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Abstract This study examines shear-wave propagation in a transversely isotropic fluid satu-
rated porous layer (TIFSPL) of finite height H , with a rigid upper surface at z = −H and lying
above heterogeneous elastic half-space, with a continuous interface at z = ϵh(x) representing
a triangular irregularity. Analytical dispersion relation is derived using poroelasticity theory by
Biot, Fourier transform techniques, and first-order perturbation for small irregularity amplitude
ϵ. Numerical simulations performed using MATLAB explore the influence of porosity, inhomo-
geneity parameter, anisotropy factor, and the irregularity depth to the layer height ratio on phase
velocity. The results show that phase velocity rises with increasing anisotropy and with a higher
ratio of irregularity depth to layer height, but decreases with porosity and material inhomogene-
ity. The combined parameter interactions and crossings of dispersion branches are discussed,
providing useful insights into shear-wave behavior in complex porous media.

1 Introduction

Seismology, the study of the earthquakes and the seismic waves, plays a vital role in understand-
ing Earth’s structure and assessing earthquake risks. It has numerous applications across vari-
ous disciplines, including civil engineering, geophysics, structural engineering, seismic hazard
analysis, and rock mechanics. By analyzing seismic wave frequency, magnitude, and location,
researchers can generate detailed images of Earth’s interior and gain insights into its dynamic
processes. The detailed literature on seismology, earthquakes, seismic waves, and related ter-
minology is available from sources such as Biot [1-2], Kończak [3], Shearer [4], and Gubbins
[5]. The propagation of seismic waves through layered media has been extensively studied, as
understanding these wave movements is crucial for advancements in geophysics and seismol-
ogy. Studying seismic wave motion in elastic layers is valuable since it has many practical uses
in areas such as soil mechanics, earthquake engineering, and geophysical exploration. Seismic
waves are generated when there is a rupture or movement along a fault line, releasing energy that
radiates outward from the earthquake’s epicentre. Among seismic waves, shear waves have at-
tracted significant attention due to their unique characteristics and practical applications. Shear
waves, also called secondary waves, travel through solid materials, make the particles of the
medium to oscillate perpendicular to the wave propagation direction. The purely horizontal par-
ticle motion of shear waves makes their mathematical treatment simple while preserving their
diagnostic potential. These waves are especially significant in applications such as earthquake
hazard analysis, subsurface imaging, and non-destructive material testing. These are extremely
useful for examining intricate geological systems because of their sensitivity to changes in mate-
rial characteristics, layer thickness, and subsurface irregularities. Research on Love waves began
with foundational work by Love [6], who first described shear horizontal wave behavior in an
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isotropic homogeneous elastic layer over a semi-infinite substrate. Ewing et al. [7] extended
this understanding by analyzing surface waves in elastic media, emphasizing the importance
of layer thickness and substrate rigidity on wave velocity. Graff [8] provided a comprehensive
treatment of wave propagation in elastic solids, illustrating how dispersion relations for Love
waves vary with frequency. Achenbach [9] focused on elasto-dynamics wave theory, introduc-
ing the influence of multiple layers on surface wave characteristics. Chattopadhyay and Kar [10]
used Green’s function to study the propagation of Love-type surface waves from a point source
in an elastic isotropic material under initial stress. The main focus of the classical studies on
seismic wave propagation are on simple, homogeneous, and isotropic elastic media. Real-world
scenarios, on the other hand, are much more complicated and frequently involve elements like
anisotropy, irregular surface geometry, thermoelastic effects, and material inhomogeneity. Un-
derstanding how waves propagate in non-homogeneous media, where material characteristics
like density, elasticity, or thermal conductivity vary with position is crucial to comprehending
systems in the real world. These variations create complexities that significantly impact wave
behavior, especially in terms of dispersion, where different wave frequencies travel at differ-
ent speeds. Geological materials often exhibit anisotropy, where their physical properties differ
depending on the direction. A specific form of anisotropy, known as transverse isotropy, is
observed in materials with a single axis of symmetry. This concept helps explain geological
formations such as sedimentary rock layers, the Earth’s internal structure. The presence of in-
terface irregularities is also one of the most significant factors that can alter the characteristics
