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Abstract In this paper, we revisit the results of Martindale III and Wang on the additivity of n-
multiplicative isomorphisms. Motivated by their results on this class of mappings, we generalize
the concept of n-multiplicative isomorphism introduced by Wang and establish its additivity
under the conditions proposed by Martindale III. As a consequence, we apply the obtained result
to the class of standard operator algebras.

1 Introduction

Let n > 2 be a positive integer. We denote by S,, the set of all permutations of the set
{1,2,--- ,n}.

Let PR and & be arbitrary associative rings (where 93 need not have an identity element) and
o an element of S,,. A mapping ¢ : R — & is called a multiplicative homomorphism (resp., mul-
tiplicative anti-homomorphism) if p(a1az) = v(a1)p(az) (resp., p(araz) = w(az)e(ay)), for all
elements a1, ay € R, and a multiplicative isomorphism (resp., multiplicative anti-isomorphism)
if in addition ¢ is bijective. A mapping ¢ : R — & is called a n-multiplicative homomorphism
(resp., n-multiplicative anti-homomorphism) if ([, a;) = [Ti—; p(a;) (resp. ([, ai) =
[T, ¢(an—it1)), for all elements ay,--- ,a, € R, and a n-multiplicative isomorphism (resp.,
n-multiplicative anti-isomorphism) if in addition ¢ is bijective. A mapping ¢ : R — G is
called a n-multiplicative o-homomorphism if o(IT;_, a;) = [I;-, ¥(as(;)), for all elements
ay,--- ,an € R, and a n-multiplicative o-isomorphism if in addition ¢ is bijective. A map-
ping ¢ : R — & is called additive if p(a1 + az) = p(a1) + w(az) for all elements ay, ay € K.

The study of the question of when n-multiplicative isomorphisms are additive in the area of
associative rings has attracted the interest of several researchers. The first result in this direction
is due to Martindale III [3] who obtained a pioneer result in 1969, which in his condition requires
that the ring possess idempotents. He proved the following result:

Theorem 1.1. /3, Main Theorem, pp. 695] Let *R be an associative ring such that ‘R contains a
SJamily {e.|a € A} of nontrivial idempotents satisfying the following properties:

(i) If x € R is such that xR = 0, then x = 0;

(ii) If x € R is such that e, Rx = 0 for all o € A, then x = 0 (and hence Rz = 0 implies
x=0);

(iii) For each o € A and x € R, if eqreaR(1z — o) = 0 then eqxe, = 0.
Then any multiplicative isomorphism ¢ of R onto an arbitrary associative ring S is additive.

An interesting consequence of Theorem 1.1 is the following Corollary.

Corollary 1.2. [3, Corollary, pp. 697] If R satisfies the conditions of the Theorem 1.1, then any
multiplicative anti-isomorphism @ of R onto an arbitrary associative ring G is additive.
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The Theorem 1.1 was later generalized by Wang [4]. He proved the following result:

Theorem 1.3. [4, Corollary 3.1] Let R be an associative ring such that R contains a family
{ea|a € A} of nontrivial idempotents satisfying the following properties:

(i) If x € R is such that xR = 0, then z = 0;

(ii) If v € R is such that e, Rx = 0 for all « € A, then x = 0 (and hence Rx = 0 implies
z=0);

(iii) For each o € A and x € R, if eqre,R(1zx — o) = 0 then eqxe, = 0.
Then any n-multiplicative isomorphism @ of R onto an arbitrary associative ring G is additive.

Inspired by these results, in this paper we unify the results of Theorem 1.1, Corollary 1.2,
and Theorem 1.3 for the class of n-multiplicative o-isomorphisms. In addition, we apply the
obtained result to the class of standard operator algebras.

We conclude this section by presenting the following well-known result, which will be used
throughout this paper.

Let e; be any nontrivial idempotent of R and formally set e; = 19z —e;. Then R has a Peirce
decomposition R = Ry & Rz & Rai @ Ry, where R;; = e, NRe; (1 < i,j < 2), satisfying the
following multiplicative relations R;; R C 01N, where d;1, is the Kronecker delta function.
Throughout this article, z;; denotes an arbitrary element of fR;;, so that any z € R admits a
unique decomposition z = zy; + 212 + 221 + 222, Where each z;; is the (¢, j)-Peirce component

of z.

