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Abstract This article introduces new generating functions for the triple product of Tribonacci
and Padovan numbers with some square well-known Gaussian numbers. These generating func-

tions are constructed by applying the symmetrizing endomorphism operator 5,’; b0, fl o, to the for-

+o0o
mal series Y S, (A)bjclz".
n=0

1 Introduction

The authors in [9, 11, 18, 19, 20] defined and studied the Tribonacci {Tn}:i% and Padovan
{P,}2 sequences, providing their generating functions, explicit formulas, and Q-matrices.
The Padovan sequence {P,} > appears to have been first discovered in 1924 by the French
architecture student Gérard Cordonnier and was independently rediscovered by Dom Hans van
der Laan [18]. These sequences are defined, respectively, by the following third-order recurrence
relations:

T, =T,1 +Th 2+ Tn—3a forn > 33

with initial values Ty =Ty = 1 and T, = 2.

PTL:Pn—2+Pn—37f0rn237

with initial values Py = P, =P, = 1.
In the papers [4, 3], a second-order linear recurrence sequence H,(a,b,p,q) or briefly
(Hy), > is defined by

Hyp =pHyp + qH,y,

with the initial conditions, Hy = a and Hy = b, where a,b € C and p,q € Z.

This sequence was introduced by Horadam in 1965 [12] and generalizes many well-known
sequences [13]. Several authors have studied particular cases of this sequence through its gen-
erating functions (see [4, 5, 6, 7, 8, 10, 16, 17]), including sequences of Gaussian numbers such
as:

* The Gaussian Fibonacci number sequence (GF,), . with parameters b = q = p =
1, a =1 -

« The Gaussian Pell number sequence (GP,), -, with parametersb=q=1, p=2, a =1i.
e The Gaussian Jacobsthal number sequence (G‘]’”)nz()’ with parameters b = p = 1, ¢ =

— 1
27a—§.
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* The Gaussian Lucas numbers sequence (GLy,), . Wwith parameters p = ¢ = 1, a =
2—i, b=1+42i B

2 Definitions and properties

In this section, we introduce a new symmetric function and establishes its fundamental prop-
erties. We also recall essential definitions from the literature [5, 1, 6, 3] that will be used in
subsequent sections.

Definition 2.1. [15] Let n and m be positive integers and let {a, as, ..., a,,, } be a set of variables.
The n-th elementary symmetric function, denoted e,, (a1, az, ..., am ), is defined by

en (a1,a2...; Q) = E a'ay..ayr, (n>0),
i1t Aim=n
with iy,14, ...,4,, = 0or 1.

Definition 2.2. [15] Let n and m be positive integers and let {a, as, ..., a,,, } be a set of variables.
The n-th complete homogeneous symmetric function, denoted ¢, (a1, az, ..., an,), is defined by

i iy i
cn (a1,a0, ) = E al'ay..ay, (n>0),
i1+i+...Fim=n

with 41,12, ..., 4, > 0.

Remark 2.3. By usual convention, we set

eo(ar,az,...,an) = colar,az,...,an) = 1.
For n < 0, we set

6n(a1,a2, ceey am) = Cn(a17a27 oo aam) =0.
Furthermore, for n > m, we have e,, (a1, az,...,am,) =0.

Definition 2.4. [2] Let A and B be any two alphabets. We define S,,(A — B) by the following

expression:
beB
= A— B)z"
10 —az) Z)S"( )2",
acA n=

with the condition that S,,(4 — B) = 0 forn < 0.

Definition 2.5. [2] For any alphabet B, the sequence {S,,(—B)},,>¢ is defined via its generating

function:
= 1
Sp(—B)2" = =55 = (1 —bz).
2 s 5@ L
Remark 2.6. The following notations and identities hold:
« For the alphabet B = {b;, b2}, where S,,(B) denotes Sy, (b1 + b2):
b’iLJrl _ b;LJr]

Sn(B) = Cn(bl,bz) == bl — bz

, Sp(—=B)=(-1)"e,(B), neN.

» For the alphabet A = {ay, ay, a3}, where S,,(A) denotes S, (a; + az + a3):
Sn(A) = cplar,az,a3), Sp(—A)=(—1)"e,(A), neN.

Definition 2.7. [3] Let B = {b1,b,} be an alphabet. The symmetrizing operator 5{; b, IS defined
by )

by f(br) — b5 f(ba)
by — by

St b, f(b1) = forkeN
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3 Theorems and main results

In this section, we establish a new theorem on the generating functions for the triple Hadamard
product of complete symmetric functions.

