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Abstract. Frame theory has recently undergone a major transformation, establishing itself as
a vital tool in various applications. This paper explores the concept of controlled continuous g-
frames in Hilbert spaces, extending the standard definition of continuous g-frames. We introduce
controlled continuous dual g-frames, analyze their key properties, and characterize all such
duals for a given controlled continuous g-frame. These findings extend and generalize several
existing results in the field.

1 Introduction

Gabor [10] introduced a method using a family of elementary functions for reconstructing func-
tions (signals) in 1946. The idea of frames originated in the 1952 paper by Duffin and Scha-
effer [7] to address some deep questions in non-harmonic Fourier series. After some decades,
Daubechies, Grossmann, and Meyer [6] formally defined the concept of a frame in the abstract
Hilbert spaces in 1986. After their work, frame theory began to be widely used, particularly in
the more specialized context of wavelet frames and Gabor frames. A continuous frame is a con-
cept of generalization of frames, proposed by Kaiser [11] and independently by Ali, Antoine, and
Gazeau [3], to a family indexed by some locally compact space endowed with a Radon measure.
These frames are called frames associated with measurable spaces by Gabrado and Han in [9].
Askari-Hemmat, Dehghan, and Radjabalipour in [4] called them generalized frames.

A continuous g-frame is an extension of g-frames and continuous frames, which was first
introduced by Abdollahpour and Faroughi in [1]. In recent years, functional analysts has shown
considerable interest in the study of continuous g-frames in Hilbert spaces. For a comprehensive
overview, readers are referred to [8, 12, 13, 14]. In frame theory, it is important to find controlled
continuous dual g-frames that minimize data transmission and reconstruction processes and
reconstruct vectors (or signals) in terms of the frame elements.

We begin with a few preliminaries that are needed in the sequel. Let H,L be separable Hilbert
spaces and (Ω, µ) be a positive measure space. Let {Hw}w∈Ω be a family of closed subspaces of
L. Throughout we consider the index set as Ω, and we denote simply {Hw}w for {Hw}w∈Ω. We
denote the set of all bounded linear operators from H into Hw by L(H,Hw) and the set of all
bounded linear operators on H with bounded inverse by GL(H). The set of all positive operators
in GL(H) is denoted by GL+(H), and IH represents the identity operator on H . Note that if
P,Q ∈ GL(H), then P ∗, P−1, and PQ are also in GL(H). For P,Q ∈ GL+(H), the concept
of (P,Q)-controlled continuous g-frames for H with respect to {Hω}ω has been introduced in
[2]. All integrals in the theory of continuous frames are weak integrals (Pettis integrals) and not
strong integrals (Bochner integrals). Operators and integrals are interchangeable.
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We consider the space

ℓ2({Hw}w) =
{
{fw}w : fw ∈ Hw, w ∈ Ω,

∫
Ω

∥fw∥2 dµ(w) < ∞
}

with the inner product given by

⟨{fw}w, {gw}w⟩ =
∫

Ω

⟨fw, gw⟩ dµ(w).

It is clear that ℓ2({Hw}w) is a Hilbert space.

Lemma 1.1. Let T : H → H be a linear operator. Then the following statements are equivalent:

(1) There exist constants 0 < A ≤ B < ∞, such that AIH ≤ T ≤ BIH .

(2) T is positive and there exist constants 0 < A ≤ B < ∞ such that

A∥f∥2 ≤ ∥T 1
2 f∥2 ≤ B∥f∥2, ∀f ∈ H.

(3) T ∈ GL+(H).

Definition 1.2. [5] Let (Ω, µ) be a measure space with a positive measure µ and P ∈ GL(H).
A P -controlled continuous frame is a map F : Ω → H such that there exist constants 0 < A ≤
B < ∞ such that

A∥f∥2 ≤
∫

Ω

⟨f, F (w)⟩⟨PF (w), f⟩ dµ(w) ≤ B∥f∥2, ∀f ∈ H.

Definition 1.3. [1] For each w ∈ Ω, let Λw ∈ L(H,Hw). We say that Λ = {Λw}w is a continuous
g-frame for H with respect to {Hw}w if

(1) for each f ∈ H , {Λwf}w is strongly measurable.