2 The main result
Let us state our main theorem.

Theorem 2.1. Let R be an associative ring such that R contains a family {e,|a € A} of non-
trivial idempotents satisfying the following properties:

(i) If x € R is such that xR = 0, then x = 0;

(ii) If v € R is such that e, Rx = 0 for all a € A, then x = 0 (and hence Rx = 0 implies
T = O);

(iii) For each o € A and x € R, if eqre,R(1x — o) = 0 then eqxe, = 0.

Let o be any permutation in S,,. Then any n-multiplicative o-isomorphism ¢ of R onto an arbi-
trary associative ring S is additive.

Based on the techniques presented by Martindale III [3] we organize the proof of Theorem
2.1 in a series of Lemmas.

Let o be any permutation in S,, ¢ : R — & a n-multiplicative o-isomorphism and e; an
idempotent of the family {e,|o € A}. From Theorem 1.1 and Corollary 1.2 we can assume that
n > 3. Therefore we begin with the following.

Lemma 2.2. ©(0) = 0.

Proof. Since ¢ is surjective we can choose an element x € R such that ¢(z) = 0. It follows that

©(0) = (20---0) = (0) - - p(0)p(x) p(0) - - - p(0) = ©(0) - - - ©(0)0 p(0) - - - p(0) = 0.

mn terms

o~ 1(1) terms o~ 1(1) terms

O

The following lemma will play a fundamental role throughout this article in the study of
additivity. For any elements z, y € R, consider z to be the preimage of the element o (x)+¢(y) €
G, that is, z € R satisfying ¢(z) = p(z) + ¢(y). Based on how the mapping ¢ acts on products
of n elements of R in which z appears as one of the factors, this lemma will serve as a tool for
investigating the nature of the (i, j)-Peirce components of the element z, when combined with
the properties of the Peirce decomposition and conditions (i)—(iii) of Theorem 2.1.
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Lemma 2.3. Let z,y, z be arbitrary elements of R such that ¢(z) = ¢(z) + ¢(y). Then the
following hold:

(i) p(ry - rp_oza) = o(ry - -rp_owa) + @(ry -+ rp_2ya),
(ii) @(ri -+ rn2az) = (r1 - Th_2ax) + (11 Th_2ay),

(iii) p(azrs - -rn) = plazrs - ry) + layrs - -1n),

(iv) o(zary---ry) = @(zars - ry) + @(yars - -ry),

(v) p(zry-rp_1a) = p(xry - -rn_1a) + p(yry - - -rp_1a),

(vi) plary - rp_12) = p(ary - rn_1x) + p(ary - rn_1y),
for all elements a,ry,--- ,r, € R.
Proof. (i) Let i,5 (1 < 4,5 < n) be indexes such that o(i) = n — 1 and o(j) = n. Two
cases are considered. First case: 1 < o7 '(n — 1) < o7'(n) < n. We split the first case into
the following subcases: 1 < o7 !(n —1) < o7 '(n) < n, 1 <o '(n—-1) < o7l (n) = n,

l=0""n-1)<o'(n)<nand 1 =o' (n—1) < 07!(n) = n. In this first subcase, we
have

o(ry -+ rn_nza)

o~ (n—1) terms

=0(ro))  P(Ta(i=1))P(2) ©(Toir1) - @(ro(i=1))P(a@) P(To(it1) - ©(Tom))

o~ !(n) terms

o~ 1(n—1) terms

=o(ro(1)) - 0o (0(@) + ©(1) @(Toiirny) - e(Toi—1))e(a)

o~ 1(n) terms

@(ro(j+1)) e (p(TO'(TL))

o~ (n—1) terms

= 80(7”0(1)) cee ‘P(Ta(i—]))<p<x) ‘p(ro(i-&-l)) T @(Ta(j—l))w(a) @(Ta(jﬂ)) T @(Ta(n))

o~ !(n) terms

o~ !(n—1) terms

+@(roy)  (ro(i—1)) W) ©(To(ir1) - 0(To(i—1)P(a) ¢(Toi+1) - @ (To(n))

o~ !(n) terms

=p(r1 - Th_axa) + @(ry - Tp_2ya).

The proofs of the remaining subcases are similar to the proof of first subcase and are therefore

omitted. Second case: 1 < 0~!(n) < 0~'(n — 1) < n. The proof is entirely analogous to that of
the first case and is therefore omitted.

(ii), (iii) and (iv) The proofs are entirely similar to case (i), so we omit them.