Proposition 3.1. Let B = {b;, by} and C = {c;, 2} be two alphabets. The symmetrizing opera-
tor 5171 8t is defined by

b Ycie

byl f(br,er) — bl f(br, e2) — b5l f(ba, e1) + b5l (b2, c2)
(b1 = b2) (e1 — 2)

00 f(br,cr) = , forall k, h € N.

Proof. Since [3] we obtain

6b|b26clcz(f(b17cl) = 6{;b2 (6?102 (f(bla cl))
O <c?f<b1,c1> —Cé’f(bl,Cz))

(c1 —c2)
K fbi,er)—ch f(bi,ea) k f(ba,er)—ch f(b,ca)
| (Hepafeet) - (gsge)
(b1 —b2)

b]fclllf(b] s C]) — b’fcgf(bl,q) - blzcc?f(bg, C]) + blzccgf(bz, Cz)
(br = b2)(c1 — c2) '

This completes the proof. O

Theorem 3.2. Let A = {ay,a3,a3}, B = {b1,b2}, and C = {c1, c2}. Then ,we have

5 S0(A)Sn k1 (B)Snan1(C)z

n=0
(Z Sn(—A)b?c?z”) (Z Sn(—A)b?cgz") <Z Sn(—A)bgc?z”) (Z Sn(—A)bgcgz”>
n=0 n=0 n=0 n=0
cheh > Sn(*A)Sn—h—mC)b;szn > Sn(=A)bjciz" 30 Su(—A)biey "
19 n=0 n=0 n=0 (3.1)
(b1 =02) | — 5 8, (—A) Sy p 1 (CIB+F2m 52 S (— ARz 3 Sp(—A)bEcy 2"
n=0 n=0 n=0
Proof. let 3~ S, (A)blclz" and Z Sn(—A)byc} 2™ be two sequences such that
n=0 n=0
(E Sn(A)b{"c?z"> X (Z Sn(—A)b?c?z"> = 1. Onone hand, since f(b1,c1) = > Sp(A)bjcl 2",
n=0 n=0 n=0

we have

511515;252@]0(171 .c1)

> Su(A)epn = 3 S A)e

n=0

51@
bib2 c1— ¢

oo n+h C;H—h
61)162 an 4701 — cz b LG
5t b, <Z S (A)Syn1 C)b?z")
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2 Su(A)Snnt (€D} 42" = 32 50 (A)Syena (O3 TH2
n=0 =0

by — by
bn+k _ bn+k
Z Sn+n—1(C) —

= Z STL 7L+k? ] )S7l+h—] (O)Zn

On the other hand, given that f(b,c;) = L we get

1
6b|bz(sc|czf(bla Cl) = 6b|b260152 =
> Sn(—A)bfczn
n=0
| X Sa(- AR — 2 Su(—A)jepcha
= 5[])€lb2 = = R
(£ sut-apppepen) (z S.(-Appes=n)
—Cl 02 Z Sh ( )bnclc]ighzn
= 551*’2

@30 Sn(—A)b?c?zn> (i_o: Sn(—A)bglcgzn>

—C 0}21 Z Sn(—A)Sn—n_1(C)b}z"

- 5171172 oo
(Z Sn(—A)b?c?z”) (Z Sn(—A)b?cg,fL)
n=0

n=0

—bfeled > 8n(—A)Sn_n_1(C)b] 2"
n=0

1 <§ Sn(*A)brcrz”) (§ Sn<*A>brc§Z”)
_= n=0 - n=0
b — b bRl S 8, (= A)Sn_n_1(C)bF 2"

n=0

: (£ sucamsepen) (£ sa(-apgepsn)

Sp(—A)Sn_p_1(C)oF "

\l

0

n

n=0

bl — b2 § S (_A)Sn,—h—l(c)bIL+kZ7l

n=0

(5 s amper ) (S soamae)

Hence,

io Sn(A)Snik—1(B)Spin—1(C)z"

( i Sn(—A)b5erzm x Z Sn(—A)bYehz" x i Sn(—A)bycz" x i Sn(—A)bychz" )
n=0 n=0 n=0

wn [ S Su(E)Su (O ( 5 S (At x 5 8, (A )

n n=0

=0
N S S S B) S (C e ( S Su(—Ase" x 3 Su(— A" )
n=0

n=0 n=0




218

Imane Labiod and Mourad Chelgham

which completes the proof.

