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Abstract. This article examines Jordan homomorphisms and Jordan derivations in semirings.
We prove that if f is a Jordan homomorphism from an additively cancellative semiring R to an
additively cancellative yoked prime semiring R′, then f is either a homomorphism or an anti-
homomorphism. We define Jordan triple derivation in semirings and prove that it is just a usual
derivation in additively cancellative 2-torsion free yoked semiprime semirings. Furthermore, we
demonstrate that every generalized Jordan derivation and generalized Jordan triple derivation is,
in fact, a derivation in a certain class of semirings.

1 Introduction

Morphisms and Derivations are specialized functions in rings that have been extensively studied
by several researchers. Herstein [10], in 1956, proved that if f is a Jordan homomorphism from
a ring R to a prime ring R′ of characteristic different from 2 and 3, then f is either a homomor-
phism or an anti-homomorphism. In 1979, Baxter and Martindale [2] showed that Herstein’s
result does hold in semiprime rings by constructing a mapping as the direct sum of a homomor-
phism and an anti-homomorphism. Subsequently, Bres̆er [4], in 1989, extended on this result in
semiprime rings and obtained further results. A major challenge in extending these classical ring
theory results to semirings is the lack of an additive inverse. Therefore, generalizing these results
to semirings is nontrivial and is an important direction. In 2017, Shafiq and Aslam [17] defined
Jordan homomorphism and Jordan triple homomorphism in the class of inverse semirings and
extended some results of Herstein and Bres̆er. In 2019, Ibraheem and Majeed [13] introduced
the concept of U-S Jordan homomorphism of inverse semirings, further extending Herstein’s
results. Motivated by this line of research, in Section 2, we define Jordan homomorphism and
Jordan triple homomorphism in a general semiring setting. We then generalize the results of
Herstein and Bres̆er to additively cancellative yoked semirings, a particular class of semirings.
Note that this class of semirings has been less explored in the literature.

In the latter half of the 20th century, derivations and Jordan derivations were studied by var-
ious researchers, and numerous results were derived. Posner’s theorems in prime rings [15] are
a pioneering work in this direction. In 1957, Herstein [11] established that for a 2-torsion free
prime ring, Jordan derivation is just a usual derivation. Bres̆er [3], in 1988, extended Herstein’s
result to semiprime rings. Some related studies on generalized Jordan higher homomorphisms
can be seen in [6] and on generalized derivations can be found in [16]. The authors have gener-
alized the results of Herstein and Bres̆er to additively cancellative yoked prime (and semiprime)
semirings in [7, 8].

In 1989, Bres̆er [4] extended the research and proved that a Jordan triple derivation of a 2-
torsion free semiprime ring is just a derivation. Wu Jing and Shijie Lu [18] generalized this result
in the year 2003. They showed that in a 2-torsion free prime ring, every generalized Jordan
derivation and generalized Jordan triple derivation is just a derivation. In 2007, Vukman [14]
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extended these results to the class of semiprime rings. Shafiq and Aslam [17], in 2017, explored
Bres̆er’s results in the context of inverse semirings. Recently, in 2021, Ahmed and Dudek [1]
established conditions for a left Jordan derivation on an MA-semiring to be a left derivation.
Inspired by these, in Section 3 of this research work, we prove that in additively cancellative 2-
torsion free yoked prime (and resp. semiprime) semirings, Jordan triple derivation, generalized
Jordan derivation and generalized Jordan triple derivation are all just a derivation.

We refer to Golan [9] for the basic definitions and fundamental concepts in semirings. The
following definitions are helpful throughout the paper.

Definition 1.1. [9] Let R be a semiring and a, b, c ∈ R. R is called additively cancellative if and
only if a+ b = a+ c implies b = c.

Definition 1.2. [9] Let R be a semiring and a, b ∈ R. R is called a yoked semiring if there exists
an element r ∈ R such that either a = b+ r or b = a+ r.

Definition 1.3. [5, 9] Let R be an additively cancellative semiring and then the set of differences,
defined by R∆ := {a − b : a, b ∈ R} becomes a ring under component wise addition, while the
multiplication is given by (a− b)(c− d) = (ac+ bd)− (ad+ bc). In R∆, we have a− b = c− d
if and only if there exists r, r′ ∈ R such that a+ r = c+ r′ and b+ r = d+ r′. We note that the
embedding of R to the ring of differences R∆ is due to the map r 7→ r − 0, for each r ∈ R.

