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Abstract This paper presents a study of repetition codes over & = Z,7Z,, focusing on the Lee
and Euclidean distances. We analyze the covering radius of certain repetition codes constructed
using zero divisors and units in R. Additionally, we derive the covering radius for simplex codes
and MacDonald codes of types a and 8 over & with respect to the Lee and Euclidean distances,
based on the aforementioned principles.

1 Introduction

The study of codes constructed over finite commutative rings has seen significant development
over the past five decades, largely motivated by their capacity to model codes over finite fields
via the Gray map. More recently, coding theory has turned its attention to more complex al-
gebraic structures, making the investigation of codes over finite commutative non-chain rings,
particularly additive codes, a prominent research area. This exploration draws foundational in-
spiration from algebraic combinatorics, where the characterization of subgroups within associa-
tion schemes, as pioneered by Delsarte, provides essential structural insight into these codes (see
[14, 15]).

Central to evaluating any code’s efficiency is its primary performance metric: the parameters
(n, k,d). However, the covering radius stands out as a crucial geometric property that not only
dictates the maximum error-correcting capability but also has direct implications for practical
applications such as data compression and secure transmission. Consequently, the covering
radius of various code classes has attracted intensive research over the last three decades (see
[6,7,8,9,10, 11, 13]). While initial studies often focused on linear codes over fields or simpler
rings, subsequent efforts extended this analysis to codes over mixed structures (see [1, 4, 5, 6,
19]).

A significant algebraic context arises from the structure of Z,,, where Z;', represents the set
of all n-tuples over Z,,. Building upon this, authors have defined additive codes as specific
subgroups within translation association schemes, notably those related to the binary Hamming
scheme. The underlying abelian groups for these codes have been structurally characterized,
primarily taking the form Z5 x fo , where o + 23 = n. Codes defined as subgroups of this
structure are thus known as Z,Z4-additive codes (see [14, 15]). More recently, this concept
has been broadened to the more general $-additive codes, defined based on abelian structures
involving a product of power-of-two rings [2].

Given the significance of simplex and MacDonald codes, which have been defined over var-
ious finite commutative rings, and considering the crucial role of the covering radius in deter-
mining a code’s error-correcting capability, this paper studies the covering radius for these codes
over the ring R = Z,Z,s, with respect to both the Lee and Euclidean distances. This investi-
gation provides necessary characterizations for error-correction performance in this generalized
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non-chain ring structure.

The remainder of this paper is organized as follows. Section 2 presents some preliminary and
Section 3 is devoted to the study of the covering radius of codes. In Section 4, repetition codes
and their covering radii are investigated. Finally, Sections 5 and 6 examine the covering radii of
Simplex and MacDonald codes of types a and f3, respectively.

2 Preliminaries

In [3] and [4], the authors present preliminary results related to the topic of this section. A code
C is defined as a non-empty subset of Z , where n denotes the length of the code. A Z,,-linear
code is a subgroup of 77, . In particular, a binary linear code is a subgroup of Z}.

m*

The Hamming weight wt g () of a vector z is defined as the number of nonzero components.
The Lee weight is defined by wty,(x) : Zys — Z, where wty, (i) = min{i,2* —i}. For x € Z,,
wty(x) is the sum of the Lee weights of its components. The Euclidean weight is defined by
wtp(x) @ Zos — Z, where wtg (i) = min{i?, (2° — i)*}. For z € Z3,, wtg(z) is the sum of the
Euclidean weights of its components.

The Hamming, Lee, and Euclidean distances are defined as dyy (z,y) = wtg (z—y), dp(z,y) =
wtp(z — y), and dg(x,y) = wtg(z — y), respectively. The minimum Hamming, Lee, and
Euclidean weights among all nonzero codewords of C' are denoted by wty (C), wty(C), and
wtg(C), respectively. There are alternative definitions of the Gray map. The one used in this

paper is defined in [18]. The Gray map ¢ : Zys — Z%S_] is defined by

, 0psm1_;1; 0<i<257 1

pli) = e 2.1)
Lo + (i =251 i>25L

This Gray map is extended to Z7, as follows:

90(1)17”27 s 7vn) = (Qp(vl)a ‘1‘9(7)2)’ R @(vn))'

Note that the Gray map is an isometry that transforms the Lee distance over Z5. to the Hamming
distance over Z2™ .