(v) Leti,j (1 <4,7 < n)beindexes such that o(i) = 1 and o(j) = n. Two cases are considered.
First case: 1 < o7 !(1) < o7!(n) < n. We split the first case into the following subcases:
1l <o '(1) <o '(n)<n, 1 <o '(1) <o l(n)=n1=0""11) <07 (n) < nand
1 =07!(1) < 07! (n) = n. In this first subcase, we have

o(zry - ry_1a)

o~ 1(1) terms

= SD(TU(I)) T @(Ta(ifl))(p(z) L)0("00(241)) T @(ra(jfl))go(a) L)0(7ntf(j'+l)) T @(Ta(n))

o~ 1(n) terms
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o~ '(1) terms

=0(ro(1)) - 0(Tai—1)) (0(x) + ©(¥) @(Toiirn)) - - 0(Toi—1))e(a)

o~ !(n) terms

O(To(i+1)  P(Ta(n))

o~ 1(1) terms

= 80(7”0(1)) T W(%(i—]))@(x) @(%(Hl)) e @(Ta(j—l))@(a) @(To(ﬁl)) T @(Ta(n))

o~ !(n) terms

o~ (1) terms

+@(roy)  P(To(i=1)P¥) ©(To(ir1) - 0(To(i—1)P(a) ¢(Toi+1) - @ (To(n))

o~ !(n) terms
=p(xry - -rp_1a) + @(yr2 - Tp_1a).

The proofs of the remaining subcases are similar to the proof of first subcase and are therefore
omitted. Second case: 1 < o~ '(n) < 0~!(1) < n. The proof is entirely analogous to that of the
first case and is therefore omitted.

(vi) The proof is entirely analogous to that of case (v) and is therefore omitted. O

Lemma 2.4. o(z;; + xj1) = o(zi;) + p(xjk), j # k.

Proof. First, assume that i = j = 1 and k£ = 2. Since ¢ is surjective, let z be an element of R
such that p(z) = ¢(z11) + w(z12). By Lemma 2.3(iv), for an arbitrary element a;; € Ry, we
have

o(zan) = p(zan e ---e) = p(xnaner - -e) + p(xnaer---er)
—— —— ——

n—2terms n—2 terms n—2terms
= 90(($11 + wlz)an).
This implies that za;; = (x1; + z12)a1; Which results in
(Z —(z11 + xlg))a“ =0. 2.1
Next, for an arbitrary element a;; € P3;; we have

o(zaz) = p(zazier---e1) = o(zr1a21 €1+ -~ e1) + p(zpaz e -+ - e)
—— —— ——

n—2 terms n—2terms n—2terms
= ¢((z11 + z12)a21)
which implies that zay; = (z1; + x12)az;. Thus
(z —(z11 + 1’12))&21 =0. 2.2)
Also, for arbitrary elements ay; € Ry and ry,--- ,7,—2 € R we have, by Lemma 2.3(i), that
@(r1 -+ rp_22a2) = @(r1 - rp_2r11022) + @(r1 - Tp_2T12022)
= 80(7“1 cerpoa(@y + l'lz)a22)-
This yields r| - - - 7,2 (2 — (@11 + 212)) az2 = 0 which implies
(z = (z11 +z12))an =0, (2.3)

by Theorem 2.1(ii). Yet, for arbitrary elements a1, € Rj; and ry,--- ,7,—2 € R we have
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o(r1 - rpzain) = @(r1 -+ rp_2xiian) + (1 - Th_2T12012)

= @(7“1 cerpa(Tn + Ilz)alz)
which implies that ry - - - 7,_» (zalz —(zn + xlz)alz) = 0. This results in
(z = (@11 + 212)) a2 = 0. 2.4)
From identities (2.1)-(2.4) we conclude that
(z— (z11 +212)) R =0

which yields z = x1; + z, by Theorem 2.1(i). Now assume that i = £ = 1 and j = 2. Again
we may find an element z of R such that ¢(z) = ¢(x11) + ¢(z21). By Lemma 2.3(ii), for an
arbitrary element a;; € 93;; we have

olanz) =¢(er1---eranz) = pler e anzn) + e e anza)
—— —— ——

n—2 terms n—2 terms n—2 terms
= @(all(xu + le))~
Hence a112 = aj1(z11 + z21), that is,
aln (z —(x11 + le)) =0. (2.5)
Next, for an arbitrary element aj, € 31, we have

anz) = pler---ejanz) = pler---eranxi) +eler---epane
p(anz) = ¢(er 1a122) = ¢(er Lani) + ¢(er 1 A1221)

n—2 terms n—2 terms n—2 terms
= <p(a12(a:11 + 3321))
which implies that a2z = aj2(z11 + x21). This results in
aip(z — (z11 + 221)) = 0. (2.6)