Definition 1.4. A semiring R is said to be 2-torsion free, if 2r = 0 implies r = 0 for all r ∈ R.

Definition 1.5. [7] Let R be an additively cancellative semiring and f be an additive mapping
from R into R. Let R∆ be the corresponding ring of differences of the semiring R. Then, f∆ is a
mapping in R∆ induced by f , defined as follows.

f∆ : R∆ → R∆

f∆(a− b) = f(a)− f(b), ∀ a, b ∈ R.

Note that f∆ is well-defined because if a − b = c − d then there exists r, r′ ∈ R such that
a+ r = c+ r′ and b+ r = d+ r′. Then applying f to these equations results in

f(a+ r) = f(c+ r′) and f(b+ r) = f(d+ r′)

f(a) + f(r) = f(c) + f(r′) and f(b) + f(r) = f(d) + f(r′)

and the last set of equations imply f(a)−f(b) = f(c)−f(d) and therefore we obtain f∆(a−b) =
f∆(c− d).

Definition 1.6. [10] A mapping f from a semiring R into a semiring R′ is said to be a Jordan
homomorphism if for all r, s ∈ R, the following holds.

(i) f(r + s) = f(r) + f(s), and

(ii) f(rs+ sr) = f(r)f(s) + f(s)f(r)

In the next section it is shown that a Jordan homomorphism f of a semiring R induces a
Jordan homomorphism f∆ in the corresponding ring of differences R∆.

Definition 1.7. [8] A function d of R into R is called a Jordan derivation of a semiring R if it
satisfies the following conditions.

(i) d(r + s) = d(r) + d(s), ∀ r, s ∈ R and

(ii) d(r2) = d(r)r + rd(r), ∀ r, s ∈ R.

Remark 1.8. The following points are noteworthy to be recalled from [8].

(i) Ganesh and Selvan [8] proved that the condition (ii) in the above definition is equivalent
to d(rs + sr) = d(r)s + sd(r) + rd(s) + d(s)r whenever the semiring R is additively
cancellative 2-torsion free and yoked.
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(ii) f∆ defined in Definition 1.5 is indeed a Jordan derivation in R∆ whenever f is a Jordan
derivation of R [8].

Definition 1.9. A map d of R into R is called a Jordan triple derivation of a semiring R if it
satisfies the following conditions.

(i) d(r + s) = d(r) + d(s), ∀ r, s ∈ R and

(ii) d(rsr) = d(r)sr + rd(s)r + rsd(r), ∀ r, s ∈ R.

The following example illustrates the existence of Jordan triple derivations that are neither
Jordan derivations nor just derivations. This makes it clear that the structure of Jordan triple
derivations is more complex than that of basic ones, such as derivations and Jordan derivations. It
is therefore intriguing to analyse the conditions under which complex structures become simple.

Example 1.10. Consider the basic semiring B(3, 1) = {0, 1, 2} wherein 1 + 2 = 2 + 1 = 1 and

2 + 2 = 2. Now let S :=

{(
a 0
0 b

)
: a, b ∈ B(3, 1)

}
. It is easy to see that S is a semiring with

I2 being the identity element in S. Let us define a map d : S → S by d

((
a 0
0 b

))
=

(
a 0
0 0

)
.

For A =

(
a 0
0 b

)
, B =

(
c 0
0 d

)
∈ S, we have d(ABA) = d(A)BA+ Ad(B)A+ ABd(A) =(

aca 0
0 0

)
. Thus the map d is a Jordan triple derivation. However, d(A2) =

(
a2 0
0 0

)
and

d(A)A + Ad(A) =

(
2a2 0
0 0

)
. Hence, we see that d is not a Jordan derivation but a Jordan

triple derivation. It is also easy to verify that d is not a derivation.

Following definitions are motivated by the work of Jing and Lu [18] and are analogous to the
ones in rings.

Definition 1.11. Let R be a semiring and F : R → R be an additive map. If there exists a Jordan
derivation d : R → R such that

F (r2) = F (r)r + rd(r)

for all r ∈ R, then F is said to be a generalized Jordan derivation of R corresponding to d.