Let C be a R-additive code; it is isomorphic to an abelian structure of the form Z’; 'x Zfz X

- x Zk:. Thus, |C| = 2ki+2kt+ske where |C| is the number of codewords in C. The R-

additive codes can also be viewed as binary codes, referred to as R-linear codes, by considering
the extension of the usual Gray map & : Z5 x ng — Z%, where n = a + 2°~1 3, given by

(D(x’ y) = (.’IJ, @(yl)’ (P(y2)7 sy @(y/@))a

forall z = (z1,22,...,24) € Z$ and y = (y1,92,...,Y8) € ng, where ¢ : Zps — Z%S_l is a
generalization of the usual Gray map defined in (2.1).

The Gray map defined above is an isometry that transforms the Lee distance defined on
Z§ x ng to the Hamming distance defined over Z%, with n = a + 25718, Let v = (v1,v3) €
7§ x ng be a vector; then the weight of v, denoted by wty,(v), is defined as wy (vy) + wr (v2).
Also, wtg(v), is defined as wy (v1) +wg(v2). The Gray map ®(v) is an isometry that transforms
the distance defined in a R-additive code C over Z§ x Zf_ . to the Hamming distance defined in
the corresponding R-linear code ®(C). Note that the length of ®(C) isn = o + 25713.

Let X be the set of Z; and Y be the set of Z,-, respectively, with the coordinate positions, so
|X| = e and |Y| = . Unless otherwise stated, the set X corresponds to the first o coordinates,
and Y corresponds to the last 8 coordinates. We denote Cx (resp., Cy) as the punctured code
of C' obtained by deleting the coordinates outside X (resp., Y'). Let C} be the subcode of C' that
contains all order two codewords, and let kg be the dimension of (C},) x, which is a binary linear
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code. For the case o = 0, we write kg = 0. Considering all these parameters, we will say that
C(or equivalently ®(C)) is of type («, 8; k1, ka, - - - , ks; ko).

Define an inner product of vectors v and v in Z§ x ng as follows:

« a+f
(u,v) = 257! g uv; + g Uj0;.
i=1 j=oa+l1

Let C be a R-additive code, and the additive dual code of C is denoted by C+, defined as
follows:
Ct ={ves <7 |(u,v)y =0forallu e C}.

The corresponding binary code ¢(C) is denoted by C and is called the R-dual code of C. The
generator matrices of C' and C were given in [2].

Throughout 0, 1,0;, 1; and 25! denote for the all-zero vector, the all-one vector, the all-zero
vector of length 4, the all-one vector of length ¢, and the vector whose components are all equal
to 2°~!, respectively. The length of these vectors will be clear from the context.

3 The covering radii of codes over R

In this section, we introduce the concept of the covering radius of a code C' over . We begin
by recalling the definition of the covering radius for a binary code. For a binary code C, the
covering radius r(C) is defined as
C)= ind .
r(C) = max{mindg (u, )}

This definition can also be interpreted as the smallest number 7 such that the spheres of
radius r around the codewords cover Z,. When extending this definition to codes over R, the
covering radius of a code C'is the smallest number r such that the spheres of radius r around the
codewords cover R. Therefore, the covering radius of a code C over R, with respect to the Lee
and Euclidean distances, is given by

r(C) = max {mind u,c)}.
£(0) uez;xz;{cec (e (u,0)}

It is evident that r1,(C') and r(C') represent the minimum values r;, and rg such that Z§ x
ng = UcecSyr, (¢), respectively, where S,, (u) = {v € Z§ x ng s dp(u,v) < rp}, and
Srp(u) ={v e Z$ x ng tdp(u,v) <rg}, foru e Z$ x ng.

The following result, given in [1], for codes over Z4 also applies to codes over R. Its proof is
based on the definition of the covering radius and the fact that the map @ is a weight-preserving
map.

Proposition 3.1. Let C be a code over Z§ x Zg_g and ®(C) be the Gray map image of C. Then,
r(C) = r(®(0)).

Let C be a code over R, and define s(C+) = |[{i : A;(Ct) # 0,i # 0}, where A;(Ct)
denotes the number of codewords of weight i in C*.

Lemma 3.2. For a code C over R, r,(C) < rg(C) < 2rp(C).

