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Abstract In this paper, we study some counting sequences on the [+n]-set partitions. Such
sequences are generated from the partition polynomials, named, partial Bell polynomials of type
B, which arise as particular cases of enumeration problems.

1 Introduction

A partition of the set [n] = {1,2,...,n} is a collection of disjoint nonempty subsets By, ..., By
whose union is [n]. The subsets B; are called blocks. In 1997, Reiner [15] introduced the notion
of set partition of type B, defined as a partition 7 of the set

[£n] ={-n,...,=-2,-1,1,2,...,n}

such that for any block B of m, — B is also a block of 7, and that 7 contains at most one block B
satisfying B = —B. The block B = —B, if its exists, is called the zero-block B,. We call the
pair =B of blocks a block pair of 7 if B is not the zero-block. For example, the following is a
Bg-partition:

{£{1,3},{2,-2,6,-6},+{5,—4}}
= {{1,3},{-1,-3},{2,-2,6,-6},{5,—4},{-5,4}}.

The block {2,—-2,6, —6} is a zero block.

The (n, k)-th Stirling number of type B of the second kind {Z}B counts the number of signed
partitions of [+n] having exactly & pairs of nonzero blocks. Suter [16] proved that the exponential
generating function of the Stirling numbers of type B of the second kind is

P et et —1\"
Z{k}n!_k!(Z > (1.1)

n>k

3
Il

The exponential Riordan arrays [2] are defined by a pair of power series g(¢) and f(¢) with
9(0) # 0, f(0) = 0 and f'(0) # 0. The associated matrix L = [dy k], ;- is the matrix whose
k-th column has exponential generating function B

t" 1
Z dnvkm = Eg(t)fk(t% k= 07 17 )
n>k
with general element
n!
o = 77 [P 97 (0),

where [t"] is the operator that extracts the coefficient of ¢ in a power series, and we write
this matrix as L = (g(¢), f(¢)) . The product of two exponential Riordan arrays {g(t), f(¢)) and
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(h(t),1(t)) is defined by
(g(1), £(1)) * (h(2), 1(2)) = (g()R(f (), L[ (1)) -

The Riordan array I = (1,t) is everywhere O except for the entries on the main diagonal,
which are 1, I acts as an identity for the product « . Moreover, the inverse of a Riordan array is
given by the formula

0 |
<g(t)af(t)> - <g(f(t))7f(t)>7

where f is the compositional inverse of f. In this way, the set of all exponential Riordan matrices
is a group under the operator *.

For example, in [9] Mez6 and Ramirez defined the combinatorial array S = {{Z}B] 0
n,k>

and show that this matrix can be expressed as an exponential Riordan array given by

2t
g_ /e —1
Sz—<€, 2 >

Motivated by the articles cited above, we introduce and develop the corresponding sequences
related to the partial Bell polynomials [13] from which we deduce new sequence related to the
Lah numbers [3, 4, 12], similar to known sequence of the Stirling numbers of type B of the
second kind.

The paper is organized as follows. In section 2, we introduce the partial Bell polynomials of
type B, Bﬁ w (p31), n >k > 0. We derive an explicit formula, the generating function and give
a combinatorial proof of the triangular recurrence relation for the Stirling numbers of type B of

B
the second kind. In the third section, we introduce and study the sequence {ZJ nm>k>0

called Lah numbers of the type B by giving their generating function, a triangular recurrence

B
relation, and an explicit formula. We define the combinatorial array LB = {ZJ and

n,k>0
show that this matrix can be expressed as an exponential Riordan array. Cross recurrence relation
and combinatorial identities for the Lah numbers of type B are also established.

2 The partial Bell polynomials of type B

In this section, we introduce the partial Bell polynomials of type B, and, we start it with the
following definition.

Definition 2.1. Let (a,,),>; and (b,),>0 be two sequences of nonnegative integers with by = 1
and let

go(t):Zan% and w(t):ang. (2.1)

n>1 : n>0

The partial Bell number of type B is the number

BE i (ar,a2,...3b1,ba,...) := BP . (930) (2.2)

which counts the number of partitions of the [+n] into & pairs of nonzero blocks and at most one
zero block such that:

« the zero block By of the length 2i, is such that By = — By, can be colored with b; colors.

