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Abstract. The topic of creating a family of surfaces from a given curve was examined in this
study. We obtain the necessary and sufficient conditions for the coefficients to meet the geodesic
and isoparametric requirements by expressing the family of surfaces as a linear combination
of the components of the Frenet trihedron frame of the curve in Walker 3-manifold. Then, we
present some results regarding these family of surfaces being flat and minimal.

1 Introduction

It is commonly recognized that the dynamics of Lagrangians can be explained in large part by
current differential geometry. Additionally, the dynamics of Hamiltonians can be developed
within a good framework provided by contemporary differential geometry. In this work the am-
biant space we will consider is a Lorentzian three-manifold admitting a parallel null vector field
called strict Walker manifold. It is known that Walker metrics have served as a powerful tool of
constructing interesting indefinite metrics which exhibit various aspects of geometric properties
not given by any positive definite metrics, see [1, 5].

It is well-known that semi-Riemannian geometry has an important tool to describe spacetime
events. Therefore, solutions of some structures about 4-Walker manifold can be used to explain
spacetime singularities. In [7], the authors present complex and paracomplex analogues of La-
grangian and Hamiltonian mechanical systems on 4-Walker manifold. Finally, they discuss the
geometrical-physical results related to complex (paracomplex) mechanical systems.

In [2], the author considered a Walker 3-manifold M ; where f is a smooth function and he
first characterized the Killing vector fields, aiming to obtain the corresponding Killing magnetic
curves. When the manifold is endowed with a unitary spacelike vector field £, the author proved
that after a reparameterization, any lightlike curve normal to £ is a lightlike geodesic. He also
showed that on M}, equipped with a Killing vector field V, any arc length parameterized space-
like or timelike curve, normal to V/, is a magnetic trajectory associated to V.

The relativistic explanation of gravity relies heavily on geodesics. Geodesics are the pathways
of freely falling particles in a certain space, according to Einstein’s principle of equivalence. In
[3] the authors investigate the family of surfaces with common geodesic in Minkowski 3-space.
For a given curve o = «f(s), they determine the parametric representation of the surface ¢ (s, ).
Using the Frenet trihedron frame from differential geometry, they determine the necessary con-
straints on the coefficients of vectors of the frame to satisfy the geodesic and isoparametric
requirements, as well as the necessary and sufficient conditions for the correct parametric repre-
sentation of the surface ¢(s,t) when the parameter s is the arc-length of the curve o = a(s).
The study of differential geometry of surfaces captured many researchers’ attention, see [4] for
more informations. In [8], the authors construct two special families of ruled surfaces in a three
dimensional strict Walker manifold. The local degeneracy (resp. non-degeneracy) to one of this
family has a strong consequence on the geometry of the ambiant Walker manifold. In [9] the
same authors study minimal translations surfaces in a strict Walker 3-manifold. Based on the
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existence of two isometries, they classify minimal translation surfaces on this class of manifold.
See the paper [8] for further study.

Motivated by the above work, in this paper we study the geometric properties of some type of
surfaces called family of surfaces with common geodesic in a Walker 3—dimensional manifold.

2 Preliminaries

2.1 Three Dimensional Walker Spaces

General Walker manifolds are pseudo-Riemannian manifolds (M, ¢¢, D) with a distribution D
on which g€ is zero (a lightlike distribution) and that is parallel with respect to the Levi-Civita
connection of g¢. In the 3-dimensional case, Walker 3-manifolds have the specific feature that all
geometric data is encoded in a single function. As a general fact, a canonical form for a (2r +1)-
dimensional pseudo-Riemannian manifold M admitting a parallel field of null r-dimensional
planes D is given by the metric tensor in matrix form:

0 0 I
9ij = 0 IS 0
I. 0 B

where I, is the  x 7 identity matrix, B is a symmetric  x r matrix whose entries are functions
of the coordinates xzy, ..., z2,+1, and e = £1 [1]. Therefore, any 3-dimensional Walker manifold
is locally isometric to the manifold M whose metric has the matrix:

0 0 1
Jgw=9i; = |0 € 0
1 0 w

with respect to the natural frame {9, 9,,9.}, where w = w(z,y, z) is a smooth function
defined on an open subset O C R3. Thus,

Guw = 2dx dz + e dy® + w(z,y, 2) dz*. 2.1

The manifold M has signature (1,2) if ¢ = 1 and (2,1) if ¢ = —1. If w(z,y,2) = w(y, 2),
then M is called a strict Walker manifold. The Levi-Civita connection V is well-known, and the
non-zero components of the Christoffel symbols are:

1 1 1 € 1
Vo,0. = 3 Wa Oz, Vop,0. = 3 Wy Oz, Vo 0, = E(wwx + w,) 0y — 3 Wy Oy — 3

The components of the curvature of the Walker 3-manifold (M, g,,) are given by

Wy 0.