Definition 1.12. Let R be a semiring and F : R → R be an additive map. If there exists a Jordan
triple derivation d : R → R such that

F (rsr) = F (r)sr + rd(s)r + rsd(r)

for all r, s ∈ R, then F is said to be a generalized Jordan triple derivation of R corresponding to
d.

2 Jordan homomorphisms in semirings

In this section, we prove that a Jordan homomorphism f of R induces a corresponding Jordan
homomorphism f∆ in the ring of differences R∆ corresponding to R. We present some of the ba-
sic properties of Jordan homomorphisms in semirings. The main result of this section is that the
Jordan homomorphism from an additively cancellative semiring into an additively cancellative
prime semiring is either a homomorphism or an anti-homomorphism.

Lemma 2.1. If R be a 2-torsion free yoked semiring, then 2r = 2s implies r = s, for all r, s ∈ R.

Proof. Since R is yoked, for any r, s ∈ R, there exists r′ ∈ R such that r = s+ r′ or s = r+ r′.
Hence, we have either r′ = r − s ∈ R or r′ = s − r ∈ R. Consider the case when r − s ∈ R.
If 2r = 2s then by yoked property of R, we obtain 2(r − s) = 0. Since R is 2-torsion free, we
further deduce that r − s = 0. Now, by yoked property, we have r − s ∈ R and therefore we
obtain r = s + (r − s) = s + 0 = s. A similar argument for the case when s − r ∈ R would
yield s = r. Hence, in both cases we have proved the result.
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Lemma 2.2. Let R be a 2-torsion free yoked semiring. If f is a Jordan homomorphism of R to
R, then f(r2) = (f(r))2, for every r ∈ R.

Proof. Since f is a Jordan homomorphism, we have f(rs+ sr) = f(r)f(s) + f(s)f(r), for all
r, s ∈ R. In particular, when r = s, we obtain

f(r2 + r2) = f(r)f(r) + f(r)f(r)

f(r2) + f(r2) = (f(r))2 + (f(r))2

2f(r2) = 2(f(r)2)

Now, by Lemma 2.1, we get f(r2) = (f(r))2.

Lemma 2.3. Let R and S be an additively cancellative semirings. If f is a Jordan homomor-
phism of R into S then f∆ defined by f∆(r − s) = f(r)− f(s), r − s ∈ R∆, where r, s ∈ R, is a
Jordan homomorphism of R∆ into S∆.

Proof. We prove the conditions in Definition 1.6. Let x, y ∈ R∆ such that x = a−b and y = c−d,
where a, b, c, d ∈ R. Then, we prove condition (i) as follows.

f∆(x+ y) = f∆((a+ c)− (b+ d))

= f(a+ c)− f(b+ d)

= f(a)− f(b) + f(c)− f(d)

= f(a)− f(b) + f(c)− f(d)

= f∆(x) + f∆(y)

Now, we prove condition (ii).

f∆(xy + yx) = f∆

(
(ac+ bd)− (ad+ bc) + (ca+ db)− (da+ cb)

)
=
(
f(ac+ bd) + f(ca+ db)

)
−
(
f(ad+ bc) + f(da+ cb)

)
=
(
f(ac+ ca) + f(db+ bd)

)
−
(
f(ad+ da) + f(bc+ cb)

)
= f(a)f(c) + f(c)f(a) + f(d)f(b) + f(b)f(d)− f(a)f(d)− f(d)f(a)

− f(b)f(c)− f(c)f(b)

=
(
f(a)− f(b)

)
f(c)−

(
f(a)− f(b)

)
f(d) + f(c)

(
f(a)− f(b)

)
− f(d)

(
f(a)− f(b)

)
=
(
f(a)− f(b)

)(
f(c)− f(d)

)
+
(
f(c)− f(d)

)(
f(a)− f(b)

)
= f∆(x)f∆(y) + f∆(y)f∆(x)

We extend some of the famous the results of Herstein [10] as follows. In particular, the
following result is referred as Jordan triple homomorphism in the literature.

Lemma 2.4. If f is a Jordan homomorphism of a semiring R into an additively cancellative
2-torsion free yoked semiring R′, then f(rsr) = f(r)f(s)f(r), for all r, s ∈ R.

