Palestine Journal of Mathematics

Vol 15(1)(2026) , 42-59 © Palestine Polytechnic University-PPU 2026

A characterization of Poisson structures compatible with the
canonical metric on R*

A. Tankary Banaou, 1. Hamidine, M. S. Ali and M. Hassirou

Communicated by: Zafar Ahsan

MSC 2010 Classifications: 53C15, 53C17, 53D17, 70G45.

Keywords and phrases: Poisson manifold, Poisson structures, canonical metric.

The authors would like to thank the reviewers and editor for their constructive comments and valuable suggestions that
improved the quality of our paper.
The authors was very thankful to the EDP-MC Network with finance support from the International Science Program (ISP
Grants BurkO1).

Abstract The object of the present paper is to construct a characterization of a four-dimensional
Poisson manifold with canonical metric.

1 Introduction

Poisson manifolds are nowadays an important field of research in expansion, in differential ge-
ometry. Poisson manifolds were introduce by A. Lichnerowhich, in [4], but the notion of Poisson
bracket were first introduced by S. D. Poisson in [5]. They have their application in mechanics
in her Hamiltonnian formulation and in quantization because they are used to quantify physical
system. This motived several study of such manifold (see [7]).

A Poisson structure on a smooth manifold M is the data of a Lie bracket {-, -} satisfying the
Jacoby identity. It’s also equivalent to the date of a bivector  satisfying some condition. This
bivector is called Poison tensor.

The notion of Riemann Poisson manifold were first introduced by 1. Vaisman ([6]) and M.
Boucetta characterised the compatibility between Poisson and Riemannian structures ([1, 2, 3]).
Hence, in [2], the characterization of Poisson tensor which are compatible with the canonical
metric of a three-dimensional manifold were done.

In this paper, we characterize the Poisson structures compatible with the canonical metric of
R?, this compatibility (condition) will be defined in section 2. The aim of this work is to continue
the work of M. Boucetta [2].

The present paper is organized as follows:

In section 2 we recall some preliminary results. Section 3 contains a characterization of three
and four-dimensional Poisson manifolds.

2 Background on Riemann-Poisson manifolds

In this section, we recall some basics notions on Poisson manifolds taken from the book [6].
We begin with some Poisson structure on a differential manifold. Let M be a differentiable
manifold with a pseudo-Riemannian metric g and a bivector field w. To the field of bivectors T is
associated, in a natural way, a field of endomorphisms t, : T*M — TM by B(t,(a)) = 7(a, 8)
and on the space of differential 1-forms Q! (M), the Poisson tensor induces a Lie bracket defined
by (see [6]):

[0, Bl = Lyt = Lygra — d(m(a, 8))- @.1)

And the Shouten-Nihenjuis’s bracket [r, 71| defined by

[ 7] (e 8.7) = 7 (2 ([0, B1x) — [tct, 22 ). 22)
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The bivector field m defines a Poisson structure on M if and only if [z, 7] = 0 (see [6, Proposition
1.4]). In this case,the equation (2.2) implies that §, is an isometry. We denote by g* the comet-
ric defined on T* M. The metric contravariant connection associated to (m,g*) is the unique
contravariant connection D with respect to 7 such that, for any o, B,y € Q' (M):

1) the metric g* is parallel with respect to D or D is compatible with g*, i.e
tr(@)g™(B,7) = 9" (DalB,7) + 9" (B, Da),
2) D is torsion-free, i.e D, — Dga = |, f].

With above assertions, the triple (M, g*) is called a Riemann—Poisson manifold if D, = 0.

3 Main results

Let (M, g) be a 4-dimension Riemannian manifold endowed with her canonical metric g:
g = da* + dy? + dz* + di*. (3.1

Let m be a Poisson tensor given in local cordinate (x,y, z,t) by:

T=T g/\ﬁ—l-ﬂ' g/\é—l-ﬂ' g/\g
~ 20z dy Bor " 0z Yor " ot
+ 7 2/\g—l—w 2/\g—i-w ﬁ/\g
Poyo: T oy ot T e o
where
m2 = 7 (dz,dy), m3 =7 (dz,dz), ma4 =7 (dz,dt),
T3 = ﬂ(dy,dz), Moy =T (dy,dt), T34 =T (dZ,dt)
are differentiable functions on R*. Therefore we have
0 0 0 0 0 0
i (dx) =Ty, tmag- t ey ir (dy) = —Tag- T s+ Mo

