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Abstract.In this paper, we introduce a new application of Blaise and Blaise-Lucas numbers.
We define quaternions of the Blaise and Blaise-Lucas numbers. We calculate some important
theorems; Cassini, Catalan, Vajda and d’Ocagne identities for quaternions of the Blaise and
Blaise-Lucas numbers. We give the concepts of recurrence relation, characteristic equation,
roots of the characteristic equation, Binet formula and generating function for these numbers.
Finally, we give matrices representation of the Blaise and Blaise-Lucas Quaternions.

1 Introduction

Number sequences have been studied by many scientists until today. The most famous of these
number sequences are the Fibonacci sequences and Fibonacci number sequences have found
application in many branches of science, especially in algebra [1, 2, 3,4, 5,6, 7, 8, 9, 10, 11,
12, 13, 14, 15]. The Blaise and Blaise-Lucas number sequences are also two of many different
new number sequences have emerged. Blaise B,, and Blaise-Lucas C;, number sequences are
defined by Soykan and examined many properties of these numbers [16]. Blaise and Blaise-
Lucas number sequences satisfy fourth order linear recurrences. Blaise numbers are defined
by

B,=B, 1+By, 2+ DB,_3— 23”—47 n >4 (11)
with initial conditions By = 0, B; = 1, B, = 1 and B3 = 2. Similarly, the following equation
is also satisfied.

B,=B,2+2B, 3+ 1lwithBy=0, Bi=1, B,=1 1.2)
Blaise-Lucas numbers are defined by
Cn=0Ch1+Ch2+Cp3-2C,_4, n>4 (1.3)

with initial conditions Cy = 4, C} = 1, C, = 3 and C3 = 7. Note that the sequences {QB;, } ,>0
and {QC,, },,>0 can be extended to negative subscripts by defining

1 1 1 1

QB-, = EQBf(nfl) + EQBf(nfﬁ + EQBf(nf?:) - EQBf(n74)a
1 1 1 1

Q- = Q0 (no1)+5QC0 (n2) + 5QC_(n-3) = Q0 (n-v),

forn = 1,2, 3, ... respectively.

Blaise and Blaise-Lucas number sequences are closely related to many number sequences in
the literature. Adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-
Padovan, and modified Jacobsthal-Padovan numbers can be given as examples of these se-
ries [18]. We recall that adjusted Jacobsthal-Padovan sequence {K,},>0 , Jacobsthal-Perrin
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(Jacobsthal-Perrin-Lucas) sequence { Ly, },,>0, Jacobsthal-Padovan sequence {Q, } ,>0, and mod-
ified Jacobsthal-Padovan sequence {M,, },,>o are defined, respectively, by the third-order recur-
rence relations

Kpys = Ko +2K,, Ky=0,K =1K,=0, (1.4)
L,.s = Ly +2L,, Lo=3,L1=0,L, =2, (1.5)
Qntz = Qni1+2Q,, Qo=101=10=1, (1.6)
M3 = My +2M,, My=3M =1,M,=23. (1.7)

For more information on Jacobsthal-Padovan sequence, see, for example, [?] and [?].

There are close relations between Blaise, Blaise-Lucas and Jacobsthal-Padovan, Jacobsthal-
Perrin, adjusted Jacobsthal-Padovan, modified Jacobsthal-Padovan numbers. For instance, they
satisfy the following interrelations (see [16]):

2C, = —Kpp+6K, 1+ K,+2,
2B, = Kp+ Ky +2K, -1,
C, = L,+1,
52B, = 2L, +9L,1 + 10L,, — 26,
2C, = “3Qni2+2Qni1 +7Qn +2,
2B, = Qn2—1,
46C,, = —5M,ip —6M, 1+ 53M, + 46,
468, = 8M, +5Myy1 —2M, — 23,
and
2K, = 9Ch43 — Chy1 —6C, — 2,
2K, = —Bp+2+3B,+1,
2L, = Chyz—Chy,
4L, = -3B,;»+14B,1 —-9B8,+1,
26, = 4C,42+Chy +6C, — 11,
2Q, = —Bpy+2Bn1 + B, +1,
26M, = 3Chi2+4Ch41 +24C, —31,
2M, = —-Bp42+6B,1 —-3B,+1.