Also, for arbitrary elements ay; € SRy and ry,- - , 7,2 € R, we have

wlanzry - rp_2) = planxiry - rn_2) + @(anr - rp_2)

= @(022(1311 + x21)7 "'T’n—z)-
Hence (ax(z — (211 + 221)))7r1 - - n—z = 0 which implies that
az(z — (@11 +221)) = 0. 2.7
Now observe that, for arbitrary elements ap; € 93, and 7y, --- ,r,—2 € R, we have
o(azizry - rp—2) = e(aniznry - Tr—2) + @lan @ ry -+ rp_2)
= ¢(azi (@11 4+ 221)r1 -+ T02).
This results in (a2 (2 — (11 +221)))r1 - - - 7n—2 = 0 which implies that
az1(z — (z11 +221)) = 0. (2.8)
From identities (2.5)-(2.8) we obtain
%(Z — (l‘11 + 3321)) =0.

By Theorem 2.1(ii) we conclude that z = x| + z5;. Similarly, we prove the case i = j = 2 and
k =1 and its complement : = k =2 and j = 1. O
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In what follows, we are interested in proving that the mapping ¢ is additive on the spaces
MR, and MRy, as auxiliary steps in the proof of Theorem 2.1. Since ¢ acts on products of n
elements of R, the results will be established through a succession of intermediate additivity
results, obtained separately on i, and PR, by means of a progressive reduction in the order of
such products. The final results of the additivity of ¢ on each of these spaces will be given in the
last step of each of these successive processes.

Lemma 2.5. o(z12 + yi2tn) = ¢(z12) + ¢(z12t2).

Proof. First, note that the following identity holds

er---e1(er + y2)(z12 + ta2) = w12 + yiatan-

——

n—2terms
Let4,j (1 <4i,j < n)beindexes suchthat (i) = n—1and o(j) = n. Two cases are considered.
First case: 1 < o~ !(n — 1) < o7 !(n) < n. We split the first case into the following subcases:
l<oln-1)<ol(n)<n1<oln-1)<ol(n)=n1=0"tn-1)<o(n)<n
and 1 = 0~ !'(n — 1) < 07! (n) = n. In this first subcase, we have by Lemmas 2.2 and 2.4 that

o(z12 + y12t22)
=pler---erler + T2+t
<P( 1 1( 1 ylz)( 12 22))

n—2 terms

o~ (n—1) terms

=wp(e1) - pler)pler +yi2) pler) - plern) (w2 + t2) wler) - pler)

o~ !(n) terms
o~ 1(n—1) terms
=g(er) - plen)(pler) + o(yi2)) wler) - - wler) (p(zi2) + (tan)) eler) - - @ler)

o~ !(n) terms

o~ (n—1) terms

=p(e1) - pler)pler) pler) - pler)p(riz) wler) - pler)

o~ !(n) terms

o~ (n—1) terms

+p(er) - plen)p(yiz) pler) - plen)p(xi2) pler) - - pler)

o~ 1(n) terms

o~ (n—1) terms

+pler) - pler)pler) pler) - - wlen)p(taz) pler) - - pler)

o~ !(n) terms

o~ (n—1) terms

+p(er) - plen)p(yiz) pler) - - plen)p(ta) pler) - - wler)

o~ !(n) terms

=p(er---ererxn) +@(er e ynri) + e ---epertan) + ¢(er - - €1 yiatn)
—— —— —— ——

n—2 terms n—2 terms n—2 terms n—2 terms
=p(z12) + ¢(y12t22).

