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Abstract In this paper, we introduce interval-valued neutrosophic soft multiset matrices to
represent interval-valued neutrosophic soft multisets, and we establish some of their properties
and examples. Additionally, we introduce AND, OR operators and IVNSMS-max-min deci-
sion function, and we propose an algorithm to solve interval-valued neutrosophic soft multisets.
Later, we consider a real life application of interval-valued neutrosophic soft multisets and uti-
lize our proposed algorithm to get the most favorable results. Finally, we generate a MATLAB
code for our algorithm to execute and find scores of alternatives.

1 Introduction

In order to deal with uncertainty and ambiguity in the real world, L.A. Zadeh [29] introduced
fuzzy sets and fuzzy logic in 1965. Fuzzy sets, in contrast to classical sets, use membership func-
tions to represent elements by partial membership values ranging from O to 1. K. Atanassov[2]
developed intuitionistic fuzzy sets as an extension of fuzzy sets by introducing a non member-
ship function to represent the falsity nature of an element. Interval valued intuitionistic fuzzy sets
were also initiated by K. Atanassov [3]. They provide a more flexible way to handle uncertainty
by allowing the membership and non membership degrees to be expressed as intervals rather
than single value. M.G. Thomson [26] introduced fuzzy matrix and Im et al. [14] developed
intuitionistic fuzzy matrix as a generalization of Thomson’s fuzzy matrix. Madhumangal Pal
and Sultana K. Khan defined interval valued intuitionistic fuzzy matrices and their fundamental
properties in [18].

In order to handle incomplete and ambiguous data, F. Smarandache [23] invented the math-
ematical framework known as neutrosophic sets in 1995. They generalize fuzzy sets and intu-
itionistic fuzzy sets by adding membership functions T, I and F that vary from O to 1. H. Wang
et al. [27] established interval-valued neutrosophic sets as an expansion of neutrosophic sets by
using intervals as membership values rather than a single value.

Molodtsov [22] introduced soft sets as a new mathematical framework to handle uncertainty
and ambiguity rather than classical sets and fuzzy sets. With a set of parameters, soft sets can
be used to characterize uncertain data in various kind of ways. Soft sets are widely extended by
using other frameworks that result in hybrid structures such as fuzzy soft sets [20], intuitionistic
fuzzy soft sets [19], interval valued intuitionistic fuzzy soft sets [17], vague soft sets [28] and
soft rough sets [13]. Sujit Das et al. [9] defined the concept of interval valued intuitionistic fuzzy
soft matrix (IVIFSM), and they presented an IVIFSM based group decision making algorithm.

Cagman-Enginoglu [7] introduced soft matrices to represents soft sets and store soft sets in
computer memory, and they introduced soft matrix operators, soft max-min decision function
and a soft max-min decision making algorithm.
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Neutrosophic soft sets [21] are a better mathematical tool to handle uncertainty and indeter-
minate data, which is an extension of soft sets and neutrosophic sets. 1. Deli [11] introduced
interval-valued neutrosophic soft sets as an improved version of neutrosophic soft sets which
were created to manage uncertainty and indeterminate data with more flexibility. 1. Deli and S.
Broumi [10] established neutrosophic soft matrices and studied some of their properties. They
also devised an NSM-decision making function in order to handle group decision making prob-
lems. S. Broumi et al. [5] developed a MATLAB toolbox for computational operations on
single-valued neutrosophic soft matrices. They even developed a MATLAB toolbox for interval-
valued neutrosophic matrices in [6].

A generalization of soft sets known as soft multisets was first presented by Alkhazaleh et al.
[1] in 2011. Later, H.M. Balami and D. W. Mshelia [4] proposed operations of soft multisets.
I. Deli and S. Broumi et al. [12] combined soft multisets and neutrosophic sets, and they in-
troduced the new concept called neutrosophic soft multisets and their fundamental properties.
A.E. Coskun et al. [8] constructed soft multiset matrices and presented a decision making algo-
rithm using the idea of soft matrices on soft multisets. Recently some generalizations namely
NeutroAlgebras and NeutroGeometry have been introduced in [24] and [25]. J. Jayasudha et al.
[15] introduced interval-valued neutrosophic soft multisets (IVNSMS) as an expansion of neu-
trosophic soft multisets by integrating interval-valued neutrosophic sets and soft multisets. They
also introduced the concept of neutrosophic soft multiset matrices and proposed an algorithm to
solve group decision making in [16].

The novelty of this paper is to introduce an interval-valued neutrosophic soft multiset matrix
and a decision making algorithm to present an application of interval-valued neutrosophic soft
multisets. The rest of the paper is organized as follows: In section 2, we recollect the basic
notions of soft multisets, interval-valued neutrosophic soft multisets. In section 3, we define
an interval-valued neutrosophic soft matrix on U;-IVNSMS-part of interval-valued neutrosophic
soft multisets. Also we study the properties of Interval valued neutrosophic soft multiset matri-
ces, AND, OR operators and [IVNSMS-max-min decision function. In Section 4, we introduce an
algorithm based on the AND operator and discuss an application of IVNSMS. Further a MAT-
LAB code has been developed and employed to verify the results of the suggested algorithm.
Section 5 deals with the conclusion of the paper.

2 Preliminaries

In this section, we revisit the fundamental notions which serve as the foundation for creating
new notions and operations.

Definition 2.1. [27] Let U be a space of points (objects), with a generic element in U denoted by
u. An interval value neutrosophic set(/V N — set) A in U is characterized by truth-membership
function 74, an indeterminacy-membership function /4 and a falsity-membership function Fy.
For each point u € U; Ta, 14 and Fs4 C [0, 1].

Thus, an IV N — set over U can be represented by the set

A= {<TA(U),IA(U),FA(U)>/U Tuc U}

Here, (T'a(u), I4(u), Fa(u)) is called interval value neutrosophic number for all u € U and all
interval value neutrosophic numbers over U will be denoted by IV N (U).

Definition 2.2. [11] Let U be an initial universe set, IV N(U) denotes the set of all interval-
valued neutrosophic sets of U and E be a set of parameters that describe the elements of U.
An interval-valued neutrosophic soft sets over U is a set defined by a set valued function Y
representing a mapping

vg : E— IVN(U).

It can be written as a set of ordered pairs
Yk ={(z,vk(x)) : x € E}.

Here, an interval-valued neutrosophic set vg is called approximate function of the interval-
valued neutrosophic (ivn)-soft sets Y. And vg () is called x-approximate value of z € F.
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Definition 2.3. [1] Let {U; : i € I} be a collection of universes such that (,.; U; = ¢, {Ey, :
i € I'}be a collection of sets of parameters, U = [[,.; P(U;) where P(U;) denotes the powerset
of Uiy, E=[];c; Ev, and A C E.

A pair (I, A) is called a soft multiset over U given by the mapping [ : A — U.

el

Definition 2.4. [15] Let {U; : i € I} be a collection of universes such that (,_; U; = ¢, {Ey, :
i € I}be a collection of sets of parameters, U = [],., IV N(U;) where IV N (U;) denotes the
set of all Interval-valued neutrosophic sets of U;, & = [[,.; Ey, and A C E.
An Interval-valued neutrosophic soft multiset over U is the pair (I, A) given by the mapping
I: A — U. It can be represented by,
(I, A) = {(ak, ([infT1(u), supTi(w)], [infI(u), supl;(uw)], [infFr(u), supFr(u)])) :
ar € ACE,ueU}
where, ap = (eUhj,eUz,j, s eUi,j)7 u = (U1’j7’U,2’j, s ui,j) and
([inf Ty (w), supT; (w)], linf I (u), supLy (). [in f By (), supFi (w)]) =
([infTi(u1y), supTr(uwrg)), [infIr(w ;) suplr(ug)), [inf Fi(u), supFr(ui,g))),
([in T (us ). sup Ty (un, ), [imf 11 (g ) supls (s )], [in Fi(ua ), supF (us, ),
~A{linf Ty (wi 3), supTy(wi g)], [infIr(wig), supli(wi )], linf Fr(uq ), supFr(ui;)]))-

3 Interval-Valued Neutrosophic Soft Multiset Matrix

In this section, we define an interval-valued neutrosophic soft matrix on IVNSMS-part of
interval-valued neutrosophic soft multisets. Further, we extend the same to an interval-valued
neutrosophic soft multiset matrix. Additionally, we introduce the union, intersection of two
IVNSMS matrices, the AND and OR operators and study their essential properties along with
some examples.

Definition 3.1. Let (14, E') be an interval-valued neutrosophic soft multiset (IVNSMS) over U

and (ey, ;, La(ev,, ;)) be an U;-interval-valued neutrosophic soft multiset part (U;-IVNSMS-part)
of IVNSMS (14, E) where A; C Ey,. Then a subset of IV N (U;) X Ey,,

Rrvnw,) = {(frvn(ev,j),ev.j) ¢ ev.j € Eu,, frvn(ev, ;) € IVN(Us)}

uniquely defines a relation form of U;-IVNSMS-part of (14, E).
The characteristic function of Ry n(v,) is uniquely defined as

ORrv v, :IVN(U;) x Ey, — [0,1] x [0, 1] x [0, 1]

where

O,y i, = ([InfTr(uq ), supTr(ug )], [infIr(u g)s supli(u )], linf Fr(ug ), supFr(ug 5)])

is an interval-valued neutrosophic number of u; ;) € U;.

Definition 3.2. Let U, be the universe and Ey;, be the parameter set that characterize the universe
U;. The interval-valued neutrosophic soft matrix of U;-IVNSMS-part for parameter set Ey, is
defined by

[a;k] = {GRIVN(Ui)(u(i,j)7 eUiy]') SU ) € Ui, eu;,j € EUi}'

If &ij = ®RIVN(U1)(U(Z'7]')7€U’L'J) then [&;k] = [&ij]mixni where 1 <1 <m;, 1 <k <n;isa
m; X m; interval-valued neutrosophic soft matrix of U;-IVNSMS-part for IVNSMS (14, E).
The interval-valued neutrosophic soft matrix of U;-IVNSMS-part for the parameter set Eys, is
defined as

A

[Olk]manr = [<[070]7 [17 1]7 [17 l]ﬂmixnr

as every element u; ;) € U; attains the characteristic function value ®g, . , (4 5)) =

[([0,0],[1,1],[L, 1])] for all the parameters e, ; from the set Ey, which does not characterize
the universe U;.
Then the interval-valued neutrosophic soft multiset matrix (IVNSMS-matrix) of (14, F) is de-
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fined as . R
[é}llk]ml X1 [Olk]mn X1y [Qlk}ml XNy
[/Al ] [Olk]mzxm [alzk]mzxm e [Olk}mzxmv
lklmxn —
[Olk]mNan [Olk]mNan [aﬁi]mN Xnn

mXn
wherem =m;+my+---+my, n=n;+n+ - +ny, m; =|U; | and n; =
Based on the above definition, an interval-valued neutrosophic soft multiset (14, E) is uniquely
characterized by the matrix [/Allk]mxn. The matrix N,,«,, will denote the set of all m x n
IVNSMS-matrices over IV N(U). We shall use [A;;] instead of [Aj]mxn as [Ai] € Npxn
and it is obvious that [/Allk] is an m x n IVNSMS-matrix for 1 <1 < m;, 1 < k < n; and
1=1,2,---N

Example 3.3. Let Uy, U, and U; be the universes under consideration. Mrs.X wants to start a
small fashion boutique with her savings as investment. Let (1, A) be an IV N SMS(U) which de-
scribes “rental shops”, “companies for raw materials”and “assistants to be appointed”’respectively
that Mrs.X is considering for a good rental shop, fabric company for supplying clothes and an
assistant to help her. Let Uy = {u,1),u(12),u(1,3} be the universe for rental shops, U,
{ug,1), U(2,2), (2,3} be the universe for fabric company and U3 = {31y, (3,2} be the universe
for available assistants. Let { Eyy,, Ey,, Ey, } be a collection of parameters which describes above
universes, where

Ey, = {eu,1 = annual rent, ey, 2 = monthly rent, ey, 3 = mid town},
Ey, = {ev,1 = good quality, ey, » = ontime delivery} and
Ey, = {eu,1 = experienced person, ey,» = fresher}.

LetU =[[_, IVNS(U:), E = [[,_, Ev, and A C E such that

A= {a1 = (ev,1,eu,,1,€u3,1), @2 = (v 2,5 €02, €03,2), a3 = (€v, 3, €02, €v3,1) }-

The corresponding Interval valued neutrosophic soft multiset is given as:

(I, A) =

{(a ({(0203] [0506] 0.8.0.9) (0.7.0.8], [0204] 0.1,0.3)) (0.8.0.9], [0203] [0.1 02)} {<0709] [0506] [0.4,0.5])

(0.5,0.6), [0203][0102]> ([0809] [0405] [0309 }{[0709] [0406][0405]) ([0.5,0.7],0.4,0.7], [0203]>}>)

(a2 ({ 0708][0204][0103]) [0809][0203][0102]) ([0102]][0304][050@} { [0506][0203][0102])
< S1 S

03) ).

