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Abstract In this article, we study the solvability of weakly singular integral equations uti-
lizing the techniques of measure of noncompactness and the Petryshyn’s fixed point theorem in
Banach algebra. Furthermore, we have examined our results with the help of example.

1 Introduction

Fractional calculus is widely used in different fields related to biological sciences, modern eco-
nomics, physics, chemistry, biology, mathematical modeling, control theory, and medicine. The
theory of fractional calculus generalizes the concepts of classical calculus from integer order to
non-integer as well as complex order (cf.[28]). Many authors discuss the theory and development
related to applications and have also provided different definitions for more accuracy and appli-
cability of fractional derivatives and integrals based on singularities of the kernel (cf.[27, 30].
Lately, two classes of fractional derivatives have been designed in the literature to improve the
quality of the fractional derivatives, including the singular and nonsingular kernel in the defini-
tion of the fractional order derivative (cf.[18]). On the other hand, the theory of integral equa-
tions is rapidly developing with the help of additional studies of fixed point theory, topology, and
functional analysis (cf. [4, 5, 13, 14, 15, 19, 25, 26]. Weakly singular integrals are considered
improper integrals. In contrast, singular integrals are interpreted in Cauchy as principal values,
and hypersingular integrals are considered in Hadamard. Generally, singular integrals are classi-
fied based on the strength of the singularity in the integrand, with weakly singular integrals being
one category. The treatment of weakly singular integrals falls into one of three categories: polar
and modified polar approaches, Duffy or triangular coordinates, and extrapolation methods [1].
This paper is dedicated to studying the following equation

2(p) = q(%f(%Z(ﬁ(@))% / " gl 2(C()) v, / iy - s@h(%MZ(’y(V)))dV), (L.1)

for all ¢ € I, = [0, b]. The functions ¢ € C(I, x R x R x R/R), f € C(I, x R,R),

g,h € C(I, x I x R,R) and 3,(, v : I, — I, are continuous functions.

Equation (1.1) includes many particular cases; (see [3, 29]). The existence result of integral
equations has been studied in many papers by using Darbo’s fixed point theorem and Petryshyn’s
fixed point theorem in different function spaces (cf.[6, 7, 17, 22, 23, 24, 31, 32, 34]). Here, we
deal with a class of fractional-order integral equations and give an effect on their solvability in-
side their domain of definition by Petryshyn’s fixed point theorem. The idea of using Petryshyn’s
fixed point theorem in order to study the solvability of functional integral equations for the first
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time was proposed by Kazemi and Ezzati [20]. The following statement describes the main rea-
sons why we use equation [20] and the excellence of our work. The first aim is to simplify the
conditions used by different authors in many papers. The second reason is that this paper sum-
marises the relevant work in this field. The third reason is that the bounded condition describes
that the "sub-linear condition" that has been managed in the literature (cf.[8, 9, 10])does not play
a significant role in realising the solvability of functional integral equations. Finally, we do some
special cases and examples that show the utilisation of fractional integral equations. "

1.1 Motivation

The result in this article is inspired by the wish to generalize the work introduced by Maleknejad
et. al.[29]. They operated Darbo’s fixed point theorem associated with measure of noncom-
pactness for nonlinear integral equations and got the existence result about the solutions. In this
paper, we have generalized their work in the form of fractional integral equations and obtained
some results about the solvability in Banach algebra. We have released the restriction on the
bounded condition explains the "sub-linear condition".

1.2 Outline

The paper is categorized into four sections including the introduction. In Section 1, a short
introduction linked to the importance of literature on the fractional calculus and integral equa-
tions are presented. In Section 2, we show some preliminaries and defines about the concept of
measure of noncompactness. In section 3, we prove solvability including condensing operators
via Petryshyn’s fixed point theorem and we test the utilization of this kind of fractional integral
equations.

2 Preliminaries

In this paper, we have some notations as

e [ : Banach space,

e B,: Closed ball at center 0 with radius r,

e 0B, Sphere in F around 0 with radius » > 0.

