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Abstract: This paper defines fuzzy soft PMS-algebras and fuzzy soft PMS-ideals within
PMS algebras and examines their fundamental properties. We establish the equivalence between
fuzzy soft PMS-algebras and classical soft PMS-algebras expressed through level sets. Further-
more, we explore additional properties of fuzzy soft PMS-algebras and characterize soft set op-
erations on fuzzy soft PMS-ideals. Finally, we studied the properties of fuzzy soft PMS-algebras
and fuzzy soft PMS ideals in PMS-algebras under homomorphisms.

1 Introduction

Researchers are developing new mathematical approaches to handle uncertainties. Probability
theory, interval-valued theory, fuzzy set theory, and intuitionistic fuzzy set theory are some of
the mathematical theories introduced by researchers to overcome uncertainties. However, these
theories need a set of parameters to prevent such difficulties. Molodtsov [1] proposed a new
mathematical tool to deal with uncertainties by setting parameters. Soft sets are new mathemat-
ical tools used to handle uncertainties in decision-making problems in different fields of study.
As a result, researchers are investigating a variety of applications. For instance, Maji et al. [2]
further studied applications of soft sets in decision-making problems. Moreover, Roy et al. [3]
apply soft sets to solve problems that exist in our real-life activities. Maji et al. [4] also proposed
soft-set operations. However, in applications, soft set operations introduced by Maji et al. [4]
have some limitations, as raised by Ali et al. [S]. So, Ali et al. [5] developed novel soft-set oper-
ations called restricted and extended intersections. Continuing the study of soft sets, researchers
integrated the idea of soft sets into different algebraic structures. Hence, many scholars have
studied the algebraic structure of soft sets. In 2007, Aktas and Cagman [6] studied the notion of
soft groups and characterized soft operations. Jun et al. [7] also studied soft BCK algebras with
their detailed properties. Recently, Kassahun et al. [8] introduced soft PMS algebras and inves-
tigated further properties under the homomorphism of mappings. Zadeh [9] proposed another
mathematical tool to deal with uncertainties called fuzzy sets. As a result, many authors applied
the fuzzy sets to different algebraic structures. Rosenfeld [10] studied fuzzy groups as the al-
gebraic structure of fuzzy sets. In 2016, Sithar Selvam and Nagalakshmi [11] introduced fuzzy
PMS algebras and characterized their properties. S. Shagagha [12] introduced and examined
some properties of complex fuzzy ideals of Gamma Rings, applying fuzzy set theory to rings.
Moreover, fuzzy sets are applied to various algebraic structures and have been generalized into
numerous concepts. For instance, in 2022, Muhiuddin et al. [13] proposed linear Diophantine
fuzzy set theory applied to BCK/BClI-algebras. Moreover, in 2023, Al-Tahan et al. [14] extended
this concept to linear Diophantine fuzzy n-fold weak subalgebras of a BE-algebra. After the in-
troduction of fuzzy sets, hesitant fuzzy sets were introduced by Torra (see [15, 16, 17, 18]) as a



Fuzzy Soft PMS-algebras 255

more general extension for modeling uncertainty, especially in decision-making. Hesitant fuzzy
sets have since been applied in various algebraic structures. For instance, Girum et al. [19] intro-
duced the concept of hesitant fuzzy T-ideals in TM-algebra and studied their properties in detail.
By merging soft sets with fuzzy sets, the authors introduced a better mathematical tool to deal
with uncertainties. Maji et al. [20] proposed the concept of fuzzy soft sets as a generalization of
soft sets. Aygunoglu et al. [21] introduced the notion of fuzzy soft groups by merging soft sets
with groups and studying some of their properties. In 2010, Jun et al. [22] applied the idea of
fuzzy soft sets to the theory of BCK algebras as a generalization of fuzzy soft sets. Next, Yang
[23] applied the ideas of fuzzy soft sets to semigroups and characterized their properties under
homomorphisms.

Motivated by the above-reviewed articles, this paper introduces fuzzy soft PMS-subalgebras and
fuzzy soft PMS-ideals within PMS-algebras and explores their properties. We demonstrate the
equivalence between classical soft PMS-algebras (represented by level soft sets) and fuzzy soft
PMS-algebras. Furthermore, we characterize fuzzy soft PMS-algebras and fuzzy soft PMS-
ideals under homomorphisms.

2 Preliminaries

In this section, we define fuzzy sets, soft sets, fuzzy soft sets, and PMS-algebras, all of which
are essential for our main findings.

2.1 Fuzzy Soft sets

Definition 2.1. [1] Let P(U) be the power set of U, a pair (¢, A) is called a soft set over U where
¢ is a mapping given by ¢ : A — P(U).