)

((0.8,0.9],[0.2,0.4],[0.1,0.3])

[0.8,1.0],]0.2,0.3],[0.1,0. 3]) ([0.4,0.5],0. 9 1.0],[0. l 0 2]) } { ([0.5,0.7],]0.4,0. 7]([0 2,0. 3])
ay az

(a3 ( 0809][0203][0102]} [0102][0304][0506] ([0507][0506][0203 }{[0506][0203][0102])
(&3] ’
([0.8,1.0],]0.2,0.3], [0103]> [0405] [0.9,1.0], [0102)} { [0709] [0.4,0.6], [0405]) [0.5,0.7],[0.4,0.7],[0.2,0.3)}))}
Cc c3 aj ) ar :
rr ey 1 ey, 2 ey, 3 ]
w1 [0.2,0.3],[0.5,0.6], [0.8,0.9])  ([0.7,0.8],[0.2,0.4],[0.1,0.3])  ([0.8,0.9], [0.2,0.3],[0.1,0.2])
u(1,2) (0.7,0.8],[0.2,0.4],[0.1,0.3])  {[0.8,0.9], [0.4,0.5],[0.2,0.4])  ([0.1,0.2],[0.3,0.4], [0.5, 0.6])
Lu,3) [0.8,0.9],(0.2,0.3],[0.1,0.2])  ([0.1,0.2],[0.3,0.4],[0.5,0.6])  ([0.5,0.7],[0.5,0.6], [0.2,0.3]) |
[Ax] = -u(zyl) [0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])]
u(,2) [0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
u,3) [0.0,0.0], [1.0, 1.0}, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
uE, ) [0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])]
L [uio) [0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ~ ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0, [1.0, 1.0]) |
€U,,1 €U, ,2 i €U3,1 €Uy,2
([0.0, 0.0, [1.0, 1.0], [1.0, 1.0} ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  {[0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0y ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0, 0.0, [1.0,1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) | ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.7,0.9],0.5,0.6], [0.4,0.5])  ([0.5,0.6],[0.2,0.3], [0.1,0.2]) | ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ~ ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.5,0.6],[0.2,0.3], (0.1, 0.2]) ([0.8,1],[0.2,0.3], [0.1, 0.3]) ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.8,0.9], [0.4,0.5], [0.8, 0.9]) ([0.4,0.5], 0.9, 1], [0.1,0.2]) ([0.0, 0.0, [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0, 0.0, [1.0, 1.0], [1.0, 1.0} ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.7,0.9], [0.4,0.6], [0.4,0.5])  ([0.5,0.7], [0.4,0.7], [0.2, 0.3])
([0.0, 0.0, [1.0, 1.0], [1.0, 1.0} ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.5,0.7],[0.4,0.7],[0.2,0.3])  ([0.8,0.9], [0.2,0.4], [0.1,0.3]) 857

Definition 3.4. If m = n, then IVNSMS-matrix [Alk}mm is a square IVNSMS-matrix. i.e., For
every U;-IVNSMS-part [a; |im, xn; of (14, E) has equal number of rows and columns.

Definition 3.5. The transpose of an IVNSMS-matrix [A;;] of order m x n is another IVNSMS-
matrix [A;;]7 of order n x m by swapping its rows and columns.

Example 3.6. Consider Example 3.3, let [Alk]7x7 is written as:
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ey 1 €U 2 €Uy,3
ugy o (0.2,0.3], 0.5, 06] [0.8,0.9))  ([0.7,0.8],[0.2,0.4],[0.1,0.3])  ([0.8,0.9],[0.2,0.3], [0.1,0.2])
ug oy ([0.6,0.7),[0.2,0.4],0.2,0.3])  ([0.5,0.7],(0.3,0.6],[0.2,0.4])  ([0.1,0.2],[0.3,0.5], 0.6,0.7])
A u ([0.7,0.9],[0.4,0.5],[0.1,0.2])  ([0.2,0.3],[0.4,0.4], [0.4,0.6))  ([0.5,0.7], [0.5,0.6], [0.2, 0.3])
[Ak] = 0y
ikl = up,y  ([0.0,0.0,[1.0,1.0], [1.0, 1.0])  ([0.0,0.0],[1.0, 1.0], [1.0, 1.0])  ([0.0,0.0],[1.0, 1.0], [1.0, 1.0])
U(2,2) ([0.0,0.0], 1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
U3, ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
u<3;2) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
€U,,1 eu, .2 euy,1 euy,2
([0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0,1.0], [1.0, 1.0]) ([0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  {[0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.8,0.9],0.4,0.6], 0.5,0.6])  ([0.5,0.6], [0.4,0.8], [0.2, 0.4] ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])
0.4,0.6],[0.3,0.5],[0.2,0.3 0.9,1],[0.1,0.3],[0.1,0.3 0.0, 0.0], [1.0, 1.0], [1.0, 1.0 0.0, 0.0}, [1.0, 1.0], [1.0, 1.0
([ s [ ;[ IR ], [ ], [ 1) ([ ), [ ], [ IV ] [ ] [ 1
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0}, [1.0, 1.0], [1.0, 1.0]) ([0.8,0.9], [0.3,0.4], [0.3,0.5])  ([0.4,0.6],[0.4,0.7], [0.2, 0.3])
([0.0,0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.5,0.7],0.4,0.7],[0.2,0.3])  ([0.7,0.9],[0.3,0.4], [0.2,0.3]) e
Then the [A;]7, , is written as:
ev, (02,03, 0. 5]’0l 6],[0.8,0.9])  ([0.6,0.7], [042(,1’02.)4], [0.2,0.3))  ([0.7,0.9], [0.48’03)5], [0.1,0.2])
evy2  (0.7,0.8),0.2,0.4],[0.1,0.3))  ([0.5,0.7],[0.3,0.6],[0.2,0.4])  ([0.2,0.3],(0.4,0.4],(0.4,0.6])
(AT = evy s ((0-8,09],(0.2,0.3],0.1,0.2))  ([0.1,0.2],[0.3,0.5],[0.6,0.7))  ([0.5,0.7],[0.5,0.6],[0.2,0.3])
Lk |:6U2) ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]>}
euy2  ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
eu, ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0}  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
ey ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
U(2,1) U(2,2) U3, 1) U(3,2)
([0.0,0.0], 1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], 1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1. ()], [1.0,1.0]) ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.8,0.9],0.4,0.6],[0.5,0.6])  ([0.4,0.6],[0.3,0.5], [0.2,0.3]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.5,0.6], (0.4, 0.8],0.2,0.4])  ([0.9, 1], [0.1,0.3], [0.1, 0.3]) ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.8,0.9], [0.3,0.4],[0.3,0.5])  ([0.5,0.7],0.4,0.7], [0.2, 0.3])
([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.4,0.6], [0.4,0.7], [0.2,0.3])  ([0.7,0.9],[0.3,0.4], [0.2, 0.3]) -
Definition 3.7. An IVNSMS-matrix is called a symmetric [IVNSMS-matrix, if transpose of [/L k)
equals [Alk]' i.e., [Alk]T = [Alk]-
bi ]m><'m

Definition 3.8. Let [Al k] € Ninscn- Then [Al k] is called a semi zero IVNSMS-matrix [/1
if at least one of the U;-IVNSMS-part [, ],n, xn, of [A1x] equals [014]m, xn, = [([0,0], [1

for every element u;

Definition 3.9. Let [Alk] € N, xn. Then [/L k] is called a semi universal [IVNSMS-matrix [/i Ik
if at least one of the U;-IVNSMS-part [@%. ], xn; of [A1x] equals [11x]m,; xn, = [([1, 0],
for every element u;,

)GU

7) e U;.

LU 1)

]an7

11 10,01, 0, 0]

Definition 3.10. Let [Alk] € N,,«xn. Then [Alk} is called a zero IVNSMS-matrix [Ol Jmscn, if

every U;-IVNSMS-part [a}; |im; xn, Of [Agk] equals [Olk]mixni = [{([0,0], [1,

1], [1,

1])] for every

element U

Definition 3.11. Let [A};] € N,,»,,. Then [4;
if every U;-TVNSMS-part [a}) ], xn; Of [Ax]

)GU

x] is called a universal IVNSMS-matrix [Wig],msn,

equals [ilk]mi xXn; — [<[1’ 1]7 [070]7 [070]” for every

element u(; ;) € U;.

Example 3.12. Let U; = {u ),

U(1,2)>

ua 3}, Ua = {up),u

upoyt and Us = {ug ),

U(a,z)}

be the universes under consideration. Let EUhl = {6U1)1,€U17276U1,3}, Ey,1 = {ev,1, €052}

= {eu, 1, eu;, 2} be the parameter sets that describe the universes U;, U, and Us

respectively. Let U = Hl (IVNS(U;), E = Hz 1 Eu,. Then, (i) a semi zero IVNSMS-matrix

and Ey,
is given by
ey,
ug,y  (0.0,0.0], [1.0, 1.0, [1.0, 1.0])
ugy  ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])
4 _ ugs  ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])
Aikmay I wpyy  ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])
[u(m (0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
[u(“) ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
u@a  ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])

€U, 2
([0.0,0.0], 1.0, 1.0], [1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], 1.0, 1.0], [1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], [1.0, 1.0])
(0.0, 0.0], [ I [ )

1.0,1.0], [1.0, 1.0

U, 3

([0.0,0.0], 1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])

([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0}, [1.0, 1.0])
([0-0,0.0], [1.0, 1.0], [1.0, 1.0])]
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])]
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€U,,1
0.0,0.0], [1.0, 1.0]
0.0,0.0], [1.0, 1.0]
0.0,0.0], [1.0, 1.0]

( il ], (1.0, 1.0]
([ I [ ]
([ I [ ]
([0.7,0.9], [0.5, 0.6]
([ I [ s
( il I
( il ]

[

L[1.0,1.0]
,[1.0,1.0]
,[0.4,0.5]
0.5,0.6],0.2,0.3], 0.1, 0.2]
0.0,0.0], [1.0, 1.0], [1.0, 1.0]
[

0.0,0.0], [1.0, 1.0], [1.0, 1.0]

eu,,2

[0.0,0.0], [1.0, 1.0

’

(
(
(
(

([0.8,1],10.2,0.3], [

)
)
)
)
) 0. 0.
Y ([0.0,0.0],[1.0, 1.0], [1.0, 1.0
) ( (

(
(

(i1) a semi universal IVNSMS-matrix is,

[Atkmw, l1x7 =

€u,,1
([0.0,0.0], [1.0, 1.0], [1.0, 1.0]
([0-0,0.0], [1.0, 1.0], [1.0, 1.0]
([0.0,0.0], [1.0, 1.0, [1.0, 1.0]
([0.7,0.9], 0.5, 0.6], [0.4, 0.5]
([0.5,0.6],[0.2,0.3],[0.1,0.2]
([0.0,0.0], [1.0, 1.0], [1.0, 1.0]
([0.0,0.0], [1.0, 1.0], [1.0, 1.0]

ey,
(1.0, 1.0], [o.o,lo.o], 0.0,0.0])
[1.0,1.0], 0.0, 0.0, [0.0, 0.0])
1.0, 1.0], 0.0, 0.0], [0.0, 0.0])
[0.0,0.0], [1.0, 1.0], [1.0, 1.0])
[0.0,0.0], [1.0, 1.0], [1.0, 1.0])
[0.0, 0.0, [1.0, 1.0}, [1.0, 1.0])
[0.0,0.0], [1.0, 1.0], [1.0, 1.0])
€U, ,2
([0.0, 0.0], [1.0, 1.0], [1.0, 1.0
([0.0,0.0], [1.0, 1.0], [1.0, 1.0
s [ s [
] ]

(0.0, 0.0, [1.0, 1.0],
(0.5, 0.6, 0.2,0.3],

[0.1,0.2

Y ([0-8,1],[0.2,0.3], 0.1, 0.3])
Y ([0.0,0.0],[1.0, 1.0], [1.0, 1.0])
Y ([0.0,0.0],[1.0, 1.0], [1.0, 1.0])

(ii1) a zero IVNSMS-matrix is

0.0,0.0], [1.0, 1.0, [1.0, 1.0]
[0.0,0.0], [1.0, 1.0], [1.0, 1.0]

s [ 1, [1.0,1.0]
[0.5,0.6], [0.2,0.3], 0.1, 0.2]
1,0.3)