0 0

3 0 0 0
fr (d2) =Ty, 772%8 +7T%4 7ﬂn(dt) 7714%—%245@—#34&

and the bracket [., ] _is defined by

[de,dy], = d(n(dz,dy)) = dm2 = 1 do+ e e O dzt Kz dt
B _ _ Omy3 13 13 13
(de.dz). = d(r (dr,dz)) = drys = W dfc+65’y d +88 d +88 dt
[dz,dt]  =d (7 (dv,dt)) = dms = 7714dx+ m4dy—|— 7r14dz + m4dt
x aa:c aay aaz aaf (3.2)
_ _ _ Oma3 23 23 723 .
[dy,dz],, = d (7 (dy,dz)) = dmy3 = D dr + o dy + iz dz+ O at
_ _ _ Omu 24 24 24
[dy,dt], = d(m(dy,dt)) = dmy = 8&@ dz + aay dy + aaz dz + aat dt
_ B _ Omyg T34 T34 T34
[dz7dt]7r = d(ﬂ' (dz,dt)) =dm3y = 97 dx + ay dy + Ep dz + ot dt.

Let g* be the metric on the cotangent bundle defined by g* (o, 8) = g(fra,#=8). Let D be
the contravariante Levi-Civita connection associated to g*. It’s caracterised by the Koszul type

Sformula:
29" (DafB,7) =tn(a)g™(8,7) + = (B)g" (e, ) — ()9 (av, B) (3.3)
+ 9" ([, B, ) + 9" (v, al, B) + 9" ([, Bl @) '
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The non vanishing Christoffel’s coefficiants of D are given by:

oma omi3 0mi4
rlz = —F11 = or F}3 F11 = or F}4 = —1'1‘1 = Or
o2 0m3 O™
r,=-I3="—=, Th=-TI}=—=, I3=-T},=-—"2=
22 21 oy 23 22 oy 24 22 Dy
or or or
1 13 1 _ Oms 2 3 _ 0m3
I3 = F31 =0 Iy = *rﬁl = ot 5 =-T5= 9z
87‘1’24 87‘1’ 87‘1’
o 3 _ 34 o 34
1ﬂ44 =TT Ty, I3, = —1—¢3‘3 = 0. F44 = rﬁa =5
1 _ 3 __ 1/0my3 87‘(‘]3 71']2 1 _ 1/ 0my4 87‘&'14 871']2
Iy =-15, = 3(F2 + +G8), Iny=-T5 =5+ + )
2 — 1 J— l 871'23 _ 87'(']3 _ 37\'12 1 — p— l 6#34 87T]4 6#13
I =-Th=3(F2 - 32 -F2), Ty=-T5 =352+ + %)
2 1 _ 1(0my _ Oma _ Ompp 3 Il _ 1(Omu _ Oma _ Omis
'y Iy = z( oz Dy ot ), Ty=-Ti= 2( oz 0z ot )
3 2 _ 1 O7o3 57‘(‘13 871']2 2 _ _ 1 871'24 87‘!‘]4 oy
I, =- 13—2( oz + ) I, = l—vl‘z—z( 90 T at)
2 _ _ 1/0m3y 87&'24 071'23 3 2 __ 1(07 871'24 13
I3 —_1—“3‘2—5( + +52), Tp=-Th=7(52 32 —-%2)
3 _ 1 871'34 67r14 or3 3 _ __ 1 (0mx 67r24 O3
Ny = _1—-4113 i( + T ot ), Iy= —l'“z‘3 = §( + ~ ot )-

To introduce the conditions of compatibility for triplet (R“, g*, 7r) we need the following lemma
which gives us a necessary condition so that (R3, g%, 77) is a Riemann-Poisson manifold using
divergence. This is a verification test of our work out method.