Definition 2.2. [5] The extended intersection of soft sets (¢, A) and (o, B) over a common uni-
dlal,if a€ A— B

verse U is the soft set (7, C'), where C = AUB and forevery a € C,v[a| = { olal,if a€ B— A
¢la]Nolal,if ac ANB

Definition 2.3. [8] Let (¢, A) be a soft set over X, (¢, A) is said to be a soft PMS-algebra over
X if and only if ¢(z) is a PMS-subalgebra of X for all z € A.

Definition 2.4. [8] Let (¢, A) be a soft set over X, (¢, A) is said to be a soft PMS-ideal over X
if and only if ¢(z) is PMS-ideal of X for all z € A.

Definition 2.5. [20] A pair (¢, A) is called a fuzzy soft set over X, where ¢ : A — P(X) isa
mapping, P(X) being the set of all fuzzy subsets of X.

Definition 2.6. [6] Let (¢, A) be a fuzzy soft set over X. For each ¢ € [0, 1] , the set (¢, A)" =
(@', A) is called a t -level set of < ¢, A >, where ¢'[a] = {z € X : ¢[a](x) >t} foreacha € A.
Obviously, (¢f, A) is a soft set over X.

Definition 2.7. [20] Let (¢, A) and (o, B) be fuzzy soft sets over X with AN B # (. The
intersection of them, denoted by (¢, A) N (0, B) = (v,C), is a fuzzy soft set (y,C) over X,
where C = AN B, and for each a € A, y[a] = ¢[a] N o[a).

Definition 2.8. [24] The union of two fuzzy soft sets (¢, A) and (o, B) over X, denoted by
(¢, A)U (o, B) = (,C) , is a fuzzy soft set (y,C) over X, where C = A U B, and for each

¢lal,if ac A—B
a€ Avfa] =1 olal,ifa € B— A
dla]Uolal,if ac ANB
Definition 2.9. [20] If (¢, A) and (o, B) are fuzzy soft sets over a common universe X, then

denoted (¢, A) A (o, B) is defined by (¢, A) A (o, B) = {7, A x B), where 7[a,b] = ¢[a] N o[b]
for all (a,b) € A x B.
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2.2 PMS-algebras

In this section, we will address the concepts and basic properties of PMS-algebras that we need
for the main results in the next sections. These concepts are taken from Selvam and Nagalakshmi,
[25].

Definition 2.10. [25] A PMS-algebra is an algebra (X, *,0) of type (2,0) with a constant ”0”
and a binary operation ” x ” satisfying the following axioms:

(1) Oxx = ;
() (yrxz)*x(zxx)=z*yforallz,y,z € X.
In X, we define a binary relation "<" by z < y if and only if x x y = 0.

Proposition 2.11. [25] Ina PM S-algebra (X; x,0) the following properties hold for all z,y, z €
X.

(i) zxxz = 0.

(ii) (y*z)*z=y.

(iii) xx (y*xx) =y*0.

(iv) (yxz)*x2=(2%z)*y.
(v) (zxy)*x0=yxz

Definition 2.12. [25] Let S be a non empty subset of a PMS-algebra (X, *,0). Then S is called
a PMS-subalgebra of X if z xy € S forall z,y € S.

Definition 2.13. [25] Let X be a PMS-algebra and I be a subset of X. Then [ is called a PM S-
ideal of X if

1 0el;

() zxyelandzxx € [ = yxzx e lforall z,y,z € X.
Definition 2.14. [25] Let X and Y be PMS-algebras. Then a mapping f : X — Y is said to
be a homomorphism of PMS-algebras if f(z xy) = f(z) = f(y) forall z,y € X. f is called an

epimorphism if it is onto, and f is an endomorphism if it is a mapping from a PMS-algebra X to
it self.

Note: [25] If f is a homomorphism of PMS-algebras, then f(0) = 0.

Definition 2.15. [9] Let X be a nonempty set. A fuzzy subset  of X is the mapping p from X
into [0, 1].

Definition 2.16. [11] Let X be a PMS-algebra and p be a fuzzy subset of X. Then p is a fuzzy
PMS-subalgebra of X if pu(zxy) > min{u(z), u(y)} forall z,y € X.

Definition 2.17. [11] Let X be a PMS-algebra. A fuzzy subset x4 of X is called a fuzzy PMS-
ideal of X if

(@ p(0) = p();
(i) p(y*z) > min{u(z*y),u(zxx)} forall z,y,z € X.

Definition 2.18. [26] Let i be a fuzzy subset of X; and for any ¢ € [0, 1]. Then a fuzzy set y; of
X defined by p'(z) = min{u(z),t} for all z € X is called a t-fuzzy subset of X.