)
)
)
)

)

[ ]
[0.0,0.0], [1.0, 1.0], [1.0, 1.0])

1) ]
) (0.0,0.0],

1.0, 1.0)) ]
1)

€U3,1

]
]
[ [ ]
[0.0,0.0], [1.0, 1.0],
[0.0,0.0], [1.0, 1.0],
[ [ ]
[ [ ]

( ]
( ]
([0.7,0.9],
( ]

€U, 2

([1.0, 1.0}, 0.0, 0.0], [0.0, 0.0])
([1.0, 1.0}, 0.0, 0.0], 0.0, 0.0])
([1.0, 1.0}, 0.0, 0.0], 0.0, 0.0])

([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])
([0-0,0.0], [ I [ )

1.0, 1.0], [1.0, 1.0]

€U;,1
1.0, 1.0],

([0.0,0.0], | ]
[1.0,1.0],
[ ]

([0.0,0.0], [1.0, 1.0], [1.0,
([0.0,0.0], 1.0, 1.0], [1.0,
(0.0, 0.0], 1.0, 1.0], [1.0,
([0.7,0.9], 0.4, 0.6], [0.4,
([0.5,0.7], [0.4,0.7], [0.2,

([0.0,0.0], [1.0, 1.0], [1.0,
([0.0,0.0], [1.0, 1.0], [1.0,
([0.0,0.0], [1.0, 1.0], [1.0,
[1.0,

[1.0,
0.4,0.6], [0.4,
0.5,0.7], [0.4,0.7], [0.2,

[1.0,
[1.0,
[

eus,2

1.0))  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
1.0))  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
1.0))  ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])
1.0)  ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])
1.0))  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
0.5))  ([0.5,0.7], 0.4,0.7], [0.2,0.3])
0.3))  ([0.8,0.9],0.2,0.4], 0.1,0.3])

€U, 3
([1.0,1.0], [0.0, 0.0], [0.0, 0.0])
([1.0, 1.0], [0.0, 0.0], 0.0, 0.0]
([1.0,1.0], 0.0, 0.0], [0.0, 0.0]
0.0,0.0], [1.0, 1.0], [1.0, 1.0]
0.0,0.0], (1.0, 1.0], [1.0, 1.0]
0.0,0.0], [1.0, 1.0, [1.0, 1.0]
[ I [ I [

)
)
)
)
)
0.0,0.0], [1.0, 1.0], [1.0, 1.0])

(
(
(
(
€U3,2
[0.0,0.0], [1.0, 1.0], |
[0.0,0.0], [1.0, 1.0], |
[0.0,0.0], [1.0, 1.0], |

0.0,0.0], [1.0, 1.0], [
(0.0, 0.0, [1.0, 1.0], [

1.0]
1.0]
1.0]
1.0]
1.0
0.5)
0.3]

>«
A
A
/A
)
)
)

€U 1 ey, 2 ey, ,3
gy {0.0,0.0],[1.0,1.0], [1.0, 1.0 {[0.0,0.0], [1.0,1.0], [1.0,1.0))  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
uga  ([0.0,0.0],[1.0, 1.0}, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0}, [1.0, 1.0]) ~ ¢[0.0,0.0], [1.0, 1.0, [1.0, 1.0])
o B gz {[0.0,0.0],[1.0,1.0],[1.0,1.0))  {[0.0,0.0],[1.0,1.0],[1.0,1.0)) ~ ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
Oulrx7 = wpyy  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  [0.0,0.0], [1.0, 1.0}, [1.0, 1.0])  [0.0, 0.0, [1.0, 1.0, [1.0, 1.0])
[u(2 5 ([0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0],[1.0, 1.0], [1.0, 1.0]) ]
u@yy  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  [0.0,0.0], [1.0, 1.0}, [1.0, 1.0])  ¢[0.0,0.0], [1.0, 1.0, [1.0, 1.0])
{ u@g  ([0.0,0.0],[1.0, 1.0], [1.0, 1.0])  [0.0,0.0], [1.0, 1.0}, [1.0, 1.0]) ~ [0.0,0.0], [1.0, 1.0], [1.0, 1 0])]
| ey, ,2 euy,1 euy,2
(0.0, 0.0], [1 .0, 10] [1.0,1.0])  ([0.0,0.0], 1.0, 1.0], [1.0, 1.0]) (0.0, 0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0] ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0] (0.0, 0.0], [1.0, 1.0, [1.0, 1.0}y ([0.0,0.0], [1.0, 1.0], |
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0] (0.0, 0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], |
(0.0, 0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) (0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], |
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) (0.0,0.0], [1.0, 1.0}, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], |
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) (0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], |
(iv) an universal IVNSMS-matrix is given as:
eu|,1 eu, 2 ey, ,3
gy {[1.0,1.0],0.0,0.0],[0.0,0.0))  {[1.0,1.0],[0.0,0.0],[0.0,0.0)) ~ ([1.0,1.0],[0.0,0.0], 0.0,0.0])
uga  ([1.0,1.0],[0.0,0.0], [0.0,0.00)  ([1.0,1.0],[0.0,0.0], [0.0,0.00)  {[1.0,1.0], 0.0, 0.0, [0.0,0.0])
W _ ugy  {[1.0,1.0],0.0,0.0],[0.0,0.0))  ([1.0,1.0],[0.0,0.0],[0.0,0.0))  ([1.0,1.0],[0.0,0.0], 0.0,0.0])
Wiklx7 = up,y  (0.0,0.0], [1.0, 1.0], [1.0, 1.0])  [0.0,0.0],[1.0, 1.0], [1.0, 1.0]) ~ [0.0,0.0], [1.0, 1.0], [1.0, 1.0])
[u(m) (0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ¢[0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1 0]>}
ug,y  {0.0,0.0],[1.0,1.0],[1.0,1.0))  ([0.0,0.0],[1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
u@y  ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], 1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
€U,,1 eu,,2 eus,1 euy,2
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) (0.0, 0.0], [1.0, 1.0], [1.0, 1.0}y {[0.0,0.0], [1.0, 1.0],
(0.0, 0.0], [1.0, 1.0, [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], |
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0] ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], |
(1.0, 1.0], [0.0, 0.0], [0.0,0.0])  ([1.0, 1.0], [0.0, 0.0], 0.0, 0.0] (0.0, 0.0], [1.0, 1.0, [1.0, 1.0}y ([0.0,0.0], [1.0, 1.0], |
(1.0, 1.0], [0.0,0.0], [0.0,0.0))  ([1.0, 1.0], [0.0, 0.0], [0.0, 0.0]) (0.0, 0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], |
(0.0, 0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) (1.0, 1.0], [0.0, 0.0], [0.0,0.0)  ([1.0, 1.0], [0.0, 0.0], |
(0.0, 0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) (1.0, 1.0], [0.0, 0.0], [0.0,0.0])  ([1.0, 1.0], [0.0, 0.0], |

Definition 3.13. Let [A;], [Bi] € Nysn. Let [} ]m, xn, and [B]]m, xn, be U;-TVNSMS-parts
of [A;1,] and [By] respectlvely Then [A};] is an IVNSM-submatrix of [B;], denoted by [A;x] C
[Bik], if [@8) )i, xn; € [Bi) )i, xn; for all i. ie. infTi (u ug ) < infTh (u;

supTj, (ug,j)), inf I (u

mfF&(

Definition 3.14. Let [Alk] [sz] € Nan Let [a; |, xn; and [blk]m7 xn; be U;zIVNSMS-parts of
[Alk:] and [By] respectively. Then [Ay,] is an IVNSM-equal matrix of [Blk] denoted by [A},] =
[0} Jimi s, for all i ie. infTS (ug ;) =

[Blk] if [a'lk‘]ml Xn; —

(u@i,j)) = infIh(ug

meuc(

]
]

1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
1.0, 1.0])

([0.5,0.7], [0.4,0.7], 0.2, 0.3])
([0.8,0.9], 0.2, 0.4], 0.1, 0.3])

1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
1.0, 1.0])

1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
1.0, 1.0])
0.0,0.0]

]

)
0.0,0.0])

)y supT (g ) <
) supIfy (ug ) > suplh (u (z,n)a“dmm‘i(w j
)) supFy (u(; ;) > supFj,(u (w))'

i) SupTii(ug ;)

X7

X7

Tx7

Tx7

>
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supTll;c(u(i’j)), inf[ﬁc(u(i,j)) = inf]ll’k(u(i7j)), suplﬁc(u(i7j)) = sup[{’k(u(i7j)) and ianﬁc(u(i,j)) =
infFh(ug ), supFi(ug ) = supFh(ug ;)-

Definition 3.15. Let [A;], [Bi] € Nyxn. Let [} ]m, xn, and [B]m, «n, be U;-TVNSMS-parts
of [A;,] and [By] respectively. Then union of [A;1.] and [Byy] is denoted by [A;,]U[By,] and is de-

fined by [ajy|m, xn, [bzzg]mIXm [Clk]mzxnl Vi where [&] ], xn; = [<[melk( )) supT,(u U, ))]7

[anllk( )) SUpIzk( U(s,5 )] [mszk( )) SUPFlk( Uy, ))Mv

meZk(u )) max{melk(u (4,5) ) melk(U ) 1,
supTy,(u ) = maz{supTf, (u(; 5)), supTi (ug )}y
infIf(ug ;) = min{inflﬁc(u(i,j))vinfllk(u(i,j))}a
suplji,(u ) = min{suplfy (ug j)), supI,(u )},
inf F(u, ) = min{inf Fj,(ug ), mszk(u )} and
SUpFle(u(i,J)) mm{SUPsz(U ) SUpFlk(U )}

Definition 3.16. Let [fllk] [Blk] € N, xn. Let [t m. X and [blk]m xn; be U;-IVNSMS-parts
of [A;,] and [Byy] respectively. Then intersection of [A;,] and [Byy] is denoted by [A;] N [Byi]
and is defined by [alk},mxnlﬁ[blk mixn: = [Coplmixn: Vi, where [&4 ]m,xn;, = [([infT5,(u m)),
SUPﬂcif(“( )} [mfflk( )) supljfy (u U (4,5 )] [mszk( )) supFy, (u U, ))]>]a

in [T (ug ) = min{in fT5, (ug j)), inf Ty, (ug ) 3
supTii, (ug ) = min{supTi (ug ), supTi, (ug )}
infIf, (u ) max{mf[l‘}c(u(i’j)),inf]lbk(u(i’j))},
suplf;, (u ) max{sup[ﬁg(u(iyj)),sulebk(u(Z—,j))},
infFy, (U ) mam{zanlk(u(i,j))a mszl;c(u(z J))} and
supFj.(ug ) = maz{supFj.(u( ;)), supFj, (ug )}

Definition 3.17. Let [Alk] € men Let [al, ], xn, be U;i-IVNSMS-part of [Alk] Then comple-
ment of [Alk] is denoted by [Alk] and is defined by [alk]m wn, = [([infEf (u z,g))JUme( (l’j))],
[1 —supIf (u (w)) mf[lk( )] [melk( )) suple( ug, ))]>] for every element u; ;) €

7

Example 3.18. Consider Example 3.12, let [A;;] and [B;;] be two IVNSMS-matrices.

eu eu €Uy ,3
ug,y  (0.2,0.3], [045,]046], [0.8,0.9])  ([0.7,0.8], [0.2,10.4], [0.1,0.3])  ([0.8,0.9],[0.2,0.3], [0.1, 0. 2])]
ui  (0.7,0.8],[0.2,0.4),0.1,0.3))  ([0.8,0.9],[0.4,0.5],[0.2,0.4])  ([0.1,0.2],[0.3,0.4], [0.5, 0.6])
] = ug,y  ([0.8,0.9],(0.2,0.3],[0.1,0.2])  ([0.1,0.2],[0.3,0.4],[0.5,0.6])  ([0.5,0.7],[0.5,0.6],[0.2,0.3])
Lk [um) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0} ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1. 0])}
up,  ([0.0,0.0) [1.0, 1.0}, [1.0, 1.0})  ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
[um) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1. 0])}
u@a,g)  ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ~ ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
€U,,1 €U, 2 €Us,1 €Us3,2
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  {[0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.7,0.9], 0.5,0.6], [0.4,0.5)  ([0.5,0.6], [0.2,0.3], [0.1,0.2]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.5,0.6],[0.2,0.3], [0.1, 0.2]) ([0.8, 1], 0.2,0.3], [0.1, 0.3]) (0.0, 0.0, [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0, 0.0, [1.0, 1.0], [1.0, 1.0} ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.7,0.9],[0.4,0.6],[0.4,0.5])  ([0.5,0.7], [0.4,0.7], [0.2,0.3])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0} ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.5,0.7],0.4,0.7],[0.2,0.3])  ([0.8,0.9],[0.2,0.4], [0.1,0.3])
euy,1 €Uy 2 €U 3
U1, 1) {[0.5,0.6],[0.2,0.3], 0.7, 0.8]) ([0.8,0.9],[0.2,0.4], (0.1, 0.2]) ([0.5,0.7],[0.4,0.5], (0.2, 0.3])
ug,)  ([0.8,0.9],[0.1,0.2],[0.4,0.5])  ([0.7,0.9],[0.3,0.5],[0.6,0.7]) ~ ([0.2,0.4],[0.5,0.7],[0.2,0.3])
(Bix] w3 ([0.6,0.7],(0.2,0.4],(0.8,0.9])  ([0.4,0.6],[0.2,0.5],[0.8,0.9]) ~ ([0.7,0.8],[0.2,0.4], 0.1, 0.2])
u@,  ([0.0,0.0], 1.0, 1.0], [1.0,1.0)  ([0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])}
up,  ([0.0,0.0) [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
u@,  ([0.0,0.0],[1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])}
u@,)  ([0.0,0.0],[1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], 1.0, 1.0], [1.0, 1.0]) ~ ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])