of shear waves. These irregularities such as depressions, or discontinuities have a profound in-
fluence on seismic wave propagation behavior. The presence of the irregularities at the interface
complicates the behavior of seismic waves, which are important in both earthquake analysis and
material testing. Understanding these effects has been a primary focus for seismologists and
researchers, who have developed various models and methodologies to explain how irregulari-
ties, in combination with other factors, influence seismic wave propagation. Regarding Fourier
transformation and perturbation techniques, Eringens pioneered methods for solving complex
boundary-value problems in wave mechanics. These mathematical approaches have been effec-
tively applied in analyzing wave dispersion relations, particularly in layered media with elastic
and poroelastic properties. In the context of numerical simulations, MATLAB based approaches
have been widely used to visualize dispersion relations and interpret wave behavior in complex
systems.
Various studies have examined seismic wave propagation behavior in diverse media with irregu-
lar boundaries and interface irregularities. For example, Dutta et al. [11] analyzed the behavior
of seismic wave propagation on irregular structures, while Chattopadhyay et al. [12] investigated
shear wave movement through irregular magnetoelastic monoclinic layers situated between half
spaces. Chattopadhyay et al. [13] analyzed shear wave behavior in viscoelastic media with irreg-
ular boundaries. Alam et al. [14] derived the dispersion relation for SH-waves in crystal layers
situated above irregular half-spaces, while the study by Kaur et al. [15] examined the effect of
irregular geologies and inhomogeneities on horizontally polarized shear wave movement. Wang
and Zang [16] provides the examination of Love waves in a TIFSPL medium. This study de-
scribes surface waves through the summation of plane waves, offering a foundational approach
to analyzing wave behavior in anisotropic materials. Gupta et al. [17] explored how irregular-
ities affect Love wave movement through porous layers considering rigidity factors. Kundu et
al. [18] examined Love waves in porous layers situated above initially stressed half-spaces. Ku-
mar and Saini [19] studied the role of parabolic irregularity, material inhomogeneity, and initial
stress on Love wave behavior in elastic layers with pores. Kumar et al. [20] focused on how ir-
regularities and inhomogeneities impact Love wave propagation in FSPL (fluid saturated porous
layers). Manna et al. [21] looked into the effects of reinforcement and inhomogeneity on Love
waves. Kumar et al. [22] studied shear wave movement in irregular FSPL. Saini and Kumar [23]
analyzed Love wave behavior in porous layers over heterogeneous half-spaces with parabolic-
shaped irregularity. Recent advancements have focused on the interaction of shear waves with
complex geological structures. Numerous researchers have also studied the influence of various
parameters affecting the movement of shear waves by considering different geophysical models.
Chattopadhyay et al. [24] has studied the influence of irregularity and anisotropy on shear wave
movement. Samal et al. [25] studied the propagation of shear waves in an anisotropic elastic
layer reinforced with fibres, situated between a porous half space and a uniform liquid layer.
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Kumar et al. [26] investigated propagation of shear wave in a multilayered medium, encompass-
ing an irregular FSPL with a rigid boundary. Kundu et al. [27] formulated the dispersion relation
for shear waves with horizontal polarization in an isotropic medium situated between orthotropic
and non-uniform half-space, while Kundu et al. [28] examined shear waves within a magnoelas-
tic layer positioned between two diverse elastic media. Gupta et al. [29] has shown the impact
of factors such as irregularity, porosity, and initial stress on SH-wave propagation. Kumar et al.
[30] studied the behavior of shear waves in an anisotropic porous layer showing how anisotropy,
heterogeneity, and irregularity influence wave dispersion. Sharma and Kumar [31] analyzed
shear horizontal wave propagation in a multilayered system where a transversely isotropic fluid-
saturated porous layer is placed between a homogeneous layer and a non-homogeneous elastic
half-space. Poonia et al. [32] formulated the dispersive equation and examined the influence of
irregularity, rigidity and initial stress on SH-wave movement. Kumar and Saini [33] explored
the effects of porosity, parabolic-shaped irregularities, and initial stress in multi-layered systems
and showed how these factors affect the dispersion relation of seismic waves. Several other
researchers have contributed to this field, including Sharma and Kumar [34], Saini and Kumar
[35], Gaba et al. [36], and Singh et al. [37]. This research aims to fill the identified gap by
formulating a detailed model that incorporates multiple influencing factors to better represent
shear wave behavior in layered geological structures.