Proof. The result is derived from the inequality d, (z,y) < dg(z,y) < 2di(x,y), for any two
vectors = and .

In [16], it is demonstrated that the covering radius r(B) of a binary code B and the number
of distinct nonzero weights in the distance distribution of the dual code B+, denoted by s(B+),
satisfy the following inequality, known as the Delsarte bound:

r(B) < s(B*).
We now extend the Delsarte bound to codes over ¥.

Theorem 3.3. Let C be a code over R. Then, r1,(C) < s(Ct) and rg(C) < 2s(CH).
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4 Repetition Codes

LetF, = {ap =0,y = 1,--- ,g—1} be a finite field. A g-ary repetition code C' = {a|a € F,}
is a (n,q,n) code over F,, where @ = (a,--- ,a) € FF}'. The covering radius of the repetition

(¢—1)
q

code C over I, is given by | 1. In this context, we introduce several types of repetition

codes over R.

4.1 Zero Divisor Repetition Codes

Let z be a zero divisor in the ring Z,:. The code generated by the generator matrix [zz - - - 2]
is referred to as a zero divisor repetition code. In Z;s, there are 25—1 _ 1 distinct zero divisors,
which can be expressed in the form a 251 42524 ~+a3222 +as_12, where each coefficient
«a; is an element of {0, 1}. This representation highlights the binary nature of the coefficients,
indicating which powers of 2 contribute to the zero divisor. Initially, we focus on the zero
divisors of order 2 within the ring }. For this specific case, we define the code C, as follows:
C, @ [n,1,%,n2°72], which is generated by the generator matrix G, = [02°~"---02°~']. This
structure allows us to investigate the properties and applications of zero divisor repetition codes
in further detail, particularly in the context of their performance and efficiency in coding theory.

Theorem 4.1. The covering radius of the code C, over R, with respect to the Euclidean weight
and the Lee weight, is expressed as follows:

rp(Co) = 52272+ 1), ri(Ca) = 7 +2"7n,
n T n T
s—1 s—1 s—1 s—1
Proof. Let x = 00---0002°~"..-02°7"10---1012°%7"...12° € R". We can assume z =
n n n %
/-j\ﬂ/-j‘\ n /'j\ﬁ’_]/ﬁ n
(zi@z)andz; =0---01---1€Z; andz, =0---02°"-..2°7" € Z}.. Then

n n
n 2 2

—— —~ —~
(22(5—])))

=240

4

n
8

‘ N N h2s—2
dE(:r,OOWOO):Z(Z +1)

n
I

&3

——
dp(z,00---0002°~" ... 025!

=3

n n

2 2

/—/A’_il/ﬁ —~ —~
10---101257" - 12°7Y) = dpy (21,0 --0) + dpg (22,0 - - 0)

&3

=" 7 92(s=1)
7 T2 @)

z 2

—_——

dp(x,00---0002°~" ... 025!

3 2

—

10---1012571 ... 12571y = 2(228—2 1)

Thus n
rp(Cy) > Z(228—2 +1). “4.1)
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Let z = (z172) € R and let w; be the number of i coordinates in x; for 0 <4 < 257! — 1,

€
25+l n .
Then ) ;_, w; = 5. Consider

3
3

n

—— —~ —~
dE(l‘,OOOO) :dH(l‘],O"'O)+dE(l‘1,0"'0)

n
= Z +0(w0 —‘rwzs) + l(wl + was_1 + Was 41 + w2s+1_1)

+ .4 22572(102571 + Wos 4ps—1 ),

n

n % 2
—_— e N —_—~
dp(z,02°7 1. 02°7") = dp (21,0 --0) + dp(xy,2° - 2571

n
= Z + 0('[02571 + w2s+2571) + 1(’11)257171 + w237|+1

+ w2s+237171 + w25+2571+1) + R + 22572(7110 + w25>.

The minimum is less than the average. So

re(C) < g + %(228—2). (4.2)

From equation (4.1) and (4.2), we have rg(C,) = 2(2%*72+1). The above argument follows
for Lee distance.

Now, we consider zero divisors of order 7 in ®. Let Cy: : [n, 1, s n2°~2] be the code generated
by the generator matrix G, = [0257% .- 02577].