Definition 2.19. [9] Let f : X — Y be a function; u be a fuzzy subset of X, and 6 be a fuzzy
subset of Y. Then the image of y under f, denoted by f(u), is a fuzzy subset of Y defined by

[ suplute) s e O £Y) £
and the pre-image of # under f, denoted by f~!(6), is a fuzzy subset of X defined by f~!(0)(x) =
0(f(z)) forall z € X.
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3 Fuzzy Soft PMS-algebras

In this section, we introduce the notion of fuzzy soft PMS-subalgebras and investigate some
of their properties. Throughout this and the next section, X denotes a PMS-algebra, unless
otherwise specified.

Definition 3.1. Let X be a PMS-algebra and (¢, A) be a fuzzy soft set over X, where A is a set
of parameters. Then (¢, A) is a fuzzy soft PMS-algebra over X if and only if for each o € A and

z,y € X, ¢lo](z*xy) = min{g[a](z), ¢[a](y)}-
Example 3.2. Let X = {0, 1,2,3} be a set with the following table.
Table 3.1 PMS-algebra

* 0 1 2 3
0 0 1 3
1 2 0 1 2
2 1 2 0 1
3 3 1 2 0

Then (X;*,0) is a PMS-algebra. Let (¢, A) be a fuzzy soft set, where A = X. Let a € A.
Define a fuzzy soft set ¢ : A — P(X) by the following table

Table 3.2 Fuzzy soft PMS-algebra

* 0 1 2 3
0 1 0.8 |08 |05
1 1 07 |04 |03
2 1 0.6 | 02 | 0.1
3 1 05101 |0

Hence ¢[0], ¢[1], ¢[2], #[3] are all fuzzy PMS-subalgebras of X. Thus (¢, A) is a fuzzy soft
PMS-algebra over X.

Proposition 3.3. Let (¢, A) be a fuzzy soft PMS-algebra over a PMS-algebra X. Then ¢[a](0) >
dla)(z), Vo € X.

Proof. Letz € X and a € A. Then
¢[a)(0) = ¢[a)(x x x) = min{¢[a](z), o[o](z)} = ¢[a](x).

Hence ¢[a](0) > ¢[a](x) for all z € X and for any « € A. i
Theorem 3.4. Let (¢, A) be a fuzzy soft PMS-algebra over X. If x xy < z, then ¢[a](z) >
min{o[a](y), d[a](2)} forall z,y, 2 € X and o € A.
Proof. Letzxy < z. Then (z xy) xz = 0.
Now
¢laf(z) = o[a](0xz)
ola](((z*y) * z) x z)
= o[(((zxy) xz) xx)
= olof((z*z)* (z%y))
= ¢la(zxy)
> min{¢la](y), ¢[c](2)}
m]

Theorem 3.5. Let (¢, A) be a Fuzzy soft PMS-algebra over a PMS-algebra X. If B is a subset
of A, then {¢|g, B) is a fuzzy soft PMS-algebra over X.
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Proof. Suppose (¢, A) is a fuzzy soft PMS-algebra over X. Let B C A and z € X. Then
¢|Bla](x) # 0. Since ¢[a](x) is a fuzzy PMS-subalgebra of X for all « € A and ¢|g(z) C
¢la](z),Ya € B, then ¢|(x) is a fuzzy PMS-subalgebra of X. Hence, (¢|5, B) is a fuzzy soft
PMS-algebra over X. O

Theorem 3.6. Let (¢, A) be a fuzzy soft PMS-algebra over X. Then the set X4, = {v € X :
ola](z) = ¢[a](0); a € A} is a PMS-subalgebra of X.

Proof. Suppose that (¢, A) be a fuzzy soft PMS-algebra over X. Let ,y € X such that z,y €
Xy[a)- Then ¢laf(z) = ¢[a](0) = ¢la](y). Since $[a] is a fuzzy PMS subalgebra as (¢, A)
is a fuzzy soft PMS-algebra, we have ¢[c](z x y) > min{¢[a](z), 9[a](y)} = ¢[a](0). Again
by Proposition 3.3, we have ¢[a](0) > ¢[a](z * y) implies that ¢[a](z x y) = $[a](0). Hence
T *xY € Xy[a]- Thus Xy, is a PMS subalgebra of X.

o

Theorem 3.7. Let (¢, A) be a fuzzy soft set over a PMS-algebra X. Then (¢, A) is a fuzzy soft
PMS-algebra of X if and only if (¢, A) is a soft PMS-algebra over X for each t € |0, 1].

Proof. Suppose (¢, A) is a fuzzy soft PMS-algebra over X. For any ¢t € [0,1] and o € A,
let x,y € ¢'[a]. Then ¢[a](z) > t and ¢[a](y) > t. Since ¢la] is a fuzzy PMS-subalgebra,
dla)(z xy) > min{dla)(z),pla](y)} > ¢ It follows that z x y € ¢'[a]. Hence ¢'[a] is a
PMS-subalgebra of X. Thus, by Definition 2.3, (¢?, A) is a soft PMS-algebra over X for each
teo,1].