1 1
R(0y,02)0z = iwwmyam — %wyyay — §w$y8z;

1 1
R(0x,02)0z = Ewmax ;. R(0z,02)0y = Ewyxax;

R(0x,02)0z = 1wwmaar; — szyay — %wmaz;

2 2
R(0y,0z)0x = %wylﬁx ;  R(9y,0z)0y = %wyy&c. (2.2)

Remark 2.1. If (M, g,,) is a strict Walker then the non zero components in (2.2) are
1
R(9y, 02)0y = gwy,0a 3 R(0y,02)0z = —gwyyay. (2.3)

The cross product x.,, with the property g, (U x,, V, W) = det(U, V, W) for U, V,W € R3,
is given by:

Uxy, V= (ulvz — upvy — (uu3 — uzva)w, —e(u v3 — uzvy), Uv3 — u3v2). (2.4)
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2.2 Geometry of Surfaces in a Walker 3-Manifold

In this section, we study the differential geometry of surfaces in a Walker manifold. Let U be an
open subset of the plane R? where horizontal or vertical lines intersect U in intervals (if at all).
A two-parameter map is a smooth map ¢ : U — M. Thus, ¢ is composed of two interwoven
families of parameter curves:

(i) The s-parameter curves ¢ = ¢y of ¢ is s — ¢(s, to).
(ii) The t-parameter curves s = sp of ¢ is ¢ — ¢(s, ).

The partial velocities @5 = dp(ds) and ¢ = dp(d;) are vector fields on . If ¢ lies in the
domain of a coordinate system (1, . .., x, ), then its coordinate functions z; o ¢ (1 < i < n) are
real-valued functions on U, and:

Ps = 1’ Eaﬂ?m Pt = 27: — 0.
Assume now that M is a pseudo-Riemannian manifold. If Z is a smooth vector field on ¢, its
partial covariant derivatives are:
Zs=Np, 4, Z=VolZ

where Z(sg, o) is the covariant derivative at s of the vector field s — Z(s, () on the curve
s+ ©(s,t9). In coordinates, Z = > Z'Ox;, where each Z* = Z(z") is a real-valued function.

Then:

-y (22 Zrkzt oat. (2.5)

k

In the case Z = o, the derivative Z; = @, gives the accelerations of the s-parameter curves,
while ¢ gives the ¢t-parameter accelerations. In coordinates:

0*ak . 0zt 07 %
e Xk: 5ot T 2 gy ar | O 20

4,J

Next, assume that ¢ is an isometric immersion. The first fundamental form of the immersion
 is given by:

E=gu(ps,0s), F=guw(ps,0t); G = guwles, o). 2.7

The coefficients of the second fundamental form of ¢ are:

€ = 5911)(908575)’
f = eguw (Sﬁst,f), (2.8)
g = ng(%ta 'f)

where ¢ = g,, (£, €) is the sign of the unit normal £ along . Finally, the mean curvature H of the
surface ¢ is given by:

eeG-2fF+gE
2 EG-F?
For a surface X in (M, g,,), the Gauss equation relates the sectional curvature K (9, 9;) of £
to the sectional curvature of (M, g,,) as:

H= 2.9)

eg— f?