(2) there exist constants 0 < A ≤ B < ∞ such that

A∥f∥2 ≤
∫

Ω

∥Λwf∥2 dµ(w) ≤ B∥f∥2, ∀f ∈ H. (1.1)

The numbers A,B are called lower and upper frame bounds for the continuous g-frame, re-
spectively. If only the right-hand inequality of (1.1) is satisfied, we call {Λw}w is a continuous
g-Bessel family for H with respect to {Hw}w with bound B. If A = B = λ, we call {Λw}w
the λ-tight continuous g-frame. Moreover, if λ = 1, {Λw}w is called the Parseval continuous
g-frame.

For a given continuous g-frame Λ = {Λw}w for H with respect to {Hw}w, there exists a
unique positive and invertible operator (called the frame operator) SΛ : H → H such that for
each f, g ∈ H :

⟨SΛf, g⟩ =
∫

Ω

⟨f,Λ∗
wΛwg⟩ dµ(w)

and AIH ≤ SΛ ≤ BIH .

Definition 1.4. [2] Let P,Q ∈ GL+(H) and Λw ∈ L(H,Hw). We say that {Λw}w is a (P,Q)-
controlled continuous g-frame for H with respect to {Hw}w if there exist constants 0 < A ≤
B < ∞ such that

A∥f∥2 ≤
∫

Ω

⟨ΛwPf,ΛwQf⟩ dµ(w) ≤ B∥f∥2, ∀f ∈ H. (1.2)

The numbers A and B are called controlled continuous g-frame bounds. If the right hand in-
equality of (1.2) holds for all f ∈ H , then {Λw}w is a called a (P,Q)-controlled continuous
g-Bessel family with bound B.

If Q = IH , we call {Λw}w is a P -controlled continuous g-frame for H with respect to
{Hw}w. If Q = P , we call {Λw}w is a (P, P )-controlled continuous g-frame for H with respect
to {Hw}.
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For a (P,Q)-controlled continuous g-Bessel family {Λw}w with bound B, the operator TPΛQ :
ℓ2({Hw}w) → H given by

TPΛQ{fw}w =

∫
Ω

(PQ)
1
2 Λ

∗
wfw dµ(w), ∀{fw}w ∈ ℓ2({Hw}w)

is well-defined and its adjoint is given by

T ∗
PΛQ : H → ℓ2({Hw}w), T ∗

PΛQf = {Λw(QP )
1
2 f}w, ∀f ∈ H.

TPΛQ is called the synthesis operator and T ∗
PΛQ is called the analysis operator of {Λw}w. For a

(P,Q)-controlled continuous g-frame {Λw}w with bounds A and B, the operator

SPΛQ : H → H, SPΛQf =

∫
Ω

QΛ
∗
wΛwPf dµ(w), ∀f ∈ H.

is called the frame operator of {Λw}w. It is a positive invertible operator and SPΛQ = QSΛP .

Example 1.5. Let P and Q be any positive definite matrices of order 2. For each w ∈ [0, 2π], we

define Λw =

(
cosw
sinw

)
. Then {PΛwQ} is a (P,Q)-controlled continuous g-frame for R2.

2 Controlled continuous g-frames in Hilbert spaces

In this section, we present certain conditions under which continuous g-frames become (P,Q)-
controlled continuous g-frames. Given any operators P,Q ∈ GL+(H), if we have a (P,Q)-
controlled continuous g-frame {Λw}w for H with respect to {Hw}w, we shall get frame bounds
of the continuous g-frame {Λw}w in terms of controlled continuous g-frame bounds and operator
norms of (PQ)

1
2 and (PQ)−

1
2 . It is very useful in estimating bounds of some continuous g-frame

provided it is a (P,Q)-controlled continuous g-frame for some operators P,Q ∈ GL+(H).

Theorem 2.1. Let P,Q ∈ GL+(H). Then {Λw}w∈Ω is a (P,Q)-controlled continuous g-frame
for H with respect to {Hw}w if and only if {Λw}w is a continuous g-frame for H with respect to
{Hw}w.