Quaternions are an important mathematical construct that is widely used in many engineering
fields, especially in 3D computer graphics, robotics, quantum mechanics, and many other fields.
In mathematics, quaternions are number systems that expand complex numbers into one real and
three imaginary dimensions. They were first described by the Irish mathematician Sir William
Rowan Hamilton in 1843 and applied to mathematics in 3D space [17]. Quaternions do not have
the property of commutation (ab = ba). Although vectors and matrices have replaced quarters in
many applications, they are still used in theoretical and applied mathematics. Quaternions have
a wide range of uses, both theoretically and practically. Quaternions have been associated with
number sequences in algebra and studies have been made by many scientists [18, 19, 20, 21, 22,
23, 24, 25, 26, 27]. Quaternions are defined in the following form.

p=po+pii+pj+ p3k

where py, p1, ppandps are real numbers, and 4, j, k are the main quaternions which are satisfy
rules in Table 1,
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i 5k
i -1k —j
i -k -1 i

ki —i -1

Table 1. The main multiplications

In this study, we studied a new application of Blaise and Blaise-Lucas numbers with quater-
nions.We investigated both the quaternion properties and the sequence properties of these num-
bers and calculated some of their identities.Finally, we gave the matrix representations.

2 Quaternions of the Blaise numbers and Blaise-Lucas numbers

In this section, we define quaternions whose components are elements of the Blaise and Blaise-
Lucas number sequences. We investigated some properties of these numbers.

Definition 2.1. Quaternions of the Blaise numbers and Blaise-Lucas numbers are defined by for
n >0,
(a) QBn = Bn +iBpny1 + jBni2 + kBnys,

(b) QCn =C, + iCn-‘rl + jCTL+2 + kcn+37

where B,, is the nth Blaise numbers and C,, is the nth Blaise-Lucas numbers.

Some of the terms of the Quaternions of the Blaise numbers and Blaise-Lucas numbers are
showed in Table 2 and Table 3.

QBTL

i+ 7+ 2k
1+i+2j+ 4k
1+ 2i + 45 + 5k
2+ 4i + 55 + 9k

W o = O3

Table 2. Some of the terms of the Quaternions of the Blaise numbers

QC,
44i+3j+7Tk

1 +i+7j+3k
34+7i+3j+ 11k
74304 115 + 15k

W~ oS

Table 3. Some of the terms of the Quaternions of the Blaise-Lucas numbers

Definition 2.2. The real part of the Quaternions of the Blaise numbers is denoted by Re(QB,,)
and defined by
Re (QB,,) = Bp.

The real part of the Quaternions of the Blaise numbers is denoted by Im(QB,,) and defined by
Im(QB,) = iBpy1 + jBpyo + kBpys.
Similarly, for the Quaternions of the Blaise-Lucas numbers as follows.
Re(QC,)=0C,

and
Im (QC,,) = iCpny1 + jCnia + kChry3.
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Definition 2.3. The conjugate of the @B,, and QC,, as follows. The conjugate of the @ B,, is
denoted by ) B,, and defined by

QBn = Bn - Z.Bnqtl - jBn+2 - an+3-

Similarly,
an =C, — iCnJrl - anJrz — kcn+3.

Theorem 2.4. The following are provided.
(a) @B, + QB, =2B, =2Re(QB,),
(b) QC,, + QC,, =2C,, = Re(QC,,) .
Proof. The proof can be easily demonstrated by using Definition 2.3. [
Theorem 2.5. The norm of the QB,, and QC,, as follows.

(G‘) N (QBn) = \/Bn2 + Bn+12 + Bn+22 + Bn+327

() N (QC,) = /O o+ Coi® + O 4+ G
Proof. We use Definition 2.3 for the proof.

Theorem 2.6. (Recurrence relations) There is a relationship between the terms of the quater-
nions of Blaise and Blaise-Lucas numbers as follows:

(a’) QBn = Qanl + Qanz + QBn,:; - 2QBn74 fOT' n 2 4,
(b) QC,=QC,_+QC, ,+QC,_5—2QC,_, forn>4.

Proof. We use of the recurrence relation of the Blaise numbers for the proof. From (1.1), we
have.