The primary objective is to analyze how triangular-shaped irregularities, material rigidity,
heterogeneity, porosity and initial stress affect the propagation of shear waves in a porous layer
positioned above a heterogeneous elastic half-space. This manuscript is structured into several
sections. Section 2 elaborates on the considered model, comprising two mediums, M1 and M2
with a rigid boundary, and defines the equation of irregularity. In Section 3, the fundamental
governing equation for the porous layer and half space, utilizing Biot’s elastic theory has been
discussed. Section 4 addresses the determination of appropriate boundary conditions for the
model, followed by the solution of the basic equations using boundary conditions, perturbation
methods, and Fourier transformation techniques in Sections 5 − 7. In Section 8, the graphical
numerical results for shear waves using MATLAB have been presented. The non-dimensional
phase velocity is plotted in relation to non-dimensional wavenumber for the different values
of the inhomogeneity parameter, anisotropy factor and porosity considering different ratios of
irregularity depth to layer’s height. The derived dispersion equation in Section 8 shows the rela-
tionship between wavenumber, phase velocity, porosity, anisotropy factor, depth of irregularity
and the layer. Finally, section 9 offers conclusions from the study, followed by a list of references
cited throughout the paper.

2 Mathematical Formulation of the Problem

Consider a TIFSPL (defined as medium M1) of finite thickness H resting over a heterogeneous
elastic half-space (defined as medium M2). The upper surface of TIFSPL is assumed to be
rigid, while the interface separating the layer and the half-space is assumed to be continuous
and with triangular shaped irregularity. The z-axis is directed vertically downward, and x-axis
is taken along the mean horizontal interface, as shown in Fig.1. The origin of the coordinate
system is located on the mean interface, and the equation of the irregular interface is represented
as z = ϵh(x), where ϵ (ϵ ≪ 1) is considered a small dimensionless perturbation parameter
representing the amplitude of the triangular irregularity relative to the layer thickness, and h(x)
is a known function that defines the shape of the irregular interface.
For a triangular-shaped irregularity, the surface profile can be represented as

h(x) =


0, for |x| ≥ s

2s(1 − x
s ), for 0 < x < s

2s(1 + x
s ), for −s < x < 0

(2.1)

where 2s denotes the base width of the triangular irregularity and l1 is its height. The ratio

ϵ =
l1
2s

serves as the perturbation parameter in the analysis. The region −H ≤ z ≤ ϵh(x) cor-
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responds to the fluid-saturated porous layer, and the region z ≥ ϵh(x) represents the underlying
heterogeneous elastic half-space.

Figure 1. Mathematical Model of the Problem

3 Basic Equations

The key equations for both Mediums, that define the model are provided below.
According to Biot [1], the equations of motion for medium M1, excluding body forces, are

σij,j = ρ11üi + ρ12Üi − bij(U̇j − u̇j),

σ,i = ρ12üi + ρ22Üi + bij(U̇j − u̇j).
(3.1)

Here, the comma indicates differentiation in terms of position, while the dot represents dif-
ferentiation in terms of time.

Biot’s formulation for the porous structure, established a relationship and explained that the
mass coefficients (ρ11, ρ12, and ρ22) are connected to total mass density ρ for the solid and liquid
mixture, as well as the individual mass densities ρs and ρϕ as

ρ11 + ρ12 = (1 − ϕ)ρs,

ρ12 + ρ22 = ϕρϕ,

ρ = ρs + ϕ(ρf − ρs).

(3.2)

The stress and strain relationship for medium M1 is presented as

σ
(1)
11 = (2C1 + C2)e11 + C2e22 + C3e33 + C6E,

σ
(1)
22 = C2e11 + (2C1 + C2)e22 + C3e33 + C6E,

σ
(1)
33 = C3e11 + C3e22 + 2C4e33 + C7E,

σ
(1)
23 = 2C5e23,

σ
(1)
31 = 2C5e31,

σ
(1)
12 = 2C1e12,

σ(1) = C6e11 + C6e22 + C7e33 + C8E.

(3.3)

where

E = divU = Uj,j ,

e = divu = uk,k,

eij =
1
2
(ui,j + uj,i).

(3.4)
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As the shear waves travel with the x-axis, the resulting displacement will occur in the trajec-
tory of the z-axis, allowing us to assume that:

u1 = 0, u2 = u2(x, z, t), u3 = 0,

U1 = 0, U2 = U2(x, z, t), U3 = 0.
(3.5)

On solving equation (3.1) with the help of equations (3.3)-(3.5), yields that:

∂2

∂t2 (ρ12u2 + ρ22U2) + b11
∂

∂t
(U2 − u2) = 0,

C1
∂2u2

∂x2 + C5
∂2u2

∂z2 =
∂2

∂t2 (ρ11u2 + ρ12U2)− b11
∂

∂t
(U2 − u2).

(3.6)

Rewriting equation (3.6) by removing u2 and U2, yields that:{
C1

∂2

∂x2 + C5
∂2

∂z2 −
[
ρ11∂

2
t + b11∂t −

(ρ12∂
2
t − b11∂t)2

ρ22∂2
t + b11∂t

]
(u2, U2) = 0. (3.7)

The equations of motion for medium M2, excluding body forces, as outlined by Konczak [3],
are:

τij,j = ρv̈i. (3.8)

The constitutive relations are given by:

τij = λekkδij + 2µeij , (3.9)

2eij = (vi,j + vj,i),

ekk = vk,k = e.
(3.10)

Using (3.9) and (3.10), the equation (3.8) is rewritten as:

[(λ+ 2µ)∗e]− 2µie− µe,j +µvi,jj + µ,j(vi,j + vj,i) = ρv̈i. (3.11)

Considering the shear waves travelling in the direction along the x-axis, yields that
v1 = 0, v2 = v2(x, z, t), v3 = 0, and thus, equation (3.11) is reduced to:(

∂2

∂x2 +
∂2

∂z2

)
v2 =

1
β2

∂2v2

∂t2 . (3.12)

The material parameters of the lower half-space are considered to vary exponentially with
depth according to

µ = µ0e
qz, ρ = ρ0e

qz, (3.13)
where µ0 and ρ0 are reference values of shear modulus and density at the interface, respectively,
and q is the inhomogeneity parameter. The exponential model is adopted because it preserves
positive material properties, realistically represents gradual stratification, and facilitates analyti-
cal treatment through Fourier transforms.