The proofs of the remaining subcases are similar to the proof of first subcase and are therefore
omitted. Second case: 1 < o~ !(n) < o~ !(n—1) < n. The proof is entirely similar to that of the
first case and is therefore omitted. Therefore, we have o(x12 +y12t22) = @(z12) +@(z12t22). O

Lemma 2.6. o(z11 + yi2t21) = o(z11) + o(z21t21).
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Proof. First, note that the following identity holds

er---ei(x +yi2)(er +tar) = x11 + yintar.
——

n—2 terms

Let4,j (1 <4,j < n)beindexes suchthat (i) = n—1and o(j) = n. Two cases are considered.
First case: 1 < o~ 1(n — 1) < o7!(n) < n. We split the first case into the following subcases:
l<o'n—1)<o'n)<n, <o 'n-1)<o'(n)=n,1=0"(n-1) <o (n)<n
and 1 = 0~!(n — 1) < 0! (n) = n. In this first subcase, we have by Lemmas 2.2 and 2.4 again
that

o(z11 + y12tar)
=pler---e(x + el +1
<P( 1 1( 11 ylz)(l 21))

n—2 terms

o~ (n—1) terms

=w(er) - pler)p(xn +yi2) pler) - plen)pler +tar) pler) - - pler)

o~ !(n) terms
o~ (n—1) terms
=g(e1) (e (e(zi1) +oyi2)) wler) - wler) (pler) + (tar)) eler) - - eler)

o~ !(n) terms

o~ (n—1) terms

=p(e1) - plen)p(xn) pler) - pler)pler) pler) - pler)

o~ !(n) terms

o~ (n—1) terms

+p(er) - plen)p(yiz) pler) -~ pler)pler) pler) - - pler)

o~ 1(n) terms

o~ (n—1) terms

+ @(61) T <P(€1)<P(3311) @(61) T 99(61)@(7521) %0(61) cee <P(€1)

o~ !(n) terms

o~ (n—1) terms

+ p(er) - plen)p(yiz) pler) - plen)p(tar) pler) -~ pler)

o~ !(n) terms

=p(er---erzner) +pler---eryner) + pler -+ e xita) + @ler -+ e1 yiatar)
~—— N—— ~—— ~——
n—2 terms n—2 terms n—2 terms n—2 terms
=p(zn) + p(y12tar).

The proofs of the remaining subcases are similar to the proof of first subcase and are therefore
omitted. Second case: 1 < o~ !(n) < 07!(n— 1) < n. The proof is entirely similar to that of the
first case and is therefore omitted. Therefore, we have o(x11 +y12t21) = @(z11) +@(221t21). O

Lemma 2.7. ¢ is additive on Ry;.

Proof. Choose an element z € R such that ¢(z) = @(z12) + ¢(y12). Hence, for an arbitrary
element a1, € R, we have

<P(Za11) = go(zall €1 "61) = 90(3?12a11 €] "'61) + 80(2/12&11 S 61) =0.
N—— N—_—— N——

n—2terms n—2 terms n—2terms

This implies that za;; = 0 = (x12 + #12)aq; which results in

(Z — (fvlz + xlz))all =0. 2.9
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Next, for an arbitrary element aj, € P31, we have

zZa = zZeyr---era = X1p€r---€era —|— er--reypa
@( 12) 90( 1 1 12) <P( 12 €1 1 12) W(ylz 1 1 12)

n—2 terms n—2terms n—2 terms

=0=9((zn+yn)an),
by Lemma 2.3(v). This results in zaj2 = (z12 + y12)a12 which implies that
(z = (12 + y12)) a1 = 0. (2.10)
Also, for an arbitrary element a;; € $R; we have

QO(Z(JQ]) = <p(za2] [FREE 61) = 4,0(5512@21 e - 61) + <p(y12a21 ep--- 61)
~—— —— ~——

n—2 terms n—2 terms n—2 terms

= p(z12a21 + yn2a21) = (w12 + y12)az1),
by Lemma 2.6. Hence zay; = (z12 + y12)az1 which implies that
(z = (12 + y12)) a2 = 0. (2.11)
Now, observe that z = e z. Hence, for an arbitrary element a;, € PRy we have

o(zaxn) = ¢(e1---e1zan) = p(er -+ e xpaxn) + pler -+ - e1 yinan)
—— ——— ——

n—2 terms n—2 terms n—2terms

= p(x12a2) + ¢(ynaxn) = p(ran + yraxn) = <,0(($12 + ylz)azz)’

by Lemma 2.5. It follows that zax; = (y12 + y12)az which yields

(z = (y12 + y12))azr = 0. (2.12)
From identities (2.9)-(2.12) we obtain

(z—(z24+yn))R=0
which implies that z = x|, + yi2, by Theorem 2.1(i). O
Lemma 2.8. ¢ is additive on Ry;.
Proof. Let z11,y11 € Ry and z € R such that p(z) = p(z11) + ¢(y11). Note that