Substituting k = h = 1 into Formula (3.1) yields the following corollary.
Corollary 3.3. Let A = {a1,a2,a3}, B ={b1,b2} and C = {c1, 2}. Then, we have

ZS

(b1 + 02)Sp(c1 + )"

__ae o1
(b —b) " ] G2
where
[T(1 —abieiz) TT(1 —abieaz) x S (—=1)"en(A)Sn_alcr + )bz
¢1 _ acA acA n:O%

acA

— J1 (1 = abycy2) ]_L(l —abypz) X 3 (—=1)"en(A)Sn_a(cy + )bt}

n=0
. (Bracma: )(%( reacampg) (e e
(T (=hre ()b"czz">

Remark 3.4. Setting a3

01in (3.2) of corollary 3.3 yeilds the Formula given in [8]
Similarly, from (3.2) we obtain

an 1

Sn—1(b1 + b2)Sn—i1(c1 + c2)2" = (bICI—CZbZ) Zz (3.3)
where
IT(1 —abieiz) T (1 —abieaz) x 3. (=1)"en(A)Sn_s(c1 + c2)bhT1zmt!
¢3 — aeA aeA

n=0
— T1 (1 —abyci2) T] (1 — abreaz) x S (—1)"en(A)Sy_2(ct + co)bptzn !
aecA aecA n=0
Substituting k = h = 0 into Formula (3.1) yields the following corollary.

Corollary 3.5. Let A = {ay,a3,a3}, B = {by,b2}, and C = {c1, c2}. Then, we have

ZS

1 P4
Sp_1(b1 +52)Sn_1(c1 + 2)2" = +—< X —, 3.4
2 1(b1 4+ b2)Sn—1(c1 + 2) o=5) * % (3.4)

where

1_,[4(1 - ab]C]Z) H4(1 — ab1czz) X io: (—1)"en(A)Sn_l(C)b7212n
o4 = ae ae
' =TI (1 = abyc12) [T (1 — abacaz)

aeA

X > (=1)"en(A)S,—1(C)b} 2"
aeA n=0
Remark 3.6. Setting a3 = 0 in (3.4) of corollary 3.5 yields the Formula given in [8].
Substituting k = 0 and h = 1, into Formula (3.1), we obtain the following corollary.

Corollary 3.7. Let A = {ay,a3,a3}, B = {b1,b2}, and C = {c1, 2} . Then, we have

ZS

e 95
+¢2)Sn-1(b1 + b _— 3.5
n(cr +c2)Sn—1(b1 + b2)2" S -t o (3.5)
where
H4(1 —abyc12) ]l(l —abjcpz) X ZO(—l)”en(A)Sn_z(C)bgz”
¢5 — ae ae n=

=TT (1 —abyei2) TT (1 — abacarz) x > (—1)"e,(A)S,—2(C)b} 2"
aeA aeA n=0
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Remark 3.8. Setting a3 = 0, in (3.5) of corollary 3.7, yields the Formula given in [8].
Substituting k = h = 2, into Formula (3.1), we obtain the following result.

Corollary 3.9. Let A = {a,az,a3}, B={b1, b2}, and C = {cy,c2}. Then, we have

= aqg D6
ZSn(A)Sn+1(b1 +b2)Spii(cr + )" = —12— x =, (3.6)
s (b1 —b2) ¢
where
T1(1—abierz) TL(1 - abiezz) x 32 (—1)en(A)Su_s(C)b1+22"
djﬁ — aeA aeA n:o(é
= TL(1 = aber2) [1(1 = abaeaz) x 3 (~1)"en(4)S05(C)bf 2"

Similarly, from (3.6) we obtain

an 1(A)Sn (b1 + b2)Sn(c1 + c2) 2" = _as & 3.7
(b1 —b2) ¢
where
[1(1 - abierz) [T (1 - abiesz) x ij:o(—1)”en(A)Sn_3(C)b§”z”“
o= - 1‘{4 (1 — abye;2) 1‘£ (1 — abycy2) xni_ojo(—men(A)sn3(C)b7+zzn+1

Substituting k = 2 and h = 1 into formula (3.1), we obtain the following corollary.

