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Abstract. In this note, we show that the balancing numbers that can be represented as con-
catenations of three repdigits in base-b with 2 < b < 10 are

B, = 6 = (110),,

B; = 35 = (100011); = (1022); = (203), = (120)s,

By =204 = (540)5 = (411); = (314)5 = (246)9 = (204),0,
Bs = 1189 = (3316)7 = (2245)s = (1189)0.

1 Introduction

A sequence of balancing numbers denoted by (B,,) is defined by the recurrence relation B,, =
6B, _1 — B,,_, for n > 2 with initial conditions By = 0, B; = 1. The closed-form formula for
B,, is given by

. an _|_ ﬁ’n

N
where o = 3 + /8 and § = 3 — /8. The inequality
a" '< B, <a® (1.1)

can be proved by induction. Non-negative integers whose digits are all equal are called repdigits.
For integers b, a and d satisfying2 < b < 10,1 < a < b—1and d > 1, we have the following

equality
o)
(w)b T b1

dtimes

Concatenations of k repdigits can be written in the form

ar...a1az...a2...0k...ag,

d; times d, times  dj times

where £ > 2,d;,ds,...,d, > 1,0 < ay,a,a3,...,ar < 9 and a; #0.

In [3] and [16] the authors found all the Fibonacci and balancing numbers that are concate-
nations of two repdigits. In [10], the author dealt with the problem of finding the tribonacci
numbers that are concatenations of two repdigits. In [13] and [14] , we found all Lucas numbers,
which are concatenations of two and three repdigits, respectively. Several studies on different
integer sequences can be found in the literature; see, for example, [1], [2], [4], [S], [11], [17],
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[18] and [19]. Moreover, investigators of [12] determined Pell and Pell-Lucas numbers formed
by the concatenation of three repdigits.

Independently of the present study, Erduvan and Keskin [15] investigated the part of this
problem related to balancing numbers. Using similar tools, we extend these results from base 10
to base b with 2 < b < 10. Namely, we tackle the equation

B, =di..dy - b™t™ 4 dy.dy - 6™ + ds...ds, 1.2)
e ~—— S~——
m; times my times mj times

where mi,my,ms > 1,2 < b < 10,0 < dy,dp,d3 < b— 1 and d; # 0. Our result is the
following.

Theorem 1.1. The only balancing numbers which are concatenations of three repdigits in base
bwith2 <b <10 are 6,35,204,1189.

2 Tools

The proof of Theorem 1.1 depends on Baker’s method and some tools from Diophantine approx-
imation. Now, let’s recall some information. Let ¢ be an algebraic number of degree d over the
rationals, with minimal polynomial

ao (I _ C(”) (x _ 4<2>) . (I _ C(d)) € Z[4].
Then the absolute logarithmic height of ¢ is defined by

hC) = é <10gao—|—zd:log (max{|g<i>|,1})>, 2.1)

i=1

where ag > 0. The following properties

h(n+~) < h(n) + h(y) +log2, (2.2)
h(ny=") < h(n) + h(v), (2.3)
h(n™) = |m|h(n) (2.4)

can be found in [8]. The following theorem is given in [7] as Theorem 9.4.

Lemma 2.1. Assume that 1,72, ..., are positive real algebraic numbers in a real algebraic
number field K of degree D, by,b,, ..., by are rational integers, and

A:zvi" |
is not zero. Then
|A| > exp (—1.4-30" . t*5. D*(1 +log D)(1 4+ log B) A1 A; - - - 4;),

where
B > max {|b1], ..., |b:|} and A; > max {Dh(v;),|log~i|,0.16}
foralli=1,.. t.

The following two lemmas are given in [6] and [9], respectively.

Lemma 2.2. Let M be a positive integer, let p/q be a convergent of the continued fraction of the
irrational number ~y such that ¢ > 6M, and let A, B, i be some real numbers with A > 0 and
B > 1. Let € := ||pq|| — M||vql|, where || - || denotes the distance from the nearest integer. If
€ > 0, then there exists no solution to the inequality

O<|uy—v+pul <AB™Y,
in positive integers u, v, and w with

log(Ag/e)

u< M andw > log B
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Lemma 2.3. Let s,z € R.If0 < s < 1 and |z| < s, then

—log(1 — s)

[log(1 4+ z)| < .

||

and

x| < -le® —1].

s
1—es

3 Proof of the Theorem 1

Assume that equations (1.2) holds. We examined the first 54 balancing numbers and found the
solutions of (1.2), which are

By =6 = (110),,

B3 =35 = (100011), = (1022); = (203)4 = (120)s,

By =204 = (540)¢ = (411)7 = (314)g = (246)9 = (204) 0,
Bs = 1189 = (3316)7 = (2245)g = (1189)0

for di,mi,my,m3 > 1,2 <b<10and 0 < dy,d>,d; < b — 1. From now on, we assume that
n > 55. Considering (1.2), we can write