_ M 7 4
K(Gq,at) =K (asvat) +€EG— F2°

(2.10)
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3 Surfaces with common geodesic in Walker 3-manifold

Let a be a regular speed curve defined by
a=as), a:ICR+— (M,g,), 0<s<L. 3.1

Then we have the Frenet equations

T'(s) = VoT = ek(s)N(s) g1 = guw(T,T)

N'(s) = VN = —g(s)T(s) —e37(s)B(s) avec €2 = gw(N,N)

B'(s) = VrB = e&7(s)N(s) €3 = guw(B, B),
3.2)

where (T'(s), N(s), B(s)) is the Frenet frame of the curve.
We define the surface (s, t) by the curve o as:

©o(s,t) = a(s) +als, t)T(s) + b(s,t)N(s) + c(s, t) B(s), (3.3)
where (T'(s), N(s), B(s)) is the Frenet frame of a(s) and a(s,t), b(s,t) et ¢(s,t) are functions

of class C'.
Let us consider the local pseudo-orthonormal fields frame (ey, ez, e3) on M given by

0z, (3.4)

=[5

61:\/E6l‘—@82, =0y et e3=—
w

where w is a positive function, with g,,(e1;e1) = —1; gw(e2;e2) = € and gy (e35e3) = 1.
Thus, the signature of the metric g,, is (—1;¢; 1) and we put

a(s) = aj(s)e; + az(s)es + az(s)es

T(s) =Ti(s)er + To(s)es + T5(s)e3
(3.5)
N(s) = Ni(s)er + Na(s)ea + N3(s)es

B(s) = By(s)e; + Ba(s)es + Bs(s)es
where T, N;, B;, i = 1,2, 3 are some functions. Then we have
ols,t) = (al(s) +a(s, £)T1(s) + b(s, )Ny (s) + c(s,t)Bl(s))el
+ (2(5) + als, Ta(s) + bls, )N (s) + (s, 1) Ba(s) ) 2
+ (aa(s) + als, T3 (5) + b, )N3(s) + c(s,£) B (s) ) s (3.6)

where a(s, t), b(s,t) et c(s, t) are some functions of class C'.
For the following definitions, one can see [3].

Definition 3.1. A curve lying in a surface is called geodesic if only if the normal vector N(s) of
the curve and the normal vector n(s, t) of the surface are parallels.

We recall that, for the surface given in (3.3), the normal vector is expressed as
’I’L(S,t) = Ps Xw Pt (37)

Definition 3.2. A curve a(s) lying on the surface ¢(s, t) is isoparametric if for a rank ¢ = o, we
have: o(s,t9) = a(s). Thatis a(s,ty) = b(s,t9) = c(s,t) = 0.

Definition 3.3. A curve on a surface is isogeodesic if and only if it is geodesic and isoparametric.
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By using the equation in (3.6) and (3.2) we have:

s = (01 (5) + asTi(5) + a(s, O)T](s) + by N (s) + bls, )N (s) + ¢, By (5) + C(s,1) By (5) ) er

_|_
/N

a5 () + asTa(s) + a(s, t)Tr(s) + bsNa(s) + b(s, t) N5 (s) + csBa(s) + C(s, t)Bé(s))eg

+

/N

a4(8) + asT5(s) + a(s, t)T5(s) + bsN3(s) + b(s, t)N4(s) + csBs(s) + C(s,t) B} (s))e3

= ((14as —e1b(s,t)r(s))Ti(s) + (e2a(s,t)k(s) + bs + £2¢(s,t)7(s) ) Ni(s) + (cs — €3b(s,t)7(s))Bl(s)>

/—\/—\

+ (14 as —e1b(s,t)r(s)) Ta(s) + (e2a(s, t)K(s) + bs + e2¢(s, £)7(s)) Na(s) + (cs — 53b(s,t)7(s))B2(5))c

+ ((1 + as — e1b(s, )k(s)) T3(s) + (22a(s, £)k(s) + bs + £2¢(s, £)7()) Na(s) + (ca — 53b(s,t)7'(3))B3(s))t

If we put
X =1+4as—e1b(s,t)r(s)

Y = epa(s,t)k(s) + bs + e2c(s, t)7(s) (3.8)

7 =cs —e3b(s,t)7(s)
then we obtain

b = (XTi(s)+Y Ni(8)+2B1 (5) Jer-+( XTa(s)+Y Na()+Z B (s) ) ext( X Ta()+Y N3 (s)+Z B (s) ) e3
3.9
and the computation gives

o = (atTl (s)+beNy(s)+ce By (s))el + (ath(s)+th2(s)—0—cth(s))62—0— (atT3(s)+th3(s)+ctB3(s))63
(3.10)
Now we have the following result:

Theorem 3.4. Let (M, g.,) be a Walker 3-manifold. The o : I C R — M is geodesic on the
surface ¢(s,t) if and only if
(i) ((H—as e1b(s, t)k(s)) T (s)+(e2a(s, t)K(s)+bsteac(s, t)7(s ))N1(8)+(cs—€3b(s,t)r(s))Bl(s))
(ath( ) +beNa(s) + ¢ Ba(s) ) [(atTI )b Ny (5) + ¢ By (s ))+w(atT3( )+ by N3 (s) +
eiB3() )| [ (1 + a5 — e1b(s,)(5)) Ta(s) + (22a(s, )(s) + by + 2ac(s,6)7(5)) Na(s) +
(cs = 23b(s,)7(5)) Ba(s)| = w[(1 + a5 = e1d(s, () Ta(s) + (22a(s, e(s) + by +
e26(5, )7(5)) Na(s) + (cs — £3b(s, )7(5)) B ()| (@i Ta(5) + bula(s) + B (s) ) = 0

(i) fg[((ura )T (5) + (e20(s, £)(5) +bs +e2¢(5, 1) (s ))Nl(s)—i—(csf€3b(s,t)7(5))B1(s))
(atT3( )+b: N3 (s)+c: B3 (s ) (atTl )+b: Ny (s —l—ctBl(s))((1+as—51b(s,t)n(s))T3(s)
+ (e2a(s, £)5(5) + bs + (5, )7(5)) N3 (s) + (cs —53b(s,t)T(s))B3(s)>] £0;

(iii) (1—|—as e1b(s, t)k ) )—l—(sza( s)+bs+eac(s,t)T (S)>N2(8)+<CS—€3b(S,t)T(S)) Bz(s)}
ayTs5(8)+b:N3(s)+cy Bs(s ) (ath )+b: N2 (s)+ci Ba(s )) Kl—l—as—alb(s,t)/{(s))Tg(s)
+ <€2a(s 1)k(s) + bs + eac(s, t)T(S)) 3(s) + (cs — e3b(s, t)T(s))B3(s)} =0.



278

El Hadji Baye Camara and Ameth Ndiaye

Proof. By using the formula of the normal vector (3.7) in the relations (3.9) and (3.10), we obtain

?”L(Sﬂf) = Ps Xw Pt =

If we put

- (XTz(

we get

n(s,

(XTa(s) + Y Ni(s) + ZB1(5)) (aTa(s) + buNa(s) + i Ba(s))
~(XTa(s) + Y Na(s) + ZBa(s) ) (@Ti(s) + bilNi(s) + e Bi(s)
—w|(XTa(s) + Y Na(s) + ZBa(s)) (aT3(s) + bia(s) + 1 Ba(s) )
—(XT3(s) + Y Na(s) + ZBs(s) ) (@ Ta(s) + bilNa(s) + e Ba(s) )|

_g[(XTl( )+ YN (s )+ZB1(3)) (atTg( ) + by N3 (s )—l—ctB;(s))
—(XT3( )+ Y N3(s) + ZBs(s (atTI )+ beNi(s) + ¢ Bi(s )}

)
(XTa(s) + Y Na(s) + ZBa(s)) (auTa(s) + biNa(s) + i Ba(s))
. (XT3( )+ YN3(s) + ZBs(s ) (ath ) + by Na(s) + cth(s)>

oi(s,t) = (XTI( )+ YNi(s) + ZB, s)) (ath ) + by Na (s )—|—0th(5)>

>+YN2 +ZBZ )) + +th1 +CtBl ))
(

(@i
—w [(XTQ( )+ Y N (s) + ZBz(S)) (atT3 + by N3(s) + e Bs s))
—(XT3() + Y Ns(5) + ZBs(s) ) (@ Ta(s) + biNa(s) + 1 Ba(s) )

oa(s,t) = —¢ KXTI(S) FYNi(s) + ZBl(s)) (atTg(s) 4 b N3(s) + ctB3(s))
- (XTg(s) FYN;(s) + ZB3(5)) (atTl (5) + b N1 (s) + e By (s))}

o3(s,t) = (XTz(s) LY Ny(s) + ZBQ(S)) (atT3(s) BNy (s) + ctB3(s))
- (XT3(5) FYN;(s) + ZB3(3)) (ath(s) b Na(s) + cth(s))

t) = @1(s,t)er + (s, t)ex + @3(s,t)es.