Corollary 3.10. Let A = {ay,a2,a3}, B ={b1, b2}, and C = {c1, c2}. Then, we have

gsn(A)Snﬂ(h +b2)Sn(cr + c2)2" ﬁ zj (3.8)
where
I1(1 -~ abicrz) [[(1 - abieo2) ¢ f;o(—1)nen(A)sn_2(0)bg+2zn
S T1(1 ~ aboey2) [T (1 - abaenz) x 20(—1)"en(A)Sn_2(C)b?+zz”
Similarly, from( 3.8) we obtain
an L(A) S, (br + b2)S_1(c1 + ¢2)2" = ﬁ Zz (3.9)
where
I1(1 - abier2) [T (1 - abieaz) x fjo(—1)nen(A)5n_2(C)bg+2zn+l
»= - 1‘& (1 — abyc;2) 1‘!4 (1 — abycy2) ><n_§o(—1)"en(A)snz(c*)b?“zn+1
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4 Applications

4.1 Generating Functions for Products of Tribonacci and Square Gaussian Numbers.

In this part, we derive new generating functions for products of Tribonacci numbers with cer-
tain well-known square Gaussian numbers. Replacing by by (—by) and ¢y by (—c) in relation-
ships (3.2), (3.4), and (3.5), we observe three related cases.
Si(—4) = -1
1( ) {blbzzclczz
and

First step. Using the substitutions { S,(—A) = —1 in rela-

S3(—A4) = -1
tionships ( 3.2), (3.4), and (3.5) above, we obtain the following theorem:

biby = cicp = 1,

Theorem 4.1. For n € N, the new generating function for the product of Tribonacii numbers and
square Gaussian Fibonacci numbers is given by

ZT oo = M0

with

Npgre = —2iz— (24 14i) 2> — (—4+ 8i)2* + (=6 + 16i) 2°
— (11 — 18i) 2% + (9 + 26i) 27 — (=10 — 24) 2* + (5 + 4i) 2°

and
D=1-—2—1322—-242% —132* — 2327 — 1220 — 3727 + 4728 —22,% 4 5,10 4 ;11 4 ;12

Proof. Since [7] GF,, = iS,(B) + (1 —i)S,,—1(B), we have

iTnGng" = ZT (i8S, (B) 4+ (1 —i)Sn_1(B)) x (iS,(C) 4+ (1 —i)Sn_1(C))
n=0
— 7ZTS (C)2" +i(1 —1i) ZTS B)S,_1(C)z"
n=0

+i(1 — ) ZTnSn,I(B)Sn(C)z” + (1 —4)? iTnSn,l(B)Sn,l(C)zn.
n=0

Accordingin to relationships (3.2), (3.4) and (3.5), and after reducing to a common denominator,
we obtain the result. O

Theorem 4.2. For n € N, the new generating function for the product of Tribonacii numbers and
square Gaussian Lucas numbers is given by

T,GL2:" = _ Nron,
Z e

with

Nrgrz = (=8—6i)z+ (=12 —4i) 2" + (—14 — 8i) 2° — (32 4 4i) 2* + (70 4 20i)2°
(=57 + 61)2% + (125 + 1304)27 — (26 + 624)2® + (231 + 8i)2°
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Proof. From [7], we have GL,, = (2 —1i)S,(B) + (3i — 1)S,—1(B). Hence

iTncLizn - iTn((2 —)Su(B) + (3i = DSu_1(B)) x (2 = )Sn(C) + (3i = 1)Su_1(C))
n=0 n=0

= (2-4)? f: T8, (B)S,(C)2" + (2 —i)(3i — 1) iTnsn(B)Sn,l(C)z”

FBi— 12 —1) iTnSn_] (B)Sn(C)2" + (3i — 1)? imsﬂ_1 (B)Sn_1(C)=".
n=0 n=0

According to relationships (3.2), (3.4), (3.5), and after reducing to a common denominator, we

obtain the result. O
Si(—4) = -1
) o by —by=c—c2=2
Second step. Using the substitutions ¢ S,(—A) =—1 and in
b]bz = C|C) = 1
53(—A4) = -1

relationships (3.2), (3.4), (3.5) above, we obtain the following theorem:

Theorem 4.3. Forn € N, the new generating function for the product of Tribonacii numbers and
square Gaussian Pell numbers is given by

> N.
3 TGP = e
D,
n=0
with
Npgp: = —(3+4i)z— (11 +8i)2> — (62 +40i)z> 4 (63 + 120i)2* + (52 + 120i)2
—(77 4 232i)2° + (302 + 2644)27 — (177 + 96i)=® + (99 + 60i)=°.
and

Dy = 1-42—462>—2522% 31324 +2482° — 10825 — 52027 445528 —2442° + 26210+ 4,11 4 ;12

