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Abstract. In the present paper, we define the idea of a generalized vector variational op-
erator of order 7, (r € N) via difference sequences and it is being used to study some weak
absolute summability theorems. Certain results on newly defined vector variational operator are
discussed. Finally, the existence theorem of a generalized vector variational inequality problem
is studied to show the existence of minimum eigenvalue problems.

1 Introduction

The theory of variational inequality problem (VIP) was defined and studied by Stampacchia
([33],1964) to represent the Signorini contact problem in a particular form. Later on, this the-
ory became very interesting for its unified model as the researchers found that the equality and
inequality problems can be reformed as a variational inequality problem. Now a days, many
crucial problems arising in different areas of applied mathematics, physics, engineering, med-
ical science, finance, etc. can be studied with the help of variational inequalities. Some of
such important problems include the networking problems, image processing problems, contact
problems, obstacle problems, viscocity problems, equilibrium problems, constrained or uncon-
strained minimization problems, and many more. The structure classical variational inequality
problems was based on a real linear or nonlinear functional defined either over a Banach space
or a topological space or a manifold. In the year 2000, the concept of the variational inequality
problem was extended and studied by Giannessi [19] in the setting of the finite dimensional Eu-
clidean spaces. Then several developments along with relevant results for the vector variational
inequality and vector complementarity problems have been implemented. For this perspective,
we may refer to Behera and Panda [7, 8], Gianessi [20]. Chen [9], Chen and Yang [10], Daniilidis
and Hadjisavvas [17], Behera and Das [6] and the references there in.

1.1 Absolute almost convergence and weak absolute almost convergence

The notion of absolute almost convergence and weak absolute almost convergence are introduced
by Das et al. [12] and later, the ideas have been studied by many researchers (for details, we may
refer to [13, 14, 27]). Let £, denote the Banach space of all real bounded sequences z = (z,,)
normed as usual by ||z|| = sup,, |z ].

A linear functional £ on /¢, is said to be a Banach limit (see, [1], p. 32) if it has the following
properties:

(1) L(z) >0,ifz >0 (.e., x, >0foralln € N),
(ii)) L(e) =1, wheree=(1,1,1,...),

(iii) £(Dx) = L(z), where (Dz),, = Tp41.
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According to Lorentz [23], a sequence x € { is said to be almost convergent to a number s, if
L(z) = s, for every Banach limit £. He has proved that z is almost convergent to s if and only if

1 i . .
p—— E Tm4i — S as m — oo uniformly in n.
m

i=0

Due to Maddox [25], a sequence x € ¢ is to be strongly almost convergent to a number s if

1 m
— Z l|€n+i — s|| = 0 as m — oo uniformly in n.
m+1 P

To introduce the concept of absolutely almost convergent of the sequence x € ¢, Das, Kuttner
and Nanda [12] have developed the sequence ¢, ,, as follows:
For m,n > 0, the sequence (., ) is defined by

Pm,n = tm,n - tmfl,ny (1.1a)
where
1 - .
tnL,n = T‘H ZOIHLJH, with t—lm = Tn—1- (llb)

Definition 1.1. [12] A sequence = € { is said to be absolutely almost convergent if

Z l9m.n || coverges unformly in n, (1.2)

m

where summation without limits runs from O to co.

The results on summable sequences have been discussed by various researchers. For refer-
ences, we refer King [21], Dasetal. [11, 12, 13, 14], Maddox [24, 25], Nanda et al. [30, 31] and
the references therein.

The idea of difference sequence space via the difference operator A of order one has been defined
by Kizmaz [22]

(A:E)k =Tk — Tk4+1, (]i) eN= {0, 1,2,3,... })
Later on, it was generalized to the case of integer order r by Et and Colak [18] using the differ-
ence operator A", where
T S i (T
(A"z);, = 2(_1)1(2,)%“, (k € N).

Recently, the idea has been extended and used in various applied and pure fields of mathematics

such as linear algebra, fractional calculus, approximation theory (see, for details [2, 3, 4, 32, 5,
28, 29, 16]).