Theorem 4.2. r(Cyi) = 2(2%72 + 1), rp(Cyi) = 2 425 3n.

n n n

n
s—1 s—1 s—1 s—1
Proof. Let x = 00---0002 .02 10---1012°7".-.12 € R™. We can assume © =

4 4 4 4

A~~~ n /—/\’T/ﬁ n .
(z1z2)andz; =0---01---1€Zf anday =0---02°"-..2°7" € ZJ, andfori =1,2,--- ,s—
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1. We have

dg(2,00---00) = dg(x1,0---0) + dg(z2,0---0)
n n
_ 2722(5—1)
T 25207
——
dE(a:,OO~--OO):%(225‘2+1)
o Kl
—_——T
dg(2,00---00025 ... 025"
T : 4 ‘ 2 2
10---1012°7"- .. 12°7") = dy (21,0 --0) + dg(22,0---0)
_ M2
_4(2 +1)
o T
-1 -1
dg(z,00---00025""...02¢
% i 2 2
—_—— —~ —
10---1012°7 " 12571 = dpy (21,0 - - 0) + d(22,0---0)
_ s
_4(2 +1)

ESE
IS

—— , .
dg(x,00---0002° —2°7"...02° —2°7"'

i A . 3 3
10---1012° = 2577 12° = 2°7%) = dy(21,0- - 0) + dp(a2,0- - - 0)
n
=S(2* 7 +1).
FICAREE)

So, rg(Cyi) >= 2(2*72 + 1). Let z € R™ and w; be same as in Theorem 4.1. Then,
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2k 1 .
> j—o wj=7%.Fori=12,... s—1, wehave

3
3

n

—— —~ =
dp (2,00 -00) = dg (21,0 - 0) + dp (22,0 - - 0)

= % + 0(wo + was ) + 1wy + was—1 + wpsiq + Wwpst1_1)

+ .+ 22572(71123—1 + Wys 4 ps—1 )a

n

dE(l‘,OQ,SiZ cee 02571) = dH(I1,0' . 0) + dE(IQ,Zsil cee 2572>

3

n
= Z + O(U)zsfzs—i + w22+|_25_7:)

+ 1(11/25,254,1 + Wys _ps—iy] + Wost1_ps—i_| + wz.w],zs—i_,'_l)

2s—2
+ e + 2 s (U}2s—1_25—i + w25+2571_254),

n
n 2

—_—— e
dp(2,02571...02°71) = dy (21,0---0) + dg(x, 257" - - 2571

w3

n
= Z + O(UIZS—I + ’ZU25+25—I) + l(sz—l_l + ’les—1+]

+ w2.6+25—]_1 + w23+25_1+1) + cee + 22572(’(1)0 + ’(1)25).

3
ol
o3

dp(2,02% —2°7"...02° —257") = dH(xl,m) +dp (20,25 — 257025 —257Y)
= % + O0(was—i + wps ye-i)
+ Wwps—i_g + Wye—iyy + Wysps—i1 + Wps _ns—iq)
o 2257 (wpe _gai A+ Woeri_pai).
The minimum is less than the average. So,

225_2+2XZZS_%(IZ—FZZ—F”--F(ZS_I _1)2)

n
i) < —
TE(CZ ) =49 + 2i

n 1 _ iy (2i—l _ 1)2i—1(2i _ 1)

< -+ 7.(223 2 +2x 223 2L( ))
4 2 6
n n

< = (2757,

<247
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4.2 Unit Repetition Codes

n

/_/H . . .
Let 11---11 be a unit in R. Then the parameters of a code C| : [n, 2%, n,n] is called unit repeti-

—
tion code generated by Gy = [11---11].

Theorem 4.3. Let Cy be a code in R. The covering radius is rg(Cy) = 2(2*n+1), rp(Cy) =
Doy p2s3,
7

l l l l n—(2°=1)l

——— ——
Proof. Let z = 00---0001---01---02° —-1---02° - 110---10---12° —1---12° — 1 € R™.

