, 0, 1], # z2

[0, 0, 0, 1, 1, 0, 1], # z3

[0, 0, 1, 0, 1, 0, 0], # z4

[1, 1, 1, 1, 0, 0, 0], # z5

[0, 0, 0, 0, 0, 0, 1], # z6

[0, 1, 1, 0, 0, 1, 0] # z7

])

# Define vertex names
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vertices = [f"z{i+1}" for i in range(len(adjacency_matrix))]

# Apply prime labeling

labeling = prime_labeling(vertices)

# Check if the labeling satisfies the prime condition

prime_status = is_prime_labeling(adjacency_matrix, labeling)

# Print result

print("Graph representation of above adjacency matrix is a prime graph:",

prime_status)

print("Vertex Labels:")

for vertex, label in labeling.items():

print(f"g({vertex}) = {label}")

# Run the main function

if __name__ == "__main__":

main()

Output:

Graph representation of above adjacency matrix is a prime graph: True

Vertex Labels:

g(u1) = 1

g(u2) = 2

g(u3) = 3

g(u4) = 4

g(u5) = 5

g(u6) = 6

g(u7) = 7

3.2 Application of Prime Labeling in the Electric Circuit Networks

A circuit network is represented as a graph G with nodes corresponding to circuit junctions
and edges representing the connections between them. Prime labeling assigns distinct positive
integers (not exceeding the number of nodes) to each node such that adjacent nodes (connected
by an edge) receive labels that are relatively prime, i.e., their greatest common divisor is one.

Electric circuits achieve completeness when current flows from the negative terminals of the
power source. There are three fundamental types of electrical circuits:

• Series configuration

• Parallel configuration

• Hybrid (combination) configuration

Graph representations are instrumental in analyzing circuit networks, as they effectively cap-
ture current flow dynamics and the relationships between components such as resistors. Within
these graph-based models, prime labeling techniques offer valuable insights into optimizing cir-
cuit layout and improving performance in terms of safety, efficiency, and design clarity.
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3.2.1 Implementation of Prime Labeling in an Electric Circuit Network

Figure 5. An Electric Network and its Graph Representation

Now, prime labeling is applied to the following graph R, which has been created based on the
above electric circuit network 1 and its corresponding graph representation [4].

Figure 6. Implementation of prime labeling in the graph representation of above Electric Net-
work

The vertex set of the graph R is:

W (R) = {z1, z2, z3, z4, z5}. (3.7)

The edge set of R is:

F (R) = {f1 = z3z4, f2 = z1z5, f3 = z1z3, fi+5 = zi+1z5 : 1 ≤ i ≤ 3, fi+3 = zizi+1 : 1 ≤ i ≤ 2} .
(3.8)

The one-to-one correspondence function is defined by:

g : W (R) → {1, 2, . . . , |W (R)|}, given by g(zi) = i; 1 ≤ i ≤ 5. (3.9)

So, gcd(g(z), g(w)) = 1 where z and w are arbitrary adjacent vertices.
Hence, prime labeling is applied in Figure 6, which has been created by the above electric

circuit network 1 and its graph.

3.2.1(a) Python Implementation of Prime Labeling for the Graph Representation of the
Above Electric Network

from math import gcd

import numpy as np

# Define the prime labeling function

def prime_labeling(vertices):

return {vertex: i + 1 for i, vertex in enumerate(vertices)}

# Function to check if a graph satisfies the prime labeling condition
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def is_prime_labeling(adjacency_matrix, labeling):

n = len(adjacency_matrix)

for i in range(n):

for j in range(n):

if adjacency_matrix[i][j] == 1: # Check if there is an edge

if gcd(labeling[f"z{i+1}"], labeling[f"z{j+1}"]) != 1:

return False

return True

# Input the adjacency matrix

def main():

# Updated adjacency matrix based on the edge set:

# F(R) = {f1 = z3 z4, f2 = z1 z5, f3 = z1 z3,

# fi+5 = z_{i+1} z5 (1 <= i <= 3), fi+3 = z_i z_{i+1} (1 < <= i <= 2)}

adjacency_matrix = np.array([

[0, 1, 1, 0, 1], # z1 connected to z2, z3, z5

[1, 0, 1, 0, 1], # z2 connected to z1, z3, z5

[1, 1, 0, 1, 1], # z3 connected to z1, z2, z4, z5

[0, 0, 1, 0, 1], # z4 connected to z3, z5

[1, 1, 1, 1, 0] # z5 connected to z1, z2, z3, z4

])

# Define vertices

vertices = [f"z{i+1}" for i in range(len(adjacency_matrix))]

# Apply prime labeling

labeling = prime_labeling(vertices)

# Check if the graph satisfies the prime labeling condition

prime_status = is_prime_labeling(adjacency_matrix, labeling)

2

# Print the results

print("Graph representation of above adjacency matrix is a prime graph:", prime_status)

print("Vertex Labels:")

for vertex, label in labeling.items():

print(f"g({vertex}) = {label}")

# Run the main function

if __name__ == "__main__":

main()

Output:

Graph representation of above adjacency matrix is a prime graph: True

Vertex Labels:

g(z1) = 1

g(z2) = 2

g(z3) = 3

g(z4) = 4

g(z5) = 5
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3.2.2 Implementation of Prime Labeling in an Electric Circuit Network

Figure 7. Graph Representation of an Electric Network

Now, prime labeling is applied to the following graph R, which has been created based on the
above electric circuit network [15].

Figure 8. Implementation of Prime Labeling in the Graph Representation of above Electric
Network

The vertex set of the graph R is:

W (R) = {z1, z2, z3, z4, z5}. (3.10)

The edge set of R is:

F (R) = {fi = zizi+1 : 1 ≤ i ≤ 4; f5 = z1z4; fi+5 = ziz5 : 1 ≤ i ≤ 3} . (3.11)

A one-to-one correspondence function is defined as:

g : W (R) → {1, 2, . . . , |W (R)|}, given by g(zi) = i, 1 ≤ i ≤ 5. (3.12)

So, gcd(g(z), g(w)) = 1 for all adjacent vertices z, w ∈ W (R).
Hence, prime labeling is applied in Figure 8, which has been created by the above electric

circuit network.

4 Conclusion

This study demonstrates how prime labeling can be effectively applied to graphs representing
electrical networks and logic gates. By utilizing Python and adjacency matrices, the methodol-
ogy facilitates deeper understanding of network behavior and logic circuit structures. The imple-
mentation supports the analysis and verification of such systems, offering a useful mathematical
tool for circuit optimization and computational exploration.
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