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Abstract. Frame theory has recently undergone a major transformation, establishing itself as
a vital tool in various applications. This paper explores the concept of controlled continuous g-
frames in Hilbert spaces, extending the standard definition of continuous g-frames. We introduce
controlled continuous dual g-frames, analyze their key properties, and characterize all such
duals for a given controlled continuous g-frame. These findings extend and generalize several
existing results in the field.

1 Introduction

Gabor [10] introduced a method using a family of elementary functions for reconstructing func-
tions (signals) in 1946. The idea of frames originated in the 1952 paper by Duffin and Scha-
effer [7] to address some deep questions in non-harmonic Fourier series. After some decades,
Daubechies, Grossmann, and Meyer [6] formally defined the concept of a frame in the abstract
Hilbert spaces in 1986. After their work, frame theory began to be widely used, particularly in
the more specialized context of wavelet frames and Gabor frames. A continuous frame is a con-
cept of generalization of frames, proposed by Kaiser [11] and independently by Ali, Antoine, and
Gazeau [3], to a family indexed by some locally compact space endowed with a Radon measure.
These frames are called frames associated with measurable spaces by Gabrado and Han in [9].
Askari-Hemmat, Dehghan, and Radjabalipour in [4] called them generalized frames.

A continuous g-frame is an extension of g-frames and continuous frames, which was first
introduced by Abdollahpour and Faroughi in [1]. In recent years, functional analysts has shown
considerable interest in the study of continuous g-frames in Hilbert spaces. For a comprehensive
overview, readers are referredto [8, 12, 13, 14]. In frame theory, it is important to find controlled
continuous dual g-frames that minimize data transmission and reconstruction processes and
reconstruct vectors (or signals) in terms of the frame elements.

We begin with a few preliminaries that are needed in the sequel. Let H, L be separable Hilbert
spaces and (Q, 1) be a positive measure space. Let { Hy, }cq be a family of closed subspaces of
L. Throughout we consider the index set as Q, and we denote simply {H ,}, for { Hy }wea. We
denote the set of all bounded linear operators from H into H,, by L(H, H,) and the set of all
bounded linear operators on H with bounded inverse by GL(H). The set of all positive operators
in GL(H) is denoted by GL*(H), and Iy represents the identity operator on H. Note that if
P,Q € GL(H), then P*, P~', and PQ are also in GL(H). For P,Q € GL"(H), the concept
of (P, Q)-controlled continuous g-frames for H with respect to {H,,}., has been introduced in
[2]. All integrals in the theory of continuous frames are weak integrals (Pettis integrals) and not
strong integrals (Bochner integrals). Operators and integrals are interchangeable.
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We consider the space

2 = . w 2 w o0
E(Huh) = {{fubu s fu € Hovw € Q0 [ 117 dufw) < o0}

with the inner product given by

{fwlws {gww) = /Q<fwvgw> dp(w).

It is clear that (*({H,},) is a Hilbert space.

Lemma 1.1. Let T : H — H be a linear operator. Then the following statements are equivalent:
(1) There exist constants 0 < A < B < oo, such that Alg <T < Blyg.

(2) T is positive and there exist constants 0 < A < B < oo such that
1
AllfIP <IT2f1? < BIfIP, Vf € H.

(3) T € GL*(H).

Definition 1.2. [5] Let (Q, 1) be a measure space with a positive measure  and P € GL(H).
A P-controlled continuous frame is a map F' : Q — H such that there exist constants 0 < A <
B < oo such that

AlfIP < / (f, F(w))(PF(w), f) du(w) < B|f|>, Vf e H.

Definition 1.3. [1] Foreachw € Q,letA,, € L(H, H,,). We say that A = {A,, },, i a continuous
g-frame for H with respect to { Hy, },, if

(1) foreach f € H, {Ay f}w is strongly measurable.
(2) there exist constants 0 < A < B < oo such that

AllfI? < /Q |Awf|? du(w) < BIfI2, ¥f € H. (L1)

The numbers A, B are called lower and upper frame bounds for the continuous g-frame, re-
spectively. If only the right-hand inequality of (1.1) is satisfied, we call {A,, },, is a continuous
g-Bessel family for H with respect to {H,,},, with bound B. If A = B = A, we call {A, }+
the A-tight continuous g-frame. Moreover, if A = 1, {A,}, is called the Parseval continuous
g-frame.