2

3

—N— n n
We can assume = = (zy22) and 21 =00---0 € Z7 and z, = 012---2° — 1 € ZJ.. Thus,

n n
n 2 2

—— —~ —~
23—1(25—1+1)(23+
6
I n l
—1= o 2s+l_1 v
2+2 ( )2
n

=37 +1).

n 3z z

—— —~ —~

1) _ 223—2)£

2

:%+2(2><

ol

n 2

—~ ——
dp (2,025 — 1---02° — 1) = dg (21,0 0) + dp(22,2° — 1---2° — 1)

_n 22 A DR +T) ) !
=7 T22x . —227)3
n
= (277 +1).
L0273 4 1)

We know, rg(Cy) > dg(x,C1),s0 rp(Cy) > %(2*73 +1). If z € R and let w; be the number
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. . . i‘+l — .
of 4 coordinates in z for 0 < 7 < 257! — 1. Then, Z?:o ! w; = % Consider

n
n 2

—— —~ —~
dp(2,00---00) = dg(21,0---0) + dp(22,0---0)

3

n
= 1 + 0(wo + wps ) + 1(w1 + Was_1 + Was 41 +w2s+1,1)

—+ -4 22572(11}25—1 + Wos y2s—1 ),

n
n % 2

—_—~~ PR —_—~
dp(z,02571 . 02571 = dy (21,0 --0) + dp(xy, 25712571
= 0(1023—1 + 1U2s+25—1) + 1(w2371,1 + ’wzs—1+1

+ sz+25—1_1 + 1U25+2s—1+]) + s + 228_2(?1)0 + U}ZS).

n n

n 2 2

— —~ —~
= % + 0(wo + was ) 4 1(wy + waps —1 + wos 41 + wasri_y)

+ o+ 225_2(11]25,1 + ’w25+2571),

w3

n
n 2

—_— —_—— —_—
dp(z, 125711227 = dy(xy, 1 1) + dp(ap, 2572571
= % + 0(was—1 + Was ys—1) 4+ 1{wps—1_1 + Was—14
+ W gemi A+ W gaemigy) + o 4 22577 (wo + was).
The minimum is less than the average. So, rg(Cy) < % + (2%~ +1).

Now, we consider the covering radii of the block repetition codes over . Let C">*+!-1 be the

s—1
block repetition code over ft. It is an $&-additive code of length n = Z?:l n; with generator

matrix
ny Mnos | Nos Mos+l g

—— ——
G=(01---01---02°—1---02°—-110---10---12° = 1---12° — 1).

We have the following result.

Theorem 4.4. Let C™2°+' -1 be the block repetition code over R. Then

1 1
T'E<Cn257171) — §(22573n+1)(n1+ﬂ3+"’+n25_1)—|—2(22572—1—1)(n2+n4+"'+n25—2)7

P (O = T 20 by m).

5 The covering radii of simplex codes over i

In this section, we consider the construction of simplex codes of types « and 3 over . Let m$,
be the generator matrix of S5’ , the binary simplex code of type « is defined as

[00...011...1]7 5.0

« «
my k-1 ‘ My k-1

where
mg, = {0 1} : (5.2)
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The generator matrix G¢,, of S, is

00---0[11--1[22--2] - [20—125—1---2° 1 ] 53)
Gooy | Gy | Gy || G
where
=01 2] (5.4)

We define the generator matrix of S¢'; , the simplex code of type o over ZyZs, for k > 1, as
the concatenation of 2°* copies of the generator matrix of S5, and 2* copies of the generator
matrix of 5S¢ is given by

o = | msy [ msy |- [msy |G || G |- on | (5.5)

So, the length of S, is 2(*V**1 The standard form of 6§, for k > 2 is given by

@gzloomoommm -..12511251--.12511251]’ 56
Oy | O,y [Og, ] A
where

?:[00\01\...\02571\10\.-.\12571] (5.7)

Now, the following theorems provide bounds on the covering radii of simplex codes over R.
Theorem 5.1. r,(S¢,) < (142°71) x o (s+1)(k—1)

Proof. By definition of R-simplex codes of type a, it is the concatenation of 2°* copies of the
generator matrix of S5, and 2% copies of the generator matrix of S¢ - From [11] and Equa-
tion(5.3), we have '

ro(See) < rp(2°7S5) +rn(2552))
< ZSer(Sik) + 2" ( k)
(k1) s(k—1)
— ———
< 2%rg(S55) +25rp (S o)) Fro(< 111028 — 12225 — 1 >)
< zsk(zkfl) + 2]@[(2572(23 - 1)(28([971) NI stl)) + TL(Sgl)]

25k 1
25 — 1

— 2(s+1)(k71) + 2]@[2572(23 _ 1)( . 1) + 22572}

— 2(s+1)(k—]) + 2k(25—225k)
_ 2(s+l)k(2—l + 23—2)’

and the result follows.