Proof. From [7], we have GP,, = iS,,(B) + (1 — 2i)S,_1(B). Hence

SCLEP = 3 T 8,(B) + (1 2008, 1(B))(iS4(C) + (1 - 20)S,1(C))
n=0 n=0

~ i TS (B)2" +i(1 — 2i) iTnsn(B)sn,l(C)z"
n=0

n=0

n=0 n=0

According to relationships (3.2), (3.4), (3.5) and after reducing to a common denominator, we
obtain the result. O

Si(—A) = -1
— = — = 1
Third step. Using the substitutions ¢ S>(—A) =—1 and b —b=c -0 in
b] b2 = C1C = 2
S3(—A) = -1
relationships (3.2), (3.4), (3.5) above, we arrive at the following theorem:

Theorem 4.4. For n € N, the new generating function for the product of Tribonacii numbers and
square Gaussian Jacobsthal numbers is given by

> >  Nrar
g 1,GJ, 2" = ———=,

Dy
n=0
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with

Nrap = —(% — i)z + <_47 + z) 22— (T + 132') 23+ (=28 + 16i)2* + (—109 + 1004)2°
+(28 — 1766)2° + (=116 + 496i)2" + (—672 + 128i)2% + (148 + 48i)2°

and

Dy = 1—2-3722—-1772 +42*+2922° — 19225 — 171277
+582428 — 44162° + 3328210 + 10242 + 409622

Proof. From [7], we have GJ,, = 45, (B) + (1 — £)S,_;(B). Hence

S TGR = ZTn<§sn<B>+<1—§>sn,1<B>>x<§'sn<B>+<1—§>sn,1<B>>
=l n=0

- _%iTnSn(B)Sn( )" 1_7 ZT Sn(B)Sn—1(C)2"
n=0

- ngSn,l(B)sn(c)zwl (- ;)ZT;)TTLS”I(B)S”I(C),Z”.

According to relationships (3.2), (3.4), (3.5), and after reducing to a common denominator, we
obtain the result. O

4.2 Generating Functions for Products of Padovan numbers and square Gaussian
numbers.

In this part, we derive new generating functions for the products of Padovan numbers with some
well-know square Gaussian numbers. This case consists of three related parts. Replacing by by
(=by) and c; by (—c2) in relationships (3.2), (3.3), (3.4), (3.5), (3.7), and (3.9) above, we have

Si(=A)=0
. . . . .. 1( ) b]-szC]—szl
First step. By imposing the following restrictions . S,(—A) = —1 and

b1b2 = Ci1C = 2

S3(—A) = —1
in relationships (3.2), (3.3), (3.4), (3.5), (3.7), and (3.9), we obtain the following theorem.

Theorem 4.5. For n € N, the new generating function for the product of Padovan and square
Gaussian Fibonacci numbers is given by

ZP GF2:" = _ Nrarg
n b)

d
with
Npgrz = 222+ (=1460)2° + (=2 + 18i)2* — (5 +2i)2° 4+ 72° + (7 + 22i)2"
—(124124)2% 4+ (3 — 24)2° + (3 +4i)2"°
and,

d = 1-922-162°+162* + 232> — 432
—1627 4+ 3428 — 1527 — 4210 4 11 4 ;12
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Proof. From [7], we have GF,, = iS,,(B) + (1 —4)S,_1(B). Which implies that

D P.GFZ" = ) (Su(A)+ Sn1(A)) x (iSu(B) + (1 = 1)S,_1(B))
n=0

= = Su(A)Sn(B)Sn(C)z" =Y Sn1(A)Sn(B)SK(C)z"
n=0 n=0
+(2 + 2i) f: Sn(A)Sn(B)Sp-1(C)z" + (2 + 2i) i Sn_1(A)S,(B)S,_1(C)z"

=20 Sn(A)Sn-1(B)Sn_1(C)2" = 2i Y S 1(A)Sn-1(B)Sn-1(C)2"

n=0 n=0
According to relationships (3.2), (3.3), (3.4), (3.5), (3.7), and (3.9) and after reducing to a com-
mon denominator, we obtain the result. O

Theorem 4.6. For n € N, the new generating function for the product of Padovan and square
Gaussian Lucas numbers is given by

il N
3 P.GL2zn =
d
n=0
with
Np,grz = (8+460)2% + (27 + 14i)2° + (78 + 46i)2* + (7 — 26i)2° + (—21 + 281)2°

+(67 + 94d) 2" — (12 4 844)28 + (=17 + 6i)2° + (7 + 244)2'°.
Proof. From [7], we have GL,, = (2 —4)S,(B) + (3i — 1)S,,—1(B). Thus,

