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Abstract A conjugate skew gain graph (abbreviated as csg) is a graph with its oriented edges
having weights called skew gains from the multiplicative group C* of complex numbers, such
that they get conjugated when we reverse the orientation. In this paper, we deal with the spectral
properties and energy of csgs, where the energy of a csg is the sum of the absolute values of the
eigenvalues of its adjacency matrix. We discuss some bounds for the energy and compute the
energies of certain special types of csgs.

1 Introduction

In this article, we discuss some of the spectral properties of a conjugate skew gain graph (which is
abbreviated as csg from now on) and its energy. A csg [14] G¥ = (G, ¢) is a graph G with edges
being oriented and given skew gains from the multiplicative group C* of non-zero complex
numbers on them, such that the skew gains get conjugated on the reversal of orientation. More
formally, for each oriented edge w0, there is a non-zero complex number o(u?) such that the

reverse oriented edge 4 has the edge skew gain go(ﬁ)a) = cp(ui?) We denote the set of oriented

edges of G¥ by ﬁ Graphs, signed graphs, and complex unit gain graphs are special cases of
csgs.

If there are n vertices vy, vy, - , v, in G, the adjacency matrix [14] of a csg G¥, denoted by
A(G¥) or simply by A, is defined as the hermitian matrix (a;;) of order n, given by

[ o), ifew e E,
Y 0, otherwise.

(1.1)

Note that by definition, a;; = @;; and hence the adjacency matrix A is hermitian, whereby all

the eigenvalues of A are real numbers. If A\; > X\, > --- > )\, are these n eigenvalues, then
n

the energy of G¥ is defined as £(G¥) = Y |A;|- The energy of a graph [4] was defined by Ivan

Gutman and it has many applications in cflemical graph theory. As such, several researchers later
carried forward this idea, producing a large body of work on it. Moreover, several extensions of
energy to various other discrete structures have appeared in the literature; for instance, one may
refer to the energy of signed graphs in [5, 10], the energy of a complex unit gain graph [11], the
energy of mixed graphs [8], etc. A good book of reference for the energy of various discrete
structures is [7].

2 Spectral properties of csgs

Let A = (a;;) € C"*™ be a given matrix. Then we use the notation |A| for the real matrix
|A] = (lai;|). If A € C™*™ is a Hermitian matrix with the eigenvalues \; > A\, > --- > \,, then
the spectral radius p(A) of A is defined as p(A) = max{|\;| : 1 <4 < n} =max{\, -\, }.
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For a hermitian matrix B = (b;;) with zeros on the diagonal, we denote the sum >~ |b;;|* by
1<i<j<n

M. In the case of the adjacency matrix A of a csg G%, this quantity willbe M = |<p(?) 12
e€E(G)

The absolute-value degree of a vertex v [14] is dq(v) = 3 |(€)|, and the maximum absolute-

value degree A, of a csg G¥ is defined by A, = maxd,(v) : v € V(G).

We also define the squared-absolute-value degree of a vertex v in a csg as dp, (v) = Y |o(
e~v

and correspondingly, the maximum squared-absolute-value degree A, is defined as Ay, =
max dy, (v) : v € V(G). Clearly, Y dy,(v) = 2M and 2M < nA,,, where n is the order of
veV

G.

Note that, in the case of graphs, signed graphs, and complex unit gain graphs, since |gp(€>)\ =1
for all the edges, d,(v) = dp,(v) = d(v) (the usual degree of a vertex), and A, = Ay, = A (the
maximum degree of the underlying graph).

We denote the set {z € C" : |z| = k} by T(k), and when k > 1, T>!(k) denotes the set {z €
C™ : |z| = k > 1}. Similarly, the notation T<!(k) stands for the set {z € C" : |z| = k < 1}.
Recall that z € C" : 2| =1 =T(1) = T.

Now we provide a basic lemma, the results of which will be used in the subsequent discussions
very often.

)P,

Lemma 2.1. If {\;}}"_, are the eigenvalues of the adjacency matrix A = (a;;) of a csg, then

D=2 ) laul= D Y w(@F= ) dul(v)=2M
i=1

1<i<j<n vEV(G) e€E(G)~v veV(G)

and

> AN =-M

Proof. For the first part, we just have to notice that > A2 = tr(4%) =2 > |ay|* = 2M

i=1 1<i<j<n
and the other equalities arising from it are as per the discussions given above. For the second
result, we note that Y \;\; = 1/2(( > )\i)z -3 )\f) =1/2(0-2M) = —M. O
j i=1 i=1

1<J

It is proved in [14] that the spectral radius satisfies the inequality p(A(G?)) < A,. We now
provide some more bounds for the spectral radius of the adjacency matrix of a csg. For this, we
begin with a known result applicable to all matrices with complex entries.