4 Boundary Conditions

The applicable boundary conditions for the deliberated problem are mentioned as below:

(i) Because of rigid surface at z = −H , the component of displacement becomes null, i.e.,

u2(x,−H, t) = 0. (4.1)

(ii) At the interface z = ϵh(x), the displacements are continuous, i.e.,

u2(x,−H, t) = v2(x,−H, t). (4.2)

(iii) At the interface z = ϵh(x), the stresses also remain continuous, meaning that:

C5
∂u2

∂z

∣∣∣
z=ϵh(x)

− C1ϵh
′(x)

∂u2

∂x

∣∣∣
z=ϵh(x)

= µ0

(∂v2

∂z

∣∣∣
z=ϵh(x)

− ϵh′(x)
∂v2

∂x

∣∣∣
z=ϵh(x)

)
. (4.3)

where, h′(x) represents the one-time differentiation of h(x) with respect to x.
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5 Analytical Solution of the Problem

For waves travelling in the x direction and oscillating periodically with t time within mediums
M1 and M2, the assumptions applied to the displacement vectors are as:

u2(x, z, t) = u0
2(x, z)e

iωt,

U2(x, z, t) = U0
2 (x, z)e

iωt,

v2(x, z, t) = v0
2(x, z)e

iωt.

(5.1)

Now, by taking equation (5.1) in (3.7), it simplifies to:{
C1

∂2

∂x2 + C5
∂2

∂z2 + ζ2
1

}
(u̇0

2, U
0
2 ) = 0. (5.2)

where ζ2
1 = α1 + iα2, α1 and α2 are defined in appendix (A).

Using equation (5.1), equation (3.12) converts into the form:{
∂2

∂x2 +
∂2

∂z2 + q
∂

∂z
+

ω2

β2

}
v0

2 = 0. (5.3)

Using Fourier transformation which is given in appendix section (A), the equation (5.2) and
(5.3) yields:

∂2u0
2

∂z2 + χ2
1u

0
2 = 0,

∂2U0
2

∂z2 + χ2
1U

0
2 = 0,

∂2v0
2

∂z2 − χ2v0
2 = 0.

(5.4)

where χ2
1 and χ2 are defined in appendix section (A). The solutions of equation (5.4) are:

u0
2 = A11 cosχ1z +A22 sinχ1z,

U0
2 = A11 cosχ1z +A22 sinχ1z,

v0
2 = A33 exp(−χz).

(5.5)

As, A11, A22, A11, A22 and A33 are the function of η, and by applying inverse Fourier transfor-
mation defined in appendix section on equation (5.5), yields that:

u0
2(x, z) =

1
2π

∫ ∞

−∞
(A11 cosχ1z +A22 sinχ1z)e

−iηxdη,

U0
2 (x, z) =

1
2π

∫ ∞

−∞
(A11 cosχ1z +A22 sinχ1z)e

−iηxdη,

(5.6)

v0
2(x, z) =

1
2π

∫ ∞

−∞
A33 exp(−χz)e−iηxdη. (5.7)

Thus, from the equation (5.7), the displacement vector for medium M2 becomes:

v0
2(x, z) =

1
2π

∫ ∞

−∞
(A33 exp(−χz) +

2
χ
eχze−χd)e−iηxdη. (5.8)

The inclusion of an irregularity in the medium M2 leads to the addition of a new expression
on the right side of equation (5.8).



Shear Wave Propagation 431

6 Methodology for Solving the Problem

The perturbation method is employed to address the mathematical complexity arising from the
triangular-shaped interface irregularity and its associated boundary conditions. A small, dimen-
sionless parameter ε is introduced to represent the amplitude of the irregularity. The displace-
ment field is expanded in powers of ε to obtain a systematic and controlled approximation of the
governing equations. In this analysis, it is explicitly assumed that ε ≪ 1, and all terms of order ε2

and higher are neglected. This assumption ensures that the derived dispersion relation accurately
represents the leading-order effects of the interface geometry on shear wave propagation.

The following approximations are applied:

A11 ∼= A1 + ϵA0
1, A22 ∼= A2 + ϵA0

2, A33 ∼= A3 + ϵA0
3, (6.1)

e±aϵh ∼= 1 ± aϵh, cosχieh ∼= 1, sinχieh ∼= χieh. (6.2)

Using equations (6.1) and (6.2), the applicable boundary conditions (4.1) - (4.3) yield:

(A1 + ϵA0
1) cosχ1H − (A2 + ϵA0

2) sinχ1H = 0, (6.3)

(A1 + ϵA0
1) cosχ1ϵh+ (A2 + ϵA0

2) sinχiϵh = (A3 + ϵA0
3)e

−χϵh(x) +
2
χ
e−χϵh(x)e−χd, (6.4)

Csχ1[A2 + ϵA0
2 − ϵA1χ1h(x)] + ιηC1ϵh

′(x)A1 =

µ0

[
−χA3 +A3χ

2ϵh(x)− χϵA0
3 + 2e−χd + 2ϵχh(x)e−χd + ϵιηh′(x)

(
A3 +

2
χ
e−χd

)]
.

(6.5)

Equating the terms independent of ϵ and the coefficients of ϵ, isolate the coefficients of the
function h′(x) and h(x) from equations (6.3) - (6.5) gives:

A1 cosχ1H −A2 sinχ1H = 0,

A0
1 cosχ1H −A0

2 sinχ1H = 0,

A1 −A3 =
2
χ
e−χd,

A0
3 −A0

1 = E1(k),

C5χ1A2 + µ0χA3 = 2µ0e
−χd,

χ1C5A
0
2 + µ0χA

0
3 = E2(k).