Conversely, assume that (¢?, A) is a soft PMS-algebra over X for each ¢t € A. For eacha € A
and z,y € X, let ¢[a](z) = t; and ¢[a](y) = t,. Then x € ¢''[a] and y € ¢™[a]. Take
t = min{t;,t2}. Then, z,y € ¢'[a]. Since ¢’[a] is a PMS-subalgebra of X, z xy € ¢*[a]. It
follows that ¢[a](z x y) > t = min{¢[a](z), d[a](y)}. So ¢[a] is a fuzzy PMS-subalgebra of
X. Therefore (¢, A) is a fuzzy soft PMS-algebra over X. O

Theorem 3.8. Let X be a PMS-algebra, and let (¢, A) and (o, B) be fuzzy soft PMS-algebras
over X. If AN B # 0, then (¢, A) N (o, B) is a fuzzy soft PMS-algebra over X.

Proof. Suppose (¢, A)N (o, B) = (v,C), where C = AN B. Let a € C. Then y[a] =
¢la)Nolal. Letz,y € X.

Vd(zxy) = (dlajnofal)(zxy)
= min{¢la](z xy),ofa](z xy)}
> min{min{¢[a](x), ¢[a](y)}, min{o|a](x), olal(y)}}
= min{min{¢[a(z), o[a](x)}, min{p[a](y), olal(y)}}
= min{(¢[a ] ola])(x), (¢la] Nofe])(v)}
= min{y[e](z),7[a](y)}

Thus, v[a] is a fuzzy PMS-subalgebra of X, and hence (v, C) = (¢, A) N (o, B) is a fuzzy soft
PMS-algebra over X. O

Theorem 3.9. Let X be a PMS-algebra; and let (¢, A) and (o, B) be fuzzy soft PMS-algebras
over X. If AN B =0, then (¢, A) U (0, B) is a fuzzy soft PMS-algebra over X.

Proof. Let (¢, A)U (0, B) = (v,C), where C = AU B. Since AN B = (), either o« € A\B or
a € B\Aforall « € C. If a € A\B, then y[a] = ¢[a] is a fuzzy PMS-subalgebra of X because
(¢, A) is a fuzzy soft PMS-algebra over X. If a € B\A4, then y[a| = ola] is a fuzzy PMS-
subalgebra of X because (o, B) is a fuzzy soft PMS-algebra over X. Hence (¢, A) U {c, B) =
(v, C) is a fuzzy soft PMS-algebra over X. |

Theorem 3.10. If (¢, A) and (o, B) are fuzzy soft PMS-algebras over a PMS-algebra X, then
the extended intersection of (¢, A) and {c, B) is a fuzzy soft PMS-algebra over X.
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Proof. Let (¢, A)N. (o, B) = (v,C) be the extended intersection of (¢, A) and (o, B). Then
C = AUB. Forany a € C, if « € A — B, then v[a] = ¢[a]. Since ¢[a] is a fuzzy PMS-

subalgebra, vy[o](z * y) = dla](z xy) > min{g[a](z), ¢[a](y)} = min{y[a],[e](y)}, and
so v[a)(z * y) > min{y[a](z),v[a](y)}. Hence v[a] is a fuzzy PMS-subalgebra. If « € B —

A, then v[a] = ola]. Since o[a] is a fuzzy PMS-subalgebra, vy[o](z *x y) = ola](z xy) >
min{ola](z),alal(y)} = min{y[a],7[al(y)}, and so y[a](z x y) > min{y[a](z),v]al(y)}.
Hence 7[a] is a fuzzy PMS-subalgebra. If AN B # (), then
Vd(zxy) = (dlajnofal)(zxy)

= min{g[a)(x xy),olal(xxy)}

> min{min{¢[a](x), ¢[a](y)}, min{o|a](x), olal(y)}}

= min{min{¢[a(z), o[a](x)}, min{s[a](y), olal(y)}}

= min{(¢la] Nolal(x)), (¢a] Nofa])(y)}

= min{y[a](z),7[a](y)}

Hence ~[a] is a fuzzy PMS-subalgebra for all « € AN B, and so (v, C) is a fuzzy soft PMS-
algebra. O

Theorem 3.11. If (¢, A) and (o, B) are fuzzy soft PMS-algebras over a PMS-algebra X, then
the fuzzy soft set (¢, A) A\ (o, B) is a fuzzy soft PMS-algebra over X.
Proof. Let (a1, an) € A x B. Then v[ay, ag] = ¢[ar] Nofas]. Letz,y € X.
VN af(zxy) = (dlaa] Nofaa])(z*y)
= min{g[a1](z xy), olb](x *y)}
> min{min{g[a](z), $[au](y) }, min{o[a1](x), o[a](y)}}
= min{min{¢[ai](z), o|az](z)}, min{dou](y), olaz](y)}}
= min{y[a1, ] (2), v[o1, 2] (y) }-

Hence y[ay, as] is a fuzzy PMS-subalgebra of X.
Therefore (¢, A) A (o, B) = (v,C) is a fuzzy soft PMS-algebra of X, where C = AN B. O

Theorem 3.12. Let (¢, A) be a fuzzy soft PMS-ideal of a PMS-algebra X such that v xy < z.
Then ¢[a](x) > min{d[a](y), ¢[a](2)} forall x,y, z € X and a € A.