Theorem 5.2. TE(S?,k) < Z(SH)’“(SXZSS_LSXéz(;iﬁs_lﬁ(zsq)) - 216(42%6;3 ).

Proof. By the definition of R-simplex code of type «, it is the concatenation of 2°* copies of the
generator matrix of 53, and 2% copies of the generator matrix of S¢ k- From [11] and Equation
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(5.3), we have

re(Sy) < TH(2SkS§,k) +rp(2F r)

< ZSkTH(Szk) + ZkTE(S;k)

< 2sk(2k—l) +2k[(é(225—1 + 1)(25—1) +225—3(25—l _ 1))(25(k—l))

+re(Ser_1)]
< zsk(zk—l) 4 2’“%(5 % 235—3 —3x 223—2 + 25—1)(25(k—1) IS 2s><l)
+re(551)]

PR |
-1
25 —1 )

S 2sk(2k71) + zk[é(s X 23573 —3x 22572 + 2571)(

+ é(s % 235—3 + 23—1)]

2%k 1

< zsk(zkfl) 4 zk[é(s % 23573 —3x 22572 + 2571)( > . ) + 22573]
5 x 23s—3 —3x 223—2 + 25—1 + 3(23 _ 1) 223—3
a < 2(s+l)k _ ok )
re(S%) < 20K e )24 (E )

We now focus on the R-simplex codes of type 5. Since type [ is a punctured version of S¢',
we define the generator matrix Sf > for k > 1, such that no two columns of Gf are multiple of
each other. So Gf is the concatenation of 2°* copies of the generator matrix of Sf . 18 denoted

by mg . and 2% copies of the generator matrix of Sﬁ x 18 denoted by G, is given by

Of = [ mi, [miy |- |mi |2 || ] 5.8)
where
a2 = [ T 1 , 59

and mf’k, for k > 3 is given by

11---11 | 00---00
mh = |—— | . , (5.10)
my k-1 ‘ My k1
Also the generator matrix Gfﬁ o for k>3 is
1---1100---0l22...2]...] 25 -2 ]
[t onofmoa s
Gs,kfl ‘ Gs,k—l ‘ Gs,k:—l ‘ T ‘ st@—l i
where :
11---11 0|2]---]2°=-2
Gl = 02| (5.12)
* 01222 =1 [ L[ 1] | 1
Theorem 5.3. For R-simplex codes of types 5, we have:
2k _ 1 25(k—2) —1)(22s—1 2352
T_L(Sf’k) S zek( 5 ) + 2k—l_25—2(( )( + ) (513)

25 —1
(2(871)(1{772) _ 1)(723574 4 22573)

T +3x2572 4277,

+
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Proof. According to the definition of ¥-si
ing 2°F copies of the generator matrix of s
mentioned in [11] and presented in Equatlon (5.11), we have:

ﬁplex codes of type §, it is constructed by concatenat-
with 2¥ copies of the generator matrix of S° ok AS

ro(Sy) <rp(2%85,) +ro(2871SY )
)

< 2% (Sy) + 257 (S0 )
< 2% ( 5) 26 trp(82),)
< 2%y ( f )+ 25 (585 0)
zs(k—l) 2(5—1)(k—l)71(2k—1_1) 2(571)(k71)71(2k71_1)
— —
(<111 2.2 2.2 2 )
kE _
<2l
+ 2871202 (220D (207 - )TV @R 1) ey (ST, )
2k —1
__nsk
+2k71.2572(25(k71)+(2571_1)(2(5 1)(k—1)— (2k 1 1))+TL(S£]€,1))
2k — 1
_ nsk

+2k—1.2s—2(2sk—s—l +2$k—2 _2(s—l)k—l +2(s—1)k—s +TL(S£k_]))

Hence
2k —1
r(SP) < 2% (55—)
bl s (25(1972) _ 1)(22871 + 23572) (2(871)(}{372) _ 1)(_23574 + 22573)
+ 2871257 5 T 4 S
+ 3 % 23—2 + 223—3).
Theorem 5.4. For R-simplex codes of types 3, we have:
a2k =1 L0251 (ps(k=2) _q)(p2s—1 4 p3s—2
re(Sy) < 2H () + 21 (5 ) (! 2)5(_1 ) (5.14)
(s=1)(k=2) _ _n3s—4 253
+ (2 1)( 2 +2 ) +3x 2572 _’_22573).