Proof. We use the Jordan product r ◦ s = rs+ sr, for all r, s ∈ R. Consider r ◦ (s ◦ r), then we



14 S. Ganesh and V. Selvan

have

f
(
r ◦ (r ◦ s)

)
= f

(
r ◦ (rs+ sr)

)
= f

(
r(rs+ sr) + (rs+ sr)r

)
= f(r)f(rs+ sr) + f(rs+ sr)f(r)

= f(r)[f(r)f(s) + f(s)f(r)] + [f(r)f(s) + f(s)f(r)]f(r)

= (f(r))2f(s) + f(r)f(s)f(r) + f(r)f(s)f(r) + f(s)(f(r))2 (2.1)

Also,

f
(
r ◦ (r ◦ s)

)
= f

(
r ◦ (rs+ sr)

)
= f

(
r(rs+ sr) + (rs+ sr)r

)
= f(r2s+ rsr + rsr + sr2)

= f(r2)f(s) + f(rsr) + f(rsr) + f(s)f(r2) (2.2)

Using equations (2.1) and (2.2) we have,

f(r2)f(s) + 2f(rsr) + f(s)f(r2) = 2f(r)f(s)f(r) + (f(r))2f(s) + f(s)(f(r))2 (2.3)

Since R′ is 2-torsion free and yoked, we have f(r2) = (f(r))2 by Lemma 2.2 and hence we
obtain the following from (2.3).

(f(r))2f(s) + 2f(rsr) + f(s)(f(r))2 = 2f(r)f(s)f(r) + (f(r))2f(s) + f(s)(f(r))2 (2.4)

Now using the fact that R′ is additively cancellative, (2.4) becomes

2f(rsr) = 2f(r)f(s)f(r)

Again using Lemma 2.1 we obtain f(rsr) = f(r)f(s)f(r).

Lemma 2.5. If f is a Jordan homomorphism of a semiring R into and additively cancellative
semiring R′, then we have f(rst+ trs) = f(r)f(s)f(t) + f(t)f(r)f(s), for all r, s, t ∈ R.

Proof. We linearize f(rsr) = f(r)f(s)f(r) by replacing r with r + t.

f
(
(r + t)s(r + t

)
= f(r + t)f(s)f(r + t)

f(rsr) + f(rst) + f(tsr) + f(tst) = f(r)f(s)f(r) + f(r)f(s)f(t) + f(t)f(s)f(r)

+ f(t)f(s)f(t)

f(rsr) + f(rst+ tsr) + f(tst) = f(rsr) + f(r)f(s)f(t) + f(t)f(s)f(r) + f(tst)

Since R′ is additively cancellative, we get

f(rst+ trs) = f(r)f(s)f(t) + f(t)f(r)f(s)

Theorem 2.6. Let f be a Jordan homomorphism of a semiring R into an additively cancellative
2-torsion free yoked semiring R′. If R′ has no zero-divisors then f is either a homomorphism or
an anti-homomorphism.

Proof. We let x = f(rs), y = f(r)f(s) and z = f(s)f(r). Since R′ is yoked, we have either
x− y ∈ R′ or y−x ∈ R′ and x− z ∈ R′ or z−x ∈ R′. We need to use the combination of these
scenarios in order to obtain the desired result. The various cases are listed below.
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(i) (x− y) ∈ R′ and (x− z) ∈ R′

(ii) (x− y) ∈ R′ and (z − x) ∈ R′

(iii) (y − x) ∈ R′ and (x− z) ∈ R′

(iv) (y − x) ∈ R′ and (z − x) ∈ R′

Let us consider case (i) and note the following.

(x− y)(x− z) =
(
f(rs)− f(r)f(s)

)(
f(rs)− f(s)f(r)

)
= (f(rs))2 − f(rs)f(s)f(r)− f(r)f(s)f(rs) + f(r)f(s)f(s)f(r)

= f(rs)2 − f
(
(rs)(sr) + (rs)(rs)

)
+ f(r)f(s2)f(r)

[using Lemma 2.5 and Lemma 2.2]

= f
(
(rs)2 − rs2r − (rs)2 + rs2r

)
= f(0)

= 0

We therefore have(
f(rs)− f(r)f(s)

)(
f(rs)− f(s)f(r)

)
= 0, for all r, s ∈ R. (2.5)

Since R′ has no zero-divisors, then equation (2.5) must imply that either f(rs) − f(r)f(s) = 0
or f(rs) − f(s)f(r) = 0. That is, f(rs) = f(r)f(s) (meaning f is a homomorphism) or
f(rs) = f(s)f(r) (meaning f is an anti-homomorphism).
Using the same procedure as in case (i), it is easy to prove the following.