(a) @B, =By +iBpy1 + jBpia+ kBpys
= (Bn—1+Bn2+Bn_3—2By_4)+i(By + By_1 + Bp_2 — 2B,,_3)
+J (Bnst + Bn + Bnot = 2Bp2) + k (Bny2 + Bnyi + Bn — 2Bni)
= (Bn_1 +iBn +jBni1 + kByi2) + (Bu2+iB,_1 + jBn + kByi1)
+ (Bn3+iBy2+jBn_1 +kBy) —2(Bn_4+iBy 3+ jBn 2+ kB, _1)
@B, =QB,_ +QB, ,+ @B, 3—-2QB,_,4.

Thus, the proof is completed. Similarly, the proof of b is shown using the recurrence relation of
the Blaise-Lucas numbers. O

Theorem 2.7. The following equations are provided for n > 3.

(Cl) QBn = QBTL72 +2QBn73 + 1 +Z+.7 + ku

() QC,=QC,_,+2QC, _5—-2(1+i+j+k).
Proof. (a) QB,, = By, + iBpt1 + jBnt2 + kBnys , from (1.2), we have

QB, =(Bn—2+2Bn_3+1)+i(By_1 +2Bp2+ 1)+ j(Bn+2Bu_1 + 1)
+ k(Bp+1 + 2B, + 1)
= (By—2+iBy_1 + jBn + kBpy1) +2(Bp_3+ 1By + jB,_1 + kB,)
+(1+i+j+k)
=QB, ,+2QB, 5+ 1+i+j+k.

The proof of (b) is shown similarly to (a). ]
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Theorem 2.8. (Binet formula) We have

(a) @B, o' ’a Bnﬁﬁ nfi 1(1+z'+j+k)nz3,
a ﬂ v 2
(b)) QC,=a"a+f"B+~"7+(1+i+j+k),n>0.
where
a=20"+4a—-6, 3=282+45-6, 3=29"+4y—6
a=(1+ia+jo® +ka®), B= (1+if+ 5+ kB
F = (1+iy+ v + k7).
and

o = \3/ I+ — +\/ — —— =~ 1.521379706804568,

B = wf/1+@+w2f/1—@,
9 9
- AR

w = _l_gz\f—exp(2m/3)

Proof. (a) For the proof of the theorem, we use the Binet formula of the Blaise numbers.

QBn =B, + Z‘Bnqtl + jBn+2 + anJr.’a
<an+3 6n+3 ,yn+3 1 ) » (an+4 Bn+4 ,yn+4 1 )
- = 1

— + =+ —=
&)

— t+ =+ — -3
B ~ 2 Qa s ~ 2
n+5 n+5 n+5 1 n+6 n+6 n+6 1
+j(oﬁ A —)+k(aA Gy 1
a B ~ 2 Q B ~ 2
an+3 ﬁn+3
= —— (I +ia+jo + k') + (1+iB+ 4B+ kB)
,yn+3 1
+ = (I+ir+i7° +57°) = S (L +i+j+ k)
n+3f n+372 n+37 1
_oa BB L i,
Q 5 ~ 2

Thus, the proof is obtained. The proof of (b) is shown similarly to (a).

Theorem 2.9. (Generating functions) The following equations are provided.

QBy+(QB,—QBy)z+(QB,—QB,—QB )m2+ QB;—QB,—QB,—QB, )z’
(a) Z:ZO Qtht = - : - 2(]—.’,8—1582—3}2—2384() : 2 1 0)

oo t QCyHQC,—QCy)sHQC,—QC, —QC)#*+(QC; ~QC,—QC, —QC, )’
(b) Zt:O Qctx - (I—z—22—23-2z%) :

Proof. (a) Let’s

G=> QBa' =QBy+ QB z+QByt” + QBs2’ + QBya’ + -+ QBa’ + ...

t=0

(2.
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Now, if we multiply Equation (2.1) by z, x2, 2> and 2z* respectively, we get the following.

2G = QByr + QB 7” + QByt” + QByz* + QB + - + QB + ..

)

2?G = QByr? + QB 2* + QBya* + QBsx® + QB + - + QB2 + ...

b

G = QByz® + QB x* + QByx® + QB3x® + QB2 +--- + QBB ...,

2:°G = QBy2x" + QB 22" + QB,22° + QB321” + QB2:% + - + QB 2z +

Thus, if we do the necessary mathematical operations, we have.