Tx7
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J. JAYASUDHA and C. KOWSALYAHARISHANTHI

€U,,1
0.0,0.0], [1.0, 1.0]
0.0,0.0], [1.0, 1.0]
0.0,0.0], [1.0, 1.0]

([ | ], [1.0,1.0]
([ ] ]
([ ] ]
([0.8,0.9], [0.5, 0.6]
([ ] I
([ I I
([ ! |

[ )
,[1.0, 1.0])
,[1.0, 1.0])
,0.2,0.3])
0.6,0.7], 0.5, 0.6], | N
0.0, 0.0], [ N
[ )

0.0,0.0],

0.4,0.5]
[1.0,1.0], [1.0, 1.0]
[1.0, 1.0], [1.0, 1.0]

eu, 2
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
([0.5,0.6], (0.4, 0.5], [0.3, 0.4])
([0-8,0.9], 0.2, 0.4], [0.1, 0.3])
([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
( [ s [ )

0.0, 0.0], 1.0, 1.0], [1.0, 1.0

ey,

([0.5,0.6],0.2,0.3],[0.7,0.8])  ([0.8,0.9],[0.2,0.4], 0.1, 0.2])

eU ,1
([0-0, 0.0], 1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
[0.0,0.0], [1.0, 1.0], [1.0, 1.0])
[0.0,0.0], [1.0, 1.0, [1.0, 1.0])
[0.8,0.9], [0.2,0.4], [0.1, 0.3])
[0.5,0.6], 0.4, 0.5], 0.7, 0.8])

(
(
(
(

eu, 2

euy,2
([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], 1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.7,0.8], 0.5, 0.6], (0.4, 0.7])
( ]

[0.5,0.6],[0.2,0.4], [0.5, 0.6]) %7

eu, .3

([0-8,0.9],[0.2,0.3], [0.1,0.2]

[Aik]) U [Big) =

([0.8,0.9], [0.1,0.2], 0.1, 0.3])
([0.8,0.9], 0.2, 0.3], 0.1, 0.2])

([0.0, 0.0}, [1.0, 1.0], [1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])

)
)
)
|:u(271) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
)
)
)

([0-8,0.9], [0.3,0.5], (0.2, 0.4])
([0-4,0.6], (0.2, 0.4], 0.5, 0.6])
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])

)
([0.2,0.4], [0.3,0.4], [0.2, 0.3])
([0.7,0.8], [0.2, 0.4], [0.1,0.2])
([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]>}
)
)
)

eu,,1
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
(0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])

€U, ,2

([0.0,0.0], [1.0, 1.0], [1.0, 1.0]

(0.0, 0.0, [1.0, 1.0], [1.0, 1.0]

([0.0,0.0], 1.0, 1.0], [1.0, 1.0]
], [ [

’

)
)
)
)

eus,1
([0.0,0.0], [1.0, 1.0], [1.0, 1.0
([0.0, 0.0], [1.0, 1.0], [1.0, 1.0
([0.0, 0.0], [1.0, 1.0, [1.0, 1.0

([0.0,0.0], 1.0, 1.0], [1.0, 1.0]
([0.0,0.0], [1.0, 1.0], [1.0, 1.0]
([0-0,0.0], [1.0, 1.0], [1.0, 1.0] ]
eus,2
([0.0, 0.0}, [1.0, 1.0], [1.0, 1.0])
([0.0, 0.0}, [1.0, 1.0], 1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])

|
|
|
(0.0, 0.0],
|
|
]

( s [ 1)
( s [ 1)
( s [ 1)
[1.0,1.0], [1.0, 1.0])
( s [ 1)
[ 1 [ 1)
[ 1 | 1)

(0.8,0.9], [0.5,0.6], [0.2,0.3])  ([0.5,0.6], [0.2,0.3], [0.1,0.2] ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.6,0.7],0.2,0.3],[0.1,0.2])  ([0.8, 1], [0.2,0.3], [0.1, 0.3]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0 ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.8,0.9], [0.2,0.4], 0.1, 0.3 ([0.7,0.8], 0.4, 0.6], [0.2, 0.3])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.5,0.7], [0.4,0.5], 0.2, 0.3 ([0.8,0.9], 0.2, 0.4], [0.1, 0.3])
ey 1 ey, 2 ey, 3
ugy  (02,0.30,00.5,0.6),0.8,0.9))  ((0.7,0.8],0.2,0.4], [0.1,0.3))  ([0.5,0.7), 0.4, 0.5, 0.2, 0.3))
ug )  ([0.7,0.8],00.2,0.4],(0.4,0.5))  ([0.7,0.9],[0.4,0.5],[0.6,0.7))  ([0.1,0.2],[0.5,0.7],[0.5,0.6])
- Y ug gy ([0.6,0.7),0.2,0.4], [0.8,0.9])  ([0.1,0.2],[0.3,0.5],[0.8,0.9])  ([0.5,0.7],[0.5,0.6], 0.2, 0.3])
[Aig] N [Bg] =
upy  ([0.0,0.0], [1.0,1.0], [1.0, 1.0}y ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
upa)  ([0.0,0.0], 1.0, 1.0, [1.0, 1.0} ([0.0,0.0], 1.0, 1.0}, [1.0,1.0])  ([0.0,0.0],[1.0, 1.0, [1.0, 1.0])]
[ 1 ([0.0,0.0],[1.0,1.0], [1.0,1.0])  ([0.0,0.0],[1.0, 1.0}, [1.0, 1.0])  ([0.0,0.0],[1.0, 1.0, [1.0, IA0]>:|
uz ) ([0.0,0.0], 1.0, 1.0}, [1.0, 1.0} ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  [0.0,0.0], [1.0, 1.0], [1.0, 1.0])
ey, eu, 2 eus,1 euy 2
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], 1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.7,0.9], 0.5, 0.6], [0.4,0.5])  ([0.5,0.6], [0.4,0.5], 0.3, 0.4]) ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
(0.5,0.6],[0.5,0.6], [0.4,0.5])  ([0.8,0.9], [0.2, 0.4], [0.1, 0.3]) ([0.0,0.0], 1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0] ([0.7,0.9],[0.4,0.6], [0.4,0.5])  ([0.5,0.7], 0.5, 0.7], [0.4, 0.7])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0} {[0.0, 0.0], [1.0, 1.0, [1.0, 1.0]) ([0.5,0.6],[0.4,0.7],[0.7,0.8))  ([0.5,0.6],[0.2,0.4], [0.5, 0.6]) %7
|: ey 1 eu; 2 €U, 3
ugpy  (0.8,0.9],0.4,0.5],0.2,0.3])  ([0.1,0.3],[0.6,0.8],[0.7,0.8))  ([0.1,0.2],[0.7,0.8], [0.8,0.9])
uga  ([0.1,0.3],[0.6,0.8),[0.7,0.8))  ([0.2,0.4],(0.5,0.6],[0.8,0.9))  ([0.5,0.6],[0.6,0.7], [0.1,0.2])
Ao w3y (0.1,0.2],0.7,0.8],0.8,0.9])  ([0.5,0.6,(0.6,0.7],[0.1,0.2])  [0.2,0.3],[0.4,0.5],[0.5,0.7])
(Auel® = up,py  ([0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0,0.0], 1.0, 1.0], [1.0, 1.0})  ([0.0,0.0],[1.0, 1.0], [1.0, 1.0])
[u(u) ([0.0,0.0], 1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1,0])]
{u(w) ([0.0,0.0], 1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])]
uza)  ([0.0,0.0], 1.0, 1.0, [1.0, 1.0])  ([0.0,0.0], (1.0, 1.0}, [1.0, 1.0))  [0.0,0.0], [1.0, 1.0], [1.0, 1.0])
eu,,1 ey, 2 euy,1 euy 2
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0,1.0], [1.0, 1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.4,0.5], [0.4,0.5],0.7,0.9])  ([0.1,0.2],[0.7,0.8], [0.5, 0.6]) ([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.1,0.2],0.7,0.8],[0.5,0.6])  ([0.1,0.3], 0.7, 0.8], [0.8, 1]) ([0.0,0.0], 1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0])
([0.0,0.0], [1.0, 1.0], [1.0, 1.0])  ([0.0, 0.0], [1.0, 1.0], [1.0, 1.0]) ([0.4,0.5], 0.4, 0.6],[0.7,0.9])  ([0.2,0.3],[0.3,0.6], [0.5, 0.7])
([0.0,0.0], [1.0, 1.0], [1.0,1.0])  ([0.0,0.0], [1.0, 1.0], [1.0, 1.0]) ([0.2,0.3],[0.3,0.6],[0.5,0.7])  ([0.1,0.3],[0.6,0.8], [0.8, 0.9]) %7

Proposition 3.19. Let [A;;] € N, . Then

= ).
[Ax].

(1) Oy
(2) ([Aw]9) =
(3) [Alkao,; )¢ =

[Ae~v,].

(4) [Aikar]® = [Airms, ).
Proof. The proof is obvious from the Definition 3.17.
Proposition 3.20. Let [Ai], [Bir] € Ny Then

(1) [Alk]
(2) [On] €
(3) [Aw] €

[Wik].
[Au].

[Blk} and [Blk] g

[A11] if and only if [Ay] =

[Byi].

Proof. The proof is clear from Definition 3.13.
Proposition 3.21. Let [Ai], [Byil, [Cik] € Nop. Then

(1) [Au] C
(2) [Au] =

[Bu] and [Bu] <
[Blk] and [Blk]

[Clk] then [Alk}

[Clk] then [Alk]

[Cur).
[Cur].
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Proof. The proof is an immediate consequence of Definitions 3.13 and 3.14.

Proppsmon 3.22. Let [fllk], [Blk], [C’lk] € Nyscn. Then
(1) [Aw) U [A) = [Au).

(2) [Au] U [Ou] = [Au]-

(3) [Aik] U [Wi] = W)

(4) [Aip] U [By] = [Bii] U [Asg] . .

(5) ([Aye] U [Buix]) U [Cure] = [Auge] U ([Big] U [Cig]).-

(6) If [Akn,] S [Aw] then [Aipmg, ] U [Alk] = [Ai]
(7) If [Aw] € [Aikav,] then [Ay] U [Akau,] = [Akau,]

Proof. The proof follows from Definition 3.15.

Proposition 3.23. Let [Ai], [Bi), [Cix] € Nyscn- Then
(1) [Alk} [Au] = [Au].

(2) [Au] N [Ow] = [Ou].

(3) [Aw] 0 [Wi] = [{hk]- X

(4) [Aw] 0 [Bu] = [Bu] 0 [Awg]. ) )

(5) ([A] 0 [Bu]) 0 [Cui] = [Aix] 0 ([Bug) 0 [Ci)).-
(6) If [Atkmo,] © [Alk] then [Aig~g,] N [Ai] = [Ak~s,]
(7)f [Au]  [Ai~v,] then [Au] 0 [An,] = [Ane

Proof. The proof is an immediate consequence of Definition 3.16.

Proposition 3.24. Let [Ak], [ Ayc], [A”i] € J\Afmxg. Then_
(1) [Au] 0 ([Bux] U [Cowe]) = ([Awe] N [Buw]) U ([Aure] 0 [Cw])
(2) [Aw] U ([Bue] 0 [Cui]) = ([Awe] U [Bi]) 0 ([Aw] U [Cir])

Proof. (1). Let [Alk] [Blk] and [Clk] be three matrices in N, .. Let [ E——— [bm]m xn, and
[ ], xn; be Ui-IVNSMS-parts of [A;1.], [Bix] and [Cy] respectively.