For a given continuous g-frame A = {A, }., for H with respect to {H, }.,, there exists a
unique positive and invertible operator (called the frame operator) Sy : H — H such that for
each f,ge H :

(Snf.g) = /Q U, A% Aug) dpi(w)
and AIH < SA < BIH

Definition 1.4. [2] Let P,Q € GL"(H) and A, € L(H, H,,). We say that {A, }., is a (P,Q)-
controlled continuous g-frame for H with respect to { H,, },, if there exist constants 0 < A <
B < oo such that

AlfIP < /Q (AwP . AuQS) dp(w) < BI|fIP. Vf e H. (12)

The numbers A and B are called controlled continuous g-frame bounds. If the right hand in-
equality of (1.2) holds for all f € H, then {A,},, is a called a (P, Q)-controlled continuous
g-Bessel family with bound B.

If @ = Iy, we call {A,}, is a P-controlled continuous g-frame for H with respect to
{Hy}w- I Q = P, we call {Ay }, is a (P, P)-controlled continuous g-frame for H with respect
to {Hy}-
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For a (P, Q)-controlled continuous g-Bessel family { A, },, with bound B, the operator Tpag :
?({HyYw) — H given by

Trng(fubu = [(PQINL A duw), Wb € ({HL )
is well-defined and its adjoint is given by

Ting  H = C({Hu}w), Tingf = {Au(QP)? f}u, Vf € H.

T'paq is called the synthesis operator and T, is called the analysis operator of {Ay }w- Fora
(P, Q)-controlled continuous g-frame { Ay, }, with bounds A and B, the operator

SPAQ :H— H, SPAQf = / QATUAwPf du(w), VfeH.
Q

is called the frame operator of {Ay,}. It is a positive invertible operator and Spag = QSAP.

Example 1.5. Let P and @ be any positive definite matrices of order 2. For each w € [0, 27, we
cosw

define A, = ( . ) . Then {PA,,Q} is a (P, Q)-controlled continuous g-frame for R
sinw

2 Controlled continuous g-frames in Hilbert spaces

In this section, we present certain conditions under which continuous g-frames become (P, Q)-
controlled continuous g-frames. Given any operators P,Q € GL*(H), if we have a (P,Q)-
controlled continuous g-frame { Ay, }, for H with respect to { H,, },, we shall get frame bounds
of the continuous g-frame { Ay, }., in terms of controlled continuous g-frame bounds and operator

norms of (PQ)% and (PQ)’%. It is very useful in estimating bounds of some continuous g-frame
provided it is a (P, Q)-controlled continuous g-frame for some operators P,Q € GLT(H).

Theorem 2.1. Let P,Q € GL"(H). Then {Ay }weq is a (P, Q)-controlled continuous g-frame
Sfor H with respect to { Hy, }4 if and only if {Ay } is a continuous g-frame for H with respect to
{Hy }o-

Proof. Assume that {A,},, is a (P, Q)-controlled continuous g-frame for H with respect to
{Hy } with bounds A and B. Then for each f € H, we have

AllFI? = All(PQ)* (PQ) 2 |2
< A|(PQ)}IP(PQ)~2 £
< (PQ)? /Q (AwP(PQ) f, AwQ(PQ) ™ f) du(w)
= 1PQI( [ @ALALP(PQ)S duw), (PQ)LF)
)? ||2<QSAP<PQ>—%f, (PQ)7Hf)

{
= [(PQ)} |HQ* P 2S\P} Q2 f, f)
2|25t £,

hence,

H(PQ) ”2||f|| /||Awf|| dp(w).
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On the other hand for each f € H, we have

/Q 1AW dps(w) = (Suf, f)

(PQ)(PQ)ISAL. )
(PQ)?SAf, (PQ)*f)
= (SA(PQ)(PQ)"*/.(PQ)™2)
= (QSAP(PQ) /. (PQ)* /)
= (Spaq(PQ) ™2 f,(PQ)™* f)
< BI(PQ)HIPIfIP
Finally, we conclude that {A, },, is a continuous g-frame for H with respect to {H,,},, with
bounds —A-— and B||(PQ) ™z |2

l(PQ)2 |2
Conversely, suppose that {A,, },, is a continuous g-frame for H with respect to { H,, },, with

bounds A and B. Then,

AU, ) < (SAf, f) < B(f, f), VfeH.