Definition 2.1. [2] Let F is a bounded subset of a Banach space F', and

a(R) —inf{o >0:FE= UEl withdiam F; < o, i = 1,2,...7n}

i=1
is called the Kuratowski measure of noncompactness.
Definition 2.2. [2] The Hausdorff measure of noncompactness is defined as
Y(E) =inf{o > 0 : there exists a finite o net for Ein F }. 2.1
These measure of noncompactness are mutually alike as follows
Y(E) < a(E) < 2¢9(E)
for any bounded set £ C F.
Theorem 2.3. [36] Let E, E € F and A\ € R. Then
(i) ¥(F) =0 ifand only if E is pre-compact;
(i) ECE = y(E) <y(E);
(iii) ¥ (ConvE) = ¢ (E);
(v) Y(EU E) = max{¢(E), ¥(E)};
W) Y(AE) = |A\[Y(E), where \E = {)\z:z € E};
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(vi) Y(E + E) < y(E) +¥(E).

In what follows, we focus on the Banach algebra F' = C([0, b], R) consisting of all real-valued
functions and continuous on the interval I;, = [0, b]. The space C[0, b] is equipped with the usual
norm

1]l = sup{|=()| : ¢ € [0, 0]}
The modulus of continuity of z € C]0, b] is defined as

wo(E) = lim w(FE, o)

o—0

such that
w(z,0) = sup{|z(¢) — 2(§)| : ¢, $ € [0,0], [ — @| < o}
and
w(E,0) =sup{w(z,0): 2z € E}.
Theorem 2.4. [20] The Hausdorff measure of noncompactness (2.1) is equivalent to

Y(F) = lim sup w(z,0) (2.2)

=0 ,cE
for all bounded sets E C C[0,b].

Definition 2.5. [35] Assume that 7" : ' — F' is a continuous mapping on F. 7" is called a k-set
contraction if for all £ C F with E bounded, T'(E) bounded

a(TE) < ka(E), fork € (0,1).

Moreover, if
a(TE) < a(E), Va(E) >0,
then 7T is called condensing map.

Theorem 2.6. [36] Let T : B, — F be a condensing mapping which satisfies the boundary
condition, i
if T(z) =kz, forsomez¢€ OB, thenk < 1.

Then the set of fixed points in 5, is non-empty. This is called Petryshyn’s fixed point theorem.

3 Main Results
Now, we study the Eq.(1.1) under the following assumptions;

(1) ge CIy x RxRxR,R), f e C(I, x R,R), g,h € C(I x I, x R,R),
and 5,(,~ : I, — I, are continuous functions.

(2) There exist non-negative constants k;, i = 1, ...,4 with k;k4 < 1 such that
lq(, ur, uz, uz) — q(, Uy, un, us| < ki|uy — | + ka|uz — 1in| + kslus — zl;
|f(@,2) = f@, 2)] < kalz — Z].

(3) There exists r > 0 such that g satisfy the inequality
sup{|q(p, w1, uz,u3)| : @ € Iy, uy € [—r,7],uz € [—L1b, L1],
uz € [—Lo|b(Inb — 1)], Lo|b(Inb — 1)[]} < r
where
Ly =sup{lg(p,v,2)| : o,v € I, and z € [-r, 7]},

Ly = sup{|h(p,v,2)| : p,v € I, and z € [—r,r|}.

