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Abstract We consider ¢p, p.m(n), the number of (a,b, m)-copartitions of n. We find
infinitely many congruences modulo 2 and 3 for some particular value of a, b and m applying
theta function identities.

1 Introduction

A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is
n. If p(n) denote the number of partition of n, then the generating function of n is given by

1

Zp T @dw

where, as is customary, for any complex number a and |q| < 1,

o0

(a59)00 = H(l —ag™ ).

n=1

Ramanujan’s general theta function is given by

f(a, b) — Z an(nJrl)/an(n—l)/Z (11)
= (—a;ab)oo(—b;ab) o (ab; ab) o, lab] < 1. (1.2)

Identity (1.2) is the Jacobi’s triple product identity in Ramanujan’s notation [2, Ch. 16, Entry
19]. It follows from (1.1) and (1.2) that [2, Ch. 16, Entry 22],

o0

f=0) = fl=¢,—¢) = D (=1)"¢""V2 = (g:9)0 = f1. (1.3)

n=—oo

Andrews studied interesting properties of FO*(n), including that its generating function is
simply, 5(v(q) + v(—q)), where

> qn2+n
v(g) =)y ———5—
(@ z:% (=¢:¢*)nt1

is Watson’s third order mock theta function. Chern[5] provided a combinatorial proof of the
generating function for EO™(n) and studied several further properties of EO™(n) in [6].
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Burson and Eichhorn in [3] generalized FO*(n) by introducing new partition-theoretic
objects called copartitions, which reveal an inherent symmetry in partitions counted by FO*(n)
that was not previously obvious. Copartitions are counted by the function cpq p (1), where
cpi1,2(n) = EO*(2n) [3, Theorem 3.5].

Definition 1.1. An (a, b, m)-copartition is a triple of partition (v, p, o), where each of the parts
of 7 is at least a and congruent to a (mod m), each of the parts of ~ is at least b and congruent to
b (mod m), and p is a partition with o parts, each of which has size equal to m times the number
of parts of ~.

Example 1.2. The (1, 3,4)-copartitions of size 12 are
({97 13}7 d)? QS)’ ({52’ 12}7 d)’ d))’ ({57 17}7 ¢7 ¢)7 ({112}) ¢7 (ZS)

({5}, {4}, {3}). ({1}, {4}, {7H)and (¢, ¢,{3"})

> The(1,3,4)—Copartitionsof12arethere forecountedbycp; 3.4(12) = 7.
3> Nowthegenerating function f orthecopartitionscanbegivenas follows :

Theorem 1.3. /3, Theorem 3.6] Define cpq p.m(w, s,n) to be the number of (a, b, m)-copartitions
of size n that have w ground parts and s sky parts. Then,

co oo oo a+b.

S, w_n xyq 9qm o0
Db (T, Q) =Y D> Papm(w, s, )’y q" = ( ( ) (1.4)

n=0 w=0 s=0 mqb; qm)OO (yqa; qm)oo

> BursonandEichhorn[4]alsostudiedtheparityofcps i4(n) and cps 1 6(n).

Corollary 1.4. [4, Corollary 4.5] > Foranyprimep>3.p= 3 (mod 4), let 245 = 1 (mod p?).
Then
ep314(PPk+pt —55) =0 (mod 2) (1.5)

> fort=1, 2, ---p — 1 and every non-negative integer k.

Corollary 1.5. [4, Corollary 4.10] For any prime p > 2, p = 2 (mod 3), let 65 = 1 (mod p?),
we have
eps.a6(p*k +pt —35) =0 (mod 2) (1.6)

fort=1,2,--- p—1and every non-negative integer k.

In this paper, we establish more infinite families of congruences of ¢ps 1 4(n) and cps 1 6(n)
modulo 2 and 3.

2 Preliminary Results

In this section, we list few dissection formulas which are useful in proving our main results. As
is customary, we use

o

fe=1=")=T[0=¢") = (¢": "), k>1.

n=1

5 Thefollowinglemmagivesap—dissectiono ff(-q):
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Lemma 2.1. [7, Theorem 2.2] For any prime p > 5,

p—1
2

3624 3p2 —(6k+1) 3p2+(6k+1) +p—1 pi-1 2
f=a) = D0 (DR (T =T ) (C1) T A=), @)
k=—P=1
b2l

where + depends on the conditions that (+p — 1)/6 should be an integer. Moreover, note that
(3k* +k)/2 # (p*> — 1)/24 (mod p) as k runs through the range of the summation.

Lemma 2.2. For positive integers k and m, we have
M= f2m  (mod 2).

™= f3m  (mod 3).

3 Main Results

In this section, we state and prove our main results.

Theorem 3.1. For any prime p > 5 and o, n > 0, we have

20

> —1
Zcp3,1,4 (pz"n +52 7 ) ¢" = f>(—q) (mod 2). (3.1

n=0

Proof. Settingz =y =1,a=3,b=1and m =41in (1.4), we have

= n (g% 4% oo (%Moo fif
— = = . 3.2
T;Cm’““(”)q G @) @) A 32)

From Lemma 2.2, we have
fa=ft (mod?2) (3.3)
> andf, = f? (mod 2)(3.4)
> Invoking(3.3)and(3.4)in(3.2), weobtain -, cp31.4(n)g" = f; (mod 2).(3.5) Apply-
ing Lemma 2.1, we obtain

2o
SY o P14 (pzan +5b; 1) q"