Since P,Q € GL*(H), by Lemma 1.1, there exist constants oy, oz, 81, 82 > 0 such that
ally <P <Bily, alyg <Q<pBly.

So,
arcn Al f|2 < /Q (AwPf, AwQf) du(w) < BifBIIfIP,  Vf € H.

Therefore {A, }, is a (P, Q)-controlled continuous g-frame for H with respectto {H,,},,. O

Corollary 2.2. Let {Ay }weo be a sequence in L(H, Hy,). Then the following statements are
equivalent :

(a) {Aw}wea is a continuous g-frame.
(b) Forevery P,Q € GL*(H), {Aw}wea is a (P, Q)-controlled continuous g-frame.

(c) There exist R, S € GL'(H) such that { Ay, }weq is a (R, S)-controlled continuous g-frame.

Definition 2.3. Let (Q, 11) be a positive measure space. For each w € €, let Q,, be a measurable
subset of Q. We say that the collection {e,, , },cq,, 1S a continuous orthonormal basis of H,, if

) f= fﬂw<f’ eww)ewv du(v), forall f € Hy, ;

) <€w,va ew,’u> =1,VveQy;

(3) {ewv;sCww,) =0, Vo, v € Q, and v; # vy.

Theorem 2.4. Let P,QQ € GLT(H). Then {Ay}w is a (P,Q)-controlled continuous g-frame
for H with respect to {H,},, if and only if {uy »}weavea, is a (P,Q)-controlled continu-

ous g-frame for H, where {uy » bweaveq, IS the sequence induced by {Ay }., with respect to
{ewwtweovea, (L., Uy, = Al ewo).

Proof. For each w € Q, let {ey v }veq, be an continuous orthonormal basis for H,,. Then we
have

AwPf = / <AwPf7 6w,v>6w,v d,u(v) = / <f7 PAZ;ew,v>6w,v d,Uf(U)
Q)

Qq
and

ALQf = /Q (Aw Qs eu0)ewndi(v) = / . QAL e oVen s du(v).
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It is easy to check that

(AwPf, AwQf) = / UF. Pt o)(Quuas f) da(v)

w

[ 8Pt @) dutw) = [ / (s Pt o) Qs £} dpa() dpa(uw).

Since
AlFP < [ (0uPFAQE) dun(w) < BIFIP. VF € R
we get that
AP < [ [Pt @ ) o) dstw) < BISP, 5 € B
The proof is completed. O

Proposition 2.5. Let P,Q € GLT(H). Then {Ay } is a (P, Q)-controlled continuous g-frame
for H with respect to {Hy} if and only if {Puy, » }weaven,, IS @ QP !-controlled continu-
ous g-frame for H, where {uy » }weaveq, IS the sequence induced by {Ay }, with respect to
{ew,v}weg,veﬂw (i.e., Uy, v = A:;ew,v)~

Proof. From the proof of Theorem 2.4, we have

/Q (AP f, AwQF) dp(w / / (s Pttas o) QU 1) dp(v) dps(w).

Then
AlfIP < /Q (AwPf AwQf) du(w) < BI|fIP. Vf € H,

is equivalent to
AP < [ [ 46 Pua)(@P P f)dute) dutw) < BISIP, ¥f € H.
eJa,

Hence the proof is completed. O

Combining all results presented in the section, we get the following result which gives several
interesting characterizations of (P, Q)-controlled continuous g-frames for H with respect to

{Huw b
Corollary 2.6. Let P,Q € GL*(H). Then the following are equivalent:

(i) {Aw}w is a (P,Q)-controlled continuous g-frame for H with respect to { Hy, }1y-

(ii) {Aw}w is a (PQ)2, (PQ)?)-controlled continuous g-frame for H with respect to {Hy }..
(iii) {Aw}w is a QP-controlled continuous g-frame for H with respect to { Hy, } .