(6.6)

where A1, A
0
1, A2, A

0
2, A3, A

0
3 and E1(k), E2(k) are defined in appendix. Thus, the displace-

ment vector in equation (5.6) becomes:

u0
2(z, x) =

1
2π

∫ ∞

−∞

(
4µ0e

−χd

E(k)

)[
1 +

ϵ(E2(k)− µ0χE1(k))eχd

4µ0

]
(cosχ1z − tanχ1H sinχ1z)e

−ikx dk.

(6.7)

Now, from the equations (2.1) and (2.2) and with the help of appendix (B), yields that:

h̄(λ) =
2s
λ2 sin2(λs). (6.8)

Using the expressions E1(k) and E2(k) as given in appendix (B), yields:

E2 − µ0χE1 =
2sµ0

π

∫ ∞

−∞
(g(k − λ) + g(k + λ))

1
λ2 sin2(λs)dλ. (6.9)

where g(k − λ) = B2 +B3, B2 and B3 are defined in appendix section (B).
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By applying asymptotic formula given by Willis [38] and disregarding the terms with the
highest power of 2/s, due to large value of s, obtained that:∫ ∞

−∞
[g(k − λ) + g(k + λ)]

1
λ2 sin2(λs)dλ =

π

2
g(k) = πg(k). (6.10)

Now, equation (6.9) with the help of equation (6.10) gives:

E2 − µ0χE1 = sµ0g(k) = µ0
l1
2ϵ

g(k). (6.11)

Therefore, the displacement equation (6.7) becomes

u0
2 =

1
2π

∫ ∞

−∞

4µ0e
−χd

R(k)
[
1 − l1

2 g(k)e
χd
](cosχ1z − tanχ1H sinχ1z)e

−kx dk. (6.12)

The displacement vector within the layer is determined by the contributions from the poles of
the equation (6.12)

R(K)

[
1 − l1

2
y(k)eχd

]
= 0. (6.13)

where y(k) is defined in appendix section (B).

7 Complex Dispersion Relation

On solving equation (6.13), we have

tanχ1H =
C5χ1(1 − 2l1χ) + 2l1µ0χ1χ

2l1(C5χ2
1 + µ0χ2) + µ0χ

. (7.1)

Substituting ω = ck, χ1 = P1k, q = Qk, and χ = P2k defined in appendix (A), the equation
(7.1) converts to

tanP1kH =
µ0P2k − 4l1(C5P

2
1 k + µ0P

2
2 k)

C5P1 + 4l1P2P1k(µ0 − C5)
. (7.2)

where

P1 = k1 + ιk2. (7.3)

P1, P2, k1 and k2 are listed in appendix section C.
By using equation (7.3), the dispersion equation (7.1) becomes

tan(k1 + ιk2)kH = Lr + ιLi (7.4)

where Lr and Li are defined in appendix section C.
Consider k2 as very small, gives

tan(k1 + ιk2)kH =
tan(k1kH + ιk2kH)

1 − ι(k2kH) tan(k1kH)
. (7.5)

Hence, using equations (7.5) with the help of appendix (C), two real equations obtained

tan(k1kH) =
Lr

1 − Li(k2kH)
,

k2kH(l+ Lr, tan(k1kH)) = Li.

(7.6)

As a result, the dispersion equation for shear waves comprises the real part of equation (7.6),
i.e.

tan(k1kH) = Lr(1 + Lik2kH). (7.7)
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8 Analysis and Interpretation of Numerical Results

This section shows the graphical and numerical analysis of the dispersion equation associated
with shear wave movement in a porous layer with a upper rigid boundary, placed over a het-
erogeneous half-space. The effects of porosity, anisotropy, heterogeneity, and triangular irreg-
ularity are examined. The relationship between the non-dimensional phase velocity and the
non-dimensional wavenumber for various parameters is explored using MATLAB and graphical
routines have been plotted. For this purpose, the data for both mediums has been taken from
Kończak [3], and Gubbins [5], and given as under:

Table 1. Standard parameter set used in numerical computations.

Symbol Meaning Value Units Remarks
µ0 Shear modulus of half-space 7.10 × 1010 N m−2 Dimensional
C5 Shear modulus in layer 0.2765 × 1010 N m−2 Dimensional

µ/C5 Shear modulus ratio 4 – Non-dimensional
β Shear wave speed 3600 m s−1 Fixed
ω Angular frequency 40000 s−1 Fixed
γ11 ρ11/ρ 0.666 – Numerical
γ12 ρ12/ρ 0 – Coupling neglected
γ22 ρ22/ρ 0.333 – Numerical
f Porosity-related factor 0.25 – –
H Layer height 1.0 m (normalized) –

l1/H Irregularity depth ratio 0.10–0.30 – Variable
q Inhomogeneity parameter 0–3 – Variable
D1 Non-dimensional porosity parameter 0.6–0.9 – D1 = 1 − ϕ

ϕ Physical porosity 0.4–0.1 – –

By using these values, the behavior of non-dimensional phase velocity versus non-dimensional
wavenumber has been graphically shown for various values of the non-homogeneous parameter
q, anisotropic factor C1/C5, porosity parameter (represented by D), and the ratio l1/H . The
results have been plotted as follows:

Figures 2-5 illustrate how the non-dimensional phase velocity varies with the non-dimensional
wavenumber for distinct values of the inhomogeneity parameter (q = 0, 1, 2, 3) and the ratio
(l1/H = 0.10, 0.15, 0.20, 0.25, and 0.30). The figures show that as the ratio l1

H increases, the
phase velocity increases accordingly. Conversely, an increment in the inhomogeneity parameter
q lowers the phase velocity.