Consequently N(s) is parallel to n(s, t) if only if,
01(s,t) =0; wa(s,t) #0 et w3(s,t) =0.

Then the theorem is proved.

By using this result and the definition of isogeodesic, we have the following corollary.

Corollary 3.5. If the curve a(s) is isogeodesic on the surface ¢(s,t), then
(i) a(s,to) = b(s,to) = c(s,t0) = 0;

(i) (( as)T} (s) + by Ny (s )—|—csBl(s)) (a Ty(s) + by N (s) —|—6th(3))

— (14 a)Ta(s) + b.Na(s) + e Ba(9))
—w[((1+ a)Ta(s) + b Na(s) + s Bas)
((1+a )T5(5) + by N3 (s )—i—cng(s)) a:Ta(s) + b Na(s) + ¢, Ba(s)

(
(i) —& [ (14 a2)Ti(5) + BN1(5) + B (5)) (T3 (5) + BV (s) + euBs(s))
(

a/Ty(s) + biNi(s) + et By (5))
) (aT3(s) + bia(s) + B (s
)

)

0;

}

- ((1 + as)Ts(s) + bsN3(s) + csBs(s) ) (aiTi(s) + beNi(s) + 2 Bi(s) } # 0;
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(iv) ((1 + as)Th(s) + bsNa(s) + csBz(s)> (atT3(s) + by N3(s) + ctB3(s)>
- ((1 + ag)T5(s) + bs N3(s) + csB3(s)) (ath(s) + b Na(s) + cth(s)) =0.

4 Geometric properties of the surfaces with common geodesic in Walker
3-manifold

Let ¢ the surface given in (3.6). Using the equation in (2.7)and the Corollary 3.5, then the
components of the first fundamental form are given by
2 2
E= 5((1 + as)Ta(s) + bsNa(s) + CSBZ(S)) + w((l + a)T5(s) + bsN3(s) + 0533(5))

+ 2((1+ ag)Ti(s) + boNi(5) + esBi(s) ) (1 + @) T3(s) + b3 (s) + s Ba(s)) (1)

F= ((1 + ay)Ts(s) + bsNs(s) + cng(s)> (atTl(s) Ny (5) + e, B (s))
n w(atT3(s) + b N3 (s) + ctB3(s)) ((1 + ay)Ts(s) + bsN3(s) + 0533(3))
+ 5((1 + as)To(s) + bsNa(s) + csBz(s)) (ath(s) + b No(s) + cth(S))

n ((1+as)T1(s)+bsN1(s)+csB1(s)> (atT3(s)—|—th3(s)+ctB3(s)) 4.2)

G = Z(atT3(s) + b N (s) + ctB3(s)) (atTl (s) + be Ny (s) + ¢ By (s))

+ w(atT3(s) + b N3(s) + ctB3(s)>2 + 5(atT2(s) + b Na(s) + cth(s))z. 4.3)

Let £ be the unit normal vector of the surface ¢ defined by
Ps Xw Pt

=
|(ps><w@t|

By an easy computation and using the Corollary 3.5, we have

Ps X O = (0, - s[((l +as)Ti(s) + bsNi(s) + csBl(s)) (atT3(s) + by N3(s) + ctB3(s)>

- ((1 + ay)T5(s) + bsN3(s) + cng(s)) (atTl(s) TNy () + ctBl(s))} : o).
Let us putting
A== e[((14a)Ti(s) + byNi(s) + s Bi (5) ) (@ Ta(s) + bNa(s) + euBa(s))

(14 0)T3(8) + 0. Nas) + e Ba(s) ) (aTi(s) + Vi () + B (s) )|, 4y

then we have

€= Ps Xw Pt _ (O7A70)'
Viesxwer|  VIA]

Before we compute the coefficients of the second fundamental form, we give the expression of
the covariant derivatives of . Now if we put

ol = (oq(s) +a(s, )1 (s) + b(s, ) N1 (s) + c(s,£) B (s))

2 = (az(s) +a(s, )T (s) + b(s, ) Na(s) + c(s,t)Bz(s))