- if B is a nonzero block in such partition, then —B is also a nonzero block in the same
partition,

« any nonzero block of the length i can be colored with a; colors,

We assume that any block with O color does not appear in partitions.
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An explicit formula for Bf: « (¢, ) is given by the following theorem.

Theorem 2.2. We have

, 4!
(,0’(/) Zkk'z< > nszj Z 7n]!.”nk!anl...ank.

ni+--+nr=j, n;>1

Proof. From Definition 2.1, we proceed as follows.

To construct a zero block By of the length 2j, there are (?) ways to choose j elements with
0 < j < n — k from the set [n], we set By the set of these j elements and their opposites. The
number of colored zero blocks of length 2;j must be (’})b;.

Upon using the remaining n — j elements, to construct the nonzero blocks By, ..., By of lengths
ny > 1,...,n; > 1 (respectively) there are % TL(IT,L_]H);, ways. From a nonzero block of length

h, we can generate 2"~! signed nonzero blocks without opposite blocks, then the number of

. . nytotng—k —i) n—j
the signed nonzero blocks is 2 (n—g)t 2k (n—j)! ;. Hence, the number of colored
k! nyl-ng! 2Kk myl-emyg
nly
Z %am -+ @y, . So, the total number must be

n—~k

(n—j)!
w (0, 0) = 2’“/{‘2( ) Z n1!~~nk!a"""a"’“'

n1+---+nk=nfj7 n;>1

Theorem 2.2 is now used to produce the exponential generating function for Bﬁ w (0, 0) .

Theorem 2.3. We have

ZB’I?JC (¢,9) % = HUJ (1) <<p2t)> . (2.3)

n>k

Proof. From Theorem 2.2, we can write

nn—k . Y
ZBn k 2k/€' Zn' Z( )bjznj Z %am Tt Qpy

n>k n>k 7=0 ni+-Fnp=n—7j n;>1
b tj 2t nit-+ng
= Zkkvz 1 Z Tl et G Gy
Nyy..,np>1
k
_ Z Z (2)"
- 2’%' n!
n>1
1

= ¢ ().

Corollary 2.4. For the choices 1 (t) = ¢! and ¢ (t) = e' — 1, we get

Bf,k (o, ) = {Z}B-

From (2.3) and the definition of exponential Riordan array we obtain the following theorem.

Theorem 2.5. The matrix B := [Bﬁ x (o, w)] 10 is an exponential Riordan array given by

/n/i -

p=(vi0,22),
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For later use, let B,, i, (¢) be the (n, k)-th partial Bell polynomial [5, 7, 10, 11] , defined by
mo1 .
> Bk (¥) ] (v ()"
n>k

The partial Bell polynomials of type B can be expressed by the partial Bell polynomials
By, i () as follows.

Proposition 2.6. The partial Bell polynomials of type B satisfy

Bf,k (o, 1) = Z (T;) bn—izi_kBi,k (©).

i=k

Proof. From the Riordan array multiplication we have

Bf,k (Qoa 7/1)

Il
S
<
=
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~
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*
e NS

Hence the desired result follows by taking the (n, k)-th element of the product of matrices. O

For ¢ (t) = e' and ¢ (t) = €' — 1 in Proposition 2.6, we get the known identity for the Stirling
numbers of the second kind of type B [9]:

HES I WIN]

Moreover, the following corollary gives a combinatorial proof of a triangular recurrence relation
for the Stirling numbers of type B of the second kind given in [9].

Corollary 2.7. Forn > k > 1, we have

n)? n— 1" n—1\"
{k} :{kz—l} +(2k‘+1){ i } 2.4
with the initial conditions

B B
{g} —1 for n>0, and, {Z} =0 for n,k < 0. 2.5)

Proof. We proceed by separating the elements +n. The total number of k-partitions {Z}B can be

obtained as follows. If n € By (then also —n € B), there are {”gl}B to construct k-partitions
without +n. If {n} forms a non-zero block (then {—n} is also a non-zero block), there are

B » - .
Z:i} to construct (k — 1)-partitions. If n is in a block having than one element (then —n must
also be in a block having than one element), then to partition the set [+ (n — 1)] into k-partitions

B
there are {"gl} , the elements n can be inserted in the 2k blocks £By, ..., £ By in 2k ways.

Then we have
B B B B
n\" n—1 n n—1 Y n—1
Ef k k—1 k '
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Proposition 2.8. Let B,, be the polynomial

B, (x) has only real nonpositive zeros for n > 1, and, hence the Stirling numbers of the second
kind of type B are log concave.