Theorem 3.1. Under the assumptions (1) — (3) the Eq. (1.1) has at least one solution in F =
C(I).
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Proof. Define the operator T : B,, — E in the following form

@

(T2)(p) = q(w,f(%z(ﬁ(w)))v/o g9, v, 2(C(v)))dv, /Owlnlv — wh(%v,Z(v(V)))dV>

where B, = {z € C(I) : ||z|| < r}. Now, we show that T is continuous on B,.. Choose o > 0
and any z,z € B, such that ||z — z|| < . Then

[(T2)(¢) — (Tx)(p)]

q(% Fo,2(B(2))), / " 9o, 2(C(0)))dv, / il — glh(p.p, z(v(V)))dV>

—q (so,f(%r(ﬁ(w))),/Owg(%v,z(C(V)))dv,/owlnIV - wlh(%vvﬂf(v(V)))dV>

< q(%f«o,z(ﬁ(so)», [ atostcoman, [Tl - tplh(%%z(v(V)))dV>
~q (% a8, [ st s(c0)av, [ il = elnoor Z(V(V)))dV>
+ q(% HoalB). [ glom(cNa, [ by~ plto.r Z(W(V)))dV>
Q<<P, a3 [ alevalcO)avn [ tnly — eln(on zw(u)))du)
" q(so, o al8(e). [ st atca, [ tnly — plne.rn Z(W(V)))dl/>
—q<% Hea (3o [ alemalcO)dr [ tnly — eln(n x(v(V)))dV>
< kilf(e,2(B(9)) — fle,2(B(¥)))]

hs / "o, 2(C))) — gl v, (C(0))) v

ks /0 "Il — gl v, 21 (#))) — b, v, 2(3())) v

IN

bukal=(8(0)) = a(8(0) + kbl ) + k(o) | "Iy — pldv

< kika|lz — x| + kabw(g, o) + ksw(h, o)|elnp — @]
< kikgllz — x| + kabw(g, o) + kw(h, )],
where
w(g, o) = sup{|g(p,v,2) — qlp,v,2)| : o, v € Iy, z,x € [-1,7], |2 — 2| < 0}
and

W(h,U) = sup{|h(<p,z/, Z) - h’(@vy7]")| Lo,V E Ib,Z,J? € [_’I",’I"], |Z - Z‘| < U}'

From the uniform continuity of g(ip, v, z) and h(p, v, z) on the set I, x I, x [—r, r], we infer that
w(g,0) = 0,w(h,0) — 0as o — 0. Thus, the above fact prove that the operator T is continuous
on B,.
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Next, we prove that T satisfy the condensing map. Let E be bounded subset of F, o1,y € I}
with 1 < ¢, and |y — ¢| < o. For arbitrary o > 0 and z € E we have

IN

IA

IA

IA

[(T2)(p2) — (T2)(¢1)]

Q<902, £ (2 2(B(g2))), / ” glon v 2(Cw))dv. Il — palh(o, u,zm(v)))du)

q<sohf<¢l,z<ﬂ<w>>, / " gl v, 2(C())dv, / Ty - sonh(sm,u,z(w(u»)du)

Q<9027 F (2, 2(8(22)). / " gpn v 2(C()))dv. / "Iy — ealh(en.v. Z(’V(V)))dV>

—q<m, F (2 2(B(02))), / " glor, v, 2(C())dv, / "l — gilh(prr, Z(V(V)))dV>

+

q<m, F(e2 2(8(22)), / " gon v 2(Cw)))dv. / "l @lh(onr, z(v(V)))dV>

—q(% F (2 2(B(02))), /  glor v (). / "l ailh(onr. zw(u)))du)

P1

+

q<¢z,f<m,z<ﬂ<saz>>>, / a1, v, 2(C(v)))dv. / "y - wllh(%w,Z(v(V)))dV)

—q<m7 fer, 2(B(e1). / " gl 2(C())dv. / "l ailh(onr, Z(V(V)))dV>

+

q<soz,f<¢l,z</3<sm>>>, / " glor v 2(Cw)))dv, / Ty - </>1|h(<m,142(7(1/)))d'/>

—q<¢1, fer, 2(B(e1). / " gl 2(C()))dv. / "l alh(onr, Z(W(V)))dV>

k3

|7 b= (e 0y~ [T inly = b)) dr

®1

+hko 0 |g(9027l/72(<(’/)) - g(@lvyaZ(C(V))‘dV + ko - |g(302a sz(C(V)”dV

+ki[f (92, 2(8(02)) — f (92, 2(B(e1))| + k| f (02, 2(B(1)) — f1, 2(B(1))]