Figures 6-9 show how the non-dimensional phase velocity changes with non-dimensional
wave number, examining the impact of the anisotropy factor C1

C5
= 1, 2 for two scenarios: one

where the half space medium is homogeneous (q = 0) and one where it is non-homogeneous
(q = 1). The analysis considers various values of the ratio ( l1

H = 0.10, 0.15, 0.20, 0.25, and
0.30). The comparison of the curves shows that an increase in the anisotropy factor leads to
higher phase velocities, while a rise in the inhomogeneity parameter results in lower phase ve-
locities.

Figures 10-13 illustrate the plots showing how the non-dimensional phase velocity varies
with the non-dimensional wavenumber for various porosity values (D = 0.6, 0.7, 0.8, 0.9) and
the ratios l1

H = 0.10, 0.15, 0.20, 0.25. These plots have been illustrated that an increment in the
porosity factor (D) leads to a decrement in phase velocity and with an increment in the values
of the ratio ( l1

H ), the phase velocity increases.
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Figure 2. Dispersion curves for the ratios l1
H = 0.10, 0.15, 0.20, 0.25, and 0.30 and the inhomo-

geneity parameter q = 0 .

Figure 3. Dispersion curves for the ratios l1
H = 0.10, 0.15, 0.20, 0.25, and 0.30 and the inhomo-

geneity parameter q = 1 .

Figure 4. Dispersion curves for the ratios l1
H = 0.10, 0.15, 0.20, 0.25, and 0.30 and the inhomo-

geneity parameter q = 2 .
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Figure 5. Dispersion curves for the ratios l1
H = 0.10, 0.15, 0.20, 0.25, and 0.30 and the inhomo-

geneity parameter q = 3 .

Figure 6. Impact of the anisotropy factor C1
C5

= 1 on dispersion curves for l1
H =

0.10, 0.15, 0.20, 0.25, and 0.30 in case of lower non-homogeneous half space medium.

Figure 7. Impact of the anisotropy factor C1
C5

= 2 on dispersion curves for l1
H =

0.10, 0.15, 0.20, 0.25, and 0.30 in case of lower non-homogeneous half space medium.
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Figure 8. Impact of the anisotropy factor C1
C5

= 1 on dispersion curves for l1
H =

0.10, 0.15, 0.20, 0.25, and 0.30 in case of lower non-homogeneous half space medium.

Figure 9. Impact of the anisotropy factor C1
C5

= 2 on dispersion curves for l1
H =

0.10, 0.15, 0.20, 0.25, and 0.30 in case of lower non-homogeneous half space medium.

Figure 10. Dispersion curves for porosity factor D = 0.6 and the ratios l1
H =

0.10, 0.15, 0.20, 0.25.
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Figure 11. Dispersion curves for porosity factor D = 0.7 and the ratios l1
H =

0.10, 0.15, 0.20, 0.25.

Figure 12. Dispersion curves for porosity factor D = 0.8 and the ratios l1
H =

0.10, 0.15, 0.20, 0.25.

Figure 13. Dispersion curves for porosity factor D = 0.9 and the ratios l1
H =

0.10, 0.15, 0.20, 0.25.



438 Ravinder Kumar, Suraj Sharma and Ananya Goyal

9 Conclusion

This study examines the propagation of shear waves in TIFSPL with a rigid upper surface bound-
ary, situated above a heterogeneous elastic half-space. By using perturbation techniques, Biot’s
elasticity theory, and Fourier transformation methods, the dispersion relation for the model has
been derived. It has been found that this dispersion equation is influenced by several factors, in-
cluding the inhomogeneity parameter, wavenumber, porosity, phase velocity, the size and shape
of the irregularity, and the layer height. The impact of various factors on non-dimensional phase
velocity versus the non-dimensional wavenumber has been visualized graphically with MAT-
LAB graphical tools. By analyzing the analytic and graphical results, the following main aspects
of the study have been concluded:

• From Figure 2-5, an increment in the phase velocity is seen in both instances, firstly when
the wavenumber is increasing and secondly when the ratio (l1/H) is increasing. It has also
been noted that as the value of the inhomogeneity parameter q increases, the magnitude of
phase velocity decreases.

• Figures 6-7 demonstrate that within a homogeneous half-space, as the anisotropy factor
C1/C5 increases for distinct values of the ratio (l1/H), it leads to an increment in phase
velocity.

• Figures 8-9 examine that in a non-homogeneous half-space, an increase in the anisotropy
factor C1/C5 for different values of the ratio (l1/H) also increases the phase velocity.

• Figures 8-9 conclude that as the heterogeneity parameter increases, the phase velocity
slightly decreases.