Case (ii) =⇒ (x− y)(z − x) = 0.

Case (iii) =⇒ (y − x)(x− z) = 0.

Case (iv) =⇒ (y − x)(z − x) = 0.

Again, use the fact that R′ has no zero-divisors and apply a similar argument after equation (2.5)
to see that each case leads to the desired result.

Herstein’s famous result states that: a Jordan homomorphism f of a prime ring of character-
istic different from 2 and 3 is either a homomorphism or an anti-homomorphism (Theorem H in
[10]). We prove the analogous result in semirings below.

Theorem 2.7. Let R and S be two semirings that are additively cancellative (not necessarily
2-torsion free) and also let S be a yoked prime semiring. If f is a Jordan homomorphism from
R onto S, then f is either a homomorphism or f is an anti-homomorphism.

Proof. Let R∆ and S∆ be the ring of differences corresponding to R and S respectively. By
Lemma 2.3 we note that f∆ is Jordan homomorphism corresponding to f . Since R and S are
additively cancellative, both R∆ and S∆ is of characteristic zero (Remark 2.9 in [7]). Also, S∆

is prime as S is prime (Lemma 2.6 in [7]). Thus, by Theorem H of [10] we have f∆ as either
a homomorphism or an anti-homomorphism. Hence f must be either a homomorphism or an
anti-homomorphism since the restriction of f∆ to R is f due to embedding of R into R∆.

3 Jordan derivations in semirings

We begin with generalizations of some famous results of Herstein and Bres̆er. We prove that a
Jordan triple derivation d of R induces a corresponding Jordan triple derivation d∆ in the ring
of differences R∆ corresponding to R. We extend the results of Bres̆er [4] by proving that in a
certain class of semirings, Jordan triple derivation is just a usual derivation. We also generalize
the results of Jing and Lu [18] and Vukman [14] to semirings. It is proved that generalized Jordan
derivations and generalized Jordan triple derivations are nothing but generalized derivations. We
start with the following Lemma, which is very useful throughout the article.
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Lemma 3.1. Let R be an additively cancellative yoked semiring. If R is 2-torsion free then the
ring of differences R∆ corresponding to R is also 2-torsion free.

Proof. For x ∈ R∆, assume 2x = 0. Let x = a − b, where a, b ∈ R. Then 2(a − b) = 0
implies 2a = 2b. Since R is yoked and 2-torsion free, by Lemma 2.1 we get a = b which implies
a− b = 0. That is x = 0, proving that R∆ is 2-torsion free as well.

The next couple of Lemmas are generalization of some famous results in [3, 12] which are of
independent interest.

Lemma 3.2. Let R be an additively cancellative yoked prime semiring and u, v be any two
elements of R. If urv + vru = 0, for all r ∈ R, then u = 0 or v = 0.

Proof. Let R∆ be the ring of differences corresponding to the semiring R. Then we note that R∆

is prime since R is prime (Lemma 2.6 in [7]). Let u, v ∈ R and x ∈ R∆ such that x = a − b,
where a, b ∈ R. Then, uxv + uxu = u(a− b)v + v(a− b)u = (uav + vau)− (ubv + vbu) = 0,
for all x ∈ R∆. by Lemma 3.10 in [12], we must have either u = 0 or v = 0 in R∆. Thus u = 0
or v = 0 in R, since R is embedded in R∆.

Lemma 3.3. Let R be an additively cancellative yoked 2-torsion free semiprime semiring. If
u, v ∈ R such that urv + vru = 0, for all r ∈ R, then urv = vru = 0, for all r ∈ R.