Lemma 3.1. If the bivector fieldr w is compatible with g* then there exists a differential function
won R3 such that

o\ 0 0 opn\ 0 0 ou\ 0 0
= A — — =A== == A= 34
i (5‘2) Ox 8y+<3y> Oxr 0z (&U dy Oz (34)
Proof. According to the work of M.Boucetta [2], the compatibility condition leads to the appli-
cation being C*> (R?)-bilinear

(a,8) — L, 9" (. B) = g* (Dadh, B) + g (o, Ddh)

is anti-symmetric for any differentiable function h on R3, consequently it has zero trace; but its
trace in the canonical base is equal to

¢ (h) == g* (Dgodh, dzx) + g* (Daydh, dy) + g* (Dazdh,dz) ¥ he C™ (RY). (3.5

We calculate ¢ (h), as

oh oh oh oh
9" (Dygdh,dz) = Ey 9" (Dygdz, dz) + a—g (Dagdy, dz) + 5.9 (Dagdz, dx) + 4 (dz) - (5‘x
. 8h 11 6}1 12 8h 87r12 (97'(13 ah
=g D tg, g W5, % ) &
_@.8ﬂ12+%.8w13+ 62h + 82h
Oy Ox 0z Ox ”‘zayax ™800
So
9" (Dgydh, dy) = p T35 6‘ T3 3 I3 - + ER 3y
__Oh Omp n Oh Omys 0*h n 0*h
oxr Oy 0z Oy 2 0xdy 23 020y

)
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and
oh oh oh on on Ooh
“(Dapdh,dz) = — -3V 4 — . 1324 —— .13 _dms  Oms ) [Oh
9" (Da=dh, dz) O 3+8y 3+8z 3+ B By P
o _% (97T13 . % 67‘(23 . 62h . 82h
Oox 0z Oy Oz B 920z B 9yoz
Therefore

¢(h)—@~amz Oh Om3 Oh Omp | Oh Oms  Oh Omi
Oy Ox 0z Oz or 0Oy dz 0Oy dr 0z

_Omsz  Omp\ Oh Omip  Omys'\ Oh Omys | Omz\ Oh
0z dy ) Oz Ox dz ) Oy dy oxr ) 0z

o 37T13 37T12 6 (97T12 (97T23 3 371’23 87T13 8 .

_{< 0z 8y)6x+(8x Bz)8y+<6y+8x)az} h;

since {(’)ax’ 6%/’ ai} is a basis of C*° (R3)-free module of A (R3). Then ¢ (h) = 0V h €
C* (R?) is equivalent to the following system:

. 87T13 . 87T12 - 0
0z oy
671'12 671'23
20z - 0
ox 0z
Omys | Omiz 0
Oy Ox ’

which is equivalent to:

0 0 0
Ey (2 +m3) + 3y (—m12 + m3) + 5 (—miz —m3) =0.

By putting
a=—m3—m3, b= —mp2+m3, c=mp+m3,
0 0 0
%chafyva&a:O & div-v=0 ot v(cb,a),

the 2-form a = adx A dy + bdx A dz + cdy A dz on R? is closed. Since R? is simply connected,
then « is exact, there are three differentiable functions 7, i, v and a 1-form 8 = ndx + pudy +vdz
on R3 such that o = dj3

dpg = <au—an)dx/\dy+ (81/_877>dx/\dz+<877_8u> dy N dz =

oxr Oy or 0z oy 0z
a =-Tp3—T _ O _9n
=73 23—gx gy
b =-mptma=at -2 = atbte=0 (3.6)
0z _0x
c =Tp+T —@—@
=T 13—8y 92

which is equivalent to

0 0 0
%(M—Vﬂ'afy@—n)"‘@(n—ﬂ)—(),
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which is also equivalent to

n 14
no=p ©
w v
Therefore the system (3.6) becomes
4= —m3 — T3
b= —m2 + 23

C=Tp+ T3

By identification we obtain

ou
0z’

T2 = —

Which gives the desired result.

Remark 3.2. By setting f = —p we find the results of M. Boucetta [2].

The following Proposition 3.3 follows from the lemma 3.1, give us a necessary condition of
the compatibility between the Poisson structure w and the canonical Riemannian metric g*.

Proposition 3.3. If the bivector field w is compatible with g* then there exist six differential
functions fi, fr, f3, 4 fs, fo on R* satisfying the following system

Of

dy

)

fo =fs—fa
fo =fH—-1f
hH =fH-1f
i =h—f4

such as
[ 0fr  0fr 0 of>
7r<_(9z+8t)81‘/\8y+<a$

or else
(20, 20) 2,0 (2
N dy 0z ) 0 0 ox

or else
_<8f3 af3> 3 +< 0fs
oy ot ax 9z Ox

ot

of3
0z

(3.7)
o 0

> 7. A 0 (3.8)
o 0

) ay A P (3.9)
0

) 3y A 5 (3.10)