Proof. Suppose (¢, A) be a fuzzy soft PMS-ideal. Then ¢[a] is a fuzzy PMS-ideal of X. Since
Txy >z, we have (z xy) xz = 0.

¢laj(x) = ¢lol(

= ¢la(

= ¢la(

= ¢la(

= ¢la)(

> min{¢[a]

Hence 6{a](x) > min{¢la](y), sla](2)}. o

Definition 3.13. Let (¢, A) and (¢, A) be fuzzy soft PMS-algebras over a PMS-algebra X.
Then (¢;, A) is a fuzzy soft PMS-subalgebra of (¢,, A) if ¢;[a] is a fuzzy PMS-subalgebra of
¢o[a] for each « € A.

Theorem 3.14. Let (¢1, A) and (¢p2, A) be fuzzy soft PMS-algebras over X and f : X — Y be
an epimorphism. Then

(i). (f(é1),A) is a fuzzy soft PMS-algebra over Y with sup property.

(ii). If (¢1, A) is a fuzzy soft PMS-subalgebra of (¢a, A) with sup property, then (f(¢1), A) is a
fuzzy soft PMS-subalgebra of (f(¢2), A).
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Proof. (i). Leta € Aand let x,y,z € Y witha € f~!(z),b € f~!(y) such that
¢ilal(a) = sup{di[a](t) : t € f1(2)}, d1[a](b) = sup{en[a](t) 1 t € f~(y)}.

ferla))(zxy) = sup{dila](t) 1t e f (xxy)}
= ¢1]al(axb)
min{¢i[al(a), ¢1, ¢[a](b)}
min{sup{¢1[a](t) : t € f'(2), sup{o1[a](t) 1t € F~(y)}}
= min{f(¢i]a])(x), f(¢1]a])(y)}
Hence f(¢1[a]) is a fuzzy PMS-subalgebra of X, and so {f(¢;), A) is a fuzzy soft PMS-algebra

over X.
(i1). To prove this, use a similar approach as in (i). O

Y

Theorem 3.15. Let (¢, A) and (¢», A) be fuzzy soft PMS-algebras over X and f : X — Y be
a homomorphism. Then

(i). {f~" (1), A) is a fuzzy soft PMS-algebra overY .

(ii). If (¢1, A) is a fuzzy soft PMS-subalgebra of (¢, A), then (f~'(¢1), A) is a fuzzy soft PMS-
subalgebra of (f~'(¢2), A).

Proof. (1). Leta € Aand z,y € X. Then

FH@ila))(zxy) = eila)(f(zxy))
= dila](f(z) * f(y))
> min{éi[e](f(x)), ¢1[e](f(y))}
= min{f~(¢1la) (@), /7 (¢1[0](y))}

Hence f~'(¢[a]) is a fuzzy PMS-subalgebra of X, and so ( f~'(¢1[c]), A) is a fuzzy soft PMS-
algebra over X.
(i1). To prove this, use a similar approach as in (i). O

Definition 3.16. Let f : X — X be an endomorphism of a PMS-algebra X. Then for a fuzzy
soft set (¢, A) in X, we define a fuzzy soft set (¢, A) = (¢/,A) = ¢[a](f(z)) forall z € X.

Theorem 3.17. Let f : X — Y be a homomorphism of PMS-algebras. If (¢, A) is a fuzzy soft
PMS-algebra overY, then the fuzzy soft set (¢!, A) is a fuzzy soft PMS-algebra over X.

Proof. Leta € Aand z,y € X. Then

¢ lof(zxy) = olal(f(zxy))

Plal(f(z) * f(y))
min{gla](f(z)), sla](f(y))}
min{’[a](x), o’ [a](y)}

Hence ¢/[a] is a fuzzy PMS-subalgebra of X, and so (¢/, A) is a fuzzy soft PMS-algebra over
X. O

Y

However, the converse of Theorem 3.17 is true if f is an epimorphism of PMS-algebras as
shown in Theorem 3.18

Theorem 3.18. Let f : X — Y be an epimorphism of PMS-algebras. If <¢f , A> is a fuzzy soft
PMS-algebra over X, then (¢, A) is a fuzzy soft PMS-algebra overY'.