Proof. Assume that {Λw}w is a (P,Q)-controlled continuous g-frame for H with respect to
{Hw}w with bounds A and B. Then for each f ∈ H , we have

A∥f∥2 = A∥(PQ)
1
2 (PQ)−

1
2 f∥2

≤ A∥(PQ)
1
2 ∥2∥(PQ)−

1
2 f∥2

≤ ∥(PQ)
1
2 ∥2
∫

Ω

⟨ΛwP (PQ)−
1
2 f,ΛwQ(PQ)−

1
2 f⟩ dµ(w)

= ∥(PQ)
1
2 ∥2
〈∫

Ω

QΛ
∗
wΛwP (PQ)−

1
2 f dµ(w), (PQ)−

1
2 f
〉

= ∥(PQ)
1
2 ∥2
〈
QSΛP (PQ)−

1
2 f, (PQ)−

1
2 f
〉

= ∥(PQ)
1
2 ∥2⟨SΛP

1
2 Q− 1

2 f,Q
1
2 P− 1

2 f⟩

= ∥(PQ)
1
2 ∥2⟨Q 1

2 P− 1
2 SΛP

1
2 Q− 1

2 f, f⟩

= ∥(PQ)
1
2 ∥2⟨SΛf, f⟩,

hence,
A

∥(PQ)
1
2 ∥2

∥f∥2 ≤
∫

Ω

∥Λwf∥2 dµ(w).
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On the other hand for each f ∈ H , we have∫
Ω

∥Λwf∥2 dµ(w) = ⟨SΛf, f⟩

= ⟨(PQ)−
1
2 (PQ)

1
2 SΛf, f⟩

= ⟨(PQ)
1
2 SΛf, (PQ)−

1
2 f⟩

= ⟨SΛ(PQ)(PQ)−
1
2 f, (PQ)−

1
2 f⟩

= ⟨QSΛP (PQ)−
1
2 f, (PQ)−

1
2 f⟩

= ⟨SPΛQ(PQ)−
1
2 f, (PQ)−

1
2 f⟩

≤ B∥(PQ)−
1
2 ∥2∥f∥2.

Finally, we conclude that {Λw}w is a continuous g-frame for H with respect to {Hw}w with
bounds A

∥(PQ)
1
2 ∥2

and B∥(PQ)−
1
2 ∥2.

Conversely, suppose that {Λw}w is a continuous g-frame for H with respect to {Hw}w with
bounds A and B. Then,

A⟨f, f⟩ ≤ ⟨SΛf, f⟩ ≤ B⟨f, f⟩, ∀f ∈ H.

Since P,Q ∈ GL+(H), by Lemma 1.1, there exist constants α1, α2, β1, β2 > 0 such that

α1IH ≤ P ≤ β1IH , α2IH ≤ Q ≤ β2IH .

So,

α1α2A∥f∥2 ≤
∫

Ω

⟨ΛwPf,ΛwQf⟩ dµ(w) ≤ β1β2B∥f∥2, ∀f ∈ H.

Therefore {Λw}w is a (P,Q)-controlled continuous g-frame for H with respect to {Hw}w.

Corollary 2.2. Let {Λw}w∈Ω be a sequence in L(H,Hw). Then the following statements are
equivalent :

(a) {Λw}w∈Ω is a continuous g-frame.

(b) For every P,Q ∈ GL+(H), {Λw}w∈Ω is a (P,Q)-controlled continuous g-frame.

(c) There exist R,S ∈ GL+(H) such that {Λw}w∈Ω is a (R,S)-controlled continuous g-frame.

Definition 2.3. Let (Ω, µ) be a positive measure space. For each w ∈ Ω, let Ωw be a measurable
subset of Ω. We say that the collection {ew,v}v∈Ωw

is a continuous orthonormal basis of Hw if

(1) f =
∫

Ωw
⟨f, ew,v⟩ew,v dµ(v), for all f ∈ Hw ;

(2) ⟨ew,v, ew,v⟩ = 1, ∀v ∈ Ωw ;

(3) ⟨ew,v1 , ew,v2⟩ = 0, ∀v1, v2 ∈ Ωw and v1 ̸= v2.