• Figures 10-13 show that the phase velocity decreases as an increment in the porosity factor
(D), while a higher ratio (l1/H) value results in an increment in phase velocity. Addi-
tionally, crossing points are observed when the non-dimensional wavenumber is near 10 to
15.

Hence, it is determined that the layer’s phase velocity is altered by factors including the
wavenumber, inhomogeneity parameter, porosity, and the ratio l1/H . These results are valuable
for researchers in seismology, solid mechanics, and geophysics, particularly those studying wave
propagation.

The findings of this study provide valuable insights into the geophysical behavior of shear
waves in complex layered media. The combined effects of anisotropy, porosity, and triangular-
shaped interface irregularity are found to significantly influence the dispersion characteristics
and phase velocity of shear waves. Specifically, anisotropy and the depth or shape of interface
irregularities tend to increase the SH-wave phase velocity, while higher porosity and material in-
homogeneity lead to its reduction. These interactions emphasize the necessity of simultaneously
considering multiple physical parameters when analyzing seismic-wave dispersion in realistic
geological environments. In sedimentary basins and porous fault zones, neglecting the coupled
influence of anisotropy, porosity, and interface geometry may result in biased velocity estimates
and misinterpretation of subsurface conditions. Furthermore, the study reveals that the geom-
etry of the interface, such as triangular irregularities, can cause branch crossings or noticeable
shifts in dispersion curves, directly affecting seismic inversion outcomes and subsurface imaging
accuracy. The theoretical framework developed here offers a robust foundation for improving
seismic data interpretation and modeling of wave propagation in anisotropic and porous media.
Incorporating these coupled effects into modeling and inversion strategies such as those used in
ambient noise tomography or surface-wave surveys can lead to a more realistic characterization
of subsurface structures. Future work could extend the present analysis to include attenuation
mechanisms and perform comprehensive numerical simulations for complex basin geometries to
further validate the theoretical predictions.

Nomenclature
• M1: Transversely isotropic fluid-saturated porous layer.
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• M2: Heterogeneous elastic half-space

• H: Height of porous layer

• ui: Components of displacement vector for a solid in medium M1

• Ui: Components of displacement vector for a fluid in medium M1

• σij : Components of stress tensor per unit area in medium M1

• Cm: Material constants used in the porous layer for m = 1, 2, . . . , 8

• ρs, ρϕ: Mass densities for solid, liquid medium respectively

• ϕ: Porosity of the porous layer

• 2s: Maximum width of the irregularity

• l1: Maximum depth of the irregularity

• d: Distance of source causing irregularity along z-axis

• τij : Components of the stress tensor in medium M2

• vi: Components of the displacement vector in medium M2

• λ, µ: Lame’s coefficients

• δij : Kronecker delta

• k: Wavenumber

• ω: Angular velocity

• µ0, ρ0, q: Arbitrary constants

• Ω: Dimensionless frequency

• cG: Velocity of shear waves

• t: Time dependent variable

• c: Common wave velocity

Appendix A

The definitions used in Section 5 and in the dispersion derivation:

ζ2
1 = α1 + i α2, α1 =

Fω2

c2
G

, α2 =
Rω2

c2
G

, (.1)

F (ω) =
1 + Ω2γ22C

′

1 + (Ωγ22)2 , R(ω) = − (C ′ − γ22)Ω

1 + (Ωγ22)2 , (.2)

C ′ = γ11γ22 − γ2
12, γij =

ρij
ρ
, (.3)

c2
G =

C5

D
, Ω =

ρω

b11
, D = ρ11 −

ρ2
12

ρ22
, (.4)

The wavenumbers and related quantities:

χ2
1 =

C1

C5

( ζ2
1

C1
− k2

)
, (.5)

χ2
2 = k2 − ω2

β2
0
, β2

0 =
µ0

ρ0
, (.6)

χ =
1
2

(
q +

√
q2 + 4χ2

2

)
. (.7)
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Fourier transform definitions used in the analysis:

v0
2(z, η) =

∫ ∞

−∞
v0

2(z, x) e
−iηx dx, (.8)

v0
2(z, x) =

1
2π

∫ ∞

−∞
v0

2(z, η) e
iηx dη. (.9)

Appendix B

This appendix reproduces and organizes the coefficients A1, A2, A3, A
0
1, A

0
2, A

0
3, R(k), E1(k),

E2(k), and the Fourier transforms of h(x) used in the derivation.

Coefficients A1, A2, A3 and first-order corrections.

A2 =
4µ0e

−χd

R(k)
, (.10)

A1 =
4µ0e

−χd tanχ1H

R(k)
, (.11)

A3 =
2e−χd

(
µ0χ tanχ1H − C5χ1

)
χR(k)

, (.12)

and the first-order (in ϵ) coefficients:

A0
1 =

tanχ1H [E2(k)− µ0χE1(k) ]

R(k)
, (.13)

A0
2 =

E2(k)− µ0χE1(k)

R(k)
, (.14)

A0
3 =

E2(k) tanχ1H + χ1C5E1(k)

R(k)
. (.15)

where

R(k) = µ0χ tanχ1H + C5χ1. (.16)

Definitions of E1(k) and E2(k):

E1(k) = h(x)
(
A2χ1 +A3χ− 2e−χd

)
, (.17)

E2(k) = h(x)
(
C5χ

2
1A1 + µ0χ

2A3 + 2µ0χe
−χd

)
+ iηh(x)

(
−A1C1 +

2
χµ0e

−χd + µ0A3
)
.