Proof. Leta € Aandleta,b € Y. Then there exists z,y € X such that f(z) = a and f(y) =
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Now

¢laf(axb) = ¢la](f(z)* f(y))

I
=
2
—
—

8

*
<
=

> min{¢’'[a]
= min{¢[a](f(
= min{¢[a](a), p[a](b)}

Hence ¢[a] is a fuzzy PMS-subalgebra of Y, and so (¢, A) is a fuzzy soft PMS-algebra over
Y. O

4 Fuzzy Soft PMS-ideals

In this section, we introduce the notion of fuzzy soft PMS-ideals and investigate some of their
properties. Throughout this and the next section, X denotes a PMS-algebra, unless otherwise
specified.

Definition 4.1. Let X be a PMS-algebra and (¢, A) be a fuzzy soft set over X, where A is a set
of parameters. Then (¢, A) is a fuzzy soft PMS-ideal over X if and only if for each o € A,

(i) #[a](0) > ¢la](z) forall z € X;

(ii) ¢[a](y x z) = min{g[a](z xy), pla](z x z)} for all z,y,z € X.

Example 4.2. Let X = Z defined by x xy = y — « for all z,y € X is a PMS-algebra under
the usual subtraction. Let A = {«, @} be the set of parameters, where «; = divisible by 2 and
ap = divisible by 3.

For parameter oy, a mapping ¢[ay] : X — [0, 1] defined by

06 ifre<4d>
Plar)(z) =404 ifze<2>—<4>
0 otherwise

Hence ¢[o] is a fuzzy PMS-ideal over X.
For parameter «;, a mapping ¢[az] : Z — [0, 1] defined by

07 ifxe<2>
Plag)(z) =405 ifre<3>—<2>
03 ifer¢g<2>andex ¢ <3 >

; where < 4 >= {4t/t € Z}, < 2 >= {2t/t € Z} and < 3 >= {3t/t € Z}. Hence ¢[ax] is also
a fuzzy PMS-ideal over X. Thus (¢, A) is a fuzzy soft PMS-ideal over X.

Theorem 4.3. Every fuzzy soft PMS-ideal of a PMS-algebra X is a fuzzy soft PMS-algebra.

Proof. Let (¢, A) be a fuzzy soft PMS-ideal of X.

Since ¢la(x xy) > min{o[a](0* z), [a](0 * y)} = min{g[a](x), #[a](y)}. Hence @[] is a
fuzzy PMS-subalgebra of X, and so (¢, A) is a fuzzy soft PMS-algebra over X. O

Theorem 4.4. Let (¢, A) be a Fuzzy soft PMS-ideal over a PMS-algebra X. If B is a subset of
A, then (¢|p, B) is a fuzzy soft PMS-ideal over X.

Proof. Suppose (¢, A) is a fuzzy soft PMS-ideal over X. Let B C A and z € X. Then
olplal(z) # 0. Since ¢la](z) is a fuzzy PMS-ideal of X for all @« € A and ¢|g(z) C
¢la](x),Ya € B, then ¢|p(x) is a fuzzy PMS-ideal of X. Hence, (¢|g, B) is a fuzzy soft
PMS-ideal over X. o

Theorem 4.5. Let (¢, A) be a fuzzy soft PMS-ideal over X. Then Xy, = {z € X : ¢[a](z) =
#[a](0); « € A} is a PMS-ideal of X.
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Proof. Suppose (¢, A) is a fuzzy soft PMS-ideal over X. Since z x z = 0, ¢[a](0) = ¢[a(x *
x) > min{¢[a](x), dla](x)} = dla](x) for each « € Aand z € X. Let z,y,z € X such that
zxy € Xy, and zxx € Xy, . Then ¢pla](zxy) = ¢[a](0) and ¢|a](z xz) = ¢[](0). Since ¢[a]
is a PMS-ideal, ¢[a](y*xx) > min{p[a]|(z*y), dla](zxx)} = min{¢[a](0), #[a](0)} = ¢[a](0)
and ¢[a](0) > [a(y * )]. Hence ¢[a](y * ) = ¢[a](0) and so X4 is a PMS-ideal of X. i

Theorem 4.6. Let (¢, A) be a fuzzy soft set over a PMS-algebra X. Then (¢, A) is a fuzzy soft
PMS-ideal of X if and only if (¢t, A) is a soft PMS-ideal over X for each t € [0, 1].

Proof. Suppose (¢, A) is a fuzzy soft PMS-ideal over X. For each ¢ € [0,1] and a € A. Let
z € ¢'[a]. Then ¢[a](x) > t, and since (¢, A) is a fuzzy soft PMS-ideal, ¢[a](0) > ¢[a](x) for
all z € X. It follows that ¢[a](0) > t. So 0 € ¢'[a]. Let z,y, 2z € X such that z xy € ¢'[a] and
zxx € ¢'[al. Then ¢'[a](z*y) > t and ¢'[a](z*x) > t. Since (¢, A) is a fuzzy soft PMS-ideal,
ola)(y*z) > min{g[a](z xy), p[a](z * z)} > t. It follows that y x = € ¢'[a]. Hence ¢![a] is a
PMS-ideal of X. Thus by Definition 2.4, (¢*, A) is a soft PMS-ideal over X for each ¢ € [0, 1].