= (ag(s) + a(s,£)T5(s) + b(s, t)N3(s) + c(s,t)B3(s))
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then the surface given in (3.6) becomes

o(s,t) = xle; + 2%es + 27es. 4.5)

Using the equation (2.6), (4.5) and the Corollary 3.5 we get

Pss =

Pst =

and

Pt =

(ass —2e15( s)bs) (525(3) + bss + 2e2k(s)as + 2527(3)05)1\[1(3)

+(cus = 2557(5)b, ) Ba(5) + 4wy +w2) (1 + a,)T(s) + b Na(s) + e, Ba(s) )
(14 05)T1(5) + bsNi(5) + o Bi(5) ) (1 4+ a5)T3(5) + b Na(s) + e Ba(s)
oy (14 @) Ta(s) + by Na(s) + esBa(s) ) (14 a0) T3 (5) + by Na(s) + ¢, Bs (s))

(00— 2245 (5)b ) Ta(5) + (m(s)mss + 2ean(s)as + 2227(s)es ) Na(s)
+(css 2e37(s ) y( + as)T3(s) + bsN3(s) +CsB3(3))2

(ass — 2e1k(8)bs )T3( )+ (52/{(3) + bss + 2e2k(s)as + 2527(8)05)N3(s)
2

+(csg—zgg( )b )33( ) Zwm((l +as)T3(s)+bsN3(s)+CSB3(s)>

(@T3(5) + beVa(s) + euBs(s) ) [ 4w +w. ) (1 +a)T3(5) + b, Na(s) + . Bs(s))

(14 03)T1(5) + by Ni(5) + o Bi(5) ) + 10y (14 @) Ta(s) + boNa(s) + ¢, Ba(s)) |

—e16(8)by T} () + e2(k(s)ar + 7(s)cr) N1 (s) — e37(s)be Bi(s)

—gwy(u + ag)Ts(s) + by N3 (s )+c333(s)) (atT3(s) + bN5(s) —l—ctB_;(s))
—e1k(8)bsTa(s )—0—62( (s)ay + 7(s )ct)Nz(s) —e37(8)by Ba(s)

~Lu, ((1 + ay)Ts(s) + bsN3(s) + 0833(5)) (atT3(s) + b Ns(s) + ctB3(s))
—e16(8)bT5(s) + €2 (/{(s)at + T(S)Ct)N3(S) — e37(8)be B3(s)

%(www + wz) (atTg(s) + b N3(s) + cth(s))2 + auTi(s) + b N1(s) + ¢ Bi(s)
4wy (atTl(s) + b:Ni(s) + ctBl(s)) (atT3 (s) + beN3(s) + ¢t B3 (s))
+w, (ath(s) + b Na(s) + cth(s)) (atT3(5) +bN3(s) + ctB3(s))

(
(
auTs(s) + by Na(s) + cuBa(s) — 5w, (atT3(s) + b N3(s) + ctB3(s))2

2
auTs(s) + by Na(s) + cuBs(s) — tw, (atTg(s) + N5 (s) + ctB3(s))

Then we have the coefficients of the second fundamental forms

VA

e2A
[(ass — 2€1H(S)bS)T2(s) + (Ezn(s) + bss + 2e2k(s)as + 2627(S)CS)N2(8)

+ (css — 2e37(5)bs) Ba(s) — %wy((l + as)Ts(s) + by N3(s) + cSB3(s))2] ,
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2 A e
f= | A [ Wy ((1 + as)T5(s) + bsN3(s) + csBs(S)) (atT3($) + b:N3(s) + CtB3(s))
— e16(8)b T (s) + e2(k(s)ar + 7(s)ct) Na(s) — 537-(3)1%32(8)}
and
9= \/E% [ auT(s) + buNa(s) + ciBa(s) — 5wy (aTs(s) + by N3(s) + cth(s))z } .