25T —
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Proof. As stated in [11] and in Equation(5.11), we have:
re(Sy) <rp(2*8),) +re(2'SY,)
< 2%rp(8y,) + 25 rp(SY )
< 2% (Sy,) + 25 re(S))
)+

< 2Sk7"H(S 2k + 25 g ( k1)
Zs(k_]) 2(€ 1)(k—1) (2k 1 1) 2(5—1)(k71)—1(2k—1_1>
—— — —N—
trp(< 1T 222 .27 -2..0° -2 3]
k _
PP
. 22s—1 +1 sl . . L _
+2k 1[(T)(2 (k ])+(2 ]_1)(2( 1)(k-1) 1(2k 1_1)))
+ (2272 = DEETIEDT A 1) (S
. zkz 1 3 22571 +1 sl
_2k< 5 )+2k: 1( < )2(k: 1)
2s—2
+2k—1(5><2%)(23—1 1) (28t gl +TE(557;€,1))
2k _ 1 22s—1 +1 sk _ 1
zsk 2k’—l —1
() +27 (= w1 U
5 x 225 2 41 sk _ 2(571)k -1

+ 2 (0 - (G - ) + 25 (8D,

Hence,

2k —1

. 3 225—1+1 2sl~c_
TE(SJf):Zk(T)‘f‘Zk '

6 -1 Y
5x2%7 241 2%k — 1 26-Dk
T)(z _1)(25—1 21

+ 2]{)71 % 25(23872 —3x 22872 + 2571 4 1)

+2k—l(

Theorem 5.5. Ler S{+, S,fl- be the dual of the simplex codes of types o and . Then, ri,(S¢+) =
r(Spt) < 1 and rp(Sgt) = rp(Spt) < 1.

Proof. The Delsarte bound establishes that the covering radius of the dual codes S{* and S,f +
satisfies the inequalities r7, (S¢1) < 1 and r1(S71) < 1.

6 The MacDonald codes of Types o and 3 and their covering radii

Let My, ,(q) denote the MacDonald codes over the finite field F,. The parameters of the code

k—1

M;w(q) are given by [q’;:‘{ — ¢“~!], where every nonzero codeword has a weight of

k—1 _

either ¢* ! or ¢ q“~'[17]. Let ms';, represent the generator matrix of S3', and mf, ,; denote
the generator matrix of Sg o
For 1 < u < k — 1, we define mg‘, ko (and similarly mg, k,u) by deleting the columns corre-
sponding to mj,, and Ogu (4., (or mzﬁ,u and O(pu 1) (k—v))> Which form the generator matrix
of Mfk,u (or Mzﬁ’k’u), the binary MacDonald code of type « (or 3). Thus, for k£ > 2, we have:
020 (k—u)

ms g, = | Mk \ e | 6.1)
2,u
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and for k > 3,
O u
B 2u—1)x (k—u)
M o = [ my, \ 2 ] . 6.2)
w mZ,u
In [12], the MacDonald codes of types « and 5 over R were defined using the generator matri-
ces of simplex codes of types av and § over ®. For I <u < k—1,let G ; , (resp., st k) bethe
generator matrix of Mj: , . (resp., MJ k.u)> Which is derived from G3; ;; (resp., st 1) by delet-

ing the columns corresponding to G5; ,, and Opsu s () (r€SP., G257u and Oxs—1u—1(2u_ 1) x (k—u))-
Therefore, for & > 2, we have

025u (k—u
G5 p = [ G\ P ] , (6.3)
and for k > 3,
056 —1yu—1 (20 _ 1) x (h—u
GSpw=| G2 4\ cgg e (6.4)

Next, we define M;®, and M b . as the MacDonald codes of type a over . Let 0y, for
1 <u<k-—1,be the genarator matrix of the MacDonald code of type « over R, Wthh is
obtained by concatenating 2°* copies of the generator matrix of M, . and 2* copies of the
generator matrix of Mj: , . For k > 2, we have: h