[Bix]) U [Cik] =Bi)msxns U [Ei1)mixn; for all i.
:[<[infﬂl;c(u(i,j)) SUPTIZ;C(U(' j )L [infllbk(u(i,j)>7Supjlbk(u(i,j))]a
[inf Fi,(ugi j))s sup g (ui )] U [([inf T (ug gy ), sup T (ui )]s
[inf 1 (ug,5), supliy (ug,5)], [inf By (ug,5), supF, (ug,j)1)]-
=[([maz{inf T, (u ), mez (i 3))}s maz{supTyy, (ug ), supTi (ug ;)3
[mm{mfflk( ) mfIZk(u )},mm{sup]lk( U4, )) SUPIlk( }]
[min{inf Fj (ug ), inf F (g ) b min{supFj (ug ), sume( e

b

[Aw] 0 ([Buik] U [Cin]) =il s 0 (Birlmixns U 6] moxn,) forall i
=[(linf T (wi,5), supTii (uii )]s linf 1 (wi ), supli (ug )],
[inf F5,(ug j))s supFy (uii. )] 0 ([([maz{inf T (u 5),
in [T, (ug. )} maz{supTyy, (u 5)), supTy,(ui )},
[mm{mf[l U ) mfIZk( )} mm{sup]lk(u( ))a
suplj,(u )}] [mm{mfFlk( U(s,j ) anFlk(u(iJ))}»
mm{SUszk(U )*SUPFlk(u(i,j))}D])'

o))
(i
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=[([min{inf T}, (ug ) maz{in f T (ug 5))s inf T, (ug ;)
min{supTj, (ug ), maz{supTp, (ug ;). supTf, (ug ;) ],
[maz{infIfi (ug ;) min{inf I}, (wi j), inf I (ug ) 3
mm{sup[fk(“(i,j)) mm{sup]lk(u(‘ ‘)) SUPIlk(uij )}}],
[max{inf Fy.(u; ), mm{mfFlk( ) infFi(ug )}
maz {supFyj,(u,5)), min{supFyy. (u, ->)7supFlk(uz- (i) 13D

=[([maz{min{infTj (ui ) inf T (ug 5)) } min{in f T, (ug 5),
inf Ty, (ug )}},maw{mm{sume( u(i g)s sup T (ug )}
mm{suple(u(» ‘))7SUPT119(U¢3' )}}], [mzn{max{infllak(u(i,j))y
mfflk( )b maz{inf I, (u 5)), inf I (ui )
min{mam{sup[lk(u(i, )) SUPIlk( )} max{supjlk( U4, ))7
supljy, (u )}, [min{max{mfﬂk(w ) inf iy (ug )},
mafﬂ{mme(U ) mfFlk( )}} mm{maﬂ?{sume( U4, ))’
SUPsz( )} max{SUPFlk( U4, )) SupFlk(uij )}}]>]
[<[mm{mezk( )y inf T (g )Y mindsupTi (ug ), supTi, (ug )3,

[max{znfllk( ) mfIZk( )},max{sup[lk( U(i,j ) SUPIZk(Wu Ha
[maz{mfFlk(w ) infEF (ug g)} maa{supFy (ug, 5)), supFiy (ug 5)) 1)U
[([min{infTi (u.5), inf Ti (ui ) b mind supTj (ug,j) ), supTii (ug, ) H,
[maz{inf1j,(u ) in fIf (ug )} maz{inf I (ui 5), inf I (ug ) }
[max{SUsz(;c(U(u )) SUpFuc( )} max{SUpFlk( U4, )) SUme( )}D]

=([af)mixn; N [Biimixn;) U ([&lk)]mi xni OV [k mixn;) foralli.

=([Au] 0 [Bu]) U ([Au] 0 [Cue])-

9

This implies [Alk] N ([Blk] U [élk]) = ([/Allk] N [Blk]) U ([Alk] N [Clk})-
Likewise, we can demonstrate (2).

Proposition 3.25. Let [/:1 o
() ([Aun] U [Bu])® = [Au] 0 |
(2) ([Aw] N [Bi])® = [Aw]° U |

k] € Ny xn. Then they satisfy the De Morgan’s laws.

Proof. (1). Let [A;], [Bix] € Npxn. Let [l ], xn, and [blk]m xn; be U;-IVNSMS-parts of
[A;1,] and [Byy] respectively.

[Au] U [Bi] =[a}]m:xni U Bl ims xn; for all i
=[(linf T (u z)), supTii (ug )], [inf Iy (g ), supli (ug )],
[ianz(;c(U(i, )) SUszk( ”))D] [([infﬂ?c(u(i,j))vSupﬂl;c(u(i,j))],
[inf I (ugs ) supliy (ug )] [inf Fi (ug, ), supFiy (ug )]
=[([maz{infTy (ug,z), mez (u(s,5)) 1 maa{swpTi, (ug. 5)), supTi, (ug ;) 3,
[mm{mfIZk( ) mf—’lk(“ )},mm{SUPIZk(U(i )) SUPIZk }]7
[mm{mfFlk(“( ) mfFlk(U )} mm{SUpFlk( U, )) SUszk( )}D]
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~ A

([Aun] U [Bu)e =[{Imin{inf Fi (ug 5), inf Fj,(ug )} min{supFj, (ug ;) supF (u )},
[mm{l - Supllk:(u(i )) 1 - Sup[lk:( )} min{l — mflzk( ))
I- mflzbk(u(i,j))}] [max{melk( ) mezk( ))}7
max{suPTﬁC(U(i,j))a 5“Pﬂk(“(z‘,j))ﬂ]>]~
=[(linf . (ugi ), supFij (ug,5)]s [1 = supliy (ug ), 1= infI (ug )],
[inf T3, (ugi ) supTii (g )] O linf B (ug gy ) supF (ui )]
[1 - Suplzbk (u(i,j))v 1 - infllbk(u(i,j))L [melk(U(z‘,j))’ suple(u(i,j))D]'
=ik, 0 035, xcn, for all i
=[An]° N [B]e.
The proof of (2) is similar to (1).

Definition 3.26. Let [Alk] [Blk] € Nyxn. Let [t ]m. xn; and [bl]s]m xn; be U;-IVNSMS-parts
of [A;;] and [Byy] respectively. Then AND product of [A;;,] and [Byy] is defined by

[a’lzk]mi Xn; A [b;k}mixni = [é;p]mlxnf for all i’

where [&] ] = [([infTg, (u z), supTy, (ug )], [inf IE (ug 5))» supIi, (ug )], [inf B (i),
supF (ug )],

infTE (u g) = min{inf T (w 5), infTE; (ue. )}
supTy, (ug ) = min{supTjj (u ;) supTi; (ui )}y
infIf,(ui,5) = max{inf Iy (u; ), infjlgj (ug )}
suplf, (u(; ) = maz{supljj, (ug ;). supIp;(ug )},
infFf,(ug ) = max{infFf.(ug ), inf F; (ug )} and
supFy, (ug; ;) = maz{supFj,(ug ;). supFy;(ug ;) }

Al il A
(@1 ]my g A brglmy xn [O”“]m]xnz [Olk]mlxn%\]
. . [Olk]mzxﬂl [a‘%k]mzxnz A [blk]m2><"2 T [Olk]m,zxﬂ%\]
[Atk]mxn A[Bik]mxn =
[Olk’LnNXn% [le]mNXn% T [a’l]\{c]mNX"N A [Bl]\{c]mNX"N

where m =my +my +--- +my and ns = n? +n3 +--- +nk.

Definition 3.27. Let [A}], [Bi] € Ny Let [@j]m, xn, and [blk]m wn, be U;-IVNSMS-parts
of [A;;] and [By;] respectively. Then OR product of [A;;] and [B;y] is defined by

[&;k]mi X1 v [ ;k‘}mi xXn; — [é;p]mixn% for all i’

where [éﬁp] = [([mfﬂ%(u(i,j)), SUpTl;(u(i,j))]’ [mfffp(u(z',j))a SUPpr(U(i,j))]a [msz%(U(z’,j))a
SUPFz%(Uu,j))])]a

2
b

maz{in T}, (ui ;). infTe; (ug

i) = ( )
) & (uGi ) sup Ty (g 5)
) = man{inf I (ug ), anlkj (i)}

s u(i,j)) = min{sup-[ﬁc(u(ij)) Sup[lgj(u(' '))}7
h) = % (Ui g mka] (u } and
)

( )
7)) = min{supF (u; ; )sukaj(u )}

mxXmns
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(0]

Al 71 0
[alk]'mlxnl v [blk]mlxnl [O]nzlxng 'len%v
A 2 3 A
A [O]Y‘rlzxn% [a7k]myxny V Blklmyxny [O]mzxnz
[Atk]mxnV[Biklmxn =
5 5 AN IN
[O]men% [O]men% [ )my xny V [Dklmy xny

where m =my +my +---+my and ns =n? +nj +--- +n.

mxns

Example 3.28. Let us consider the matrices [A;;,] and [B;;] as in Example 3.18. Then the AND

product of [a},]3x3 and [b}, ]33 is

(@), ]3x3 A [B}k]sxa =

(1,1
12)
U(1,3)

[&%k]zxz A [i’lzk]zxz = |:u(2,1)

()]
12)

(7, J2x2 A By J2x2 = |:u(3,l)

U@,
U(3,2)

(eu,.1,eu;,1)

([0.2,0.3],[0.5,0.6], [0.8,0.9])
([0.7,0.8],[0.2,0.4], 0.4, 0.5])
([0.6,0.7],[0.2,0.4], [0.8,0.9])

(ev, 2, €uy,1)
([0.5,0.6],[0.2,0.4],[0.7,0.8])
([0.8,0.9],[0.4,0.5], [0.4,0.5])
(0.1,0.2],0.3,0.4], [0.8,0.9])

(eUl 3, €Uy, 1 )
(j0.5,0.6],[0.2,0.3],[0.7,0.8]
([0.1,0.2],[0.3,0.4], 0.5, 0.6]

)
)
([0.5,0.7],10.5,0.6], [0.8,0.9])

U(2,2)
(ev,,2,eu,,1)
([0.5,0.6], 0.5, 0.6], [0.2, 0.3])
([0.6,0.7], 0.5, 0.6], [0.4,0.5])

U(3,2)
(eusy .2, €us,1)
([0.5,0.7), [0.4,0.7],0.2,0.3])
([0.5,0.6], [0.4,0.5],[0.7,0.8])

(eu, 15 eu,,2)

([0.2,0.3],[0.5,0.6], [0.8,0.9])
([0.7,0.8],[0.3,0.5], [0.6,0.7))
([0.4,0.6],[0.2,0.5],0.8,0.9])

(ev, 25 eu, 2)
([0.7,0.8],[0.2,0.4], [0.1,0.3])
([0.7,0.9], [0.4,0.5], [0.6,0.7])
([0.1,0.2],[0.3,0.5],[0.8,0.9])

(€U1,3, €y, 2)
([0.8,0.9],[0.2,0.4],[0.1,0.2])
([0.1,0.2],[0.3,0.5], [0.6,0.7])
([0.4,0.6],[0.5,0.6], [0.8,0.9])

(eUz,h eUz,l)
([0.7,0.9],[0.5,0.6], [0.4,0.5))
([0.5,0.6],[0.5,0.6], [0.4,0.5))

(ev,,2:ev,,2)
([0.5,0.6], [0.4,0.5], [0.3, 0.4])
([0.8,0.9], 0.2, 0.4], [0.1,0.3])

(eU_;,l) eU3,1)
([0.7,0.9],[0.4,0.6], [0.4,0.5))
([0.5,0.6],[0.4,0.7],0.7,0.8])

(eus,2, €us,2)
([0.5,0.7],0.5,0.7], (0.4, 0.7])
([0.5,0.6], [0.2,0.4], [0.5, 0.6])

Similarly, we can build OR product of [A;;,] and [By].