G — QBy+ (@B, — QBy)z+ (@B, — QB — QB,) x? + (@B; —QB, — QB — QB,) ?
(1 —z— 2% — a3+ 22%)

Thus, the proof is obtained. The proof of (b) is shown similarly to (a). i

Theorem 2.10. The exponential generating functions of the QB,, and QC,, as follows.

(@) 220 @B, 5 = 8™ 4 B0 L ol L (144 j+ k) e?

(b) Y720 QC,at = @e® + BeP + 73’ + (1+i+j+k)e”

Proof. (a)
B Bt+36 1 ' ' zt
ZQBt == ( — 5 ? 5(1+z+]+k))t—!
t=0
:a 3 53i(ﬂf Li —i—z—i—j—b—k)ix—t
a B ! ¥ t!
t= t=0 t=0 t=0
— 3 ax 3 _Bx =, YT 1
_ ao’e +55f F I iy
Q B ~ 2
Thus, the proof is completed. The proof of (b) is done similarly to (a). i

3 Some of The Identities of These Numbers

In this section, we calculate some identities of quaternions of the Blaise numbers and Blaise-
Lucas numbers.

Theorem 3.1. (Cassini identities) For n > 1,
((l) QBn—lQBnJrl - QBn2

_pn2| 1" = B) (BB —afa) | f72 (o =) (70 — )

ap ay

a "2 (v —B) (vBY — B7B)
3B

_|_

+(1+itj+k) (QBn - % (@B,-1 + QBn+1>>

(b) QC,_1QC, ., — QC,*
=2""1 [y'7" (o = B) (afa — BaB) + ' (v — a) (v — o@)
+a!' 7" (v = B) (vBY — BAB)] + (1 +i+j + k) [QC,_, —2QC, + QC,,,,] .



384 M. Uysal, E. Ozkan and Y. Soykan

Proof. We use the Binet formula of the quaternions of the Blaise numbers for the proof.

(a) QBn—lQBn+l _QB7L2 =
n+2— n+2723 nt+2= 1
(O‘ a b 7—2(1+z‘+j+k)>

~ ~

a
’I’L+4 n+4 73 n+4 1
el A i B ORI
Q 5 v 2
n+3 n+372 n+3 1 2
S e e M SR S
a g v 2
n+2 n+4—* n+2 n+d—=—= 1 n+2-—~
—< /BA b, e % a7—2a60(1+i+j+k)>
n+2 n+4 n+2 n+4 1 n+279
+<5 a | b = ] 2ﬁ B(l+z+]+k))
Y
n+2 n+4 n+2 n+4= 2 1 n+2=
+(7 % 7’8—27a7(1+i+j+k)>
1 n+4— 1 n+45
— 5 (U +itj+h) — 75(1+z+y+k)ﬁ b
1 nt+d= n+3 an+3+72
B TR B e e
2 2l ap
n+3 n+3 1 n+3—~
S ()
vy 2
n+3 n+3 0~ n+3.n+3 23~ n+3723
B %a pa B %a By 2,3 B(—i—z—i—]—i—k)
n+3 n+3=~ n+3 n+3 n+37
7 %a ya v 55 vﬂ 2 77(1+z’+j+k)
Y
1 n+3~ 1 n+372 n+3=
+3 Uit j+h)S a+2(1+z+]+k)6 b 2(1+z+]+k)7 1
an+26n+3ag an+2 n+3 Bn+2an+3ga
Rl Gl E ey (b~ CRl)
Bn+2 "+2,6’y ,yn+2an+3,y—a ’y"+2,6’"+375
+ o =p+ o — )+ T (8- )
By o VB
N (1 Cit +k) n+3— 6n+36 n+37 lan+4— 16n+45 l,yn+4f
a ﬁ ¥ 2 a 2 5 2 Bl
1 o™’ ﬁn+25 1,7n+2
2 a 2 3 23 )
an+26n+2 Ol—ﬂ _ _ an+2 n+2 a— . L
= BB (g aBm) + O ()
af ay

nt+2 Qnt2=7 (n _ B B
LR ;;” B) (487 — B7B) + (1 + i+ + )

(@B, - 3 (@B, 1 +0B,.)).