Proof. Let R∆ be the ring of differences corresponding to the semiring R. At first, we note that,
R∆ is 2-torsion free due to Lemma 3.1 and R∆ is semiprime since R is semiprime (Lemma 3.4
in [8]). Let u, v ∈ R and x ∈ R∆ such that x = a− b, where a, b ∈ R. Then, by similar argument
in Lemma 3.2, we have uxv + uxu = 0. Hence by Lemma 4 in [3], we get uxv = vxu = 0, for
all x ∈ R∆. This implies that urv = vru = 0, for all r ∈ R.

Lemma 3.4. Let R be an additively cancellative semiring. If d is a Jordan triple derivation, then
for r, s, t ∈ R, we have

d(rst+ tsr) = d(r)st+ rd(s)t+ rsd(t) + d(t)sr + td(s)r + tsd(r)

Proof. We linearize the equation in Definition 1.9 by replacing r with r + t to get

d
(
(r + t)s(r + t)

)
=
(
d(r + t)

)
s(r + t) + (r + t)d(s)(r + t)

+ (r + t)s
(
d(r + t)

)
=
(
d(r) + d(t)

)(
sr + st

)
+
(
rd(s) + td(s)

)(
r + t

)
+
(
rs+ ts

)(
d(r) + d(t)

)
= d(r)sr + d(r)st+ d(t)sr + d(t)st

+ rd(s)r + rd(s)t+ td(s)r + td(s)t

+ rsd(r) + rsd(t) + tsd(r) + tsd(t)

=
[
d(r)sr + rd(s)r + rsd(r)

]
+ d(r)st

+ rd(s)t+ rsd(t) + d(t)sr + td(s)r

+ tsd(r) +
[
d(t)st+ td(s)t+ tsd(t)

]
= d(rsr) + d(r)st+ rd(s)t+ rsd(t)

+ d(t)sr + td(s)r + tsd(r) + d(tst) (3.1)

On the other hand,

d
(
(r + t)s(r + t)

)
= d

(
(rs+ ts)(r + t)

)
= d(rsr + rst+ tsr + tst)

= d(rsr) + d(rst+ tsr) + d(tst) (3.2)
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From (3.1) and (3.2), we note that

d(rsr) + d(rst+ tsr) + d(tst) = d(rsr) + d(r)st+ rd(s)t+ rsd(t)

+ d(t)sr + td(s)r + tsd(r) + d(tst) (3.3)

Since R is additively cancellative, we get the desired result as follows.

d(rst+ tsr) = d(r)st+ rd(s)t+ rsd(t) + d(t)sr + td(s)r + tsd(r)

We extend the map given in Definition 1.5 by assuming a map d to be Jordan triple derivation
of a semiring R and prove the following in the ring of differences.

Theorem 3.5. Let R be an additively cancellative semiring and d be a Jordan triple derivation
of R into R then d∆ defined by d∆(r − s) = d(r) − d(s), r − s ∈ R∆ for r, s ∈ R, is a Jordan
triple derivation of R∆ into R∆.

Proof. It is clear that d∆ is additive in R∆ whenever d is additive in R. For x, y ∈ R∆, we prove
the following.

d∆(xyx) = d∆(x)yx+ xd∆(y)x+ xyd∆(x)

Let x = a− b and y = c− d where a, b, c, d ∈ R. Then we have

d∆(xyx) = d∆

(
(a− b)(c− d)(a− b)

)
= d∆

{
[(ac+ bd)− (ad+ bc)](a− b)

}
= d∆(aca− acb+ bda− bdb− ada+ adb− bca+ bcb)

= d(aca) + d(adb+ bda) + d(bcb)− d(acb+ bca)− d(bdb)− d(ada)

= d(a)ca+ ad(c)a+ acd(a) + d(a)db+ ad(d)b+ add(b)

+ d(b)da+ bd(d)a+ bdd(a) + d(b)cb+ bd(c)b+ bcd(b)

− d(a)cb− ad(c)b− acd(b)− d(b)ca− bd(c)a− bcd(a)

− d(b)db− bd(d)b− bdd(b)− d(a)da− ad(d)a− add(a)

[using Definition 1.9 and Lemma 3.4]

=
(
d(a)− d(b)

)(
ca+ db− da− cb

)
+
(
a− b

)(
d(c)a− d(c)b− d(d)a+ d(d)b)

)
+
(
ac+ bd− ad− bc

)(
d(a)− d(b)

)
=
(
d∆(a− b)

)
(c− d)(a− b) + (a− b)

(
d∆(c− d)

)
(a− b)

+ (a− b)(c− d)
(
d∆(a− b)

)
= d∆(x)yx+ xd∆(y)x+ xyd∆(x)

Hence d∆ is a Jordan triple derivation of R∆ corresponding to d of R.