Theorem 2.4. Let P,Q ∈ GL+(H). Then {Λw}w is a (P,Q)-controlled continuous g-frame
for H with respect to {Hw}w if and only if {uw,v}w∈Ω,v∈Ωw

is a (P,Q)-controlled continu-
ous g-frame for H , where {uw,v}w∈Ω,v∈Ωw

is the sequence induced by {Λw}w with respect to
{ew,v}w∈Ω,v∈Ωw

(i.e., uw,v = Λ∗
wew,v).

Proof. For each w ∈ Ω, let {ew,v}v∈Ωw
be an continuous orthonormal basis for Hw. Then we

have
ΛwPf =

∫
Ωw

⟨ΛwPf, ew,v⟩ew,v dµ(v) =

∫
Ωw

⟨f, PΛ
∗
wew,v⟩ew,v dµ(v)

and
ΛwQf =

∫
Ωw

⟨ΛwQf, ew,v⟩ew,vdµ(v) =

∫
Ωw

⟨f,QΛ
∗
wew,v⟩ew,v dµ(v).
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It is easy to check that

⟨ΛwPf,ΛwQf⟩ =
∫

Ωw

⟨f, Puw,v⟩⟨Quw,v, f⟩ dµ(v)∫
Ω

⟨ΛwPf,ΛwQf⟩ dµ(w) =
∫

Ω

∫
Ωw

⟨f, Puw,v⟩⟨Quw,v, f⟩ dµ(v) dµ(w).

Since

A∥f∥2 ≤
∫

Ω

⟨ΛwPf,ΛwQf⟩ dµ(w) ≤ B∥f∥2, ∀f ∈ H,

we get that

A∥f∥2 ≤
∫

Ω

∫
Ωw

⟨f, Puw,v⟩⟨Quw,v, f⟩ dµ(v) dµ(w) ≤ B∥f∥2, ∀f ∈ H.

The proof is completed.

Proposition 2.5. Let P,Q ∈ GL+(H). Then {Λw}w is a (P,Q)-controlled continuous g-frame
for H with respect to {Hw}w if and only if {Puw,v}w∈Ω,v∈Ωw

is a QP−1-controlled continu-
ous g-frame for H , where {uw,v}w∈Ω,v∈Ωw

is the sequence induced by {Λw}w with respect to
{ew,v}w∈Ω,v∈Ωw

(i.e., uw,v = Λ∗
wew,v).

Proof. From the proof of Theorem 2.4, we have∫
Ω

⟨ΛwPf,ΛwQf⟩ dµ(w) =
∫

Ω

∫
Ωw

⟨f, Puw,v⟩⟨Quw,v, f⟩ dµ(v) dµ(w).

Then

A∥f∥2 ≤
∫

Ω

⟨ΛwPf,ΛwQf⟩ dµ(w) ≤ B∥f∥2, ∀f ∈ H,

is equivalent to

A∥f∥2 ≤
∫

Ω

∫
Ωw

⟨f, Puw,v⟩⟨QP−1Puw,v, f⟩dµ(v) dµ(w) ≤ B∥f∥2, ∀f ∈ H.

Hence the proof is completed.

Combining all results presented in the section, we get the following result which gives several
interesting characterizations of (P,Q)-controlled continuous g-frames for H with respect to
{Hw}w.

Corollary 2.6. Let P,Q ∈ GL+(H). Then the following are equivalent:

(i) {Λw}w is a (P,Q)-controlled continuous g-frame for H with respect to {Hw}w.

(ii) {Λw}w is a ((PQ)
1
2 , (PQ)

1
2 )-controlled continuous g-frame for H with respect to {Hw}w.

(iii) {Λw}w is a QP -controlled continuous g-frame for H with respect to {Hw}w.

(iv) {uw,v}w∈Ω,v∈Ωw
is a (P,Q)-controlled continuous g-frame for H , where {uw,v}w∈Ω,v∈Ωw

is the sequence induced by {Λw}w with respect to {ew,v}w∈Ω,v∈Ωw
.

(v) {Puw,v}w∈Ω,v∈Ωw
is a QP−1-controlled continuous g-frame for H , where {uw,v}w∈Ω,v∈Ωw

is the sequence induced by {Λw}w with respect to {ew,v}w∈Ω,v∈Ωw
.