Using the equation (2.9) we have

SA

" 2 /[AI(EG - F?

| (cl 20, + 03), (4.6)

where
Gy :[(ass - 251"5(5)55)T2(S) + (62/€(8) + bss + 2e2k(8)as + ZEQT(S)CS)NQ(S)

+ (css — 2e37(3)bs) Ba wy ((1+ as)T3(s) + bsNa(s )+csBa(s))2}

M\m

—~

((1
[2 (atTg,( )+ beN3(s) + ¢t Ba(s ) (atT] + b N1 (8) + et By (s))

+w(atT3(s)—|—be3( ) + e Ba(s )) te (ath( )—l—thz(s)—l—cth(s))z} 4.7)

Co =[ = Su, (1 4+ 0)T3(5) + b Na(s) + e Ba(s) ) (a,T3(5) + beNa(s) + e Ba(s)
— 21a()biTa(s) + 22 ((s)ag + 7(s)er) Na(s) — 237(s)biBa(s)]
[((1+a )T5(s) + bs N3 (s )+CSB3(5)) (atTl(s)—O—thl(s)—i—ctBl(s))
w((1 + as)Ts(s) + baN3(s) + Cng(s)) (atT3(s) +b:Ns(s) + cth(s))

n g((1 + ay)Ta(s) + bsNa(s) + csBz(8)> (ath(s) + b Na(s) + cth(s))} (4.8)

Oy = [attTZ(s) + b Na(s) + cie Bals) — gwy (a:T3(s) + by Na(s) + ctB3(s))2]
[5((1 + ay)Ta(s) + by Na(s) + csBz(s)>2 + w((l + ay)Ts(s) + by N3(s) + 0533(5))2
+ 2((1 + a)Ti(s) + bs Ny (5) + e By (s)) ((1 + a)T5(s) + bsN3(s) + cSB3(s))} (4.9)

Theorem 4.1. The family of surfaces given in (3.6) is minimal if and only if
C1—2C, 4+ C3 =0,
where  CY, C, et C3 are given by the equations (4.7), (4.8) and (4.9).

Proof. The surface is minimal if H = 0. If we take (4.6) we see that

A
H =0+ C| —-20C,+ (3 = 0since 0. O
oo 2/[A|(EG — F?) 7
Theorem 4.2. The family of surfaces with common geodesic in a strict Walker 3-manifold is flat

iff

1
§L2J3wyy <L2J3 — 62L3J2) + E(eg — f2> =0
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Proof. By the Corollary (3.5) and the relation (3.4), the equations (3.9) and (3.10) become re-
spectively:

s =V ((1+a)Ti(5) + byNi () + €, B(5)) 0 + (1 + @) Ta(s) + by Na(s) + e Ba(s) ) Oy
~YOT((1 4+ ) Ta(5) + i (5) - eoBa(s) + (1 a)T3(s) +buNs(s) + e Ba(s)) 0
(4.10)

and
©t Zﬂ(atﬂ(s) + b Ni(s) + ctBl(s))ax + (ath(s) + by Na(s) + cth(s))ay
_ % [(atTl (s) + b Ni(s) + e By (s)) + (atTg(s) + by N3 (s) + cth(s))} 9z. (4.11)
By putting

Ly = W((l +as)Ti(s) +bsNi(s) + 6331(8)>
Ly = ((1 + ay)Ta(s) + boNa(s) + csB2(5)>
Ly = =2 [((1+ a)Ti(s) + bNi(s) + e Bi(5)) + ((1+ @) Ta(s) + byNa(s) + e B (s))

w

(4.12)
J = ﬁ(atn(s) + BNy (s) + ctBl(s))
and Jr = <atT2(s) + b Na(s) + cth(s))
Jy=—YE [(atTl (s) + b Ni () + e By (s)) i (atTg(s) + b N (s) + cth(s))}
(4.13)
Then the equations (4.10) and (4.11) become
ws = L10x 4+ Ly0y — L30z (4.14)
and
wy = J10z 4+ S0y — J30z. 4.15)
Using the equation (2.3), we have
1 €
R(ps, 1) ps = 75L5J3wyy5‘:c — 5 LaLs J3wy, dy. (4.16)
So we get
1, ., g2
Juw (R(@sa (Pt)@sv @t) = §L2J3 Wyy — ELZL:%JZJSwyy- (417)
Furthemore we have by using (2.10)
K — %Lngwyy (L2J3 — €2L3J2) + 6(69 — f2) ' 4.18)

EG — F?

The surface is flat if K = 0. :
Since  EG—F? #0,then K =0 <= ZLoJaw, (L2J3—52L3J2) +e (eg— f2) —0. ©
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