(iv) {twvtweavea, is a (P, Q)-controlled continuous g-frame for H, where {u, » }wea vea.,
is the sequence induced by {A, }, with respect to {€w 4 fweg.ven,, -

(v) {Puw v }weavea, isa QP -controlled continuous g-frame for H, where {t » }wea.vea.,
is the sequence induced by { Ay, }., with respect to {ey » fweqven

w*

(vi) {Ay }w is a continuous g-frame for H with respect to{ Hy, }vy.

Moreover, { A}, is a continuous g-frame for H with respect to { H, }., with bounds —24

l(PQ)2 1

and B|(PQ)~ 2|
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3 Controlled continuous dual g-frames in Hilbert spaces

In this section, we define controlled continuous dual g-frames and characterize them by operator
theory.

Definition 3.1. Let P,Q € GL*(H) and let {Ay }w, {Tw }w be (P, P)-controlled continuous and
(Q, Q)-controlled continuous g-Bessel families for H with respect to { H., },, respectively. We
say that {I',, },, is a (P, Q)-controlled continuous dual g-frame of {A,, },, if

;= / PALTWQS du(w), Vf € H.
Q

In particular, if Q = Iy, {T", } is called a P-controlled continuous dual g-frame of {A,, }.,.

Definition 3.2. Let P,Q € GL™(H) and let { Ay}, {T'w }w be (P, P)-controlled continuous and
(Q, Q)-controlled continuous g-Bessel families for H with respect to { H,, }, respectively. For
the pair {Ay}o and {T'y}., we define a (P, Q)-controlled continuous dual g-frame operator

Sparg by
Sparof = / PALTLQf du(w), Vf € H.
Q

It is easy to check that Sparg is a well-defined bounded operator, and
Sparq = TrarTHrg = PTATTQ = PSxrQ,

where Sxrf = [, ALTwf du(w). Note that {T',,},, is a (P, Q)-controlled continuous dual g-
frame of {A,, }., if and only if Sparg = Iy.

Theorem 3.3. Let P,Q € GLT(H) and let {Ay }w, {Tw}w be (P, P)-controlled continuous and
(@, Q)-controlled continuous g-Bessel families with bounds Ba and Br respectively. If Sparg is
bounded below, then {Ay,}, and {Ty, }, are (P, P)-controlled continuous and (Q, Q)-controlled
continuous g-frames respectively.

Proof. Suppose that there exists a constant A > 0 such that
1Sparq fll = AllfIl,  Vf e H.
Hence

AFI < NISpare fll

= sp ‘(/Q PA,T,Qf du(w),g>(

ol | /g<erf’ AP dufu)

< ([iroesr du(w)))%( [ 18uPol? dutw)

< VB[ [ IrnQrP du)

=

Thus )
A
2P < / ICLQFIP du(w), Vf € H.
Bp Q

On the other hand, Since
Starg = (PSArQ)™ = QSraP = Sqrap,

then Sgrap is also bounded below. Similarly, we can prove that {A,,},, is a (P, P)-controlled
continuous g-frame. Hence the proof is completed. O
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Theorem 3.4. Let P,QQ € GL" (H), {Aw }w and let {T, }., be (P, P)-controlled continuous and
(Q, Q)-controlled continuous g-Bessel families for H with respect to { H,, }., respectively. Then
the following conditions are equivalent:

(1) f= Jo PALTwQf du(w), Vf € H.

(2) f:fQQT*A Pf du(w), VfEH

(3) (f,9) = Jo(AwP [, TwQg) du(w) = [o(TwQf, AwPg) du(w), Vf,g € H.
(4) ||f||2 JolAuPf.TWQf) du(w) = [o(Tu@Qf, AwPf) du(w), Vf € H.

In case the equivalent conditions are sattsﬁed, {Aw}w and {T'y, },, are (P, P)-controlled contin-
uous and (Q, Q)-controlled continuous g-frames respectively.