In particular if the bivector field 7 is compatible with g* then there exist six differential functions
fi, fo f3 fa fs, fo on R satisfying the following qualities

s _Of Ok 0fs _O0f_0fi
27 0r T E Ox 9z M oz ot’ '
00k Oh_ 0f __0fi o
BTy 0z Ay /T PR T
such that the bivector field m can be written in the following form:
Ofs 0 Ofs 0 Ofs\ 0 0
<8y)8m/\8y (8z>8:c/\az+<8t)8x/\8t (3.12)
ofs\ 0 0 ofs\ 0 0 ofiy 0 0
+(3z)3y/\32 (8t>8y/\6t+<3t)8z/\8t'
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Proof. The compatiblity of the Riemann metric g* and the Poisson structure 7 on M implies the
vanishing of the modular vector field which held to:

n

¢g-(f) =D 9" (Dadf, i) =0,

i=1

where {ay, ..., a,} is a local basis of the space of 1-forms, and f € C*(M).
In our case we have :

Since,
1 Of

ll%
0
+(r%18—£
3 0f s 0f 5 0f 5 0f
1181’ 12 ay 13 9z 14 ot

0 0 0 7]
H(Th G+ Thgt + T gl + T +stdo)(

1 Of
1287y
2 Of
]Zaiy

1 Of
135,
2 Of
Elpm

0 0
WL 4 st

2 OF
1475,

Ddxdf:(l“ +rL a2 g da

N———

(.5
[

I A R A e el

£ &

+(r T S RCIS NN A

D
N

2

1 9f
21 ox
» Of
21%
5 Of
21%

 Of
22 ay
2 Of
ZZaiy
3 Of
2287y

1 9f
23 9z
, Of
23%
5 Of
23%

0 0
+ 8 )
2 Of
24&
of
245

0 0 0 0
+(F‘2‘187£ + 1’2‘26—5 + 1—‘%67{; + 1—“2148*{ + #(dy)(

+ T +T dx

N—

Daydf = (F

+(F + 15,2 +TH S + 13,2 + 4(dy) (22) ) dy

+(T 50 + Tho +Thsl + Tl S + dy)(

EREEE

)
))dz
))t,

1 9f
i

2 Of

1 Of
23y
of of
315, +F§28—y+1"§3$
of af af of of
39f 90 0 O a5
315, 25y 35, +1I35, ot +jj(dz)(az)>dz

0 0 0 0 %)
L N R LE )L

1 Of
By,

1 Of

F TP + T2 +T —l—ﬁ(dz)(a—f))dz

ot ox

0 0
FI3G () ) dy

Dydf = (r
+(T

+(Th5s +Th 5 +T

and

of of
+F411287y +le13$ Jrlﬂ44a

0 0 0 0
+F‘2‘267£ +F33£ 348*{+ﬁ(dt)(*f) dy
5 Of

0 0
+ Fisa*]; + FLG—{ + ﬁ(dt)(*))dz

0

Dagdf = (leuafi
of

2 ZJ
+<F418x

5 Of

LT 4 b)) ) o

+T

0
of of of of of
+(r‘31% + rﬁza*y +rﬁ35fy + 1—115 + §(dt) () )dt.
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Then
1 9f
11 ax

of
+ﬁ@5

3 Of
31%

0
+I7; 5%

1 9f
12 8y
, Of
ZZaiy
5 Of
32871/

0
+%%+M

1 0f
1382
2 Of
236

of
1

145, + (d
, Of
2476, 8t
5 Of 3 Of
3y, e

of of
3oy +F34E

= T +I +T

T ar)(2L)

Ox

wm%>

+ 1) (2

of
Gt)

¢g* (f)

+I +I + I

+I" +I +T +I

+ #(dt)(

+(Tp3 + T35 4+ 33 + T3) ==

0
(T}, + 135, + I3, “‘rﬁl)a* +

f

X

of
0z

(Tl +T5, + T3, + Th) ==

+ (Tl + 15, + T3, + Tgy) =

of
oy

of

On can cheich that the vanishing of ¢ - (f) is equivalente to the following system:

I + 13, + 13, + T 0
T+, +T5 405, = 0
[l +15; +15+T5; = 0
T+ 15, + 15, + T4 0
which is equivalent to
_Omp Omz Omis — 0
y 0z ot
Omp _Oms _Oms  _
ox 0z o
Oms | Omz  Omy — 0
Ox Oy ot ’
Omiy  Omy  Om — 0
or oy 0z

which also is equivalent to

dx
0

55

Thus the 3-form

o

0
(m12 + 13 + m1a) +

dy

(—m12 + ™3 + m24) +

0
—T3 — ™3 + m34) + 5 (=714 — M4 — m34) = 0.