Theorem 2.2 ([12],Theorem 8.1). For any matrix A € C"*", p(A) < p(|A|)
Theorem 2.3. Let G¥ be a csg. Then p(A(G?)) < p(A(G!?1))
Proof. Since |A(G¥)| = A(G?!), the result follows from Theorem 2.2. O
Theorem 2.4 ([12], Theorem 2.1). If A € C"*" is a hermitian matrix with real eigenvalues
M > X > > N\, and if p = tr(A)/n, g = \/tr(A2) /n — p2, then

p—an -1} <A <p—q/(n—1)}

and 1 ]
pt+q/(n—1)2 <X\ <p+gq(n—1)2

Theorem 2.5. If G¥ is a csg with n vertices, then

N IO NN Y]
n -t n(n—1)
and
2 [ME )
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. Hence the spectral radius p(A(G¥)) satisfies the bounds given by

M <ptaan) < 20D

Proof. We apply Theorem 2.4 to prove the results here for which the values of the parameters
therein are p = tr(A(G¥))/n = 0; tr(A%(G¥)) as it is equal to 2M which makes ¢ = 2M/n.
Substituting these values in Theorem 2.4 and noting the fact p(A(G¥)) = max{\;,—A,}, the
proof is complete. O

The largest eigenvalue \; of the adjacency matrix of a csg G¥ is often referred to as the index of
that csg. We provide a lower bound for the index in the following corollary.

252(1
(n—1)

Corollary 2.6. If \; is the index of a connected csg G¥, then \; > where §y, =

min{dy,(v) : v € v(G)}.
Proof. This follows from Theorem 2.5. O

We now require one or two other types of degrees for the vertices of a csg G¥. If the image set

of all oriented edges is taken as p(E) = {¢(€) = z € C* : forsome € € ﬁ(G)}, we define
z-degree of a vertex v for a given comple number z in the image set as d*(v) = [{u € V(G) :

u ~ v, p(0) = z}|. The net-degree of a vertex v is d"*(v) = . zd*(v). This can also be
z€p(E)
viewed as d"'(v) = 3 o(€). Note that the usual degree d(v) = 5. d*(v).
e z€¢(E)

Lemma 2.7. (i) The sum Z d"e*(v;) = M, is a real number given by

=1

de( =20 X (@)

1<i<j<niing

(ii) M, = ; dnet(vy)|> = 2M +2R( Y (€ij)e(€)n))

ij<k

Proof. (i) By definition, d"**(v;) = 3 ¢(©;0]). Therefore,

UjEN(’Ui)
Zdnet v;) Z Z Uzvj Z (‘P(m) + 90(’”]—”;))
i1 vi v;€N(v;) 1<i<j<niing

=2R( Y w(@y)

1<i<j<niirg

Also, (ii)
|dn8t(v,~)|2 _ d"Et(vi)dnet( ) — Z Sﬁ(?iﬂ Zw(? zk)
k
= Z@ &) Z (@) + ) e(@ri)e(ei))
k#j
= le |2+2?RZ<P &) (€j)
k<j
Hence,

IO 3) DECHIS 329 PECHECH
i=1 i g

i k<j

=2M +2R( Y o(Pi))e(@ )

i,j<k
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The following result is often referred to as Rayleigh-Ritz theorem used for computing the largest
and smallest eigenvalues of a hermitian matrix.

Lemma 2.8 ([12], Theorem 4.2.2). If A € C" is a hermitian matrix with eigenvalues A\; > Ay >

<o >\, then
¥ Ax
A1 = max = max Az (2.1)
xz#40cCr T*T zrx=1
and
. x*Ax .
Ap = min = min xz*Ax 2.2)
xz£0eCn T*T =1

Theorem 2.9. For a csg G%, the largest eigenvlaue (or the index) \\ and the smallest eigenvalue
An satisfy the inequalities:

(i) Ay < L350 dmet () < N\
i=1

3

(it) An

IN

b2 far )] < A

K2

Proof. Take j = (1,1,--- ,1) and define M, = j*Aj/j*j, My = j*A%j/j*j. Using Lemma 2.8,
we get the results, since M; = 1 5 d"*(v;) and M = L1[[4j|> = L2 |d"‘ft(vi)|2. While
i=1 i=1

computing the bounds, note the fact that, if X is an eigenvalue of A, then A% will be an eigenvalue
of A2, o

Now we deal with the spectra of those csgs for which the underlying graphs are bipartite.