Proof. (1) <= (2). Let Tppp be the synthesis operator of the (P, P)-controlled continuous
g-Bessel family {A,, },, and Torq be the synthesis operator of the (@, Q)-controlled continuous
g-Bessel family {I", },,. Condition (1) means that TpapTro = Im, and it is equivalent to
ToroTp s p» Which is identical to the statement (2). Conversely, (2) = (1) similarly.

(2) <= (3). Itisclear that (2) = (3). Forany f,g € H, (f,9) = [o(AwP [, T,Qg) dp(w)
shows that

(1= [ QUiAuPsdutw).g) =0, vge I,
Q

Hence (3) = (2) is proved
(3) <= (4). (3) = (4) is obvious. To prove (4) = (3), we apply condition (4) and
get

|u+ngiémwmf+szQu+g»de)
- / (AwPf.TuQf) duw) + / (AP . ToQg) dps(w)
Q Q

+ / (AwPg,TwQf) dyu(w) + / (AwPg. T Qg) du(w).
Q Q

Similarly,

If— gl = /Q (AP TwQf) dyi(w) — /Q (AP, TuQg) dyu(uw)

- / (AwPg,TuQf) dp(w) + / (AuwPg,TuQg) du(w).
Q Q

”f + Z‘gHz = /Q<Awpf7 Fwa> dp(w) o i/Q<AwPf’ FTUQ9> dﬂ(w)

+i/<Angaerf> d:“’(w> + / <Awpgverg> d/-”(w)
Q Q

If —igll* = /Q<AwPf,Fwa> du(w)+i/g</\wPf7Fng> dp(w)

—i /Q (AP TuQF) du(w) + /Q (AwPg,T'uQg) du(w).

By polarization identity,
1 _ . . ,
(r.0) = 5 (17 + 0l = 1f = 9IP +iL + il — 17 = il

= /Q<Awpf7erg> du(w).

In case the equivalent conditions are satisfied, Sorap = Iy implies ||Sgrap| = 1, hence by
Theorem 3.3, {A } and {T'y, },, are (P, P)-controlled continuous and (Q, Q)-controlled con-
tinuous g-frames respectively. O
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Theorem 3.5. Ler P,QQ € GL"(H). A sequence {A}., is a (P, Q)-controlled continuous g-
Bessel family for H with respect to {H,,}., with bound B if and only if the operator Tpaq :
2({Hy,}w) — H given by

TPAQ({fw}w> = /Q(PQ)%AIU.fw d,u(w>

is well-defined and bounded with || Tpaq|| < V/B.

Proof. The necessary condition follows from the definition of (P, Q)-controlled continuous g-
Bessel sequence. We only need to prove the sufficient condition. Suppose that Tppq is well-
defined and bound operator with || Tpaq| < VB. Forany f € H, we have

/ (AP AwQF) duw) = / QAL AP, f) du(w)
Q Q

— ((QP)*SA(QP)* £, )

~( /Q (QP)! AL AW (@P)! f du(w), f)

< ||TPAQ( [ 1au@p)t o2 du(w))zun

= 1Teacll( [ AuPFAQE) du(w)) I

Hence we get

/Q (AP f, AwQf) d(w) < [[Tora PlIFIP < BI I

This shows that {A,, }., is a (P, Q)-controlled continuous g-Bessel family for H with respect to
{Hy }w with bound B. ]

Theorem 3.6. Let P,QQ € GL*(H) and {Ay }w be a (P, P)-controlled g-frame for H with re-
spect to { Hy, }., with the synthesis operator Tppp. Then a (Q, Q)-controlled continuous g-frame
{Tw}w is a (P, Q)-controlled continuous dual g-frame of { Ay} if and only if

Qrz;ew,v = U(euz,1;5w)7 w e vi S Qw
where U : (*({Hy}yw) — H is a bounded left-inverse of T} p-

Proof. Tf {gu}w € C>({Hy}w), then
{gw}w = /ng(sw dﬂ(w) = /Q/Qw <g’waew,v>ew,v6w du(v) dﬂ(w)