Conversely, assume that (¢'[a], A) is a soft PMS-ideal over X for each t € A. Let ¢[a(z) = t.
Since ¢'[a] is a PMS-ideal of X, we have 0 € ¢'[a]. Hence ¢[a](0) > t = ¢[a](x). For each
a € Aandlet z,y,z € X such that ¢[a](z xy) = t; and ¢[a](z *x x) = t5. Then z x y € ¢''[a]
and z x z € ¢"[a]. Take t = min{t;,t2}. Then z x y, z x x € ¢'[a]. Since ¢'[a] is a PMS-ideal
of X, yxx € ¢t[a]. So dla(yxx) >t = min{g[a](z xy), dla](z x x)}. Hence @[] is a fuzzy
PMS-ideal of X. Therefore (¢, A) is a fuzzy soft PMS-ideal over X. ]

Theorem 4.7. Let X be a PMS-algebra and let (¢, A) and (¢, B) be fuzzy soft PMS-ideals over
X. If AN B # 0, then (¢, A) N (¢, B) is a fuzzy soft PMS-ideal over X.

Proof. Suppose (¢, A)N(0,B) = (v,C), where C = AN B. Let a € C. Then y[a] =
¢la) Nolal]. Let x € X. Then
Va)(0) = (¢le] Nofa])(0

= min{¢[a](0),0
> min{¢[a](x)
= (¢le]Nolal)
= 7lel(@).

Hence v[a](0) > v[a](z). Let z,y, 2z € X.

Vellyxz) = (dle]Nofa])(y*z)
= min{¢la](y xz),0la](y *z)}
> min{min{¢[a](z xy), pla](z * )}, min{c[a](z * y),ola](z x ) }}
),ola](zxy)}, min{gla](z x z),0la](z x )} }
= min{(¢le] Nola])(z*xy), (¢la] Nola])(z*2)}

)
min{y[a](z % y),7[al(z x 2)}

*yY
= min{min{¢[a](z *y

Hence (¢, A) N (0, B) = (v,C) is a fuzzy soft PMS-ideal over X. ]

Theorem 4.8. Let X be a PMS-algebra; and let (¢, A) and (¢, B) be fuzzy soft PMS-ideals over
X. If AN B =, then (¢, A) U (¢, B) is a fuzzy soft PMS-ideal over X.

Proof. Define (¢, A)U (o, B) = (v,C), where AU B = C. Since AN B = (), either o € A\B
ora € B\Aforalla € C. If « € A\B, then v[a] = ¢[a] is a fuzzy PMS-ideal of X because
(¢, A) is a fuzzy soft PMS-ideal over X. If « € B\ A, then v[o] = o[a] is a fuzzy PMS-ideal of
X because (o, B) is a fuzzy soft PMS-ideal over X. Hence (¢, A) U (0, B) = (v,C) is a fuzzy
soft PMS-ideal over X. ]

Theorem 4.9. If (¢, A) and (o, B) are Fuzzy soft PMS-ideals over a PMS-algebra X, then the
fuzzy soft set (¢, A) A (o, B) is a fuzzy soft PMS-ideal over X.
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Proof. Define (¢, A) A (0, B) = (v,C), where C = A x B. Let (aj,an) € A x B. Then
v, @] = @lay] Nofaz]. Let x € X. Then

ve; a2](0) (¢len] N olaz])(0)
min{¢[a1](0), o[a2](0)}
min{glai](z), o[az](w)}

(¢len] Nofaz]) ()

Yo, @] ().

I VAR | |

Let z,y,z € X. Then

(¢len] Nolaa])(y  z)

min{g[on](y » x), olaa)(y x z)}

(2% y), plon](z % 2)}, min{ofaa] (2 x y), o[as)(z % 2)}}

(zxy), olaa](z x y) }, min{[an] (2 z), o[az] (2 z)}}
min{y[on, a2](z x y), ylon, aa](z x 2)}.

Hence (¢, A) A (o, B) = (v,C) is a fuzzy soft PMS-ideal of X, where C' = A x B. ]

Theorem 4.10. Let f : X — Y be an epimorphism of PMS-algebras. If (¢, A) is a fuzzy soft
PMS-ideal over X with sup property, then (f (1), A) is a fuzzy soft PMS-ideal overY.