Proof. Using (2.4), it is easy to see that B,,(z) can be expressed as:

By(xz) = (x4 1)By—1(z) + ZxéBn,l (z)

Ox
which leads to
Buw) = (41722 (" 5w
" or \(z+1)27"" ’
The induction on n proves that B,,(z) has only real nonpositive zeros. O

The following result gives the ordinary generating function and an explicit formula for the
Stirling numbers of the second kind of type B.

Proposition 2.9. We have

an tk
Z{k} P =a—na-3) 0-k+ 1)

n>0

and

{Z}B - Zklk'g (=" <I;> (25 +1)".

Proof. Fork >0, let f, (t) = > {Z}Bt".
n>0

Multiplying the two sides of (2.4) by ¢ and summing over all n > 0, leads to

Jo () =t () + RE+1)tfi (t), ie. fi(t)= %J"k—l (t).
In view of fy (t) = 11, we obtain
tk’ b Cj
)= 5a s a-@+0D :§I(2j+l)t’

. —1)k-d
with ¢; = ()t k!>2k

{Z}B = zk:Cj 2j+1)" = Zklk,]z: (—1)F (l;) (25 +1)".

=0

(’; ). We conclude that

3 The Lah numbers of type B

We start by introducing a sequence called the Lah numbers of type B. The (n, k)-th Lah number
B

of type B, denoted by Z , counts the number of partitions of [+n] having exactly k pairs of
nonzero lists and at most one zero specific list. The specific list is an ordered block such that

the pair of elements +i must be successive. These numbers satisfy the recurrence relation given
below.
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Theorem 3.1. For n > k > 1, we have
B | B | B
n n— n—
= 2 2k . 3.1

B

B B
m — 2! for n >0, m —0 forn,k <0, and, H =1 for n>0.
n

with the initial conditions

Proof. Let us consider k pairs of nonzero lists. If {n} and {—n} forms the first nonzero pair list
B

then there are \‘Z ) ways to construct (k — 1)-partitions. If n € By (then also —n € By) or

If n is in a nonzero list B having than one element (then —n must also be in the opposite nonzero
B

list — B having than one element), then there are k: to construct k-partitions without +n.

Let consider the [+ (n; + ny)]-set as union of two sets N; which contains [+n] elements
used to construct the k pairs of nonzero lists and N, which contains [+n,] elements used to con-
struct the zero specific list (n; + n, = n — 1) . The element n can be inserted in the 2k nonzero
lists £By, ..., £ By in 2n; + 2k ways (before any element of [+n,] or to the end of any nonzero
lists £B;,1 < i < k), —n must be inserted simultaneously in the opposites nonzero lists (before
the same opposites elements or to the end of any nonzero lists). For the zero specific list the pair
+n can be inserted before any pair of [+£n;] or to the end of the zero specific list after that we
permute between n and —n then the element n can be put to 2n; + 2 places. Finally we have
2ny + 2k + 2ny + 2 = 2n + 2k places. Then we have

B | B . B
n n— n—
= 2 k .
Let us define an infinite matrix, named the infinite Lah matrix of type B, by

il

n,k>0

So, from the recurrence relation (3.1), the first few rows of L? are given as follows:

1
2 1
B 8 8 1
n
\ffJ = 48 72 18 1
6>n>k>0 384 768 288 32 1
3840 9600 4800 800 50 1

46080 138240 86400 19200 1800 72 1

Proposition 3.2. For n > 1, the polynomial

P.(z) = i {ZJ z®
=0

k

has only nonpositive real zeros, and, hence the Lah numbers of type B are log concave.

Proof. 1f we define T, (z) = =" exp (%) P, (z) then, T}, (x) has exactly the same finite roots
as P, (z). Moreover, the recurrence relation 3.1 establishes that
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T, (z) = sz%Tn_l (z).
By induction on n, it follows that T;, (=) has only nonpositive real zeros.

Using Newton’s inequality as presented by Hardy et al. [8, p. 52], we can conclude that the

B
n .
sequence LCJ ;n >k >0 is log-concave. O

According to Theorem 3.1, we deduce the exponential generating function of these numbers
as follows.