_ di (bml — 1) . dz(bmz _ 1) s d3(bm3 _ 1)
B, = b1 b + b1 b+ — , (3.1)
or |
Bn = ﬁ (dlbm,1+mz+m3 _ (dl _ dz) bmz+m3 _ (dz _ d3) pme — d3) ) (32)

Combining (1.1) and (3.1), we can see that

2m|+m2+m3—1 < Bn < a” <23n’

and so m; + my + m3 < 3n + 1. Now, together with the closed-form formula of B,,, we can
rewrite equation (3.2) as

b—1)an b—1)8"
(4\[20‘ — bt S( 4&'3 +|dy — do| - b™2T™3  |dy — da| - B2 + ds

b— Do
S%Jr(b—l)'b’"’””’”+(b—1)-bm3+(b—1)

<18-(b—1) pm2tms,
where we have used the fact that n > 55. From this, we obtain

‘(b—l) 1.8

.l pTa T ms

< —F.
4v/2d, prmi=t

Here, we can apply Lemma 2.1 with

(3.3)

Y1 = (b - 1)/(4\/§d1),’}/2 =,y = b

and by := 1,b; := n, b3 := —(my + my + m3). It is obvious that D = 2. Let

A= (b — l)anbfmlfmzfnu _1.

4v/2d,
If A; = 0, then we get
an — 4\/§d1 A bm1+m2+m3.
b—1

Since a®" is irrational for n > 1, this is not possible. So, A; # 0. Since

b—1

h(m)—h< )gh(b—1)+h(d1)+h(4\/§)<3logb,

4/2d,
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and .
0
h(v2) = h(a) = 50‘ < 0.9, h(y3) = h(b) = logb,
we can choose (A;, Az, Az) := (6logb, 1.8,210gb). As m; +ma + m3 < 3n+ 1, we can take
B:=3n+1.Let

C:=1.4-30°-3%5.2%(1 +log2) - 1.8 - 2logb.
Using (3.3) and Lemma 2.1, we conclude that
1.8-5 ™= > A > exp (—C - (1 +1log (3n+1)) - 6logh),

i.e.,
mylogh < 4.2-10" (logb)*logn. (3.4)

Here, we have used the fact that 1 + log (3n + 1) < 2logn for n > 55. We can rearrange (3.2)
as

(b 1) e _ (=D
— (0™ — (dy — dp)) b = — (dy — d3) 0™ — d3.
42 (dy (dy 2)) NG (da 3) 3
The above inequality tell us that
b— n b— n
o (awm = = ayores| < - aoma
(b_l)ain _ R _
ST-F(I) 1)- 0™ 4+ (b—1)
< 16- ™t

Therefore, we obtain

1.6
bm2—1 :

< (3.5)

b1 |
4\@ (d] b — (d] — dz))

Taking
b—1
"=
42 (dib™ — (dy — dy))

and (b1, b, b3) := (1,n,—my — m3), we can use Lemma 2.1 again. Here D = 2. Let

Y2 =,y i=b

A, = b-1 ahTmTms
42 (dib™ — (dy — dy))

By the same arguments used before for A, we conclude that A, # 0. By using (2.2), (2.3), and
(2.4), we get

h(m)="h <4ﬁ(dlb7§1 1(d] _ dz)))
< h(b—1) + h(4V2) + h(d,b™) + h (d) — dy) + log2
<3log(b—1)+ %log32+m1 logb +log2
< 6m; logb.

So, we can choose A; := 12m logb. We also know A, := 1.8 and A3 := 2logb. On the other
hand, as m, + m3 < 3n, we can see that B := 3n. Comparing (3.5) and Lemma 2.1, we have

1.6 -5~ ™71 > Ay > exp (—=C - (1 + log3n) - 12m, logh),

or
malogh < 8.4-10"logn - my (logb)*. (3.6)
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With the necessary arrangement, equality (3.2) is transformed into

| <4\/i(dlbml+mz —(dy — ) b™ — (dy — d;))) s
— «
b—1

<5.66-a”". 3.7

Taking

4V2 (dib™*™ — (dy — dp) b™ — (dy — d
(%%%)::< (dy (b1_12) (da 3))70[71))7

and (b1, b2, b3) = (1, —n,m3), we can apply Lemma 2.1. Put

A1 <4f2(d1bml+mz —(dy — da)b™ — (dy — d3))> J—

b—1

We can ensure that A3 # 0, just as for A;. By using (2.2),(2.3), and (2.4), we obtain

h(m) =h

42 (dib™F — (dy — dp) b™ — (dy — d3))
b—1

<4log(b—1) + %log32+ (my + my)logb+ mylogb+ 2log2

< 6logb+ m;logb+ 2m;logb.