Proof. Let a € A and Let a,b,c € X with z € f~(a),y € f~1(b),2 € f~!(c) such that
¢lo](z) = sup{dla](t) : t € f(a)},¢la](y) = sup{ga](t) : t € f7'(b)} dla](z) =
sup{p[a](t) : t € f~1(c)}. Now

Ylar, aa(y * )

min{min{p[a]

v

min{min{p[a]

f(ela])(0) = sup{ola](t) : te f71(0)}
= ¢[)(0)
> ¢laf(x)
= sup{¢[a](t) :t € f~'(a)}
= [f(¢la])(a)
f(la])(bxa) = sup{gla](t):te f(bxa)}
¢lal(y * z)

min{glal(z xy), gla](z x x)}
min{sup{¢a](t) : t € 7 (cxb)}, sup{¢[a](t) : t € ' (cxa)}}
= min{f(¢[a])(cxb), f(¢[a])(cxa)}

(

Hence f(¢[a]) is a fuzzy PMS-ideal of Y, and so (f(¢#1), A) is a fuzzy soft PMS-ideal over
Y. O

Theorem 4.11. Let f : X — Y be a homomorphism of PMS-algebras. If (¢, A) is fuzzy soft
PMS-ideal over'Y, then (f~'(¢1), A) is a fuzzy soft PMS-ideal over X.

Proof. Leta € Aandletz,y,z € X.
F1(@[a])(0) = 6[a](£(0)) = ¢[a](0) > ¢[a](f(x)

F(@la])(y  z)

[IIAYARI

= f1(¢la])(@).

I
>,
L,

v
3
3
—~
<

= min{f ' (¢[e](zxy)), f (B[] (z x 2))}

(¢lo]
Hence f~'(¢[c]) is a fuzzy PMS-ideal of X, and so (f~'(¢1), A) is a fuzzy soft PMS-ideal over
X. O
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Theorem 4.12. Let f : X — Y be a homomorphism of PMS-algebras. If (¢, A) is a fuzzy soft
PMS-ideal over Y, then the fuzzy soft set <¢f , A> is a fuzzy soft PMS-ideal over X.

Proof. Leta € Aand x,y,z € X. Then
¢*[a](0) = ¢[a](f(0)) = 6[a](0) = ¢[a](f(2)) = ¢’[a](=)
¢'lol(yxz) = olal(f(yxa))
= ¢la](f(y) x f(2))
min{¢[e](f(2) x f(y)), #le](f(2) x f(x))}
= min{g[e](f(zxy)), d[e](f(z x2))}
= min{¢’[a](zxy), ¢/ [a](2 x2)}

Hence ¢/[a] is a fuzzy PMS-ideal of X, and so (¢, A) is a fuzzy soft PMS-ideal over X. O

Y

However, the converse of Theorem 4.12 is true if f is an epimorphism of PMS-algebras as
shown in Theorem 4.13

Theorem 4.13. Let f : X — Y be an epimorphism of PMS-algebras. If<<;$f, A> is a fuzzy soft
PMS-ideal over X, then (¢, A) is a fuzzy soft PMS-ideal overY .

Proof. Let « € A and let a,b,c € Y. Then there exists z,y,z € X such that f(z) = a and
f(y) = b,f(Z) = c. Now
¢[a](0) = 6[a](f(0)) = ¢'[a](0) = ¢’ [a](2) = ¢[a](f(2)) = d[a](a).

¢laj(bxa) = ¢la](f(y)* f(2))

[ | AV |
3 3 S &S
o~ ~ ~. R Q
S 3 3 o =
s s S~
S © S o =
—_—— - < —~
L L2 2 + <
o A
~ )
S =

*

s

Hence ¢[a] is a fuzzy PMS-ideal of Y, and so (¢, A) is a fuzzy soft PMS-ideal over Y. i

5 Conclusion remarks

A fuzzy soft set is a parameterized family of subsets of the universe in which the parameterized
families are fuzzy subsets. Fuzzy soft sets are extensions of soft sets, obtained by merging fuzzy
sets with soft sets. These sets are applied to various algebras to form their algebraic structures.
In a similar approach, we have characterized fuzzy soft sets in PMS-algebras. We studied the
structure of PMS-subalgebras, PMS-ideals, and their detailed properties within PMS-algebras
by applying fuzzy soft sets. We also characterized the properties of fuzzy soft PMS-algebras
and fuzzy soft PMS-ideals under homomorphisms. Furthermore, we proved the equivalence of
classical soft PMS-algebras and fuzzy soft PMS-algebras by fixing the parameters. The study of
fuzzy soft PMS-algebras is relevant for understanding uncertainties and can also be applied to
other algebraic structures closely related to PMS-algebras. In our future work, we plan to extend
soft homomorphisms and isomorphisms. Moreover, we can extend this concept to intuitionistic
fuzzy soft PMS-algebras and characterize fuzzy soft PMS-algebras based on soft binary opera-
tions.
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