Theorem 3.3. The Lah numbers of type B have the following generating function

B k
n| t" 1 1 t
ZM n!:kzl—zt(l—zt) ' (3-2)

n>k

B
Proof. Let Ly, (t) = > {ZJ %ﬂ, Then, by (3.1) we get
n>0

B B
n—1] t" n—1] t"
(1—2t)Lk(t)_ZL_1J ”’Jr%;{ . J —

n>1
from which we may state

d

(1-2t) =

Ly (t) = Li_ (t) +2(k‘+ 1)Lk (t)

which is equivalent to

4020 L (1) = (120 Ly (1)

In view of Ly (t) = we obtain by induction (3.2). O

1
1-2¢°

Corollary 3.4. We have

B
\‘ZJ = Br?,k: ((pf(/}) )

with ¢ (t) = 1_—1% and ¢ (t) = l%t

Proposition 3.5. For n > k > 0, we have

B
ni _nlfn\,, p k+1|in+1| 4
M k! (k)2 _n+1{k+1J2 ’ (3-3)

where {ZJ is the usual (n, k)-th Lah number.

Proof. Upon using Theorem 3.3, the desired explicit formula follows from generating function
T t\" 1
n n
_ [ — —_ 27L—k‘ n.
Z{kJ n! k!1—2t<1—2t) k!z (k)t

O

Comparing to (3.1), another recurrence relation with rational coefficients can be derived from
the explicit formula (3.3). Using Pascal’s formula and relation (3.3), we obtain:
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Proposition 3.6. For n > k > 1, the Lah numbers of type B satisfy the recurrence relation

B 1B 1B
n nln— n—
HE 64

From the generating function of the Lah numbers of type B and the definition of exponential
Riordan array we may state:

B
Corollary 3.7. The matrix LP := \‘ZJ is an exponential Riordan array given by

n,k>0
1 t
B=(—0© .
<1—2t’1—2t>

4 Gross recurrence relation and combinatorial identities
The following proposition gives a cross recurrence relation for the Lah numbers of type B.

Proposition 4.1. For any non negative integers 0 < k < n, we have

m :22a‘@+1)!(“}1) V;i;lJ . @.1)

Proof. Let us consider k lists. We suppose that the first list contains the first element 1" and j
(0 < j < n— k) elements chosen from the set {2, --- ,n} . Thus, there are (";1) ways to choose

the j elements, (j + 1)! ways to constitute the first list. We can generate 27 signed nonzero lists
B
n—j—1
k—1
k — 1 lists and at most one zero list . We conclude by summing the product of the three term. O

without opposite lists and ways to distribute the remaining n — j — 1 elements into

Proposition 4.2. For any nonnegative integers 0 < k < n, we have
n B k n—k+j sl ln—s B
= 2577 .

Proof. We partition the n elements into two groups: The first group contains s elements, while
the second group has n — s elements. From the first group, we can form j (0 < j < k) pairs of
nonzero lists and with the second group we can constitute k£ — j pairs of nonzero lists and at most

B
one zero specific list. We have {Z B SJ (j < s <n—k+j) possibilities to constitute the k — j
—J

pairs of nonzero lists and at most one zero specific list. What remains is to count how to form the

S . S
remaining j pairs of nonzero lists. We have {
J

J possibilities to constitute the j nonzero lists and

we can generate 2°77 signed nonzero lists without opposite, then it gives 2577 { J possibilities.
J

We conclude by summing. O
The Lah numbers of type B can be expressed by the classical Lah numbers {ZJ , as follows.

Corollary 4.3. We have the combinatorial identity

B
n| ok = nlli
M =2 Zi! M 4.2)

i=k
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Proof. This Corollary follows from Proposition 2.6 for the choices

1 t
Y (t) = 1-2¢ e (t) = 1-¢

It can also be proved combinatorially as follows.
Indeed, begin with placing j (k < j < n) elements into & distinct nonzero lists.