[allk]3><3 \ [l;zlk].%x} =

U(1,1)
U(1,2)
U(1,3)

U,
U(1,2)
U(,3)

(a7 Jax2 v [i’zzkbﬂ = |:u(2,l)

U,
U(1,2)

(@i l2x2 V Blaxz = [ua,n

(eUl,l, eUl,l)

([0.5,0.6],[0.2,0.3], [0.7,0.8])
([0.8,0.9],[0.1,0.2], [0.1,0.3])
([0.8,0.9],0.2,0.3], [0.1,0.2])

(ev,,2,evy,1)
(0.7,0.8,[0.2,0.3],[0.1,0.3])
([0.8,0.9],[0.1,0.2], [0.2,0.4])
([0.6,0.7],]0.2,0.4], [0.5,0.6])

(eu, 3,eu,,1)
([0.8,0.9],[0.2,0.3],0.1,0.2])
([0.8,0.9],[0.1,0.2], [0.4,0.5))
([0.6,0.7],]0.2,0.4], [0.2,0.3])

U(2,2)

(eu, .2, €U,,1)
([0.8,0.9],0.2,0.3], [0.1,0.2])
([0.8,1],10.2,0.3], [0.1,0.3])

UE3,2)

(BU, 1 €Uy ,2)

(ev, 25 v, 2)
([0.8,0.9],[0.2,0.4], [0.1,0.2])
([0.8,0.9],[0.3,0.5], [0.2,0.4])
([(0.4,0.6],[0.2,0.4], [0.5,0.6])

(ev, 3, €eu,,2)
([0.8,0.9],[0.2,0.3], [0.1,0.2])
([0.7,0.9],[0.3,0.4], [0.5,0.6])
(0.5,0.7],[0.2,0.5], [0.2,0.3])

(6U2,1, eUz,l)
([0.8,0.9],[0.5,0.6],[0.2,0.3])
([0.6,0.7],[0.2,0.3], (0.1, 0.2])

(ev,.2,€u,,2)
([0.5,0.6],0.2,0.3], 0.1,0.2])
([0.8,1],]0.2,0.3], 0.1,0.3])

(eus,15€us,1)
([0.8,0.9],0.2,0.4], [0.1,0.3])
([0.5,0.7], [0.4,0.5], [0.2,0.3])

(eu,,1,eu, 3)

([0.2,0.3],[0.5,0.6], [0.8,0.9])
([0.2,0.4],[0.5,0.7], [0.2,0.3])
([0.7,0.8],]0.2,0.4], [0.1,0.2])

(ev, 2, €v,,3)
([0.5,0.7), [0.4,0.5],[0.2,0.3])
(0.2,0.4], 0.5,0.7], [0.2, 0.4])
([0.1,0.2],[0.3,0.4], [0.5,0.6])

(ev, 3:eu,,3)
([0.5,0.7), [0.4,0.5],[0.2,0.3]
([0.1,0.2], 0.5, 0.7], [0.5,0.6]

[

)

)
(0.5,0.7],10.5,0.6],[0.2,0.3)) | ,
Likewise, we can constract [a7,]2x2 A [07,]2x2 and [@3, ]ax2 A [b3,]2x2 for universes U and Us.

(eUz,la eUz,Z)
([0.5,0.6],[0.5,0.6], [0.4,0.5])
([0.5,0.6],0.2,0.4], [0.1,0.3])

]2><44

(eU_;,l ) eU3,2)
([0.7,0.8],[0.5,0.6], [0.4,0.7))
([0.5,0.6], [0.4,0.7], [0.5,0.6])

] 2x4.

([0.8,0.9],[0.2,0.4], 0.1,0.2])
([0.7,0.9],[0.2,0.4], [0.1,0.3])
([0.8,0.9],[0.2,0.3], [0.1,0.2])

(eUl 15 €Uy ,3)

([0.5,0.7],]0.4,0.5], [0.2,0.3])
([0.7,0.8],]0.2,0.4], [0.1,0.3])
([0.8,0.9],[0.2,0.3], [0.1,0.2])

(ev 2, €v, 3)
([0.7,0.8],0.2,0.4], [0.1,0.3])
([0.8,0.9], [0.4,0.5], [0.2,0.3])
([0.7,0.8], 0.2, 0.4], [0.1,0.2])

(ev, 3 €u, 3)
([0.8,0.9],0.2,0.3], [0.1,0.2])
([0.2,0.4],0.3,0.4],[0.2,0.3])
([0.7,0.8],[0.2,0.4], [0.1,0.2])

(€U2,1 ) €U2,2)
([0.7,0.9],[0.4,0.5],[0.3,0.4])
([0.8,0.9],[0.2,0.3],[0.1,0.2])

2x4.

(eus,1,€us,2)
([0.7,0.9], [0.4,0.6], [0.4,0.5])
([0.5,0.7),0.2,0.4], 0.2, 0.3])

3x9.
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(ev,,2,eus,1) (evs 2, €U ,2)
uy  ([0.8,09],[0.2,04],0.1,0.3))  ([0.7,0.8],[0.4,0.6],0.2,0.3])
upa  ([0.8,09],[0.2,04],0.1,0.3)) ([0.8,09],(0.2,0.4],[0.1,0.3))

Definition 3.29. Let [C),)] € IVNSMM,, >, Ii = {p: ([infTi,, supTy,], [inf I, suplyy),
linfEy, supFpl) # 0, (k— )n; < p < kn;}, forallk € 1,2,---n;, ¢ = 1,2,--- N. Then
IVNSMM-max-min decision function, represented by IV N.SM M, s, is defined by

2x4.

IVNSMMnras i IVNSMM,, o p — IVNSM M1,

IVNSMM,,?MM = [([inleZ,, supTyy), [inf]lg,, suplyp), [infl/?lp, supFip))] = [cif]] =
[<[m]gx{znfz—‘lpk}7 m]?x{supﬂpk}]ﬂ [m]gn{infllpk}ﬂ mkin{supllpk}]’ [mlgn{znfﬂpk}a

mkz'n{sup}ﬁlpk}])}, where

; min{infTipr}y, if I} # o, ) min{supTipr}y, if I} # o,
infTip, = § PEL ' supTipr, = § Pl _
0, if I}, = ¢. 0, if I}, = ¢.
, malj{infjlpk’}7 if I]i 7& d)) , mCLC_C{SUlepk}, if I]Zg 7& ¢a
ianlpk = { PEL ) sup]lpk = { PEL )
0, if I} = ¢. 0, if I}, = ¢.
L, max{inf-Flpk}v if I]lf 7é ¢7 , ma.x{supﬂpkL if I]i 7é ¢7
infE, = PEL 4 supF, = < PELL ,
0, if I, = ¢. 0, if I} = ¢.

The max-min decision IVNSMS-matrix is a column IVNSMS-matrix IV NSMM [Cy,).

Definition 3.30. Let U; = {U(Z, 1)s U(i2)s " U(i,m]\”} be an U;-IVNSMS-part and IVNSM M, =
(i T suTiy )
[inf Iy, suply), [inf Fip, supF,|)] = [d},]. Then

OptN[Cifl] = {U(z‘,j)/dAﬁ SUGG) € Ui, dAﬁ # 0}, dlil = maw{sf},

(inlepszsupTlp)_i_(l_inf]lp;supllp)_‘_(l_ianl,,szsupFlp)

where s} = is known as an U;-optimum

neutrosophic set.

4 Application

In this section, we present a group decision making algorithm for interval-valued neutro-
sophic soft multiset matrices, and we employ it to a real world marketing problem to make the
best optimal decision. Interval valued neutrosophic soft multisets help to analyse the situation in
problems involving complex scenerios.

Algorithm:

Step 1: Find the interval-valued neutrosophic soft multisets (14, F') and (Jp, E).

Step 2: Build the interval-valued neutrosophic soft matrix [a}, ]y, xn, of U;-IVNSMS-part of
(Ia, E) and [bi,)m, xn, of U;-IVNSMS-part of (Jp, E).

Step 3: Construct the interval-valued neutrosophic soft multiset matrices [fll k)mxn and [Bl k)mxn
on interval-valued neutrosophic soft multisets (14, E) and (Jp, E).

Step 4: Utilize Definition 3.26 and frame the AND-product of [Alk]mxn and [Blk’]mxn and de-
note it by [Cp]n sz

Step 5: Employ the [VNSMM-max-min decision function and find the max-min decision [VNSMS-
matrix for [Chp], xn2-

Step 6: Find an optimum interval-valued neutrosophic set of U;-IVNSMS-part of [élp]anZ-
Step 7: Choose the alternative that has the maximum score value as the best optimal decision.

Our suggested algorithm provides a great mechanism to find the best alternative for complex,
real world problems in a more accurate manner. Better and more reliable decisions can be made
in complex and uncertain environments involving multiple universes at once by incorporating
interval-valued neutrosophic soft multisets into real world problems.
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Example 4.1. Suppose that a home appliance manufacturing company X needs to select an effec-
tive Television channel, Newspaper/magazine type and a forceful digital marketing cite for their
ad campaign. Let (14, E) be an interval-valued neutrosophic soft multiset which describes “dif-
ferent types of TV channels”, “types of Newspapers/magazines for making ad posters”’and “ef-
fective digital marketing cites”respectively that Company X is considering. Let Uy = {u( ;) =
News channels, u 2y = Sports channels, u( 3y = Entertainment & life style channels,
u(1,4) = Science & discovery channels,u(, 5) = Kids channels} be the universe for different
types of channels capable for advertisement, U, = {u(,,1) = Broadsheet newspapers,u, ) =
Regional newspapers, w3y = National newspapers, u( 4) = Tabloids, u 5y = Business
newspapers} be the universe for different types of newspapers and U; = {u3 1) = Social media,
u@3 ) = Google ad, u3 3 = Amazon} be the universe for effective digital marketing cites. Let
{Eu,, Eu,, Ev,} be a collection of parameters which describes above universes, where
Ey, = {eu,1 = content relevance, ey, » = sponsered programs, ey, 3 = frequent high
trp programs, ey, 4 = past histories},
Ey, = {eu,1 = geographic coverage, ey, 2 = good ef fectiveness, ey, 3 = extradinary
benefits in online edition} and
Ey, = {ev,1 = product awarness globally, ey, » = driving direct sale, ey, 3 = platform
populamty & trend}.
LetU = [[; i IVNS(U;), E = Hl | Eu,. Assume that £, and E, are two strategists of com-
pany X, whose guidance and strategies enable the company to work successfully. Now, the
company X wants to choose a combination of TV channel type, Newspaper type and Digital
marketing cite for ad campaign.
Step 1: Strategists £, and E, have to define interval-valued neutrosophic number as linguistic
values in Table 1.

The decision makers F| and F, assign linguistic variables to alternatives to define interval-

Table 1. Linguistic variables

S.No. | Code | Linguistic Variable | Interval Valued Neutrosophic Number
1. VHR | Very High Reach ([0.8,1],]0.2,0.3],]0.1,0.2])
2. HR High Reach ([0.7,0.9],[0.3,0.4],10.2,0.3])
3 MR Moderate Reach (0.5,0.7],[0.4,0.6], [0.4,0.5])
4 LR Low Reach ([0.3,0.5],[0.7,0.8],[0.7,0.8])
5 VLR Very Low Reach ([0.2,0.3],[0.7,0.9], 0.8, 1])

valued neutrosophic soft multisets (14, E) and (Jp, E). The set of choice parameters A and B
are given as:

A={a1 = (ev, 1, €051, €0,,1), a2 = (ev, 2,5 €053, €3 2)5 a3 = (€v.4, €0, 2, €U5,1),

as = (e, 3, €0,3, €u,3) }-

B ={by = (eu, 1, eu,1,€u5,1), b2 = (ev, 2., €v, 3, €us2), b3 = (ev, 3, eu,,1.€u,3)s

by = (ev, 4, €vs.2, €03,3) }-

Then interval-valued neutrosophic soft multisets for experts £, and E, are (14, F) and (Jp, E)
respectively which are now given by

(IA7 E) -

{(ar, ({12, MR VHE MR VLR) (MR MB VHR LR VHRy (VAR ML LE})

wr)? wr2)? U, T U, vas) w2’ W22’ YR ) U Ues) U(z]’u(xz’u(w
(az ( VHR VLR VHR VLR VLR} {MR LR LR LR HR} {HR VHR VHR }
b

u,ny T w2’ a3 ) Uae) ) Uas) U@’ Ue2) )’ Ues) ) e Ues) 31)’U32’u(

MR VHR HR LR VLR} {VHR LR LR VLR VHR} {VHR HR

w2 T U3 U T UaLs) D7 ue)’ Uy’ ol T L) ’uzz’U33

ag ({ HR MR VHR VLR VLR} {]\/IR LR LR LR HR} {VHR VHR J\4R
b

),
)

)
),
)

}-

Uiz, T uEe) T UuE3)

(JBa )_
{( ( HR MR VHR MR VLR} {VHR VLR VHR LR HR} {HR VHR MR ))
wr) w2’ U, ) U, UaLs) zn)’u(zz)’u(23>’uz4’uzs ) uGE) T UG ’
HR LR VHR MR LR HR MR MR LR VHR MR MR
(bz’( wan v’ v T U v, i>} 5 U1’ U2’ w2’ Uee) ] ue, s>} ) UE) Ul ).