1.2 Vector variational operator

In order to develop the VV-operator AT,, ,,, the weak absolutely almost convergence of the se-
quence = € {., the concept of difference operator A is used to a weak sequence T, ,, that is
related with ¢,, ,, defined in (1.1a). We summarize the idea of weak absolutely almost summa-
bility and related VV-operator. Assume that T : K C¢ X — C(X,Y) is any mapping, (z,) is
any sequences in K and (7}, ) is the functional sequence of ¢,, ,,. The difference sequence of
Ton,n 18 (AT, ) (called VV-operator) defined in Y C £ is developed as follows:

(i) The sequence (z,) in X is defined by 2, = z,,,, k € N.

(ii) For m,n > 0, (T,.,) is the sequence in Y C £, where

1 m
T = T—H §<T(3n)vxm+i> = <T(zmtm,n)> (1.3)

and

T_17n == <T(Zn),t_1,n> = <T(Zn),$n_]>. (14)
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(iii) For m,n > 0, the vector variational (VV) operator is defined by
ATm,n = Tm,n - Tm—l,n = <T(Zn)7 @m,n>

The weak absolutely almost convergence of a sequence is defined (Das [15]) as follows:
Definition 1.2. Let z € X C (., be any sequence. Then

(i) The sequence =z is said to be weak almost convergent to a number S, if L(z) = £ for every
weak topological limit £ (the immediate neighborhood of £ associated with U € 7).

(ii) The sequence x is said to be weak absolutely almost convergent if

ZHATmm || converges uniformly in n.

m

Das [15] has extended some summability theorems studied by Das et. al [12] in variational
prospective with the help of the VV-operator which are weaker in the sense of functional summa-
bility and its convergence.

2 The r™-difference VV operator and weak absolute almost summability
theorems

Let X,Y C ¢ and (X, Px) be an ordered topological spaces equipped with closed convex
pointed cone Px with nonempty interior. Also, let (Y, Py) be an ordered topological spaces
with topology o equipped with closed convex pointed cone Py with nonempty interior. Then
the topology 7 of X, i.e., 7(X) consists of open contractible subsets of X and topology o of Y,
i.e., o(Y) consists of open contractible subsets of Y. Every continuous map f : X — Y induces
a topology o consists of open contractible subset V of Y, and f(U) is open contractible and
finitely representable in V' € ¢ for each U € 7, i.e., if there are Uy, Uy, .. U € Tx such that

UcC EJIU,; foreach U C 7, then there exists a V' € o suchthat V C f(U) = U f( ;). Therefore

forx; € U;, i =1,2,...,n; the finite set A = {x1, 27, ...,x,} satisfies [, C U U; where I' 4 is

the contractible set indexed by finite set A C X. In general, one can choose U int(T4), the
interior of I' 4. Now if I"4 is open, then U =T 4.
Now, we denote the following sets:

(i) C(X,Y) is the family of all continuous maps from X to Y,
(ii) L(X,Y) is the family of all linear maps from X to Y,
(iii) BL(X,Y) is the family of all bounded linear maps from X to Y,
(iv) LC(X,Y) is the family of all linear and continuous maps from X to Y,

(v) LU(X,Y) is the family of all linear uniformly continuous functionals from X to Y im-
plying f € LC(X,Y) if and only if the linear continuous map f € C(X,Y’) induces a
topology o consists of open contractible subset V of Y, and f(U) is open contractible and
finitely representable in V' € ¢ foreach U € 7.

Let T : K € X — LU(X,Y) be any map (may continuous or noncontinuous). Here the
VV-operator is extended to r"-difference VV Operator (or difference VV-operator of order r) as
follows:

For m,n > 0,7 > 1, the sequences (t,,.n), (#},.,) and (P}, ,,) are defined as follows:
Z T With Ty, = (2.1a)
" [y
o =Nt = =" . Jtm—in 2.1b
o= 8t = V(s @.1b)

i=0

r o
= N = Z(—w( .)%_z,n. 2.10)

, 7
=0
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Note that the sequences defined above are in X C /... For our main investigation, we need to

define the followings:

Definition 2.1. A sequence x € {, is said to be

(i) absolutely almost convergent of order r > 1 if

Z |1 || converges unformly in 7. 2.2)
(i1) weak absolutely almost convergent of order r > 1 if
Z | Py, .|| converges unformly in n. (2.3)
Theorem 2.2. For r, m,n € N, we have
(1) (p;‘nn - (p:nfl,n = ¢);1n7
() (m—i4+ Dtpmoin — (m—1— D)tym_io1 = T2m—2i + Tom—2i—1 — Trm—i—1-
Proof. (i) From the definition, for r,m,n € N, we have
T r - ifT
Pmn = A tm,n = ;(_1) i tn—in,
Then,
T T - ifT ¢ ifT
Pmn — Pm—-1,n  — 2(71) <i)tm—i,n - Z(fl) (i>tm—i—l,n
i=0 i=0
T e
= Z(_l)z <Z) [tmfi,n tmfifl,n]
=0
ifT i
i=0
(i1) Also, we write
1 m
tm,n = m§$m+i with t—l,n =Tp_1,
Thus, we easily calculate that
1 m—1
s DI
7=0
and
1 m—i—1
tmfifl,n = m _*Z. Z Tm—i—1+4j-
7=0
Finally, we have
m—1i m—i—1
(m — i+ l)tm—i,n - (m —1— 1)t7n—z'—l = me,—zﬁrj,n - Z Tm—i—1+j,n
j=0 7=0
= Tam-2i T T2m—2i—1 — Tm—i—1. DO
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2.1 The r™-VV operator

For m,n > 0, the concept of vector variational operation of T}, ,, of order r € N (in short,
r"-VV operation) of Tom,») 1s defined as follows:

ATy =3 (1) C) Ty i 2.4)

=0

Remark 2.3. For r = 1, the equation (2.4) is reduced to first vector variational operation of
AT,  (see Das [15]).

Now, for more detail, we can calculate

8T = 3 ()T = §<—1>i D))t

=0

= (T(2n),A"tm.n)
= (T(zn), o1.n) 2.5)
Theorem 2.4. For r,m,n € N, we have
(0 i
Thn =T = Z(*l)i (:) (T(2n); Pm—in)s
=0
(i)

(m — 14 1)ArTm7nf(m — 17— I)ArTm_lm - ArTm_l_’n
T ; r
= Z(—l) (2) (T(2n), Tam—2i — Tm—i-1)-
i=0

Proof. (i) Suppose r,m,n € N. Then, we have

As a consequence,

ArTmn - ArTm—l,n - <T(Zn>a wrm,n> - <T(Zn>v 90:,7,—1,7)
Sy S (A YCR )
L (s

(i1)) Now, we take the left hand side of (ii) and find
(m —i+ I)ArTm,n_(m —i— I)ArTm—l,n - ATTm—l,n

r v m—i m_i—l
= ;(_W(i) <T(zn), jzoxm¢+j - jZO C10mil+j>
_ iz;;(_l)i (:) (T(zn)s Tam—2i—1)

= TO(—l)i <T> (T(2n), 2m—2i — Tm—i—1)-
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Now, we define the weak absolute convergence of a sequence x € X C /., as follows.

A sequence v € X C [ is said to be weak almost absolute convergent to a number S,
if L(z) = ¢ for every weak absolute topological limit £ (the immediate neighborhood of £
associated with U € 7).

A sequence x € X C { is said to be weak absolute convergent of order » > 1 if

ZHArTmm || converges uniformly in n for all » > 1.

m

Assume that for 7 < m,

Alorn) =(m—i+ Dtm—in —(m—i— Dtm_i—1 — T2m—2i—1-

2.2 Results on weak absolute almost summability theorems

The following theorem states that the absolutely almost convergence implying weak absolutely
almost convergence of the sequence x € K € X.

Theorem 2.5. Let T : K — BL(X,Y) be any map and the sequence x € K be absolutely
almost convergent of order » > 1. Then, x is weak absolutely almost convergent with respect to
difference operator A”, r > 1.

Proof. Since T : K — BL(X,Y), there exists a number R > 0 such that | T'(z)|| < R for all
x € K. Thus

Z KT (zn), @)
1T () 1Y ool

m

DA Tl

IN

converges uniformly in n for all » > 1, since € K is absolutely almost convergent, we have

>_ll¢h. |l converges uniformly in n for all » > 1. Hence x € K is weak absolutely almost
m
convergent of order r > 1. O

Throughout of this section, 7" is considered as a bounded linear continuous functional from
KtoBL(X,Y),ie,T: K — BL(X,Y).
Consider