Theorem 3.6. Let R be an additively cancellative yoked semiprime semiring. If R is 2-torsion
free and d is a Jordan triple derivation in R, then d is a usual derivation of R.

Proof. Let R∆ be the ring of differences corresponding to R and then by Theorem 3.5 we have
d∆, a Jordan triple derivation induced by d. Note that R∆ is semiprime since R is semiprime
(Lemma 3.4 in [8]). Also, by Lemma 3.1 R∆, is 2-torsion free since R is 2-torsion free and
yoked. Now, applying Theorem 4.3 of [4], yields that d∆ is an ordinary derivation of R∆. If we
restrict d∆ to R then the result follows due to embedding of R into R∆.
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We state the following Lemma which induces a generalized Jordan derivation F ∆ in R∆ cor-
responding to a generalized Jordan derivation F in R. It is an easy routine to check F ∆ satisfies
the conditions in the Definition 1.11 and hence we skip the proof.

Lemma 3.7. Let R be an additively cancellative semiring and F be a generalized Jordan deriva-
tion of R into R corresponding to a Jordan derivation d. Then F ∆(r−s) = F (r)−F (s), r−s ∈
R∆, where r, s ∈ R, is a generalized Jordan derivation of R∆ into R∆ corresponding to the
Jordan derivation d∆.

Lemma 3.8. Let R be an additively cancellative 2-torsion free yoked semiring and F be a gener-
alized Jordan derivation of R into R corresponding to a Jordan derivation d. For each r, s, t ∈ R,
the following holds.

(i) F (rs+ sr) = F (r)s+ rd(s) + F (s)r + sd(r);

(ii) F (rsr) = F (r)sr + rd(s)r + rsd(r);

(iii) F (rst+ tsr) = F (r)st+ rd(s)t+ rsd(t) + F (t)sr + rd(s)r + tsd(r).

Proof. (i) Linearize r by r + s in Definition 1.11 to see that

F
(
(r + s)2

)
=
(
F (r + s)

)
(r + s) + (r + s)

(
d(r + s)

)
= F (r)r + F (r)s+ F (s)r + F (s)s+ rd(r) + rd(s) + sd(r) + sd(s) (3.4)

On the other hand,

F
(
(r + s)2

)
= F (r2 + rs+ sr + s2)

= F (r2) + F (rs+ sr) + F (s2)

= F (r)r + rd(r) + F (rs+ sr) + F (s)s+ sd(s) (3.5)

Using (3.4) and (3.5) and applying the fact that R is additively cancellative, we have

F (rs+ sr) = F (r)s+ rd(s) + F (s)r + sd(r)

(ii) Linearize the result (i) by replacing s with rs+ sr, we get

F
(
r(rs+ sr) + (rs+ sr)r

)
=
(
F (r)

)(
rs+ sr

)
+ r
(
d(rs+ sr)

)
+ F (rs+ sr)r + (rs+ sr)d(r)

= F (r)rs+ F (r)sr + rd(r)s+ rsd(r) + rd(s)r

+ r2d(s) + F (r)sr + rd(s)r + F (s)r2

+ sd(r)r + rsd(r) + srd(r)

= F (r)rs+ 2F (r)sr + rd(r)s+ 2rsd(r) + 2rd(s)r

+ r2d(s) + F (s)r2 + sd(r)r + srd(r) (3.6)

On the other hand,

F
(
r(rs+ sr) + (rs+ sr)r

)
= F (r2s+ rsr + rsr + sr2)

= F (r2s+ sr2 + 2rsr)

= F (r2)s+ r2d(s) + F (s)r2 + sd(r2) + 2F (rsr)

= F (r)rs+ rd(r)s+ r2d(s) + F (s)r2

+ sd(r)r + srd(r) + 2F (rsr) (3.7)

From (3.6) and (3.7) and since R is additively cancellative, we get

2F (rsr) = 2(F (r)sr + rd(s)r + rsd(r))
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Note that R is 2-torsion free and yoked and hence by Lemma 2.1, we must have

F (rsr) = F (r)sr + rd(s)r + rsd(r)

(iii) We skip the proof since it is very similar to (i) and (ii). That is, linearize the result (ii) by
replacing r with r + s, the result will then follow immediately.