(b ( ]MR HR HR LR VLR} {VHR VLR VHR LR HR} {VHR VHR LR ))
3 w(2)” w(1,3) 7 U4’ UQLs) U@z1) U2 " w23’ U’ ui3,1) ) UG " UEG3) ’
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(45(

HR
MR
[allk] = |VHR
MR
VLR

Similarly, we construct the other U;-IVNSMS-part of IVNSM-sets (14,

w,)? U2 ) U3 T v’ Uas)
Step 2: Now, let us build interval- Valued neutrosophlc soft matrices |
IVNSMS-part of (14,

E)and (Jg, E).
VHR HR MR
VLR MR VHR
VHR VHR HR
VLR VLR LR
VLR VLR VLR

LR HR

[i’llk] =

. umy (viin van i)
a,,.] and [b},] for U;-
HR HR MR HR
MR LR HR VHR
VHR VHR HR VHR
MR MR LR VLR
VLR LR VLR LR

E)and (Jg, E).

MR VHR MR VHR HR HR
MR LR LR VLR LR MR
[@2] = |VHR LR LR 0] = |VHR HR MR
LR VLR LR LR LR LR
VHR VHR HR HR MR VHR
VHR HR VHR HR VHR VHR
[a3.] = | HR VHR VHR 03.)= |VHR MR VHR
LR VHR MR | MR MR LR
Step 3: Then we construct the interval-valued neutrosophic soft multiset matrix [A lk}mm for
(I4, E) and interval-valued neutrosophic soft multiset matrix [Byx], < for (Jz, E).
[ HR VHR HR MR 6 ¢ ¢ (¢ ¢ 9] |
MR VLR MR VHR o ¢ ¢ o & ¢
VHR VHR VHR HR 6 b & 6 & ¢
MR VLR VLR LR o o @ R
VLR VLR VLR VLR o o @ L ¢ ¢
) @ ) ¢ MR VHR MR [ ¢ ) ¢ ]
[Aik] = ¢ ¢ b ¢ MR LR LR 6 6 &
6 ¢ b b VHR LR LR 6 b ¢
6 & b ¢ LR VLR LR 6 & ¢
L6 ¢ ¢ ¢ | VHR VHR HR L6 & ¢
(o 6 ¢ 6] 6 ¢ & VHR HR VHR
F S S { 6 b & [ HR VHR VHR]
L | ¢ ¢ ] ¢ | ] ¢ ¢ LR VHR MR]| 1, .
' [HR HR MR HR 6 b &b (e ¢ o] i
MR LR HR VHR S S R S
VHR VHR HR VHR S S 6 ¢ ¢
MR MR LR VLR 6 b &b 6 ¢ ¢
VLR LR VLR LR S S Lé & & ]
[ & ¢ 1) ¢ ] VHR HR HR [ & @ ¢ ]
[ Bm] = 1) ) ¢ 13 VLR LR MR 0] 1o} o}
6 ¢ b ¢ VHR HR MR 6 b &
1) 1) 1) 13 LR LR LR ¢ ¢ 0]
¢ ¢ ¢ ¢ ] HR MR VHR Lo o ¢ |
) b & 6 ] é @ HR VHR VHR
R S S [ b ¢ [VHR MR VHR
¢ & & ¢ | o @ MR MR LR | 1.,

Step 4: The AND product of [A;;] and [By;] is constructed and named as [Cy,].
Now, consider [a},] and [b},] of U;-IVNSMS-part of (14, E) and (Jp, ). The AND product
[¢,] is determined as follows:

(
(

[0.7,
0.3

0.9],[0.3,0.4], 0.2, 0.3])
,0.5],{0.7,0.8], 0.7, 0.8])
(0.8, 1], 0.2, 0.3, [0.1,0.2])
([0.5,0.7], [0.4,0.6], 0.4, 0.5])
([0.2,0.3],[0.7,0.9], (0.8, 1])

([0.7,0.9
{[0.5,0.7

[0'85 1]7

[
[
(
([0.2,0.
([0.2,0.

71, [0-4,

4],

I, 03,
0.4,0.,
]

(0.2,0.3]
[0.4,0.5]
0.2,0.3],[0.1,0.2])
3],(0.7,0.9], [0.8, 1])
3],0.7,0.9], [0.8, 1])

,0.3])
s)
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([0.7,0.9],[0.3,0.4],[0.2,0.3])  ([0.7,0.9],[0.3,0.4],0.2,0.3])  ([0.5,0.7],[0.4,0.6],[0.4,0.5])  ([0.7,0.9],[0.3,0.4], 0.2,0.3])
([0.2,0.3],[0.7,0.9],[0.8, 1) ([0.2,0.3],0.7,0.9],0.8,1])  ([0.2,0.3],[0.7,0.9],[0.8, 1))  ([0.2,0.3],[0.7,0.9], 0.8, 1])
([0.8,1], [02 0.3,00.1,02]) (0.8, 1],[0.2,0.3], [0.1,0.2])  ([0.7,0.9],0.3,0.4],0.2,0.3]) (0.8, 1], [0.2,0.3], [0.1,0.2])
([0.2,0.3],[0.7,0.9],[0.8, 1) ([0.2,0.3],0.7,0.9],[0.8,1])  ([0.2,0.3],[0.7,0.9],[0.8, 1))  ([0.2,0.3],[0.7,0.9], 0.8, 1])
([0.2,0.3],0.7,0.9],(0.8,1])  ([0.2,0.3],[0.7,0.9],(0.8,1])  ([0.2,0.3],[0.7,0.9],[0.8,1])  ([0.2,0.3],[0.7,0.9], 0.8, 1])
([0.7,0.9],[0.3,0.4],(0.2,0.3])  ([0.7,0.9],[0.3,0.4],(0.2,0.3])  ([0.5,0.7],[0.4,0.6],[0.4,0.5])  ([0.7,0.9],[0.3,0.4], 0.2, 0.3])
([0.5,0.7), [0.4,0.6], [0.4,0.5))  ([0.3,0.5],[0.7,0.8],[0.7,0.8])  {[0.5,0.7], [0.4,0.6], [0.4,0.5])  ([0.5,0.7], 0.4, 0.6], [0.4, 0.5])
(0.8, 1],[0.2,0.3,0.1,0.2) (0.8, 1],0.2,0.3],[0.1,0.2)) (0.7, 0.9],[0.3,0.4], [0.2,0.3))  ([0.8, 1], 0.2, 0.3], [0.1, 0.2])
([0.2,0.3],[0.7,0.9],[0.8, 1) ([0.2,0.3],0.7,0.9],0.8,1])  ([0.2,0.3],[0.7,0.9],[0.8,1])  ([0.2,0.3],[0.7,0.9], 0.8, 1])
([0.2,0.3],[0.7,0.9],[0.8, 1) ([0.2,0.3],[0.7,0.9],[0.8,1])  ([0.2,0.3],[0.7,0.9],[0.8,1])  ([0.2,0.3],[0.7,0.9], 0.8, 1])

([0.5,0.7], 0.4, 0.6], [0.4, 0.5]
([0.5,0.7], 0.4, 0.6], (0.4, 0.5]
([0.7,0.9], 0.3, 0.4], [0.2, 0.3]
{[0.3,0.5],[0.7,0.8], (0.7, 0.8]

([0.2,0.3],0.7,0.9], [0.8, 1])

T

[0.4,0.5])  ([0.5,0.7],[0.4,0.6],[0.4,0.5
[0.7,0.8])  ([0.7,0.9],[0.3,0.4],[0.2,0.3
[0.2,0.3])  ([0.7,0.9],[0.3,0.4],[0.2,0.3
[0.7,0.8])  ([0.3,0.5],[0.7,0.8],[0.7,0.8
([0.2,0.3],[0.7,0.9], 0.8, 1]

T

=

([0.5,0.7], [0.4, 0.6], [0.4,0.5])
(0.8, 1],[0.2,0.3], [0.1,0.2])
([0.7,0.9],0.3,0.4], [0.2, 0.3])
([0.2,0.3],[0.7,0.9], [0.8, 1])
([0.2,0.3],[0.7,0.9], [0.8, 1])

Similarly, we construct the AND product of other U;-IVNSMS-parts of [A;;,] and [Byy].

([0.5,0.7],0.4,0.6], [0.4,0.5])
([0.2,0.3],[0.7,0.9], [0.8, 1])
([0.8,1],]0.2,0.3],[0.1,0.2])
[0
[

A
(
(

(0.8, 1],0.2,0.3],[0.1,0.2])
([0.2,0.3],[0.7,0.9], [0.8, 1])
(o
([0.2,0.3],[0.7,0.9], [0.8, 1])
(o
([0.5,0.7],0.4,0.6], [0.4,0.5])
([0.2,0.3],[0.7,0.9], (0.8, 1])
([0.3,0.5],[0.7,0.8],[0.7,0.8))
([0.3,0.5],[0.7,0.8], 0.7, 0.8])
([0.7,0.9],[0.3,0.4], [0.2,0.3])

([0.7,0.9],[0.3,0.4], [0.2,0.3])
([0.7,0.9],[0.3,0.4], 0.2,0.3])
([0.3,0.5],[0.7,0.8], [0.7,0.8])

[czp] =

([0.7,0.9],[0.3,0.4], [0.2,0.3])

([0.8,1],]0.2,0.3],[0.1,0.2])

([0.5,0.7],0.4,0.6], [0.4,0.5])

([0.7,0.9],[0.3,0.4], [0.2,0.3])
([0.8,1],]0.2,0.3],0.1,0.2])
([0.5,0.7],0.4,0.6], [0.4,0.5])

3,0.5],10.7,0.8], 0.7, 0.8])

17,0.9],10.3,0.4],0.2,0.3])

3,0.5],]0.7,0.8], 0.7, 0.8])
0.7,0.9],0.3,0.4],[0.2,0.3])

([0.7,0.9],0.3,0.4], [0.2,0.3])
0.7,0.8])

((0.3,0.5],{0.7,0.8], [0.7,0.8])
([0.2,0.3],[0.7,0.9], [0.8, 1])

([0.5,0.7],]0.4,0.6], [0.4,0.5])

([0.3,0.5],]0.7,0.8,

(0.5,0.7],0.4,0.6], [0.4,0.5))
([0.3,0.5],]0.7,0.8], 0.7, 0.8])
([0.3,0.5],[0.7,0.8],[0.7,0.8])
([0.3,0.5],]0.7,0.8], [0.7,0.8])
([0.5,0.7],0.4,0.6], [0.4,0.5))

(0.7,0.9],[0.3,0.4], [0.2,0.3])
([0.5,0.7],[0.4,0.6], [0.4,0.5])
([0.5,0.7],0.4,0.6], [0.4,0.5])

([0.8,1],]0.2,0.3],[0.1,0.2])

([0.5,0.7],0.4,0.6], [0.4,0.5])
([0.5,0.7],0.4,0.6], [0.4,0.5])

([0.5,0.7], [0.4,0.6], [0.4, 0.5
([0.3,0.5],[0.7,0.8],[0.7,0.8
([0.7,0.9],[0.3,0.4

([0.3,0.5],[0.7,0.8], [0.7, 0.8
([0.5,0.7),[0.4,0.6], [0.4,0.5

([0.8,1],]0.2,0.3],0.1,0.2])
([0.5,0.7],[0.4,0.6],[0.4,0.5])  ([0.7,0.9],[0.3,0.4],[0.2,0.3])
(

([0.3,0.5],]0.7,0.8, 0.3,0.5],[0.7,0.8],0.7,0.8])

[ Il
[ 1)
0.2,0.3))  ([0.5,0.7
[ il
[ Il

([0.7,0.9],[0.3,0.4],[0.2,0.3])
([0.3,0.5],[0.7,0.8],[0.7,0.8])
([0.3,0.5],[0.7,0.8], [0.7,0.8])
(0.2,0.3],0.7,0.9], 0.8, 1])
([0.8,1],]0.2,0.3],[0.1,0.2])

([0.5,0.7], 0.4, 0.6], 0.4, 0.5])
([0.3,0.5],[0.7,0.8], [0.7,0.8])
([0.3,0.5],[0.7,0.8], [0.7,0.8])
(I N I )
(I ], [ )

0.3,0.5],0.7,0.8], 0.7, 0.8]
0.7,0.9],[0.3,0.4], 0.2, 0.3]

[
0.7,0.8])

([0.7,0.9],[0.3,0.4], 0.2, 0.3])
([0.8,1],]0.2,0.3],[0.1,0.2])
([0.3,0.5],[0.7,0.8], 0.7, 0.8])

([0.8,1],[0.2,0.3],[0.1,0.2])
([0.8,1],]0.2,0.3],0.1,0.2])

([0.5,0.7],0.4,0.6], [0.4,0.5])
([0.5,0.7],[0.4,0.6], [0.4,0.5])
{ ],]0.4,0.6],[0.4,0.5])
([0.3,0.5],[0.7,0.8], [0.7,0.8])
([0.8,1],[0.2,0.3], [0.1,0.2])

([0.8,1],]0.2,0.3],0.1,0.2])

([0.3,0.5),[0.7,0.8],[0.7,08)) | ,

Step 5: Now, we apply IVNSMM-max-min decision funcEion to each universe U;, : = 1,2,3 in
order to create the column IVNSMS-matrix IV NSMM[Cy,)].