Thus, we have
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QBn—lQBn+1 - Qan
— gn-2 [7712 (a — B) (Bap — afa) n B2 (o — ) (0@ — ya)

aB ay

+

a2 (y = B) (vBY — 6%3)]
A8

Thus, the proof is completed. The proof of (b) is done similarly to (a). i

Theorem 3.2. (Catalan identities) For n > t,

(a) @B, ,QB,.,—QB,’
R [V—n—3+t (at _ 5t) (atBa _ ﬁtag) N Bfnf3+t (at _ ,yt) (atw B 7150[—7)

aB oy

+

a " (3 = 8Y) (BT — ﬂwﬁ)]
B!
1
(it j+k) (QBn —5@Bist Q3n+t+3)) ’
(b) QC,_QC,;, —QC,’
=2""" [y (of = ) (o'Ba — p'aB) + B (of — ') (a'ya — o'am)
+a' 7 (v = BY) (v BY = BAB)] + (1 + i+ + k) [QC,—, —2QC,, + QT ] -
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Proof. We use the Binet formula of the quaternions of the Blaise numbers for the proof.

(@) QB, ,QB,., — QB,>
n—t+3— n—t+372 n—t+3<
_ (a @ TR T

1
- L _(14i+j+Ek
= 3 5 2( +i+j+ ))

n+t+3~ n+t+345 n+t+3<
(O‘ o B A’y—(1+z’+j+k:))
Qa B 5 2
n+3— n+373 n+37 1 2
—(O‘a 566 - —2(1+z’+j+k))
n—t+3 gn+t+3=72 n—t+3nt+t+3~= 1 n—t+3—=
S A s AR N S Ry N
ap ay 2 a
n—t+3 n+t+3 3~ n—t+3 n+t+3 3= 1 n—t+373
+(ﬁ %@ ba b %a 57_56 A/B(1+z+g+k)>
n—t+3  n+t+3~~ n—t+3 gn+t+3<23 1 n—t+3~
+<7 ga Ll % 75—57 5 7(1+z‘+j+k))
1 n+t+3~ 1 n+t+32
— 5 (it )+ k) 2(1+z+y+k)5 b
1 n+t+3< n+3 gn+3=723 n+3n+3==
i T e« AT
2 2 aB ay
1 n+3— n+3  n+3 23~ n+3.n+3 23~
Gl gy R BTy
2 a pa By
N 7ﬂn+3ﬁ ( 4 +] N k) B ,yn+3an+3,y—a B 7n+35n+373
2 3 Vo 38
1 n+3=~ 1 n+3~ 1 n+379
+§7$7(1+i+j+k)+§(l+i+j+k)a c 2(1+z+]+k)ﬂﬂﬁ
1 n+3=
+ 5 (it j+k) I
oz””ﬁ””@? L an+3,yn+3a,y 3
5n+3 n+35a 5n+3 n+3IB
+ (5 tot — ) Y (5 ot )
Ba By
n+3an+3—a 3 n+2 n+3*B 3
+7 — Y (7 tat_1)+’7 éA’Y (7 tﬂt_l)
v 76
n+3 n+373 v 1 n—t+3= 1 n—t+372
+(1+i+j+ k) (2 LA o O‘—Eﬁ _p
a 3 g a B

1 ,yn—t+37 1 an+t+3a 1 ﬂn+t+3B 1 ,yn+t+37
ia_ia_ig_ia)

_ (aﬁ)n+37t£at -5 (oztEB _ ﬁtﬁﬁ) + (047)n+37t (o' =" (at,y—a _ VtCW)
aB ay
nt3—t  t ot . -

+(I+i+j+k) (QBn - % (QBn—t+3 + QBn+t+3)) :
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Thus, we have

QBn—tQBnth - Qan
— it [v““ (of = B°) (B'a — o'Ba) | B7"73 (o' —1") (7@ — 'T7)

aB ay

+

q—n—3+t (7t _ 6t) (,YtB7 - ﬂtWﬂ)]
78

1
+(1+i+j+k) (QBn —5(@Byris + QBn+t+3)) '

Note that, if t = 1 is taken, then Cassini identity is obtained. Thus, the proof is completed. The
proof of (b) is done similarly to (a). i

Theorem 3.3. (d’ Ocagne identities) For n < m, we have

(a) QBmQBn+1 - QBnQBm—H
_ 2n+3 [,y—n—3(am—n _ ﬁmA—7L)<BaB _ aBa)
aB
e e [ ) B B ﬂA"f”)(/ﬁB - ’737)}
ay VB

304045 +B)QB, + QB — QB, —QB,.).
(b) QC,QC, 1 —QC,QC,,
=28 [y (@ = 77") (BAB — afa) + 57" (a7 =TT (v — o)
+a" (YT = BT (BB — 457)]
+(1+i+j+k) (@B, +QB, —QB, —QB,).
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Proof.