ATy (Az) = (T(2) — A&, 1 0 (A()))
which implies
A'Tyn(Az) = (T(zn) — A, @1, (A2)))
= <T(zn) — A, Z a(n, k,m; T)ZEk>

= Zankzmr T(zn) — A, T)
k

where form > 1,r > 1,

a(n,k,m;r) = ii s ()Zan itk

k=0 j=14

<.

and
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Let (p,) be a sequence of real numbers such that p,, > 0 and supp,, < oco. We define the
following classes:

[TA,p| = { ZHTA p”<oo}

[TA,p| = {x : Z | T, (Az)||P™ converges uniformly in n} )

[TA, »; r} - {x ssup > ([ A" Ty (Az) [P < oo} .

If p,, = p for all n, we write [A], for [4,p]. If p = 1, we omit the suffix p write [A for [A,)].
Note that [T'A denotes the set of all weak absolute summable sequences. Similarly if p,,, = p for

all m, we write [T'A], and [Tfl]p for [T A, p and [Tfl, p] respectively. If p = 1 we write [T'A] and
[T A] for [T'A], and [T A], respectively. We have

Theorem 2.6. [T'A, p| C {Tfl,p]

Proof. Let z € [T A, p). Then there is an integer M > 0 such that

> ATy (Az) [P < 1. (2.6)

m>K
Hence it is enough to show that for fixed m, A" T}, ,,(Ax) is bounded. It follows from (2.6) that
|A" T, 5 (Az)|| < 1 for m > K and all n.

If m > 1, then
(m+1)AT,, ,(Az) — (m — 1)A"™ T, ,(Ax) Zan+m k Z < ) Zn) — A&, Tk).
Since, T'(z,) — A € BL(X,Y), so for any fixed m > M,

Zan+m k )‘fa I'k> <T(2n) - )\ga Zan+n1,kxk>
k

is bounded in Y, implying AT},,,,(Az) is bounded in Y for all m,n. This proves that [T'A, p|] C
[TA, p]. This completes the proof of the theorem. i

Theorem 2.7. [T A, p] is linear matric space paranormed by the maps v : K — R (the set of all

real numbers) and w : K — R defined by
z) = {Z |T A, (x) P}

where M = max{1, sup p, }. The space [T'A, p| is paranormed by

w(z) = sup {Z ||ATTm7n(Aa:)||p’"} . 2.7)

If infp,,, > 0, then the space [Tfl, p} is paranormed by (2.7).
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Proof. Because of Theorem 2.6, (2.7) is meaningful, for © € [T'A,p]. The proof is a routine
verification and uses standard techniques, therefore we omit the details. But it may be noted that
there is an essential difference between the proof of [T'A, p] to be paranormed and that of [TA, pl.
As one step in the proof we have to show that Az — 0 as A — 0 for fixed z. If z € [T'A, p], then
for given ¢ > 0, there is a K > 0 such that for all n,

> A T (Ax) P < e (2:8)
m>K
If A < 1,
> A T n(AAZ)[P < ATy (Az) [P <€
m>K m>K

and since, for fixed K,
K-1
AT, (AAZ)||P™ — 0 as A — 0,

m=0

this proves the result. But if we are given that x € [T/i, pl, then (2.8) need not be true. Now if
infp,, > 0, then there is some constant § > 0 such that p,, > 6 for all §. Hence for |\| < 1,
IA[Pm < |A|?, so that

w(z) < |Mw(z).
Thus {Tfl, p} is paranormed by (2.7). This completes the proof of the theorem. O

In order to prove next Theorem we recall the following lemma studied by Maddox([24], p.
168).

Lemma 2.8. [24] Suppose that

(1) > llamn || converges for each n,
m

(i) > |lamn|l = 0as n — co.
m

Then > ||amn || converges uniformly in n.
m

Theorem 2.9. If p > 1, then [T A, p] C [T'A, p.