Theorem 2.10. If the underlying graph G of the csg G¥ is bipartite, then whenever X is an
eigenvalue of A = A(G¥), —\ is also an eigenvalue.

Proof. Assuming that X = ( ) is an eigenvector corresponding to the eigenvalue A, as the
Yy

. . . . O B .
adjacency matrix can be written in the block partitioned form A(G¥) = ( ) , the equation

B* O
AX = AX implies B*xz = Ay and By = Ax. Then

()= 8)0)= ()= ()= (5)

proving the result that — ) is also an eigenvalue of A. O

The above theorem shows that spectra of a csg for which the underlying graph is bipartite is
symmetric about origin.

3 Energy of csgs

We begin with certain bounds for the energy of csgs which are already established in the cases of
graphs [4, 7], signed graphs [5, 10] and mixed graphs [8] and we prove the one for csgs, having
a few major differences as shown below. The first one is often referred to as McClelland’s bound
for energy. Since the proof closely resembles that of the original theorem appeared in [9] with a
bit of changes for csgs, we provide only a brief sketch, omitting many of the details.

Theorem 3.1. If G¥ is a csg with order n, then the energy £(G¥) satisfy the inequality:
V2M +n(n — 1)(det A)2/n < £(G¥) < V2Mn < nV/Ay,
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Proof.
o112 - 2
(E(G9)" = (D_ M)
i=1
=D A+ I
i=1 i#j

> 2M +n(n— 1)(det A)>/™.
Also, using Cauchy-Schwartz inequality applied to the vector (|A;[, [X2],- -+ ,|An|) consisting of
the eigenvalues and the vector j = (1,1,--- 1),

n

E(G%) =" Il <

i=1

</ (nAge)n = ny/Agq O

The following corollary adapts the proof technique [1].

Corollary 3.2. £(G¥) = n\/Ay, if and only if A*A = Ay, I, where I, is the identity matrix of
order n.

Proof. Equality £(G¥) = ny/A, holds if and only if the Schwarz’s inequality becomes equality
and this is true if and only if 2M = nA,,. This in turn is true if and only if there is a real constant
a such that |\;|> = « for all i and G¥ is Ay,-regular. This is possible if and only A*A = al,
and o = Ay,. O

A lower bound for the energy in terms of the spectral radius is as follows.

Theorem 3.3. £(G¥) > 2p(A(G¥))

Proof. If {\;}7_, are the eigenvalues of A(G¥), as > \; =0, we get \; = — )_ \;. Therefore,
i=1 i=2

1=

[A1] < Z |A;]. Therefore, 2|A1| < >~ |A;|. In this way all the eigenvalues satisfy this inequality
i i=1

=2
which establishes the bound £(G¥) > 2p(A(G%)). i

Theorem 3.4. For a csg G¥ with average square-absolute-degree M > 1, its energy E(G¥)
n
satisfy the inequality 2/ M < E(G¥) <2M

Proof.

(E(G)" =Y X +23 Nl =2 +2 [
i=1 i i
>2M +2| > AiN| > 4M
i7#J

2M
For the upper bound we have the additional assumption that — > 1 i.e.,, n < 2M. With this
n

assumption together with the result proved in Theorem 3.1, namely £(G¥) < v2Mn provides
the required upper bound. O

In fact, all csgs for which the edge skew gains are chosen from T>! (k) will satisfy the property
that 2M /n > 1.

‘We now provide an integral formula for the energy of a csg which was established for graphs by
Coulson [2].
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Theorem 3.5. If ®(\) is the characteristic polynomial of a csg G¥, then its energy £(G¥) =
| oo (i)
;f0““¢m>

)d)\ where [ f(X)dA represents the principal value of the integral.