(a) QBmQBn+l _QB QBm+1

m+3 m+332 m+3 1
<O‘A IR i (1+i+j+k)>
a 5 ~ 2

n+4— n+4 .3 n+4= 1
(0‘ a, b 7—(1+i+j+k))

a g oY 2
n+3 n+373 n+3 1
(O‘A i (1+i+j+k)>
Q ﬁ ~ 2
mtdy m+473 m+4 1
<O‘A A (1—|—i+j+k:)>
Q 5 5 2
m+3 gn+1=70 m+3 . n+d—= 1 m+3—~
:(a EA a6+a il avaAa(1+i+j+k)>
ap a~y 2 a
m+3  n+4 3~ m+3.n+4 3= 1 m+373
+<6 o Tha T 2ﬂ 5(+z+]+k)>
pa By B
m+3  nt+d~— m+3 gn+d= 2 1 n+3=
+<7 o TR 7A7(1+i+j+k)>
ya o] 2
1 O[nJr4a 1 /6"+4,B 1 ) ) ,Yn+47
E(I—H—i—]—l—k) 2(1+z+]+k) 2(1+z+]+/€) =
n+3 om+4=72 n+3 ., m+d== 1 n+d—
T s K N A R I
ap ay 2«
n+3 m+4 3~ n+3m+4 2= 1 n+373
_ e e YA 26 BUtvitith)
pa By
n+3  mt+d— n+3 om+4= 72 1 n+3=
Jere A LI T ik g )
o 36 2
1 am™Ha 1 5m 4473 ﬁ 7m+47
+§(1+i+j~|—k‘) +2(1—|- i+j+k) 2(1—|— i+ji+k)
an+36n+4aB o m—n Oén+3,.)/n+4 ay o I
n+36”+45— ( ) ﬂn+3 n+4ﬁ’7 ( )
+ ﬁm—n —amn B _,ym—”
Ba By
n+3  nt+dz— n+3 an+4=723
+—— """ +—0"""-8
o )+ T )
1 n+3 n+372 n+3 m+3~
(1+z+]+k)< A B i B e
2 a [3 ~ a
_IBm+3B 3 7m+37 B a"Ha B 5n+4B B ,Yn+4,y>
B v @ B ¥

Thus, if the necessary actions are taken, the desired is achieved.
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QBQB, .y — QB QB =2 |17 = 7 ) (BaB — o)

ap
L BT =y (v — o) | aTh (T = A7) (878 — v67)
o 7B
1 S
+ 5(1 +1 +.] + k)(QBn + QBm+1 - QBm - QBn+l)
The proof of (b) is done similarly to (a). ]

Theorem 3.4. (Vajda identities) For n, k < m, we have

((1) QBn+kQBm—k - QBnQBm

[ ek — B9l — k)

ap
/6—11—3(0/6 _ ,yk)(,ym—k—naf,y _ am—k—nw)
+ a5
Lo = (B — g )
7B
X4+ R)@B, + @B, — QB — QB ).

2
(b) QC,,QC,,_, — QC,QC,,
=2"[y " (e* = BF) (B aB — o™ Ba)
+B7" (k=) (v — o)
+a " (= BF) (BB = R B)
+(14+i+j+k)(QB,,_+QB,.,—QB,—QB,,).
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Proof.

(@) @B, @B, —(B,0B,,
_ <an+k+3a ﬁn+k+3B ,yn+k+37
a g 5

am7k+3a m—k+373 m—k+3=
< TR s

a B 5 2
Bn+35 n+3

1
—2(1+i+j+k)>

1
7(1+i+j+k))

n+3g 1
—(aA _ (1+i+j+k))
a B ~ 2

ﬂm+3ﬂ

m+3— 1 ) )
< = 3 ﬁ 2(1+z+j+k))

n+k+35m k+3a6 an+k+3 m—k+35~

i ay

&

ﬂn+k+3,ymfk+3gi B

> 4 (1+Z+]+k))