There are (’;) ways to choose these elements, ‘;J to constitute the k£ nonzero lists and from

k
a nonzero list of length h; (th = j) , we can generate 2"~! signed nonzero lists without
i=0

opposite lists, then the number of the signed nonzero lists is (?)Zj —k \;J . The remaining n — j

elements have to be placed into the zero list, wish can be done in 2"~/ (n — j)! ways. We
conclude by summing the product of the terms. O

Below, we give a connection between the Lah numbers of type B and the Stirling numbers
of the second kind of type B and their inverses. To give such connection, recall that the inverse

exponential Riordan array of SP denoted by SE = [[Z]B} 0 is an exponential Riordan array

given in [9] by

B_< | 1n(1+2t)>
PUOA\VI+2t 2 '

Proposition 4.4. For 0 < k < n, we have

i = er T E

2

Proof. By Corollary 3.7 we have
B

n B 1 t
M B <12t’12t>
< 1 1n(12t)>*<6t ezt1>

V1=2t’ 2 T2
[k P NG
B

Hence, the desired result follows from the product of matrices. O

n,k>0 n,k>0

The following corollary give the dual inverse formula of Proposition (4.4).

Corollary 4.5. For 0 < k < n, we have

RESANHE

The next proposition give The number of the lists without zero block.

Proposition 4.6. The number of the lists without zero block is

B B
ok | ™ o] 1<k <n,
k k k
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Proof. From the generating function given by Theorem 3.3, we can write

(1-26)%" {ZJ % =Y ot mz

n>k n>k
and the desired identity follows by identification of the coefficients of ¢". O

As an application of the Lah numbers of type B, we give a generalized identity considering
rising and falling factorial of type B powers. This identity counts the number of ways to put n
elements on x rails.

Remark 4.7. Let 7 = {By, By, —B\, ..., By, —By} be a signed partition, where By is the zero
block. In the next theorem we place the n positive elements on x rails (we may assume that
x > 2k + 1), where the first rail represent the zero block, and each pair of blocks B and —B
are adjacent. The negative elements are placed automatically: any positive element in block B
occupies a single position, whereas in By it occupies two. Moreover, the position of any positive
element remains the same in B and —B.

Theorem 4.8. For an non negative integers, 0 < k < n, we have

2] =Zm (@)x -

k=0

where

)7 =@+ 1) (@+3)--(x+2n—1) forn>1and [x]f =1, and,

n

@) =(@-1)(x=3)---(x—2n+1) forn>1and (x)és =1

n

Proof. Let m = {By, By, —By,..., By, —Bj} be a signed partition, where By is the zero block.

Now we must place the n elements on z rails. Thus we have 4+ 1 ways to place the first

element (2 places in the first rail and the remaining  — 1 rails ), x + 1 4+ 2 = z + 3 ways to

place the second element, and so on z + 2n — 1 ways to place the n-th element. This gives

(z+1D)(z+3)--(z+2n—-1) = [m]f possibilities. For the right hand, for a given k, (0 <

k < m), we have to constitute k pairs of nonzero lists and at most one zero specific list with +n
B

elements. There are & possibilities to constitute such lists, to affect all of them to z rails, we

follow the same steps as in [1].

We consider an assignment of n elements into x rails as a function f : [n] — [z]. Let
« represent the set of elements assignments, determined by the following procedure. For any
positive i € By, define: f (i) = 1.

By = {%i/f (i) = 1}

Choose a number p out of the (x — 1) remaining numbers (2 < p < z) and send the positive
elements of B;to p; The absolute values of the negative elements of B; will be sent to the next
number p, in cyclical order excluding the number 1. This can be done in m — 1 different ways.

Bi={i €] /f(i)=mtu{-i/f () =p}

We pass to the pair of blocks B, and —B, Similarly, choose a new number P out of the
m — 3 remaining numbers (the number 1 is occupied by the positive elements of the zero-block,
and two additional numbers p; and pll are already occupied by the elements of the pair of blocks
B and —B;), and send the positive elements of Byto p, The absolute values of the negative
elements of B, will be sent to the next number p, in cyclical order. This can be done in m — 3
different ways.

By={i € [n]/f (i) =p} U{~i/f (i) = pp} .

Proceeding this way, we associate a set of (x)kB functions from [n] to [z] to each signed
partition having k pairs of nonzero blocks. O
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5 Conclusion

Partition polynomials occupy a central position in a variety of applications, most notably in com-
binatorics, see [6, 14, 17, 18]. In particular, the partial Bell polynomials represent an important
tool in combinatoris, analysis, probability, statistics, algebra and other fields. In this contribu-
tion, we introduced a new combinatorial interpretation of sequences of numbers related to these
polynomials such the known Striling numbers of type B of two kinds [9] and we deduced new
sequence related to Lah numbers. The results presented here open new avenues for research,
including the exploration of generalizations and the discovery of further combinatorial interpre-
tations.
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