Proof. Let \j, Xz, , A, be the roots of the characteristic polynomial ®(\) so that ®(\) =

n D'(iN) n
J— - / —_— pr— 1
ZI;II()\ Ai) and @'(\) = zzj 1()\ A¢). Therefore, iA BN 1)\1‘221 Do Now,
e#
A = [Ni| +i0 = = ! jf X AN it ]F AR
A A2+ A2 M2 N2
L[ X24ar,. 1T iA
_W/A%AﬂM_W/O_MMWX
Thus,
o e 1 [ i
(G =Y Nl =~ }:@ff _X)w
i=1 e 0=l ’
IRV 0
—ﬁ/(%ﬂ&wm)ﬁ O

As a corollary we have another form using integrals for the computation of energy of csgs, the
proof of which is excluded as it can be adapted from that in [2, 8].

AnD Cﬂw.

2 |
Corollary 3.6. If G¥ is a csg of order n, E(G?) f 5 log

4 Spectra and energy of some classes of csgs

Before we delve into the details, as we require a few basic notions of balance theory, we briefly
sketch only very essential concepts in the following lines. The notion of balance theory for csgs
is discussed in [14] extending the same from the realm of signed graphs and complex unit gain
graphs. Given an oriented cycle Cina csg, its edge skew gain ¢( (') is defined as the product

of the edge skew gains and a cycle C'is said to be balanced if <,0(8) = |90(8) |. A csg G¥ itself
is said to be balanced if every cycle in it satisfies this condition. Many other details such as the
switching and its impact on the balance can be had from [14]. Note that two switching equivalent
csgs will have the same energy as their adjacency matrices will be similar and hence cospectral.
This section is devoted to give the formula for the spectra and energy of certain specified csgs.
First of all, we compute the energy of cycles with the edge skew gains on the oriented edges
from a selected subset of the complex plane. We use the notation C'? () to denote a csg with
the underlying graph as the cycle C,,, w(ﬁ(Cf)) C T(k) and arg (¢(Cr)) =6 (0 < 6 < 2m).
First we deal with the energy of the csg C¥(6) which becomes an absolute-degree 2k-regular csg
when @(E(Crf (0))) € T(k). Using a switching function (the details of which again can be had
from [14]), the csg C'?(0)) can be switched to the one with all oriented edges having the edge
skew gains k except for the edge 105 for which the edge skew gain will be ke,

Theorem 4.1 ([14], Corollary 3.4). The adjacency spectrum of C¥?(0) is given by

.-
Aj(A(Cf(Q))::chos(QAF 7T3),;‘:1,2,---,n @.1)
n

The following result can be easily obtained from basic trigonometric summation of cosine series
and we give only a brief sketch of the proof.
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Lemma 4.2. écos ((27mj+6)/n) = cos (((7"—|—1)7r—|—9) /n)) sin(7r/n)/ sin(7/n) and ET: sin ((2mj+

=1
0)/n) = sin (((r + )+ 9)/n)) sin(7r/n)/ sin(r/n)

Proof. Note that the required sums are the real and imaginary parts of > e!?™+0)/7) Now,
j=1

LA ) ) r ) . ) ) 27ri/n -1
AV n) __ 1 n 1(2m/n J__ 7 n TL/n €
Zeu J+6)/n) _ i8] >Z(e<2 /M) = ¢il®/n)  e2mi/ (W)
j=1 j=1
— ei(9+ﬂ(r+1))/n> « 2sm(7rr/n)
2sin(w/n)

Hence separating into real and imaginary parts, we obtain the two sums of cosine and sine
series. O

The notation SV (n, #), in the following lemma and in the discussion the comes later on, is used
to denote the set {j € [1,n] NN : cos((§ + 27j)/n) < 0}. In the following lemma we find
a precise expression for this set in the form of [a o] N N as we require these values of a and

b for the computation of the energy of C¢(6). Actually, E(C¥) =2 > (=Aj)as)\; <0
JESV(n,0)

when j € SV (n,0) and because > A\; = 0. Therefore, with these values of « and b in hand,
j=1

j=b j=b

E(CE) =23 (—\j) = —4k > cos((0 + 27j) /n).
j=a j=a

Lemma 4.3. Let

{[p -1 if6#£0 P

[p+1 3p—1] if6=0

[p+1 3p] f0<0<m/2
p 3p] ifr/2 <60 <3m/2 forn=4p+1,
[p 3p—1] if3n/2<60<2r

@V =N (b1 3p+1] Fo<o<n (42)
[p+1 3p] fo=m forn =4p+2,
[p 3p] ifr<6<2r
[p 3p—1] if0<60<m/2
[p 3p—2] ifn/2<60<3m/2 forn=4p—1.
[p—1 3p-2] if3n/2<60<2n

For any fixed positive integer n and for 0 € [0,27), if SV (n,0) = [a b]NN, then cos(Z4%) < 0
for any positive integer j < n if and only if j € SV (n,0).