1 Bn+k+33

+

By
,yn+k+3 m— k+3,.y 7n+k+35m7k+373

23 (1+i—|—j+k))

+

+ —
7B

a™™ k+3a

<Bn+k+3 a™m™™ k+3,304 N
1
2

(1+i+j+k) 2(

,mek+37 B

I 4i4j+k)—F2

an+3ﬁm+3ag a

2

1 ,yn+k+3f ] ) )

- T (1 4i+j+k)

ﬁm k+3ﬁ

n+3 m+3

vy

1
——(l+i+j+k - -
2( ) v ap

1 oz””& ,Bn+3 amHB@

&

B Bn+3,ym+337

~ 1+i4+j+k)— —
+2a(+z+3+) %

n+3 aerSW

By

,yn+3ﬂm+375

n+373
T B A
2 3 yo
n+3=

1) )
1

Bm-&-%ﬁ
B

+

NM—‘ N

(1+i+j+k)

N

_ an+3ﬁm—k+3aﬁ (ak B ﬁk) N an+3’ym_k+3a7

aB
n+3am7k+37a
+ 6 — 6 (Bk o Ol —
pa By
,}/n+3ﬁ
7a 38

Bn+3 5

L1
Ss(I+i+j+k)

(1+z+J+k)

ﬁn+3 m— k+3ﬁ,y(

m—k+3

—Ozk)Jr—AB(

m+3

7B

o{m+3f

m+3=

g ’Y

2 (ak_,yk)

BF—+*)

- 8"

74 LR

ﬁm—k+3B B ,Ym—k+37

a

an+k+3a

B 5n+k+3B B ’Yn+k+37
B 0l

gl a B3 gl

a
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Thus, if the necessary actions are taken, the desired is achieved.
@B, @B, —QB,QB,,,
Tk = B (Fm B — am )
ap
L BT eF =N e - o)
ary

— 2n+3[

a "3 (yk - ﬁk)(ﬁm‘i‘"vﬁ o )
8

1
+ 5(1 +1 +=7 + k)(QBn + QBm - QBm—k - QB7L+k)'

The proof of (b) is done similarly to (a). i

+

4 Matrices related with Blaise and Blaise-Lucas Quaternions

If we define the square matrix A of order 4 as

1 11 =2
e 1 0 0 O
01 0 O
001 O
and also define
Bn+l Bn + Bn—l - 2Bn—2 Bn - 2Bn—l _ZBn

B, B, 1+ Bn2— 2Bn—3 B, 1 — 2311—2 _2Bn—1
Bn—l Bn—Z + Bn—3 - 2Bn—4 Bn—Z - 2377,—3 _2Bn—2
B, 2 Bnp 3+ Bna-— 2Bn75 B, 35— 237174 _2Bn73

K, =

then we get the following Theorem.

Theorem 4.1. [, Theorem 8.1. (a)] For all integers n, we have

K, =A",
ie.,
111 —2\" Bust  Bn+Bn1—2Bn>  Bn—2B,.1  —2Ba
1 00 O . B, B, 1+B,»—2B,3 B, 1—2B,_» —-2B,_1
010 0 B Bn—l Bn—Z + Bn—3 - 2-Bn—4 Bn—Z - 2371—3 *2Bn—2
0 0 1 0 B, 2 Bni3+Bn4-— ZBn75 B, 35— 2’an4 _ZBn73

Now, we define the matrices Mg and M as

QB QB+ QBo-1 —2QB_> QBy—-2QB_1 —-2QBp
@By QB-1+QB>,—-2QB3 QB_1-20Q0B, -20QB

Mg = ,
7| @B.i QB+ QB3 -2QBy QB_,-2QB_; —2QB_,
QB2 QB 3+QB-4—2QB-s QB3-20B-4 —-2QB_;
and
QC1  QCo+QCH—1 —2QC_, QCy—2QC_; —2QCy
Mg = QCy QC_1+QC_,-2QC_3 QC_1-2QC_, -2QC_,

QC_1 QCL+QC3-2QC_4 QC_,-2QC 35 —-2QC_,
QC_, QU 3+QC_4-2QC_s QC_;-2QC_4 -2QC_3

respectively. These matrices Mp and M are called Blaise quaternion matrix and Blaise-Lucas
quaternion matrix, respectively.
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Theorem 4.2. For all integers n, the following identities are valid:

111 —2\" QBns1  QBn+QBn_1 —2QB,_»  QB,-2QB,_, —2QB,
w1000 _| @B, QB.+QB.2-2QB, 5 QBy1-2QB, 2 —2QB,
010 0 QBn_i QBns+QBn_3—2QBpn-4 QBpn_>—2QBn_3 —2QB,_»
001 0 QBy_>» QBn_3+QBy_4—2QBn_s QB,_3—2QB,_4 —2QB,_3
4.1)
and
111 —2\" QCrit  QCh+QCh 1 —2QCh_>  QCn—2QC,_1  —2QC,
M| 1000 | QG QG+ QC. 2 -2QC, 5 QCut —2QC, 2 —2QC,
010 0 QCh_t QCp_s+QCh_3—2QCn_s QCns—2QCn_3 —2QC,_»
001 0 QChs QCp_3+QCh_ys—2QCn_5s QCn_3—2QCu_s —2QC,_3
4.2)

Proof. We prove by mathematical induction on n > 0. If n = 0, then the result is clear. Now,
we assume it is true for n = k, that is

QBry1 QBr+QBr1 —2QBr2 QB —2QBy —2Q By,
QBr  QBr_1+QBr2—2QBr3 QBr_1—2QBr > —2QBj_,

QBr-1 QBr2+QBr3—2QBx4 QBrp2—2QBr3 —2QBj 2

QBr_2 QBrp_3+QBr_4—2QBr_5s @QBr3—2QBr_4 —2QBj_3

If we use Theorem 2.6 a. i.e., QB = QBy_1 + QBy—2 + QBy_3 —2Q By, _4, then, by induction
hypothesis, we obtain

MgpKF =

MBKk+l
= (MpK"K
QBr+1 QB+ QBr-1 —2QBr—>  QBy —2QBk— —2Q By 111 =2
_ QBr  QBrp-1 +QBr2—2QBr 3 QBr1—2QBr > —2QBy 1 00 O
QBr-1 QBr2+QBr3—2QBx-4 QBr2—2QBr3 —2QBr 2 010 O
QBr—2 QBr_3+QBr_4—2QDBr_5s QBp_3—2QBr_4 —2QDB;_3 001 O

QBryi41 QBry1 +QBigi—1 —2QBri1—2 QBpy1 —2QBjyt1-1 —2Q By 11
QBry1 QBpy1-1 + QBry1-2 —2QByy1-3 QBry1-1 —2QBiy1—2  —2QBii1-1

QBit+1-1 QBgi1-2+ QBr11-3 —2QB+1-4 QBii1-2 —2QBr1-3  —2QBgy1-2

QBkt1-2 QBri1-3+QBri1-4 —2QBgi1-5 QBri1-3 —2QBry1-4  —2QBgi1-3

Thus, (4.1) holds for all non-negative integers n. The case n < 0 can be proved similary by
induction. So (4.1) is true for all integers n.
The case (4.2) can be proved similarly. O

We need the following Corollary which give identities for B, 1., and C, .
Corollary 4.3. [ 1, Corollary 8.4.] For all integers m,n, we have
Bnim = Bmi1Bn+ (Bm+ Bm-1 —2Bm_2)Bn_1+ (Bym —2Bm_1)Bn—2 — 2B B3,
Conim = Bmi1Cn+ (Bm+ Bm—1 —2Bnm_2)Ch1+ (Bm — 2By _1)Cn_2 — 2BnCh_s.
Next, we present a Corollary of Theorem 4.2.
Corollary 4.4. For all integers n, the following identities hold:
QBnim = QBni 1By + (QBy +QBp—1 —2QBy2)Bn1
(@B — 2QBy—1)By—2 — 2QBy By 3,
QChim = QBy+1C, + (@B + QBp—1 — 2QB,,—2)Ch—1
+(QBm —2QBp—-1)Ch—2 — 2QB,;,Cy—3.
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Proof. The proof can be seen by the coefficient of the matrices Mp and M and Corollary

4.3.

O

5 Conclusion

In this study, we defined quaternions of Blaise and Blaise-Lucas numbers. We investigated both
the quaternion and sequence properties of these numbers. Next, we calculated the important
identities for these numbers. In the last section, we gave the matrix properties of these numbers.
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