(vi) {Λw}w is a continuous g-frame for H with respect to{Hw}w.

Moreover, {Λw}w is a continuous g-frame for H with respect to {Hw}w with bounds A

∥(PQ)
1
2 ∥2

and B∥(PQ)−
1
2 ∥2.
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3 Controlled continuous dual g-frames in Hilbert spaces

In this section, we define controlled continuous dual g-frames and characterize them by operator
theory.

Definition 3.1. Let P,Q ∈ GL+(H) and let {Λw}w, {Γw}w be (P, P )-controlled continuous and
(Q,Q)-controlled continuous g-Bessel families for H with respect to {Hw}w, respectively. We
say that {Γw}w is a (P,Q)-controlled continuous dual g-frame of {Λw}w if

f =

∫
Ω

PΛ
∗
wΓwQf dµ(w), ∀f ∈ H.

In particular, if Q = IH , {Γw}w is called a P -controlled continuous dual g-frame of {Λw}w.

Definition 3.2. Let P,Q ∈ GL+(H) and let {Λw}w, {Γw}w be (P, P )-controlled continuous and
(Q,Q)-controlled continuous g-Bessel families for H with respect to {Hw}w respectively. For
the pair {Λw}w and {Γw}w, we define a (P,Q)-controlled continuous dual g-frame operator
SPΛΓQ by

SPΛΓQf =

∫
Ω

PΛ
∗
wΓwQf dµ(w), ∀f ∈ H.

It is easy to check that SPΛΓQ is a well-defined bounded operator, and

SPΛΓQ = TPΛPT
∗
QΓQ = PTΛT

∗
ΓQ = PSΛΓQ,

where SΛΓf =
∫

Ω
Λ∗

wΓwf dµ(w). Note that {Γw}w is a (P,Q)-controlled continuous dual g-
frame of {Λw}w if and only if SPΛΓQ = IH .

Theorem 3.3. Let P,Q ∈ GL+(H) and let {Λw}w, {Γw}w be (P, P )-controlled continuous and
(Q,Q)-controlled continuous g-Bessel families with bounds BΛ and BΓ respectively. If SPΛΓQ is
bounded below, then {Λw}w and {Γw}w are (P, P )-controlled continuous and (Q,Q)-controlled
continuous g-frames respectively.

Proof. Suppose that there exists a constant λ > 0 such that

∥SPΛΓQf∥ ≥ λ∥f∥, ∀f ∈ H.

Hence

λ∥f∥ ≤ ∥SPΛΓQf∥

= sup
∥g∥=1

∣∣∣⟨∫
Ω

PΛ
∗
wΓwQf dµ(w), g⟩

∣∣∣
= sup

∥g∥=1

∣∣∣ ∫
Ω

⟨ΓwQf,ΛwPg⟩ dµ(w)
∣∣∣

≤ sup
∥g∥=1

(∫
Ω

∥ΓwQf∥2 dµ(w))

) 1
2
(∫

Ω

∥ΛwPg∥2 dµ(w)

) 1
2

≤
√
BΛ

(∫
Ω

∥ΓwQf∥2 dµ(w)

) 1
2

.

Thus
λ2

BΛ

∥f∥2 ≤
∫

Ω

∥ΓwQf∥2 dµ(w), ∀f ∈ H.

On the other hand, Since

S∗
PΛΓQ = (PSΛΓQ)∗ = QSΓΛP = SQΓΛP ,

then SQΓΛP is also bounded below. Similarly, we can prove that {Λw}w is a (P, P )-controlled
continuous g-frame. Hence the proof is completed.
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Theorem 3.4. Let P,Q ∈ GL+(H), {Λw}w and let {Γw}w be (P, P )-controlled continuous and
(Q,Q)-controlled continuous g-Bessel families for H with respect to {Hw}w respectively. Then
the following conditions are equivalent:

(1) f =
∫

Ω
PΛ∗

wΓwQf dµ(w), ∀f ∈ H .

(2) f =
∫

Ω
QΓ∗

wΛwPf dµ(w), ∀f ∈ H .

(3) ⟨f, g⟩ =
∫

Ω
⟨ΛwPf,ΓwQg⟩ dµ(w) =

∫
Ω
⟨ΓwQf,ΛwPg⟩ dµ(w), ∀f, g ∈ H .