Proof. First of all, note that cos(f) < 0 if and only if § € (g 3%) over the interval [0 27).

Therefore, for any positive integer n and for j = 1,2,--- ,n, cos(#) < 0 will occur if and

only if 27j+6)/n € (z 31) ie.,ifandonlyif j € SV(n,0) = (4 — & 33— L£)NN where,

2 2
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by choice of § we have 0 < 5~ < 1. Now depending on the values of n, we have the following
four main cases within Wthh contalns their subcases also.
Case(1): n = 4p, for some p € N and 0 < 6 < 27. Then as per the descriptions given above,

SV(4p,0) = (p— £ 3p—L£)NN = [p3p—1]NN when ¢ # 0 and when § = 0, SV (4p,0) =

p+13p—1]NN

Case(2): n=4p+ 1,forsome p € Nand 0 < 6 < 27.

Here, SV(4p+1,0) = (p+ (3 — &) 3p+ (3 — £))NN. Take ¢ = (4 — ). Then,
*73 <€y < %. We consider the following subcases.

Subcase 2(a): 0 < ¢y < 1. This gives 0 < ¢ < Z and hence SV (4p+ 1,0) = (p+ €9 3p+ 5 +
eg) NN =[p+13p|NN.

Subcase 2(b): —1 < ¢y < 0Oie.,F <60 < 3. Then SV(4p+1,0) = (p+ep 3p+1+e) NN =

[p 3p] N N.
Subcase 2(c): —% < e < —% i.e., when %’T < 0 < 2n. In this case, SV(4p + 1,0) =

(p+eo 3p+%+69)ﬂN:[p3p—l]ﬁN
Case(3): n =4p+ 2, forsome p € N

Here SV (4p+2,0) = (p+(f—%) 3p—|—(%—%)) NN. Leteg = (3 — 2 ). Then 5} < ep < 1
We consider the following subcases here.
Subcase 3(a): When 0 < ¢ < é or equivalently 0 < 6 < 7. Then SV (4p + 2,6) = ( +

€ 3p+1+e)NN=[p+13p+1]NN.

Subcase 3(b): ¢y = 0. As such, §# = 7 and hence SV (4p + 2,7) = (p 3p + 1) NN =
[p+13p|NN.

Subcase 3(c): —1 < ¢5 < 0. i.e., 7 < 0 < 2. This provides SV (4p + 2,6) = (p teo 3p+
1+69) NN=[p3p|NN.

Case(4): n = 4p— 1, for some p € N. In this case, SV (4p—1,0) = n(pf G+L) 3p-(G+
%)) N N. Taking ey = (% + %), we obtain }T <e < %. This leads to the following subcases.
Subcase 4(a): i < e < %, or 0 < 6 < Z. This provides SV (4p — 1,0) = (p —€y 3p-— (% +
69)) AN=[p3p—1]NN.

Subcase 4(b): % < €9 < 1 or equivalently when 7 < 6 < 37” Here SV (4p — 1,0) = (p —
€9 3p— (%—1—69)) NN=[p3p-2]NnN.

Subcase 4(c): 1 < ¢y < % or when %’r < 6 < 2. This makes SV (4p — 1,0) = (p —€ 3p—
(3+€)) NN=[p—13p—-2]NN, o

Theorem 4.4. If<p(ﬁ( C2(0))) C T(k),
ki cos (£=7) ifn=0 (mod4),
) for0 <0 <m,

ifn=2 (mod4),

[}

ki cos (£
ki cos (2=2)  form <0 <2r
ky cos (£) for0<60<n/2,

£(Ce(0)) = ifn=1 (mod4), 4.3)
ky cos (&=7)  form/2 < 6 < 2,

%) for0< 0 <m/2,

|

k> cos

k> cos

(
kycos (5F)  form/2<60<3m/2, ifn=-1 (mod4).
(=

) for3m/2<0<2n
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where the constants ki = 4k csc (%) and ky = 2k csc (5=)
0+ 2mj
n

n
Proof. Using Equation (4.1), £ (C;f) = 2k > |cos ( )‘ Now we compute this value
j=1

for different values of n as follows. We omit the descriptions about SV (n, #) in each cases as
it has been given in detail in Lemma 4.3. Also, as already described, when the values of a and

A :
b are known from the set SV (n,0) = [a,b] NN, £(CY) = —4k Y- cos (0 i zm). We use
j=a n

Lemma 4.2 for the computation of cosine sum.