G);cy,u = |: mg,k,u ‘ ‘ mg,k:,u ‘ G?S,k,u ’ ‘ G%S,k,u :| : (65)
This takes the form:
2sk 2k
020 (k—u) 020 x (k—u) Ozoux (k—u) 025 ¢ (k—u)
S & G5, -GS
my g m?,u , \ m?,u 2: k\ G% 2: k\ Gg:
(6.6)
Rearranging gives
zsk 2k
zsk zk
020 (k—u) 020 s (k—u) | O2su x (k—u) 050 5 (k—u)
@ ome, GG
My "My Gos i 25k \ mgu \ mgu \ Ggu \ G%u
(6.7)
So, for k > 2, we decide
Zsk 2k
g,u = 9o \02“><(k7u) L \ 02“><(k7u) \025“><(k7u) . \ OZS“X(kfu) . (6.8)
g m?,u m%u Ggs U Ggs ,u

Let 9£’u, 1 < u < k — 1, be the generator matrix of the MacDonald code of type 8 over R.
Obtained by the concatenation of 2°* copies of the generator matrix of Mf . and 2k=1 copies

of the generator matrix of MZB k.- FOr k>3, we have

Gf,u = |: mg,k,u ‘ ‘ m2ku ‘ G2Sku ‘ ‘ G2S ko :| (69)

So, it takes the form

2sk 2k—]

(k=

u

0 2u—1)x (k—u 0 2u—1)x (k—u 02(5—‘)" 2u—1)x (k—u 02(5—‘)“ 2u—1
I B N e L e @ nxk—) g\ <GB )x
25

B
m‘Z,u my

s

Géi,u
(6.10)
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Rearrangeing gives for k > 3,

28k ok—1

07, = | o |\ O —nx(E—u) 0e—1)x (k=) | Q2te=u@e—1)x (h—u) Ot =1 2u 1) x (k—u)
; e |\ . Y . . s\ 5
m2,u m2,u GZS,u GZS,'U,

(6.11)

We shall establish some bounds on the covering radii of MacDonald codes of types « and S.

Theorem 6.1. For u < r < k, the covering radii of the R-MacDonald codes of type o are subject
to the following upper bounds:

TL(M]?,u) < 2sk+k—1 (1 + 23—1) _ 2k+s—2(25k + 237")
+2%rg (Mg, ) + 28 rp (M5, ),
and (6.12)

2sk _Qsr
1)

rp(Mg,) < psktk=l(] 4 ps=1y _ 2k(é(5 x 23573 3 2252 4 ps=l)(
+ ZSer(Mzamu) + ZkrE(Mzo‘s,r}u).
Proof. For u < r < k, as stated in [11] and in Equation(6.9), we have:
ro(Mg,) < rp(2°F Mgy ) + (28 Mg L)
< 2% rp (Mg ) + 25 rn (M3 )
< 2%rg(MgYy,.) + 25 rp (M3 )
< 2sk(k=1 _pr=ly 4 ZSkTH(Mza,r,u) 4 ok(gskHs=2 _psr+s=2y 4 zer(M%r’u)

TL(M]?iu) < 25k+k71(1 + 2571) _ 2k+572(25k + zsr) + 2SkTH(M20:r,u) T szL(Mf.é,r,u)~
(6.13)
Similar arguments hold for 7 (MM, ,fu)

Theorem 6.2. For u < r < k, the covering radii of the R-MacDonald codes of type [ are subject
to the following upper bounds:

TL(le,u) < 2sk(k=t o=y 4 2Ser(M257T)u)
2R (DR gk L))y _ gkl ols= =1 or )y 2k_l7"L(M2€7r,u),
and
TE(MEU) <2sk(k=t o=y 4 ZSer(MZBmu)

223714_1 Zsk_zsr
% =1

5 x D252 +1 o sk _ sr 2(s=1)k _ o(s=1)r
T)(Z _1)( 25 1 - 257171

+ 2k )+ 25 (M, )

Proof. For u < r <k, as stated in [11] and in Equation(6.9), we have:
ro(My ) <rp2FMYL )+ oMY )
< 2% (M, )+ 25 rp (MG, )
<2%rg(M),,) + 28 rn (MG, ) 6.14)
P (M) < 2825 - 2 4 2%y (M, )
+ 2k71<2(571)k71<2k 1)) - 21%1(2(571)%1(27« 1))+ zkflrL(Mzﬁsmu)'

Similar arguments hold for rg (1, ,fu)
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