Y P.GLLY = ) (Sn(A) + Sn-1(A)) x (2 = 1)Sn(B) + (3i — 1)S,_1(B))
n=0 n=0

x((2=1)5n(C) + (3i = 1)5,-1(C))

= (3-4i)>_ 59u(A)Sn(B)Sn(C)z" + (3—4i) > Sn_1(A)Sn(B)S,(C)z"
n=0

n=0
+(2 + 149) i Sy (A)Sn(B)Sn—1(C)z" + (2 + 144) i Sp—1(A)Sp(B)Sn_1(C)z"
n=0 n=0
—(8 + 67) i Sn(A)Sp—1(B)Sn—1(C)z" — (8 + 61) i Sn—1(A)Sp—1(B)Sn-1(C)z".

According to relationships (3.2), (3.3), (3.4), (3.5), (3.7), and (3.9) and after reducing to a com-
mon denominator, we obtain the result.

O
S1(—=4)=0
. . . .. b]-szC]—szz
Second step. By imposing the following restrictions § S,(—A) = —1 and - )
1y = cic =

S3(—A) = -1
in relationships (3.2), (3.3), (3.4), (3.5), (3.7), (3.9) above, we obtain the following theorem.

Theorem 4.7. For n € N the new generating function for the product of Padovan and square
Gaussian Pell numbers is given by

Np,gr:

2.n
> PGP = )
n=0
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Npgp: = (124160)2% + (71 + 96i)2> + (103 + 144i)z* — (86 + 76i)2°
+342° 4+ (163 + 176i)27 — (105 + 60i)2®
+(21 — 44)2° + (21 +20i)2',

and

1 —3622 — 19623 + 702* + 3322° — 4302°

dy =
LT 19627 37328 — 19229 — 10210 4 4211 4 212,

Proof. From [7], we have GP,, = iS,,(B) + (1 — 24)S,,_1 (B). Therefore

i P,GP2:" = i(Sn(A) + 8,_1(A)) x (iS,(B) + (1 — 2i)S,_1(B))
n=0 n=0
% (18, (C) + (1 = 24)S,_1 (C))
= =) Su(A)Sn(B)Sn(C)2" = Sn1(A)Sn(B)SA(C)z"
n=0 n=0

n=0 n=0

—(3 +44) f: Sn(A)Sy_1(B)S,_1(C)z"
*(3 -+ 42) i Sn—l (A)Sn_] (B)Sn_l (C)Zn
n=0

According to relationships (3.2), (3.3), (3.4), (3.5), (3.7), (3.9) above and after reducing to a
common denominator, we obtain the result. O

Thrid step. Using the substitutions ¢ Sy(—A) = —1
Sy(—4) = ~1
relationships (3.2), (3.3), (3.4), (3.5), (3.7), (3.9) above, we have

in

Si(—A4) =0
l< ) bl—b2201—02:]
and
b1b2:0102:2

Theorem 4.8. For n € N the new generating function for the product of Padovan and square
Gaussian Jacobsthal numbers is given by

ip GJ2 n _ NPn,GJ%

n=0 d2
with
N2 —25 N3 —97 N _4 N5
Np,arp = (—4+4i)z"+ (T +104)2° + (T +704)z" — (18 4 16i)z
+(—22 + 88i)2° + (20 + 720i)z" — (48 + 832i)2°
+(320 — 128i)2” + (320 + 768i)2',
and

dy = 1—2522—492% +1682* + 26427 — 13122° — 784.7
+4092% — 28802° — 307220 + 10242 + 409622.
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Proof. From [7], we have GJ,, = 45, (B) + (1 — £)S,_1(B). Thus

i PGP = i(snm) + 50 1(4) % (250(B) + (1~ 2)S1(B))
x(%Sn(C) +(- %)Sn_MC))
- _% f;SH(A)Sn(B)Sn(C)z" = % i}snl(A)SAB)Sn(C)»Z"
+(§ +1) : S (A)Sn(B)Sn-1(C)=" + <§ +1) io Sn—1(4)5n(B)Sn-1(C)="
e i Su(A)S0r(B)Sact ()" + (3 1) i)sm(A)snl(B)snl(c*)z".

According to relationships (3.2), (3.3), (3.4), (3.5), (3.7), (3.9)above and after reducing to a
common denominator, we obtain the result. O

5 Conclusion

In this research, a new theorem and its corollaries for determining generating functions were
proposed. The suggested theorem and corollaries are founded on Symmetric functions. The
results obtained correspond with those found in prior works.
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