—qu(-[b,(f),
/S(Jz In|v — | h(p2, v, 2(v(v)))dv — /sz In|v — @o|h(p1, v, z('y(u)))du‘

.
|

AW In|v — @a|h(pr, v, 2(y(v)))dv — AW In|v — @i|h(e1, v, 2(y(v)))dv

+

+kabw, (Iy, o) + kaLi|pz — @1| + kika|2(B(w2) — 2(B(1)| + kiws (Iy, o)
_HUQ(IIJ?O')’

[ il = galla(on, 600 = Ao 2(0) i

®2 ©P1
Halh(r v 2GON)I[ [ il = galar = [T inly = gfav]
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Fhobwg (Ip, 0) + ko Lo + kika|2(B(2) — 2(B(e1)| + kiwy (Le, o)
+WQ(Ib’U)’

where
Ly = sup{|g(p,v,2)| : o,v € Iy, z € [-7, 7]},

L2 = Sup{|h(<p,1/,z)| LoV E Ib,Z € [_T7T}}7
wf(ll”(j) = Sup{|f(<)07z) - f(@ﬂz)| : 90535 € Ib7 ‘QD - <)5| < 0,z € [77"77"}}7

wfI(IbaU) = Sup{|q(@7u17u2au3) - Q(¢vulvu27u3)| : ()0795 € Ibv |50 - @‘ < a,

uy € [—r,r],up € [=L1b, L1b],u3 € [—L|b(Inb — 1), Lo|b(Inb — 1)|]},
w(Ip, o) = sup{lg(p, v, 2) = g(B, v, 2)| 1 @, B,v € I, |0 — §| < 0,2 € [, 7]},

wp(Iy, o) = sup{|h(p,v,z) — h(p,v,2)| 1 o, @, v € Iy, |0 — @| < 0,2 € [-r,7]}.

From above relations, we have

(T2)(p2) = (T2)(p1)] < kikalz(B(p2) — 2(B(¢1)| + kiws(Iy, o) + kabwy (Iy, o) + ko Lyo
+ k‘3wh(lb,a)|b(lnb — 1)| + k3L2|(p2 — <p1| erq(fb,O')

Thus, by the previous estimate, we have
w(Tz,0) < kiksw(z,w(B,0)) + kiws(Iy, o) + kabwy(Iy, 0) + k2 L1b + kswp, (I, 0)
+hk3Lro + wy (I, 0),
After taking supremum for z on F, taking limit as 0 — 0, we get
wo(TE) < (kika)wo(E).
Consequently
W(TE) < (kiks )i (E). (3.1)

The inequality (3.1) implies that the operator 7" is a condensing map. Finally, investigation of
condition 2.6 is remained. Now, let z € 9B,. If Tz = kz then ||Tz|| = k||z|| = kr and by
assumption (3), we can write

T2(g)| = ]q(so,fw,z(ﬁ(so))), | ate st [ lnlv—solh(%%Z(v(V)))du>’ <r

for all ¢ € I, hence ||T'z|| < ri.e k < 1. The proof is complete. o

Corollary 3.2. Assume that

(1) ge CIy x RxR,R), g,h € C(I, x I, x R, R),
and B,(,~y : I, — I, are continuous functions.

(2) There exist non-negative constants k;, i = 1,...,3 with k; < 1 such that

lq(p, ur,uz, uz) — g, ur, ta, ws| < kilup — ay| + kalup — ua| + kslus — azl;
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(3) There exists r > 0 such that q satisfy the inequality
sup{|q(p, w1, uz,u3)| : @ € Iy, uy € [—r,7],uy € [—L1b, L1],
uz € [—La|o(Inb — 1), Ly|b(Inb — 1)[]} < r

where
Ly =sup{|g(¢,v,2)| : o,v € I, and z € [—r, 7]},

Ly = sup{|h(p,v,2)| : p,v € I, and z € [—r,7|}.