The last result (iii) above is a generalization of Lemma 3.4.

Theorem 3.9. If R be an additively cancellative 2-torsion free yoked prime semiring, then every
generalized Jordan derivation of R is just a generalized derivation of R.

Proof. Let F be a generalized Jordan derivation of R corresponding to a Jordan derivation d in R.
Let R∆ be the corresponding ring of differences of R and d∆ be a Jordan derivation corresponding
to d. By Lemma 3.7, F ∆ is a generalized Jordan derivation corresponding to d∆. Note that R∆ is
prime since R is prime (Lemma 2.6 in [7]). Also, by Lemma 3.1, R∆ is 2-torsion free since R is
2-torsion free and yoked. Then, by Theorem 2.5 in [18], we must have F ∆ to be a generalized
derivation of R∆. Thus, the restriction of F ∆ to R, namely F , is a generalized derivation of R.

Lemma 3.10. Let R be an additively cancellative semiring and F be a generalized Jordan triple
derivation of R into R corresponding to a Jordan triple derivation d. Then the map F ∆ defined
by F ∆(r − s) = F (r)− F (s), r − s ∈ R∆ for r, s ∈ R, is a generalized Jordan triple derivation
of R∆ into R∆ corresponding to a Jordan triple derivation d∆.

Proof. It is a simple routine to prove that F ∆ is a generalized Jordan triple derivation of R∆ if
we follow along the lines of proof in Theorem 3.5.

Theorem 3.11. If R is an additively cancellative 2-torsion free yoked prime semiring, then every
generalized Jordan triple derivation of R is just a generalized derivation of R.

Proof. Let F be a generalized Jordan triple derivation of R corresponding to a Jordan triple
derivation d in R. Let R∆ be the ring of differences of R, then by Theorem 3.5, d∆ is a Jordan
triple derivation of R∆ corresponding to d. By Lemma 3.10, F ∆ is a generalized Jordan triple
derivation corresponding to d∆. Since R is prime we should have R∆ as prime (Lemma 2.6 in
[7]). Also by Lemma 3.1 R∆ is 2-torsion free since R is 2-torsion free and yoked. Then, by
Theorem 3.5 in [18] we must have F ∆ to be a generalized derivation of R∆. Thus, the restriction
of F ∆ to R, namely F , is a generalized derivation of R.

We conclude the paper by extending the results of Vukum [14] to semiprime semirings, which
is a generalization of the above results in Theorem 3.9 and Theorem 3.11. The proof of the
following results are quite similar to the ones in the above Theorems and hence we dispose them
with a note that we apply Lemma 3.4 in [8] to see that R∆ is semiprime whenever R is semiprime.

Theorem 3.12. If R is an additively cancellative 2-torsion free yoked semiprime semiring, then
every generalized Jordan derivation of R is just a generalized derivation of R.

Theorem 3.13. If R is an additively cancellative 2-torsion free yoked semiprime semiring, then
every generalized Jordan triple derivation of R is just a generalized derivation of R.

4 Conclusion

In this research work, we generalized classical results from ring theory to semirings. In the
second section, we showed that a Jordan homomorphism from an additively cancellative semir-
ing to an additively cancellative yoked prime semiring, is either a homomorphism or an anti-
homomorphism. Section 3 dealt with Jordan derivations, Jordan triple derivations and their
generalizations. We used the ring of differences to travel from semirings to rings. In Lemmas
3.7-3.10 and Theorems 3.9-3.13, we applied ring theoretic results from the literature to prove
that the induced Jordan derivations, Jordan triple derivations, generalized Jordan derivations and
generalized Jordan triple derivations are all regular derivations in the ring of differences. The
induced mapping served as a bridge to travel from semirings to the ring of differences. Due to
the embedding nature of additively cancellative semirings in the ring of differences, the induced
map can be restricted to semirings that produce the desired outcomes. The absence of additive
inverse elements within the semiring renders generalizations non-trivial and our methodology
offers a systematic framework for such generalizations to semirings.
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