Proof. Suppose that x € [T'A, p| and m > 1. Then, it is trivial for p = 1 and for p > 1,

- m p
m + 1 ZZ < )j An—itj,k <T(Z71) - A£a£k>
j=1 k
= 7p Z < ) ZH% gk (T(2n) = A, mp) |7
=0 j=1
This is due to the Holder’s inequality. Hence,

Z |A™ Ty, (A) [P

= Z mP(m + 1)P z; <i>jp Xk: llan—itjk (T(zn) = A& i) [P
i=0 j

— - i\ L _ P S ;

=33 (}): S s (o) X620l 32 by

P

DHICHH

=0 j

Zan z-‘r]k )_)‘57xk>
k
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Since a(n, k,0) = ank, we have

Z||A7 mn Aw Hp Z

i=n+1

p

Z aik — A, )

Therefore the hypothesis of Lemma 2.8 is satisfied with a,,,, = ||A" Ty, 0 (A2)|P. This com-
pletes the proof of the theorem. O

3 Applications

Let B be a Banach space (reflexive or non-reflexive) and X = (X, 7) be a quasi-reflexive topo-
logical vector space modeled in 3 with topology 7 consists of open contractible subsets of X. Let
E = ran(T) the range of T be nonempty closed convex totally bounded subset £ C L(X,Y)
and the inverse map 7~ ! : £ — X satisfies

(i) T~'(E) is finite dimensional, or

(i) T~'(E) is finitely representable in U N K € 7 for every finitely representable setin T'(K) C
L(X,Y).

Assume that the pairing (f, z) represents the value of f € L(X,Y) at € K and the pairing
(f,x) represents

(f,z) = (f,x), if X and Y are of same dimension,
' (f,x)(f,x), if X andY are of different dimensions.

Let y’ denotes the transpose of y € ¥ and Q C Y be a nonempty subspace in Y satisfies the
following property: if «A’C + SC'B > Oforall a,8 >0and A, Be Q. ={yeQ:y>
0}, then C € Q. The following lemma is shown to form the generalized vector variational
inequality problem with an eigenvalue.

Lemma 3.1. Let w(y), 2(y) € Q. foreachy € X, (w) = w'w for each w € Y and

A = min 2®)

vek (2(y))

Then for all A > 0 one has w(y) > Az(y) foreach y € X.

Proof. Since A\; = min <<w<<y>> for all A > 0, it follows that
yeK 2(y))

(w(y)) — Az(y)) 2 0
=  w(w—Az)+ ANw' —2")z>0.

Hence we have w — Az > 0 for all A > 0, i.e., for each y € X, w(y) > Az(y) for all A > 0. This
completes the proof. O

Based on the result of Lemma 3.1, the following generalized vector variational inequality
problem (GVVIP) is defined. Assume that for ¢ € LU(X,Y)and T : K — E C LC(X,Y)
such that (T'(y), x), (¢, z) € Q4 forall z,y € K, where K C X is a closed convex pointed cone
in X. Suppose there exists a vector valued function n : K x K — X such that (£, n(y,y)) >0
for each y € K. The problem to find A; € R such that

(T(y),n(y,v))

A1 = min
' gervior (6 n(y,y))

then A; is the lowest eigenvalue of the generalized vector variational inequality problem is to
find
y € K such that(T'(y), n(z,y)) >p A&, n(z,y)) forall z € K. (GVVIP)



Weak absolute summability theorems and related... 331

Remark 3.2. In particular, if n(z,y) = y, then

A= min L@y)

ver\{0}  (£,y)
is the lowest eigenvalue of the generalized vector variational inequality problems to find
y € K such that(T'(y),z —y) >p M&,xz —y) forallz € K (VVIP)
which coincides with the problem studies by Miersmann [26] if Y = R"™.

Forxz # y € K C X, let xy and Ty be two paths connecting = and y which are defined as
follows

zy={ue K:u=y+itn(z,y) €K, z,y € K,t €[0,1]}
zy={ue K:u=y+tlx—y)eK, z,ye K, t€]0,1]}.
Let S(T) and S(&) be two solution sets defined by
S(T)={y € K : (T(u),n(z,y)) > (T(u),z —y) forall z € K,u € zy}
S&) ={y € K: (¢(u),n(z,y)) < ({(u),z —y) forall z € K,u € zy}.

Theorem 3.3. If 2y € K solves the problem (VVIP) on z € S(T) N S(E), then xy € K solves the
problem (GVVIP) on K.

Proof. Given zy € K solves the problem (VVIP) on z € S(T') N S(¢), implying
(T(u),n(z,y)) = (T(w),z—y) = M(u),z—y)
AME(u),n(z, y)).

forall z € K, u € zy and A > 0. Hence 2y € K solves the problem (GVVIP) on K. This
completes the proof. O

%

To study the existence theorem of the vector variational inequalities, the concept of sequen-
tially consistent and stability for a vector inequality problem is introduced (see, for details Das

[L5D).