(4) ∥f∥2 =
∫

Ω
⟨ΛwPf,ΓwQf⟩ dµ(w) =

∫
Ω
⟨ΓwQf,ΛwPf⟩ dµ(w), ∀f ∈ H .

In case the equivalent conditions are satisfied, {Λw}w and {Γw}w are (P, P )-controlled contin-
uous and (Q,Q)-controlled continuous g-frames respectively.

Proof. (1) ⇐⇒ (2). Let TPΛP be the synthesis operator of the (P, P )-controlled continuous
g-Bessel family {Λw}w and TQΓQ be the synthesis operator of the (Q,Q)-controlled continuous
g-Bessel family {Γw}w. Condition (1) means that TPΛPT

∗
QΓQ = IH , and it is equivalent to

TQΓQT
∗
PΛP , which is identical to the statement (2). Conversely, (2) =⇒ (1) similarly.

(2) ⇐⇒ (3). It is clear that (2) =⇒ (3). For any f, g ∈ H , ⟨f, g⟩ =
∫

Ω
⟨ΛwPf,ΓwQg⟩ dµ(w)

shows that 〈
f −

∫
Ω

QΓ
∗
wΛwPf dµ(w), g

〉
= 0, ∀g ∈ H.

Hence (3) =⇒ (2) is proved.
(3) ⇐⇒ (4). (3) =⇒ (4) is obvious. To prove (4) =⇒ (3), we apply condition (4) and

get

∥f + g∥2 =

∫
Ω

⟨ΛwP (f + g),ΓwQ(f + g)⟩ dµ(w)

=

∫
Ω

⟨ΛwPf,ΓwQf⟩ dµ(w) +
∫

Ω

⟨ΛwPf,ΓwQg⟩ dµ(w)

+

∫
Ω

⟨ΛwPg,ΓwQf⟩ dµ(w) +
∫

Ω

⟨ΛwPg,ΓwQg⟩ dµ(w).

Similarly,

∥f − g∥2 =

∫
Ω

⟨ΛwPf,ΓwQf⟩ dµ(w)−
∫

Ω

⟨ΛwPf,ΓwQg⟩ dµ(w)

−
∫

Ω

⟨ΛwPg,ΓwQf⟩ dµ(w) +
∫

Ω

⟨ΛwPg,ΓwQg⟩ dµ(w).

∥f + ig∥2 =

∫
Ω

⟨ΛwPf,ΓwQf⟩ dµ(w)− i

∫
Ω

⟨ΛwPf,ΓwQg⟩ dµ(w)

+ i

∫
Ω

⟨ΛwPg,ΓwQf⟩ dµ(w) +
∫

Ω

⟨ΛwPg,ΓwQg⟩ dµ(w).

∥f − ig∥2 =

∫
Ω

⟨ΛwPf,ΓwQf⟩ dµ(w) + i

∫
Ω

⟨ΛwPf,ΓwQg⟩ dµ(w)

− i

∫
Ω

⟨ΛwPg,ΓwQf⟩ dµ(w) +
∫

Ω

⟨ΛwPg,ΓwQg⟩ dµ(w).

By polarization identity,

⟨f, g⟩ = 1
4

(
∥f + g∥2 − ∥f − g∥2 + i∥f + ig∥2 − i∥f − ig∥2

)
=

∫
Ω

⟨ΛwPf,ΓwQg⟩ dµ(w).

In case the equivalent conditions are satisfied, SQΓΛP = IH implies ∥SQΓΛP ∥ = 1, hence by
Theorem 3.3, {Λw}w and {Γw}w are (P, P )-controlled continuous and (Q,Q)-controlled con-
tinuous g-frames respectively.
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Theorem 3.5. Let P,Q ∈ GL+(H). A sequence {Λw}w is a (P,Q)-controlled continuous g-
Bessel family for H with respect to {Hw}w with bound B if and only if the operator TPΛQ :
ℓ2({Hw}w) → H given by

TPΛQ({fw}w) =
∫

Ω

(PQ)
1
2 Λ

∗
wfw dµ(w)

is well-defined and bounded with ∥TPΛQ∥ ≤
√
B.