. — L 3KAtk 3p? —(6k+1)p 3p2+(6k+1)p

= > DFa T f(—¢ T g >
=— 25!
p—1
kgt

P21

5
H(=1)E ¢ f(—qp2)> (mod 2). (3.6)

2_
Extracting the term containing qP”+5pT] from both sides of (3.6) and replacing ¢” by ¢, we
obtain

o ot p2a+l -1 0 5. p
ZCP_%,]A D n+5724 "= f(—¢?) (mod 2). 3.7
n=0

Again extracting the term containing ¢?" from both sides of (3.7) and replacing ¢? by ¢, we
arrive at

e 2a+2 _
Zcp3,174 <p2a+2n + 5p24> "= f’(—q) (mod 2), (3.8)
n=0

which is the a + 1 term of (3.1). O
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Corollary 3.2. Forp > 5, « > 1 andn > 0, we have

- 245 + 5p)p**t -5
> epsia (pz‘ln ek ’;)f ) ¢"=0 (mod?2), (3.9)

where j = 1,2,---p—1.
Proof. Comparing the coefficients of g™t 1 <j<p—1in(3.7), we easily obtain (3.9). O
Corollary 3.3. Forp > 5, a > 0 and n > 0, we have

24 + 5)pe —
—_ (pza“nﬂ R 5)50 (mod 2), (3.10)

forj=1,2,---p—1and (24ﬂ+5) ~1.

Proof. According to Lemma (2.1) and Theorem 3.1, for any integer j with 0 < j < p — 1, if
j # (3k*> 4+ k)/2 (mod p) for |k| < (p — 1)/2, then we have

-1
cp3,1,4(2a(pn+j)+5p o7 )EO (mod 2),

which gives (3.10). O

Theorem 3.4. For the primes p1,p2,p3---pi, L > 1 and n > 0, we have

Zcp314<Hps+5< 8= lps 1>)q"5f5(—q) (mod 2). (3.11)

Proof. Proof can be completed by induction on I where the initial case is (3.1). Assume that
(3.11) is true for [. Then based on Lemma 2.1 for prime p;, we have

l 271
Zcp314 (Hps (pl+1n_|_5pl+l ) +5 (r[:;zf;)) qn
A I+1
_ZCP314<HPG”+5<H ST 1))61"— f(=q) (mod 2),

n=0

which is the case of [ + 1. O

Theorem 3.5. For any prime p > 5 and o, n > 0, we have

200

> -1
S asie (Pt ) = fif (mod3), (3.12)
n=0

Proof. Settingx =y =1,a=5,b=1and m = 6in (1.4), we have

(4:6°)50(¢°3¢%) oo (:¢%) fi

0 6. 6 6. 6 3. .6
S eps ie(n)g” = 5)6)1 1q goo _ (@50) (@30 _ f2fs 3.13)

> ApplyingLemma?2.2in(3.13), wehave) o cpsi6(n)g® = fif, (mod 3).(3.14) Applying
Lemma 2.1 to (3.14), we have
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P

20
D00 CP5,1.6 (pm” + 55 ) q"

p—1

- 321k 3p? —(6k+1)p 32 H(6k+1)p p—1 pi-l 2
S0 T f(—g o )+ (ED)E T f(—q”)
et
kAt2zl

Z (—1 )kq3k2+k’f(_q3p2—(6k+l)p7 _q3p2+(6k+1)p)

p—1
k=—Er—

21
kAL

—1 p?-1

H(=1)ET ¢ f(—q2p2)> (mod 3).  (3.15)

2_
Extracting the term containing qp’”'pTl from both sides of (3.15) and replacing ¢” by ¢, we
obtain

0 et ] p2a+2 1 5
> epsie <p “Hnt 6) "= f*f (mod3). (3.16)
n=0

Again extracting the term containing ¢”™ from both sides of (3.16) and replacing ¢? by g, we
arrive at

e S p2a+2 -1 )
Zcp5’1’6 (p ot n + 6> qn = fl f2 (mod 3) (317)
n=0

which is the « + 1 term of (3.12). O

Corollary 3.6. Forp > 5, a > 1 and n > 0, we have

> : 20—1 _
> epsie (pz% 4 6t p)’é 1) =0 (mod 3). (3.18)

n=0

where j =1,2,---p— 1.

Proof. Comparing the coefficients of ¢?"7, 1 < j < p—11in (3.12), we easily obtain (3.18). O
Corollary 3.7. Forp > 5, « > 0 and n > 0, we have

(65 4 p* -1

cP5,1,6 (PZQHTL + 6

) =0 (mod 3), (3.19)

forj:1,2,~~-p—1and<6j%l> - 1.

Proof. According to Lemma 2.1 and Theorem 3.5, for any integer j with 0 < j < p — 1, if
j # (3k* + k)/2 (mod p) for |k| < (p — 1)/2, then we have

N -1
cp5,1,6(P2a(Pﬂ+J)+p 6 >:0 (mod 3),

which gives (3.19). O

Theorem 3.8. For the primes pi,p2,p3---pi, 1 > 1 and n > 0, we have

S l [ p2—1
Zcps,l,é (Hp% + <5_165>> q" = f12f2 (mod 3). (3.20)
s=1

n=0
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Proof. Proof can be completed by induction on [ where the initial case is (3.12). Assume that
(3.20) is true for [. Then based on Lemma 2.1 for prime p;;, we have

o 1 ) l ,
p —1 s=1Ps — 1 n
ZCPS,l,ﬁ (Hpi (pl2+1n + l+16> + (1_[16>> q
n=0 s=1
1+1 I+1
1
_ZCPM’G (Hps”+ (HS lgs ))q"z fifr (mod 3),

which is the case of [ + 1. O
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