(i) The vector inequality problem G(y,z) >p O for all z € X and y € K is sequentially
consistent and stable if the following condition holds:

1
Pm\ M

sup Zmilijp v’“ (1)1<:> (;annLj,kG(zn’wk yk)>

m j=1 1=0 v

V' (7) S w61

forall 2, € K and y, = Az, € K, [A| < 1.

L
M

(ii) The vector inequality problem G(y,z) >p O for all ,y € K is solvable on K if it is
sequentially consistent and stable on K.

The vector function G : K x X — Y is sequentially consistent and dominated with respect to 7
in a convex set if the following condition holds:
1
Pm } M
Y

sup {H; %H i]'pzr:(*l)i (:) <; an itk G (2n, (2, yk)))
1 (5) Sl Glom - wlP

i=1 i=0
1

m r M

S

" m j=1 =
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for all zy, yr = Azg, € K, [N < 1, 2, € N(yi) = {xx : [|[zx — yx|| <e€,e>0}.
The following result establishes the solvability theorem of the problem (VVIP) via sequen-
tially consistency and stability of the problem (VVIP).

Theorem 3.4. If all the conditions of Theorem 2.7 are satisfied, then the problem (VVIP) is
sequentially consistent and stable in K, implying (VVIP) is solvable on K.

Proof. Since all the conditions of Theorem 2.7 are satisfied, [Tfl, p} is paranormed by (2.7),
i.e.,
w(Az) < |Aw(z)

which implies
w(y) < |)\\6w(a7) < w(x)

forallz € Kandy = Az € K, |A\| < 1,1ie.,

1 1

M M
w(y) < w(z) = sup {Z ArTm,n(Ay)Ilpm} < sup {Z IINTm,n(Ax)II”"‘}

forallz € Kandy = Az € K, || < 1,1ie.,

1

Pm } M

1

Pm\ M
b

sup,, {zm sz S0 S (1) () i (T(zn) — AE )

=0

<sup, { 5[ S i S0 S0 ansin T - A

for all z;, € K and y;, = Az, € K, [A\| < 1, implying

= =0

Slyllp { Z Z m + 1 Z] Z () an—i+j7k<T(Zn) - >\§, yk> }

&

Pm

<sup{ Y Z e Zj Z <> an—itj k(T (2n) — A&, yr)

n
m = =0

Pm M

SSEID M) DD DD WY () PAHCIENERTEE

<

T

1 ud )
<supd SN S S (1) v TG A
m k 1

{HZ m 1 ZJ Z z(:) (; an—itjh (T (2n) = >\5»2/k>> pm}M

1

M

< s:p {Z 1 Z] Z ZC) (Z’; An—i+j,k ||<T(Zn) — X, k)
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for all ;, € K and y, = A\xy € K, |A| < 1. Thus

i= O

P Z ml X_;J 2 0 ( ) (Zk: gk (T (2n) = N @y — yk>>
SS?LP ‘Z m+1 ;] < 0 ( ) (% an—itjk(T(2n) —Ag,xk>>
+ suP HZ 1 ZJ ( ) (Z an,iﬂ,k@(zn) — >\§»2/k>>
o p

1

M

forall z; € K and y,, = Az, € K, |A| < 1. Hence the problem (VVIP) is sequentially consistent
and stable in K. By the definition, (VVIP) is solvable on K. O

= =0

§2s1711p Z p—— Z] Z Z(:) (2}; an—itk [T (2n) — A yx)

To establish the solvability of the problem (GVVIP), the concept of sequentially consistent
and dominated with respect to 7 in a convex set is defined as follows.

The mapping T : K — L(X,Y) is sequentially consistent and dominated associated with &
with respect to 7 in a convex set if the following condition holds:

1
Pm \ M

= =0

HZmHZJ > () (Zanm,kmzn)Ag,nm,yk»)

Y
1

M

Theorem 3.5. Let the mapping 7' : K — L(X,Y) be sequentially consistent and dominated
associated with £ with respect to 7 in a convex set K. If all the conditions of Theorem 3.4 are
satisfied, then the problem (GVVIP) is sequentially consistent and stable in K, i.e., (GVVIP) is
solvable on K.