Case 1: n = 4p. We have two subcases here.

Subcase 1(a): ¢ = 0 i.e., when the cycle is balanced. Note that here a = p+ 1 and b = 3p — 1.
Hence,

E(CL(9)) = —4k 31’2:‘ cos( )—4k2pz:lcos< p+‘7>)
Jj=p+1

2p—1

= 4k Z sin ( ) = 4k cot (/n)

Subcase 1(b): 6 £ O i.e., the cycle is unbalanced.
Here a = p and b = 3p — 1}. Hence, when 6 # 0,

3p—1 2p .
0+ 2mj 0+2r(p—1+7)
g(Ce(0)) = —4k Z = —4k > cos
(29) (L2210
_4st1n< (‘]_1)) —4k;2pzlsin(9+2ﬂj)
=0 "
_eos ()
sin(7/n)
This value is even true for § = 0, so we shall combine the result together and thus £(C¢(6)) =
os (57)
sin(/n) when n = 4p.

Case 2: n = 4p + 2. We have three subcases here.
Subcase 2(a): 0 < 6 < 7: In this subcase, a = p+ 1 and b = 3p + 1. Hence,

3p+1 2p+1
£(Cr0) = 4k Y cos (PT2) = Z o (L2
Jj=p+1
_ 4ksin (Llptim) 5 (0/n)
B sin(m/n) sin(7/n)

Subcase 2(b): § = 7: Here a = p + 1 and b = 3p. Hence,

g(ce :_4kz (237*) 4k2 (M)

j=p+1
2p i
=4k sin (TJ) = 4k cot(r/n),
=1

which ceases to be a particular case of 2(a). Subcase 2(¢): 7 < § < 27: a = p and b = 3p. So,

3 . 2 .
S(Cﬁ(e)) = —4k ZPCOS (0 +n27rj) = 4k ZPCOS (%)
Jj=p =0

608 (2r —6)/n)

sin(7/n)




SPECTRA AND ENERGY OF CSGS 297

Case 3: n = 4p + 1. Here there are three subcases as given below.
Subcase 3(a): 0 < 0 < 7/2. For this subcase, a = p + 1 and b = 3p. Hence,

2p

3p . ‘
g(crf(a)) = —4k Z COS (9 +’n,27r]) = 4k CcOS (%@M)
j=p+1 J=1
. cos(8/n)sin(2pr/n) _  cos (6/n)cos (7/2n)
R T C ) BT 7 R

Subcase 3(b): 7/2 < 6 < 37 /2. In this case, the variation for j is from p to 3p to give,

n

5(05(9)) = —4k 3chos (0 +n27Tj) = —4k 2chos (W)
§=0

Jj=p

_cos((0 +4pr)/n)cos(n/2n) cos((m—0)/n)cos (m/2n)
=4k sin(w/n) =4k sin(m/n) '

Subcase 3(c): 37/2 < 0 < 2x. Here, j varies from p to 3p — 1 to make,

3p—1 2p—1

0+ 2mj 0+2n(p+37)
® — - — - > 7
£(C2(0)) = 4chos( - )7 4ch0s( - )
J=p 7=0
_ 4, S08((¢ + 4pm)/n) cos(x/2n) _ . cos ((m — 6)/n) cos (m/2n)
N sin(7/n) N sin(7/n) '
Case 4: n = 4p — 1. This needs the following subcases.
Subcase 4(a): 0 <60 < 5,thena =pand b= 3p — 1.
3p—1 . 2p .
0+ 2mj 0+ 2r(p+j—1)
© _ - _
£(C2(0)) = 4]<:Zcos( ) = kY cos ( - )
Jj=p J=1
43,508 (6/n) cos (7/2n)
N sin(r/n) ’
Subcase 4(b):§ <fg< 37“ then j varies from p to 3p — 2
3p—2 . 2p—1 .
0+ 2mj 0+2m(p+j5—1)
© — = —
E(Ce(0)) = 4chos< " )— 4chos( " )
Jj=pr J=1
5 ((m = 0)/n) cos (m/2n)
N sin(7/n) '
Subcase 4(c): 37” < 0 < 27, then j varies from p — 1 to 3p — 2
3p—2 . 2p .
0 +2mj 0+ 2n(p+j—2)
© _ —
£(CE(0) = 4k S cos( . )7 4k2cos( - )
Jj=p—1 J=l1
_ 4SO (r —.9)/71) cos (m/2n) -
sin(7/n)