So, we can take A; := 121logb+ 2m logb+4m,logb, A, := 1.8, and A3 :=2logbfor D = 2.
As B > max{|1|,| — n|,|ms|}, we can choose B := 3n. Thanks to the inequality (3.7) and
Lemma 2.1, we have

5.66-a™" > |[As| > exp (—C - (1 +1log3n) (121ogb + 2m; logb + 4m, log b)),

or
nloga —1og5.66 < 7-1021logn (121ogb 4 2m; logb 4 4m, logb) . (3.8)

The inequalities (3.4), (3.6), and (3.8), give us that n. < 9.22 - 10*’ for 2 < b < 10. Let
z1 = (my +my +m3)logh —nloga —log((b—1)/(4v2dy)).
From (3.3), we get

- <009,

. 1.8
Al =le ™ — 1] < T
for m; > 2. By Lemma 2.3, we have

logl0 1.8 461
0.9 pm-1 " pm-1’

|z1] = [log(A; + 1)] <

which yields
0 < |(my + ma + my) 088 _,, _ loellb= D/AV2d)) | 5 6 ptmi-n), (3.9)
log o log o
Put
g Jogb o log(@=D/@V2)) 56 gy,
log « log o

and w := m; — 1. One can take M := 2.77 - 10*, since m; + ma + m3 < 3n + 1. For all
2 < b < 10, we find that g;p7 > 6 M and

€= ||lpqo7|| — M|[yqie7]| > 0.002.

Hence,

log (Aqio7/€)

179.38.
log B < 179.38

m;—1<
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This inequality shows that m; < 180. Comparing (3.6) and (3.8), we obtain n < 7.76 - 10°3.
Applying Lemma 2.2 again with M := 2.33 - 10°*, we have g;6 > 6M,¢ > 0.001, m; < 125
and n < 5.34 - 10*3. Now, put

(my +m3)logh — nloga — log -1
zy = (my ms3 —-n o — .
42 (dib™ — (dy — dy))

From (3.5), it follows that
Aa| = e —1| < 1.6-b7(™7D <08
for my > 2. By Lemma 2.3, we obtain

log5 1.6 3.22

|Z2| = |10g(A2 + 1)‘ < 0.8 : bm271 < bmgfl .

This shows that

b—1
_ _ L p—(m2—1)
(ma + m3)logb — nloga — log <4ﬂ(d1bml . dz))) <322-p7\"™
i.e.,
o |t mayioge 10 (0 - /@VR@I™ - (@ — )
< log o T log v
< 1.83.p (M=), (3.10)
1
Taking v := lzggb and my + m3 < M := 1.61 - 10**, we find that ggo > 6M/. Furthermore, we
[0
can choose
log (b= 1)/(4V2)(dib™ — (d — d2)))
Wi=— ,A:=183,B:=b

log o
and w := my — 1 in Lemma 2.2. We compute that
€ := [|ngsol| — M||~gso|| > 0.00001.
for1 <m; <125,1 <d; <b—1and 0 <d, <b— 1. Thus, we conclude that

log(Agso/e)

144.38.
g < 14438

my —1<
Therefore, m, < 145. As m; < 125 and m, < 145, substituting this upper bounds for m; and
my into (3.8), we obtain n < 3.11 - 10!7. Applying Lemma 2.2 again with M := 9.33 - 10!7, we
have g47 > 6M, e >0, my < 91 and n < 2.29 - 10'7. Now, let

4v2 (dyb™+m — (dy — dy) b2 — (dp — d3))>
b—1 :

23 1= m310gb—nloga—|—log<

From (3.7), we can write
|Az| =€ — 1] < 5.66-a™" < 0.01
for n > 55. By Lemma 2.3, we have
log(100/99) 5.66 57

= |log(Az + 1 —
‘23‘ ‘Og( 3+ )| < 0.01 am < an’
which shows that
ogh  log (V2 (db™ e — (dy — o) b — (dy — ds)) /(b — 1))
0 m3 —n+
log o log o

<324-a™ ™. (3.11)
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logb
Put v := 1;): . Asmz < M := 6.87 - 10'7, we find that ¢6, the denominator of the 76 th
o

convergent of v exceeds 6 M. Taking

 log (4\f2(dlbm1+mz —(dy — ) b™ — (dy — d3)) /(b — 1))
n log o

W

and considering the fact that 1 < m; < 125,1 <my <91,1 <d; <b—1and0 < dp,ds < b—1,
we obtain
€ := |lpgrs|| — M||yqr6|| > 0.00002.

Let A:=3.24, B := «, and w := n in Lemma 2.2. Hence,

< log(Aq76/e)

4.
ogB < 54.69,

and so n < 54. This contradicts our assumption that n > 55. This completes the proof.

4 Conclusion

The aim of this paper is to investigate balancing numbers that can be represented as concatena-
tions of three repdigits in base b, where 2 < b < 10. Our results show that only the balancing
numbers B,, B3, By and Bs satisfy these conditions, and for each of them all possible bases
and corresponding concatenations are explicitly determined. The proof relies on bounds derived
from linear forms in logarithms, which allow us to effectively limit the size of potential solu-
tions. Moreover, the resulting large upper bounds are further reduced by means of a reduction
method, yielding sharp bounds suitable for a complete computational verification. Consequently,
no other balancing numbers can be written as concatenations of three repdigits in the prescribed
range of bases.
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