IVNSMM][C,) =

, where

infTh, suph), [inf I, supli), [inf P11, supFi
inf1a1, supds|, [inflo, suply), [inf 1, supFs

in fTy, supTy|, [inflar, supla |, [inf Fu1, supFa
infTs1, supds), [infIsi, supls], [inf Fsy, supFs

([ [ [ ]
([ I [ I [ Il
([infT31, supTs1], [infIs1, suplsi], [inf 31, supFs )
([ I [ [ )
([ [ [ ]

)

5X16
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([infTh1, supTh], [inf I, supIn], [inf Fi1, supFi])
([inf Ty, supTay], [infIa, supla], [inf Fa1, supFa])

[d] = |([infT31, supT1], [infIa1, suplai], [inf F31, supF3]) | and
([infTy1, supTy1], [inflsr, suply], [inf Fu1, supFa])
([infT51, supTsi], [infIsy, suplsi], [inf Fsy, supFs;])

([infTiy, supTi1], [inf i1, supli], [inf Fiy, supFi])
[dh] = | ([infTor, supTo), [inf Loy, suply ], [inf Par, supFa])
([infT31, supTs1], [inf I31, suplsi], [inf F31, supF3;])

Let us discover d!, for! = 1. Since,! = land k = {1,2,3,4} wehave d!, = ([infT1, supTi,],
linfli1, suply), [infFip, supFui)).
Letz!, = {zl,,z},,2};,21,}, where z}, = ([infTy,, supTi,], [inf Iy, suply,],
[infFp, supFi,]). We have to find =}, for all k = {1,2,3,4}. Firstly, let us consider z},, I] =
{p:0<p<4}fork=1andn; =4.
Now,
zl :([mm{inlell, infT, infT113, infTYy Y, min{supT},, supT},, supT113, supT114}],
[max{infIl,, infIl,, infIls, infIl,}, max{supl!,, supll,y, supIly, supI,}],
[max{ianlll ) ianllz, ian113, ian114}a mal’{SUpFlll ) SUPFllza SUPF1137 SUPF114}]>-
z}, =([min{0.7,0.7,0.5,0.7},min{0.9,0.9,0.7,0.9}], [maz{0.3,0.3,0.4,0.3},
maz{0.4,0.4,0.6,0.4}], [maz{0.2,0.2,0.4,0.2}, maz{0.3,0.3,0.5,0.3}]).
—([0.5,0.7], [0.4,0.6], [0.4,0.5]).

Similarly, for k =2 and n; = 4, we can find z},, I} = {p: 4 < p < 8}.

xl, =(Imin{0.7,0.7,0.5,0.7},min{0.9,0.9,0.7,0.9}], [maz{0.3,0.3,0.4,0.3},
max{0.4,0.4,0.6,0.4}], [maz{0.2,0.2,0.4,0.2}, maz{0.3,0.3,0.5,0.3}]).
—([0.5,0.7], [0.4,0.6], [0.4,0.5]).

For k = 3 andn; =4, we have to find z};, Il = {p: 8 < p < 12}.

xly =([min{0.7,0.7,0.5,0.7},min{0.9,0.9,0.7,0.9}], [maz{0.3,0.3,0.4,0.3},
maz{0.4,0.4,0.6,0.4}], [maz{0.2,0.2,0.4,0.2}, maz{0.3,0.3,0.5,0.3}]).
—([0.5,0.7],[0.4,0.6], [0.4,0.5]).

Finally, for k = 4 and n; = 4 we have to find z1,, I} = {p: 12 < p < 16}.

zl, =([min{0.5,0.5,0.5,0.5},min{0.7,0.7,0.7,0.7}], [maz{0.4,0.4,0.4,0.4},
maz{0.6,0.6,0.6,0.6}], [max{0.4,0.4,0.4,0.4}, maz{0.5,0.5,0.5,0.5}]).
—([0.5,0.7], (0.4, 0.6], [0.4,0.5]).

Thus,
diy =(linfTi1, supTii], [inf i1, supIit], [inf Fiy, supFi1])
:<[ma${mell11 b maw{s“pfllu}]a [mm{mfflln b mm{s“l’flln}]a

[min{ianlln } min{supFllu}D.
=([0.5,0.7], 0.4, 0.6], [0.4,0.5]).
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Hence, we obtain
([0.5,0.7],[0.4,0.6], [0.4,0.5])
([0.3,0.5],[0.7,0.8],[0.7,0.8])

[d},] = {([0.7,0.9],[0.3,0.4],[0.2,0.3])
([0.2,0.3],[0.7,0.9],[0.8, 1])
([0.2,0.3],[0.7,0.9], 0.8, 1])

Similarly, we can obtain

([0.7,0.9],[0.3,0.4], [0.2,0.3])
([0.2,0.3],[0.7,0.9], [0.8, 1])
([0.5,0.7),[0.4,0.6], [0.4,0.5])
([0.3,0.5],[0.7,0.8],[0.7,0.8])
([0.5,0.7],]0.4,0.6), [0.4,0.5])

[62121] = and

([0.7,0.9],[0.3,0.4],[0.2,0.3])
[d3] = [([0.5,0.7],[0.4,0.6],[0.4,0.5])
([0.3,0.5],[0.7,0.8],[0.7,0.8])

Step 6: Now, we compute the score of elements in each universe by using the score function s!.
Hence we get

1.65 2.2
0.9 0.55 2.2
[si]' =122, [s1)>=]1.65|, [s1]°=]1.65
0.55 0.9 0.9
0.55 1.65

Finally, we obtain the optimum neutrosophic set for every universe U;. Thus,
OptN[dlll] = {u(l,l)/] .65, u(1’2>/0.9, u<1,3)/2.2, u(1’4)/0.557 U(l’s)/O.SS},

OptN [dl21] = {u(271)/2.2, u(z,z)/O.SS, u<273)/1.65, u(274)/0.9, U(Q,S)/1.65},
OptN [dlSl] = {U(371)/2.2, U(372)/1.65, U(373)/09}

Step 7: According to the score values, we obtain {wu 3),u(,1), %,1)} as the best optimal de-
cision. As a result, strategists F| and E, would recommend the company X to spend more
money on Entertainment & life style channels, Broadsheet newspapers and Social Medias like
facebook, instagram and youtube advertisements in order to boost product sales and brand recog-
nition among their target audience.

MATLAB code for the suggested algorithm:

MATLAB is quite useful for matrix operations and mathematical calculations. To make the AND
operations and computations in our technique easier, we provide a MATLAB code and run our
algorithm and get the results directly.

The result for each universe got by executing the code, is given below.

Enter the number of universes:3

Enter the A and B IVNS-Matrices for universe 1

Enter the a.ml values in a vector:

[.7 .8 .7 .5;.5 .2 .5 .8;.8 .8 .8 .7;.5 .2 .2 .3;.2 .2 .2 .2]
Enter the a.mu values in a vector:

[.o o1r .9 .7;,.7 .3 .7 01;01 01 O1 .9;.7 .3 .3 .5;.3 .3 .3 .3]
Enter the a.il values in a vector:

[.3 .2 .3 .4;.4 .7 .4 .2;.2 .2 .2 .3;.4 .7 .7 .7;,.7 .7 .7 .7]
Enter the a.iu values in a vector:

[.4 .3 .4 .6;.6 .9 .6 .3;.3 .3 .3 .4,.6 .9 .9 .9;.9 .9 .9 .9]
Enter the a.nl values in a vector:

[.2 .1 .2 .4;.4 8 .4 .1;.1 .1 .1 .2;.4 .8 .8 .7;.8 .8 .8 .8]
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Enter the a.nu values
[.3 .2 .3 .5;.5 01 .5
Enter the b.ml values
[.7 .7 .5 .7;.5 .3 .7
Enter the b.mu values
[.o .9 .7 .9;.7 .5 .9
Enter the b.il values
[.3 .3 .4 .3;.4 .7 .3
Enter the b.iu values
[.4 .4 .6 .4;.6 .8 .4
Enter the b.nl values
[.2 .2 .4 .2;.4 .7 .2
Enter the b.nu values
[.3 .3 .5 .3;.5 .8 .3
The score
u —

1.6500

0.9000

2.2000

0.5500

0.5500
The best optimal

Enter the A and B IVNS-Matrices
in a vector:

Enter the a.ml values
[.5 .8 .5;.5 .3 .3;.8
Enter the a.mu values
[.7 01 .7;.7 .5 .5;01
Enter the a.il values
[.4 .2 .4;.4 .7 .7;.2
Enter the a.iu values
[.6 .3 .6;.6 .8 .8;.3
Enter the a.nl values
[.4 .1 .4;.4 .7 .7;.1
Enter the a.nu values
[.5 .2 .5;.5 .8 .8;.2
Enter the b.ml values
[.8 .7 .7;.2 .3 .5;.8
Enter the b.mu values
[0 .9 .9;.3 .5 .7;01
Enter the b.il values
[.2 .3 .3;.7 .7 .4;.2
Enter the b.iu values
[.3 .4 .4;.9 .8 .6;.3
Enter the b.nl values
[.1 .2 .2;.8 .7 .4;.1
Enter the b.nu values
[.2 .3 .3;01 .8 .5;.2

The score matrix
u =

2.2000
0.5500

for the

in a vector:

.2:.2 .2 .2

in a vector:

.8;.8 .8 .7

in a vector:

01;01 01 .9

in a vector:

2.2 .2 .3

in a vector:

.3;.3 .3 .4

in a vector:

.1 .01 .2

in a vector:

.2;.2 .23

300353 .2

in a vector:

5 0.55.5 .3

in a vector:

7501

in a vector:

.8 .8;.8 .9

in a vector:

0750708

in a vector:

.8 .8:;.8 01

in a vector:

.53 .3

in a vector:

9 .7;.5 .5

in a vector:

3 .47 .7

in a vector:

4 .6;.8 .8

in a vector:

204507 0T

in a vector:

3 0.55.8 .8

universe

.3;.5 01 o1

.8:;.5 .5 .3 .2;.2
01;.7 .7 .5 .3;.3
2;.4 .4 .7 .75.7
3;.6 .6 .8 .9;.9
1;.4 .4 .7 .8;.8
.2;.4 .4 .8 0101

matrix for the universe 1 is

decision for universe 1

is u_1_3

.8

for universe 2

7]
9]
3]
4]
2]
3]
8]
01]
2]
3]
1]

.2]

.8

.2

.3

01

.8;01 01 01 01]
31
5]
7]
9]
71

.81
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1.6500

0.9000

1.6500
The best optimal decision for universe 2 is u_2_1
Enter the A and B IVNS—Matrices for universe 3
Enter the a.ml values in a vector:[.8 .7 .8;.7 .8 .8;.3 .8 .5]
Enter the a.mu values in a vector:[01 .9 01;.9 01 01;.5 01 .7]
Enter the a.il values in a vector:[.2 .3 .2;.3 .2 .2;.7 .2 .4]
Enter the a.iu values in a vector:[.3 .4 .3;.4 .3 .3;.8 .3 .6]
Enter the a.nl values in a vector:[.1 .2 .1;.2 .1 .1;.7 .1 .4]
Enter the a.nu values in a vector:[.2 .3 .2;.3 .2 .2;.8 .2 .5]
Enter the b.ml values in a vector:[.7 .8 .8;.8 .5 .8;.5 .5 .3]
Enter the b.mu values in a vector:[.9 01 01;01 .7 01;.7 .7 .5]
Enter the b.il values in a vector:[.3 .2 .2;.2 .4 .2;.4 .4 .7]
Enter the b.iu values in a vector:[.4 .3 .3;.3 .6 .3;.6 .6 .8]
Enter the b.nl values in a vector:[.2 .1 .1;.1 .4 .1;.4 .4 .7]
Enter the b.nu values in a vector:[.3 .2 .2;.2 .5 .2;.5 .5 .8]
The score matrix for the universe 3 is
u —

2.2000

1.6500

0.9000
The best optimal decision for universe 3 is u_3_1

5 Conclusion

In this paper, we defined the notion for interval-valued neutrosophic soft multiset matri-
ces. Additionally, we discussed the properties and operators of interval-valued neutrosophic soft
multiset matrices with examples. Later, we proposed a decision making algorithm for interval-
valued neutrosophic soft multisets. Finally, a real world marketing problem is used to illustrate
the operation of our proposed algorithm.
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