As the energy depends on the value of 6, it is natural to discuss the monotonicity of £ (C;f (0))
for a given n. In other words, given 6,6, € [0 27) for a given n, which of the values £(C¢(6;))
or £(C¢(6,)) is bigger or smaller. We address that problem below.

Corollary 4.5. The energy £(CZ(0)) decreases in:
[ 2m), when n = 4p;
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[0 7], when n = 4p + 2;

[0 Z]U[r 27), whenn = 4p + 1;

[0 m/2)U[r 37/2], whenn =4p— 1’
and increasies in:

[0, 7], when n = 4p;

[ 27), whenn = 4p + 2;

[7/2 =], whenn =4p+1;

[7/2 w]U[37/2 2x), whenn = 4p — 1.

Proof. By Theorem 4.4, monotonicity of the energy depends on the factors cos(6/n),cos((r —
0)/n) and cos((2m — 6)/n), since all the energy values are scalar multiple of these factors for
a fixed n. Now by the well known first derivative test, cos(f/n) is decreasing on [0 27), the
function cos((m — #)/n) is increasing on [0 =] and decreasing on [ 2) and finally cos((27 —
6)/n) is increasing on [0 2), for each n > 1. Now when we consider the intersecting part
of these intervals with the interval of the energy variation in each of the cases established in
Theorem 4.4, we get the results as stated. O

Now we deal with the csgs with the underlying graph as a sun graph which is obtained by adding
pendant edges to each of the vertices of a cycle. Let C¥ be the cycle csg as described in the

previous example to which pendant edges are added on each of its vertices vy, vy, - - - , v, SO that
the other end vertices of the edges added be uy, uy, - - -, u,, with p(v;u}) = ke'®i. Let us denote

such a sun csg by S¢. An example of a sun csg S5 is given in Fig. 1. We compute the spectra
and energy of S¢ in the following theorem.

Figure 1. Sun graph S3.

Theorem 4.6. The spectra of S is given by p; = (N; + (/A3 +4k2)/2 and 1y = (A; —
,/)\3 +4k%)/2 for j = 1,2,--- ,n where \; = 2kcos((0 + 2mj)/n) are the eigenvalues of

C¥. The energy is given by £(S¢) =2k > /1 + cos2((0 + 27j) /n).
j=1

A(CR)

Proof. The adjacency matrix A(S¥) will be of the form A(S¥) = D

D
] where D is
O

the diagonal matrix diag (ke'®', ke'®, ...  ke’). Taking X = ( Y] ) as the eigenvector cor-

responding to the eigenvalue p of A(S¥) where X; is the eigenvector corresponding to A; of
A(CY). The equation A(S¢)X = pX, gives A(CY)X; + DY = pX; and D*X; = puY.
This on simplification becomes X; = pDY and thus pA(C¥)X; + uDD*Y = ;?X;. So that
u2=Xjp—k* = 0as DD* = k*I and X; # 0. Solving which we get the 2n eigenvalues of A(SY¥)
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n n
as in the statement of the theorem. Now to compute the energy £(S%) = > |u;| + 3 |u)], we
j=1 j=1

have the following claims:

Claim(1): p; > 0 and ; < 0 for all 5

To prove this claim, we notice that for any real number z, |z| < V2 + 4k%. As such p; =

(Aj +4/A; +4k2)/2 > 0, even if \; < 0. In the case of pj = (\; — \/\F +4k?)/2 also the

same observations hold making u’j <0.

Claim(2): ) |u;| = >_ |p[: The proof of this claim follows from claim(1) and the fact that
j=1 j=1

Zl pj +

s = 0, this sum being the sum of all eigenvalues of S
7j=1

n

(Aj + /A5 +4k2)/2. Since \; = 2kcos((f + 2mj)/n) and

j=1 j=1
SN = 0,6(59) = 3 N+ 4k2 = 2k 3 /T T cos2((0+ 27))/n o
gl j (S¥) J; 7 gl\/ (( )/n)
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