< 251:Lp Z +12] Z l<:) <;an—i+j,k”<T n) = Az — ) lly

= =0

forall z; € K and y, = Az, € K, [N < L.

Proof. Since the mapping T : K — L(X,Y) is sequentially consistent and dominated associated
with £ with respect to 7 in the convex set K, i.e.,

1
Pm Y\ ™M

s?lp Z m+ 1 ZJ Zo Z(:) (; an—itj k(T (2n) — )\Svn(fk,yk»)
= % y
< 2sup Z +1 Z] Z <:) (Zan_iﬂ,k (T (2n) = A&, 2 ykw;m)
" = =0 k
(3.1)

forall x; € K and y, = Az € K, |A| < 1. Since all the conditions of Theorem 3.4 are satisfied,
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the problem (GV VIP) is sequentially consistent and stable in K. Hence for every e > 0, we get

Pm Yy M

Z p—— Z] Z Z(:) (Z an—itj k(T (2n) — /\5777($k,yk)>>
k

= =0

7j=1 zO

zo(

< 2¢ sup Z +IZ] (

< 2¢ 'sup Z oo Z] (Z An—itjk (T (2n) — )\€7$k>|pm>
n 71 k

)
> (g an—itjk [[(T(2n), 2k) Ip’"> .

w2ty 123 > () (Zan_i+j,k||<xg,xk>||”m>
n k

= i=0

for all z;, € K and y, = A\xy, € K, |\| < 1. Therefore the problem (GVVIP) is sequentially
consistent and stable in K, implying (GVVIP) is solvable on K, which completes the proof. O

Conclusion

The concept of vector variational difference operator of order r is newly defined and is used to
study the existence of the solution of the vector variational inequality problems in the presence of
weak almost absolute summability theorems. Later the existence of solution of the generalized
vector variational inequality problems is studied with the help of the concept of sequentially con-
sistent and dominated operator. The work can be further extended to difference vector variational
operator of fractional order.

References

[1] S. Banach, Theorie des operations linearies (Chalsen, N. Y. 1955).

[2] P. Baliarsingh, L. Nayak, A note on fractional difference operators, Alexandria Eng. J., 57 (2) (2018),
1051 - 1054.

[3] P. Baliarsingh, On a fractional difference operator, Alexandria Eng. J., 55(2) (2016), 1811 - 1816.

[4] P.Baliarsingh, S. Dutta, On certain Toeplitz matrices via difference operator and their applications, Afrika
Mat. , 27(5-6) (2016), 781-793

[5]1 F. Basar, Summability theory and its applications, Bentham Science Publishers, e-books, Monographs,
Istanbul, 2012.

[6] A. Behera, P. K. Das, Variational Inequality Problems in H-spaces, Int. J. Math. Math. Sci., Article ID
78545 (2006), 1 - 18.

[7] A. Behera and G. K. Panda, A. Behera and G. K. Panda, Generalization of Browder’s Theorem, Bulletin
of the Institute of Mathematics, Acadenmic Sinica, 2 (2) (1993), 183 - 186.

[8] A.Behera, G. K. Panda, Variational inequality in Hausdor(f topological vector space,Indian J. Pure Appl.
Math., 28 (2) (1997), 181 - 187.

[9] G.Y. Chen, X.Q. Yang, The vector complementarity problem and its equivalences with the weak minimal
elements in the ordered spaces, J. Math. Anal. Appl., 153(1) (1990), 136 - 158.

[10] G. Y. Chen, Existence of Solutions for a Vector Variational Inequality, An Extension of the Hartmann-
Stampacchia Theorem, J. Opt. Theory Appl., T4(3) (1992), 445 - 456.

[11] G. Das, Absolute Convergence and Strong convergence with periodicity, J. London Math. Soc., 2(6)
(1973), 337 - 347.



Weak absolute summability theorems and related... 335

[12]

[13]

[14]

[15]

[16]
(171
(18]
[19]

[20]

[21]
[22]
[23]

[24]

[25]
[26]
[27]
(28]

[29]

[30]

[31]

[32]

[33]

G. Das, B. Kuttner, S. Nanda, Some sequence spaces and absolute almost convergence, Trans. American
Math. Soc., 283 (2) (1984), 729 - 739.