211) = pler---erzer) =pler---erxyier) +eler---e er) =oplxr1) + .
o(z11) = @ler---er ze1) = p(er---erziier) + (e ---eryner) = w(zn) + ¢(yn)

n—2terms n—2terms n—2 terms

This shows that z = z;,. Hence, for an arbitrary element a;, € 93, we have

90(26112) = 80(61 el Zalz) = @(61 €l xnalz) + 80(61 cree yualz)
N—— N—— N——

n—2terms n—2terms n—2terms

= p(z11a12) + ¢(y11a12) = e(z11a12 +ynan) = 90((1311 + y11)a12),
by Lemma 2.7. It follows that za12 = (11 + y11)a12 which implies that
er(z — (@11 +yn))eaR(lx —er) = 0.
Therefore, z = x1; + y11 by Theorem 2.1(iii). m|

Lemma 2.9. ¢ is additive on e R = R @ Rys.
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Proof. Let x11,y11 € Ri1 and x12,y12 € Ryp. By Lemmas 2.4, 2.7 and 2.8 we have @((z“ +

z12) + (yu +y12)) = (@i +yu) + (2 +y12)) = e(zi +yn) + e(zi2 + yi2) = @(zn) +
o(yn) +e(x2) + e(yi2) = e(zu +z12) + (Y11 + yi2)- O

We are ready for proving our main theorem.

Proof of Theorem 2.1. Let x,y be arbitrary elements of 2R and choose z € 2R such that p(z) =
©(x) + ¢(y). For arbitrary elements e, (o € A) and r € 2R, by Lemma 2.9 we see that

@(ear'z) = ()O(ea cr€q TZ) = Sp(ea e ’I“JJ) + Qp(ea cr€q ry)
—_—— —_—— —_——

n—2terms n—2 terms n—2terms
= @(earz) + pleary) = plears + eary) = plear(z +y))
which implies that e,z = e, r(z + y). It therefore follows that
eaR(z— (z+y)) =0,
for all « € A. By Theorem 2.1(ii) we conclude that z = x + y. O

Remark 2.10. The repeated use of conditions (i) and (ii) of Theorem 2.1, together with Lemma
2.3, to conclude that (2 — (z+y))R = 0 or R(z — (z+y)) = O implies z = = +y (and possibly
making use of condition (iii)), suggests that these techniques may be adapted to other types of
mappings aimed at the study of additivity, which may indicate that these procedures are not an
exclusive consequence of the n-multiplicative o-isomorphisms.

Corollary 2.11. Let R be a prime associative ring containing a nontrivial idempotent. Then
for each permutation o in S,, the n-multiplicative o-isomorphism ¢ of R onto an arbitrary
associative ring S is additive.

Corollary 2.12. Let SR be a prime associative ring containing a nontrivial idempotent. Then any
n-multiplicative anti-isomorphism o of R onto an arbitrary associative ring S is additive.

Let X be a Banach space. By B(X) we denote the algebra of all bounded linear operators
on X. A subalgebra of B(X) is called a standard operator algebra if it contains all finite rank
operators. It is well known that every standard operator algebra is prime. If dimX > 2, then
clearly there exists a nontrivial idempotent operator of rank one in 8 (X). Therefore, the follow-
ing corollaries are immediate consequences of Corollaries 2.11 and 2.12.

Corollary 2.13. Let X be a Banach space with dim X > 2. Let A be a standard operator algebra
on X. Then for each permutation o in S, the n-multiplicative o-isomorphism ¢ of A onto an
arbitrary associative ring G is additive.

Corollary 2.14. Let X be a Banach space with dim X > 2. Let 2 be a standard operator algebra
on X. Then any n-multiplicative anti-isomorphism ¢ of U onto an arbitrary associative ring &
is additive.

3 Conclusion remarks

In this paper we presented a study of additivity for a class of mappings that is broader than the
class of n-multiplicative isomorphisms, introduced by Wang [4], defined on associative rings
satisfying the conditions of Martindale III [3] with values in arbitrary associative rings. This
raises several relevant questions concerning possible extensions, such as: is it possible to extend
this study by weakening the bijectivity hypothesis, or by altering the nature of the mapping (see,
for example, [1] and [2])? Or by considering products more general than those of the monomial
type of degree n presented by Wang? Alternatively, could one consider other hypotheses than
those proposed by Martindale II1?
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