(.18)

Fourier transform of the irregularity function h(x).

h̄(λ) =

∫ ∞

−∞
h(x)e−iλx dx, (.19)

h(x) =
1

2π

∫ ∞

−∞
h̄(λ)eiλx dλ, (.20)

and the derivative transform

h′(x) = − i

2π

∫ ∞

−∞
λ h̄(λ)eiλx dλ. (.21)
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Definitions used in g(k) and E integrals.

B2 = Aχ2
1C5 − µ0χ

(
A2χ1 − 4e−χd

)
, (.22)

B3 = −λk
[
A1C1 − µ0

(
A3 +

2
χe

−χd
)]
, (.23)

Definition of y(k) used in the dispersion condition:

y(k) = 4
(
C5χ

2
1 tanχ1H − µ0χχ1 +R(k)χ

)
. (.24)

Appendix C

This appendix reproduces the expressions used to obtain the complex dispersion relation.

P1 =

[
1
C5

(Fc2

c2
G

− C1

)
+

i

C5

Rc2

c2
G

]1/2

, (.25)

P2 =
1
2

(
Q+

√
Q2 + 4

(
1 − c2

β2
0

))
. (.26)

The complex root splitting and k1, k2:

P1 = k1 + ik2 (so k1, k2 are real part and imaginary part of P1). (.27)

Explicit expressions for k1 and k2: Starting from

P1 =
√
A+ iB, P1 = k1 + ik2,

where

A =
1
C5

(
F (ω) c2

c2
G

− C1

)
, B =

1
C5

(
R(ω) c2

c2
G

)
,

the real and imaginary parts of P1 are obtained as

k1 =

√√
A2 +B2 +A

2
, k2 =

√√
A2 +B2 −A

2
.

A =
1
C5

[
c2

c2
G

(
1 + Ω2γ22C

′

1 + (Ωγ22)2

)
− C1

]
, (.28)

B = − 1
C5

[
c2

c2
G

(
(C ′ − γ22)Ω

1 + (Ωγ22)2

)]
. (.29)

Hence, the explicit formulae for k1 and k2 (equivalently K1 and K2) are:

k1 =

√√√√√
√[

1
C5

(
c2

c2
G

1+Ω2γ22C′

1+(Ωγ22)2 − C1

)]2
+

[
1
C5

c2

c2
G

(C′−γ22)Ω

1+(Ωγ22)2

]2
+ 1

C5

(
c2

c2
G

1+Ω2γ22C′

1+(Ωγ22)2 − C1

)
2

, (.30)

k2 =

√√√√√
√[

1
C5

(
c2

c2
G

1+Ω2γ22C′

1+(Ωγ22)2 − C1

)]2
+

[
1
C5

c2

c2
G

(C′−γ22)Ω

1+(Ωγ22)2

]2
− 1

C5

(
c2

c2
G

1+Ω2γ22C′

1+(Ωγ22)2 − C1

)
2

. (.31)

These explicit forms guarantee that the dispersion relation can be evaluated directly in numerical
routines without relying on implicit complex-square-root operations.
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Final expressions for Lr and Li:

Lr =
[ 2l1kk1(k2

1C5 + C5k
2
2 + µ0P

2
2 ) − µ0P2k1 ] [C5 − 2C5l1P2k + 2l1µ0P2k ]

[ 2l1kC5(k2
1 − k2

2) + µ0P2(2l1kP2 − 1) ]2 + (4kk1k2l1C5)2
, (.32)

Li =
−[ 2l1kk2(k2

1C5 + C5k
2
2 − µ0P

2
2 ) + µ0P

2
2 ] [C5 − 2C5l1P2k + 2l1µ0kP2 ]

[ 2l1kC5(k2
1 − k2

2) + µ0P2(2l1kP2 − 1) ]2 + (4kk1k2l1C5)2
. (.33)

Appendix D: Additional explicit definitions and porosity mapping

For convenience and reproducibility of numerical computations we explicitly state the porosity
mapping and a few dimensionless relations used in the numerical section.

Biot mass coefficients and porosity mapping

ρ11 + ρ12 = (1 − ϕ)ρs, (.34)

ρ12 + ρ22 = ϕρf , (.35)

ρ = ρs + ϕ(ρf − ρs). (.36)

The parameter D that appears in c2
G = C5/D is defined by

D = ρ11 −
ρ2

12
ρ22

. (.37)

If the numerical choice is ρ12 = 0 (used in manuscript numeric examples), then

D = ρ11 = (1 − ϕ)ρs, D1 =
D

ρs
= 1 − ϕ. (.38)

Hence the non-dimensional porosity parameter values D1 = 0.6, 0.7, 0.8, 0.9 used in plots cor-
respond to physical porosities ϕ = 0.4, 0.3, 0.2, 0.1 respectively.
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