G. Das, B. Kuttner, S. Nanda, On absolute almost convergence, J. Math. Anal. Appl., 161 (1), (1991),
50-56.

G. Das, S.K. Mishra, A note on a theorem of Maddox on strong almost convergence, Mathematical Proc.
Cambridge Phil. Soc., 89 (1981), 393 - 396.

P. K. Das, Weak Absolute Summability Theorems and its Application to Find Schauder Basis Solution of
Vector Variational Inequalities in Quasi-Reflexive Contractible Topological Vector Space, Adv. Nonlinear
Var. Ineq., 22(2) (2019), 43 - 72.

K. R. Devi, B.C. Tripathy, Cesaro summable relative uniform difference double sequence of positive linear
functions, Palestine J. Math., 14(2)(2025), 12-20.

A. Diniilidis, N. Hadjisavvas, Existence theorems of vector variational inequalities, Bull. Austral. Math.
Soc., 54 (1996), 473-481.

M. Et, R. Colak, On some generalized difference sequence spaces, Soochow J. Math., 21 (1995), 377 -
386.

F. Giannessi, Vector Variational Inequalities and Vector Equilibria, Wiley, New York, (1980).

F. Giannessi, Theorems of alternative, quadratic programs and complementarity problems, in: R. W.
Cottle, F. Giannessi, J. L. Lions (Eds.), Variational inequalities and Complementarity problems, Kluwer
Academic Publishers, Dordrecht, Holland, (2000).

J. P. King, Almost summable sequences, Proc. Amer. Math. Soc., 17 (1966), 1219 - 1225.
H. Kizmaz, On Certain Sequence spaces, Canad. Math. Bull., 24(2) (1981), 169-176.

0O.G. Lorentz, A contribution to the theory of divergent sequence, Acta Math., 80 (1948), 167 - 190. Canad.
Math. Bull., 24 (2) (1981), 169 - 176.

1. J. Maddox, Spaces of strongly summable sequences, Quart. J. Math. Oxford Ser.(2), 18 (1967), 345 -
355.

I. J. Maddox, A new type of convergence, Math. Proc. Camb. Philos. Soc., 83 (1978), 61 - 64.
E. Miersmann, Verzweigungsprobleme fiir Variationsungleichungen, Math. Nachar, 65 (1975), 187 - 209.
M. Mursaleen, Absolute almost convergent sequences, Houston J. Math., 10(3)(1984), 427-431.

M. Mursaleen, A. K. Noman, On some new difference sequence spaces of non-absolute type, Math. Com-
put. Modelling, 52 (2010), 603 - 617.

M. Mursaleen, A. K. Noman, On generalized means and some related sequence spaces, Comput. Math.
Appl., 61 (2011), 988 - 999.

S. Nanda, Some sequence spaces and almost convergences, J. Austra. Math. Soc., 22 (Series A) (1976),
446 - 455.

S. Nanda, Strongly almost summable and strongly almost convergent sequences, Acta. Math. Hung., 49
(1987), 71 - 76.

L. Nayak, G. Das, B.K. Ray, An estimate of the rate of convergence of Fourier series in the generalized
Holder metric by deferred Cesaro mean, J. Math. Anal. Appl., 420 (2014), 563 - 575.

G. Stampachchia, Formes bilineaires coercivities sur les ensembles convexes, C. R. Acad. Sci. Paris, 258
(1964), 4413 - 4416.

Author information

P. K. Das, Department of Mathematics, School of Applied Sciences, KIIT Deemed to be University,
Bhubaneswar, India.
E-mail: dasprasantkumar@yahoo.co.in

P. Baliarsingh, Department of Mathematics, Institute of Mathematics and Applications, Bhubeneswar, India.
E-mail: pb.math10@gmail.com

L. Nayak, Department of Mathematics, School of Applied Sciences, KIIT Deemed to be University,
Bhubaneswar, India.
E-mail: laxmipriyamath@gmail.com



	1 Introduction
	1.1 Absolute almost convergence and weak absolute almost convergence
	1.2 Vector variational operator

	2  The rth-difference VV operator and weak absolute almost summability theorems
	2.1 The rth-VV operator
	2.2 Results on weak absolute almost summability theorems

	3 Applications 