Proof. The necessary condition follows from the definition of (P,Q)-controlled continuous g-
Bessel sequence. We only need to prove the sufficient condition. Suppose that TPΛQ is well-
defined and bound operator with ∥TPΛQ∥ ≤

√
B. For any f ∈ H , we have

∫
Ω

⟨ΛwPf,ΛwQf⟩ dµ(w) =
∫

Ω

⟨QΛ
∗
wΛwPf, f⟩ dµ(w)

= ⟨QSΛPf, f⟩

= ⟨(QP )
1
2 SΛ(QP )

1
2 f, f⟩

=
〈∫

Ω

(QP )
1
2 Λ

∗
wΛw(QP )

1
2 f dµ(w), f

〉
≤ ∥TPΛQ∥

(∫
Ω

∥Λw(QP )
1
2 f∥2 dµ(w)

) 1
2

∥f∥

= ∥TPΛQ∥
(∫

Ω

⟨ΛwPf,ΛwQf⟩ dµ(w)
) 1

2

∥f∥.

Hence we get ∫
Ω

⟨ΛwPf,ΛwQf⟩ dµ(w) ≤ ∥TPΛQ∥2∥f∥2 ≤ B∥f∥2.

This shows that {Λw}w is a (P,Q)-controlled continuous g-Bessel family for H with respect to
{Hw}w with bound B.

Theorem 3.6. Let P,Q ∈ GL+(H) and {Λw}w be a (P, P )-controlled g-frame for H with re-
spect to {Hw}w with the synthesis operator TPΛP . Then a (Q,Q)-controlled continuous g-frame
{Γw}w is a (P,Q)-controlled continuous dual g-frame of {Λw}w if and only if

QΓ
∗
wew,v = U(ew,vδw), w ∈ Ω, v ∈ Ωw

where U : ℓ2({Hw}w) → H is a bounded left-inverse of T ∗
PΛP .

Proof. If {gw}w ∈ ℓ2({Hw}w), then

{gw}w =

∫
Ω

gwδw dµ(w) =

∫
Ω

∫
Ωw

⟨gw, ew,v⟩ew,vδw dµ(v) dµ(w).

Roughly speaking, {ew,vδw}w∈Ω,v∈Ωw
is a continuous orthonormal basis of ℓ2({Hw}w).

Suppose that there exists a bounded left-inverse U : ℓ2({Hw}w) → H of T ∗
PΛP such that

QΓ
∗
wew,v = U(ew,vδw), w ∈ Ω, v ∈ Ωw.
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For any f ∈ H , we have

f = UT ∗
PΛP f

= U

(∫
Ω

∫
Ωw

⟨ΛwPf, ew,v⟩ew,vδw dµ(v) dµ(w)

)
=

∫
Ω

∫
Ωw

⟨f, PΛ
∗
wew,v⟩U(ew,vδw) dµ(v) dµ(w)

=

∫
Ω

∫
Ωw

⟨f, Puw,v⟩QΓ
∗
wew,v dµ(v) dµ(w)

=

∫
Ω

QΓ
∗
w

(∫
Ωw

⟨Pf, uw,v⟩ew,v dµ(v)

)
dµ(w)

=

∫
Ω

QΓ
∗
wΛwPf dµ(w),

where uw,v = Λ∗
wew,v. By the definition of controlled continuous dual g-frame, {Γw}w is a

(P,Q)-controlled continuous dual g-frame of {Λw}w.
On the other hand, suppose that a (Q,Q)-controlled continuous g-frame {Γw}w is a (P,Q)-

controlled continuous dual g-frame of {Λw}w. For any f ∈ H , we have

f =

∫
Ω

PΛ
∗
wΓ

∗
wQf dµ(w) =

∫
Ω

QΓ
∗
wΛwPf dµ(w),

that is, TQΛQT
∗
PΛP = IH . Let U = TQΓQ. Then U : ℓ2({Hw}w) → H is a bounded left-inverse

of T ∗
PΛP . A calculation as above shows that∫

Ω

∫
Ωw

⟨f, Puw,v⟩QΓ
∗
wew,v dµ(v) dµ(w) = f =

∫
Ω

∫
Ωw

⟨f, Puw,v⟩U(ew,vδw) dµ(v) dµ(w),∀f ∈ H.