Then

2(p) = q<¢,z<ﬂ<so>>, / " gl 2(C(v)))dv, / iy - so|h(ga,u,z<v<u>>)du>, (3.2)

has at least one solution in C(Iy).
Corollary 3.3. Let

(1) ge CIy x RxRxR,R), f € C(I, x R,R), g,h € C(I x I, x R, R),
and B,C,v : Iy — Iy, are continuous functions.

(2) There exist non-negative constants k;, i = 1,...,4 with ky + kg4 < 1 such that
lq(p, w1, uz,u3) — q@, 1, ua, 03| < kilup —a| + kalug — | + ksluz — us;

|f(907z) - f(%fz)\ < k4|2 - 2|'

(3) There exists r > 0 such that q satisfy the inequality
sup{|q(p, w1, uz,u3)| : @ € Iy, uy € [—r,7],uy € [—L1b, L1],
uz € [—La|o(Inb — 1), Lo|b(Inb — 1)[]} < r

where
Ly = sup{lg(p,v,2)| : ,v € I, and z € [-r, 7]},

Ly = sup{|h(p,v,2)| : p,v € I, and z € [—r,r|}.

Then

2(p) = f(%Z(ﬂ(@)))Jrq(% / " gl 2(C(v)))dv, / “in Iv—wh(%v,Z(v(V)))dV), (3.3)

has at least one solution in C(Iy).

Example 3.4. Let us consider the following integral equation in C [0, 1]

]
1 2y 2(¢?)¢’ /
2p) = —e Tt
¥ 5+ 3(1+¢* +¢°) 2\/ +<p2y4

cos(?) /wln|uf |1+cosf+|z\f\dy
5(1 + e#*+3 + 5sin(p3)) Jo 7+ver+1In(p) 7

(3.4)

for all € [0, 1]. Eq. (3.4) is particular form of Eq. (1.1) with

() = 0,7(0) = V@, B(0) = ¢*,V o € [0,1],
and
q(p, ur, uz,u3) = qi(p, u1) + g2, uz, u3),
where
1 -2 1 _ Z(<P2)<P

= +77 — 771 . 4, 5\
S+t 3 M T U 1Y)
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cos(¢?)
(14 e#*+3 + 5sin(yp?))

1
, U, U3) = Uy + u3,
@ (p, ua, u3) N 3

plw |

©
UZ:/Z@dV,
34
5 (l—i—gp V)
B wl L 4cos v+ |z2(VY)| 1 +cos /v + |z(v/V)]
u3z = l’lll/ §0| 7+ 2 2 .
0 vp? +In(p) 7+ v* +In(yp)

It is obvious that assumptions (1) and (2) of Theorem 3.1 are satisfied. We need to check that
assumption (3) holds true. Suppose that ||z|| < o,0 > 0, then

dV? h/(so7 I/’ Z) =

L o 2(0?)? z(v)

L s+ [ v
5+ o SHet+9) T\ vz (14 pi)

cos(¢?) /wln|1/— |1+Cosﬁ+|z(ﬁ
5(1+ ¥+ + Ssin(p?)) Jo AT U T n(y)

) = |

”du‘ <o,

for all ¢ € I,. Hence (3) holds if,

11 1

R — < g.

stzo+ 5(2+0) <o
It can be verified that o = 1.28 satisfies in the last inequality. Hence, all conditions of Theorem
3.1 are fulfill, then Eq. (3.4) has at least one solution in C[0, 1].

4 Conclusion

In the present study, we analyzed the existence of a solutions for weakly singular integral equa-
tions by Petryshyn’s fixed point theorem. We gave a example to confirm the efficiency of our
results. The interested researchers may obtain the existence of the solutions of Eq.(1.1) in differ-
ent Banach function spaces, e.g., Orlicz space, Sobolev space, Holder space, etc.
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