Roughly speaking, {€., »0w }wea.veq,, is a continuous orthonormal basis of £2({Hy }y)-
Suppose that there exists a bounded left-inverse U : ¢2({H,}.,) — H of T}, p such that

Qlew o = Ulewnln), wEQ,veQ,.
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For any f € H, we have

f=UTpspf

= U( L[ (NP, eu)ewsb dulo) du(w)>
-/ U PR U (e 1B) o) du)

= [ P @ din(o) du)

w

- [or(] (PRt n(v)) d(w)
- /Q QUi AP dp(w),

where u,, , = Aj e, . By the definition of controlled continuous dual g-frame, {I';,},, is a
(P, Q)-controlled continuous dual g-frame of {Ay, }4.

On the other hand, suppose that a (Q, Q)-controlled continuous g-frame {I',, },, is a (P, Q)-
controlled continuous dual g-frame of {A,, },,. For any f € H, we have

f= [ PAUELQE dutw) = [ QULALPS du(w)
Q Q

that is, Toa@Tppp = I Let U = Tgorg. Then U : (2({H,},,) — H is a bounded left-inverse
of TS, p. A calculation as above shows that

/ / (f, Pu’w,v>QF:uew,v d.“(”) dﬂ(w) =f= / / (f, Puw,v>U(ew,v5w) dﬂ(”) du(w),Vf € H.
QJQ, QJQ,

Combining this with the fact {e,, » }vcq,, 18 @ continuous orthonormal basis of H,,, we have
Qrz;ew,v = U(6u1,1)6u1)7 w e Q,’U € Qw-
O

Theorem 3.7. Let P € GLT(H) and {Ay}w be a (P, P)-controlled continuous g-frame for
H with respect to {H.,,}., with the synthesis operator and frame operator Tpxp and Spap,
respectively. Then {T'y, },, is a P-controlled continuous dual g-frame of { Ay}, if and only if

Iyf= (Tf)w "l‘AwS};/l\praw €Q, feH,
where T : H — (>({Hy}) is a bounded linear operator satisfying TpapT = 0.

Proof. T : H — ¢*({H,},,) is a bounded linear operator satisfying TpapT = 0, then {T',, }.,
is a g-Bessel family for H with respect to { H,, },,. In fact, any f € H we have

/ 1T fIP dps(uw) = / (T + AwSphpPFIP dyu(uw)
Q Q

< 2( [ ISP duw) + ITfIIZ)
< 2BISHA PP+ ITIP) AP,

where B is the upper bound of {A,, },cq. Furthermore,
| PATLS dutw) = [ PALTS) 0+ AuSEARPF) disw)

= TpapTf + / PA:AWSpppPf du(w) = f.
Q
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Thus, {T',, }weo is a P-controlled continuous dual g-frame of {A }wea-
Now, we prove the converse. Assume that {I",,},,cq is a P-controlled continuous dual g-
frame of {A,, }.weq. Define the operator T as follows:

T:H — 42({Hw}w€§2)7 f — (Tf)wa f eH

satisfying
Cwf = (Tf)w+ AwSprpPf,w € Q.

For any f € H, we have
771 = [ ITuf = AuSpo PP dutw)

< [ IPufP dutw)+ [ IALSEL PP dut)

+2( v du(w)> ” ( [ Inuspiopal? du(w))
< (B + A7 2/ B A £,

where Bj is the frame upper bound of {I', },cq and A is the frame lower bound of {Ay, }we-
Thus, T is a linear bounded operator. Moreover, for any f, g € H, we have

<TpApr, g> = /Q<PA:;1Tf7 g> dlu(w>
- /Q<PA;;(rwf — AwSpapPf), g) du(w)

- / (PALTwf.g) dyi(w) / (PN AWSEARPF 9) du(w)
Q Q

That is, TpapT = 0. The proof is completed. O

4 Conclusion

In summary, this paper advances the study of Hilbert space frame theory by extending standard
continuous g-frames into the realm of controlled continuous g-frames. By providing a compre-
hensive characterization of their dual frames, the research optimizes vector reconstruction and
data transmission efficiency. These results offer a significant generalization of existing literature,
providing more versatile and robust mathematical tools for functional analysis.
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