Combining this with the fact {ew,v}v∈Ωw
is a continuous orthonormal basis of Hw, we have

QΓ
∗
wew,v = U(ew,vδw), w ∈ Ω, v ∈ Ωw.

Theorem 3.7. Let P ∈ GL+(H) and {Λw}w be a (P, P )-controlled continuous g-frame for
H with respect to {Hw}w with the synthesis operator and frame operator TPΛP and SPΛP ,
respectively. Then {Γw}w is a P -controlled continuous dual g-frame of {Λw}w if and only if

Γwf = (Tf)w + ΛwS
−1
PΛPPf,w ∈ Ω, f ∈ H,

where T : H → ℓ2({Hw}w) is a bounded linear operator satisfying TPΛPT = 0.

Proof. If T : H → ℓ2({Hw}w) is a bounded linear operator satisfying TPΛPT = 0, then {Γw}w
is a g-Bessel family for H with respect to {Hw}w. In fact, any f ∈ H we have∫

Ω

∥Γwf∥2 dµ(w) =

∫
Ω

∥(Tf)w + ΛwS
−1
PΛPPf∥2 dµ(w)

≤ 2
(∫

Ω

∥ΛwS
−1
PΛPPf∥2 dµ(w) + ∥Tf∥2

)
≤ 2(B∥S−1

PΛPP∥2 + ∥T∥2)∥f∥2,

where B is the upper bound of {Λw}w∈Ω. Furthermore,∫
Ω

PΛ
∗
wΓwf dµ(w) =

∫
Ω

PΛ
∗
w((Tf)w + ΛwS

−1
PΛPPf) dµ(w)

= TPΛPTf +

∫
Ω

PΛ
∗
wΛwS

−1
PΛPPf dµ(w) = f.
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Thus, {Γw}w∈Ω is a P -controlled continuous dual g-frame of {Λw}w∈Ω.
Now, we prove the converse. Assume that {Γw}w∈Ω is a P -controlled continuous dual g-

frame of {Λw}w∈Ω. Define the operator T as follows:

T : H → ℓ2({Hw}w∈Ω), f → (Tf)w, f ∈ H

satisfying
Γwf = (Tf)w + ΛwS

−1
PΛPPf,w ∈ Ω.

For any f ∈ H , we have

∥Tf∥2 =

∫
Ω

∥Γwf − ΛwS
−1
PΛPPf∥2 dµ(w)

≤
∫

Ω

∥Γwf∥2 dµ(w) +

∫
Ω

∥ΛwS
−1
PΛPPf∥2 dµ(w)

+ 2
(∫

Ω

∥Γwf∥2 dµ(w)

) 1
2
(∫

Ω

∥ΛwS
−1
PΛPPf∥2 dµ(w)

) 1
2

≤ (B1 +A−1 + 2
√
B1A−1)∥f∥2,

where B1 is the frame upper bound of {Γw}w∈Ω and A is the frame lower bound of {Λw}w∈Ω.
Thus, T is a linear bounded operator. Moreover, for any f, g ∈ H , we have

⟨TPΛPTf, g⟩ =
∫

Ω

⟨PΛ
∗
wTf, g⟩ dµ(w)

=

∫
Ω

⟨PΛ
∗
w(Γwf − ΛwS

−1
PΛPPf), g⟩ dµ(w)

=

∫
Ω

⟨PΛ
∗
wΓwf, g⟩ dµ(w)−

∫
Ω

⟨PΛ
∗
wΛwS

−1
PΛPPf, g⟩ dµ(w)

= ⟨f, g⟩ − ⟨f, g⟩ = 0.

That is, TPΛPT = 0. The proof is completed.

4 Conclusion

In summary, this paper advances the study of Hilbert space frame theory by extending standard
continuous g-frames into the realm of controlled continuous g-frames. By providing a compre-
hensive characterization of their dual frames, the research optimizes vector reconstruction and
data transmission efficiency. These results offer a significant generalization of existing literature,
providing more versatile and robust mathematical tools for functional analysis.
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