7(7T14—|—7T24—|—7T34)d1'/\dy/\d2+(77T1377T23—|—7T34)d$/\dy/\dt

—(—7T12+7T23+7T24)d£/\d2’/\dt+(7T12+7T13+7T14)dy/\dz/\dt

ot’

on R* is closed. as R* is simply connected, this form is exact therefore there are six differential
functions f1, f2, f3, f4, fs5. fo on R* and a 2-form

B = fidv Ndy + fodx ANdz + fzdx Adt + fady A dz + fsdy A dt + fedz A dt

on R* such that o = dff <—

A = __Oh 8fz 3f4
= T4 — M4 — T = =
0 0 0
B :—7T13—7T23+7T34—% afS afs
¢ L. or A+B+C+D=0
. _0f 3f3 dfe
O S e = e o
b on T or o,
R TR M

(3.13)



A characterization of Poisson structures on R* 49

= s Jo— 0+ 5 (s = Fot f)+ o (= fs = 1) + 5 (f1 = fa 1) =0

which is equivalent to

fo =fs—fa 3 =h+fs fs =fa+Tfs
fo =f—1f — i =h+fs PN fs =fi—h
h =fH-1Ffs fa =fs—Je L =f—Tfe
hH =h—fa fa =hL-h o =fit+h
So the system (3.11) becomes

A =—7T14—7T24—7T34:%(ﬁt—fz)#—%—%

B =—7T13—7723+7T34=%(fs—fs)—%—l—%

C =—7T12+7T23+7T24=—%‘F%‘f‘%(ﬁ—fﬁ

D —n _Ofs _Ofs O

=mp+ T3+ Ty = T 9, +8y(f5 f4)

A+B=—-(C+D) and A+C=—-(B+D) and A+D=-(B+C).

SO we haVe
f6 6 fl fl

Oor Oy 0z Ot
_ 3}[3 0fs  Ofs
T2 + T3 — M4 — T34 __%4_87_@ ot

Y
0 0 0 0
T2 + T4 — M3 + T34 :%—ﬁ—ﬁ on

T3+ Mg + M3 + Mg =

(3.14)

Iffi=fs =0 = fo= f3= fi= fs, then the previous system (3.14) becomes

T3+ 7y +m3+mg =0
of, 0L _0p  of:

Oz oy 0z ot
0f 0fr 0fs

T2 + T4 — M3 + T34 :%*aﬁy*%Jrang'

T2 + T3 — T4 — T34 =

Through identification we have:

0fr  0f> _9fs _0fs

W]Q—*g E, T34 %7@ and 7T]3:7T14:7T23:7T24:0:>
_( 90f 0fyO O of 0f2\ 0 0

”‘( 8z+6t>8x/\8y+<8x oy ) 92 " or

Iffs=f=0= fi =f,=—fs =—f then the system (3.14) becomes:

1o} 0 0 0
T3 + T4 + T3 + T4 Zafgfafj;l—l—afgf%
T+ T3 — Mg —m4 =0

ofi _oh  Ofs Oh

T2 + T4 — M3 + T34 Z*%*afy 92 ot

By identification we get

5'f1+% _Ofi 0f

Y = ——— My =———— and 7wp=n3=7Ty=73=0=
dy 9z’ dr ot :

7T:(ﬁfl 8f1>8/\8+<8f1 8f1>6/\8

"oy "oz )t a T\ e e Jay o
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Iffh=f=0= fi=f;=f¢=—f4then the system (3.14) becomes:

LOfs  Of  0fs Of

T3+ T4 + M3 + T4 = %—i-ay % ot
3

e _af oh of on
12+ T3 — T4 — T34 or Ty " 0: ot
T + T4 — M3 + 734 = 0.

By identification, we have

0 0 0 0

7F13=87j;*£, 7T24=*87j;+87£3 and mp=my=mp3=my=0=
(0% OB\ D, 0 [ 0f Op\ D, 0

”‘(ay 8t>8x/\82+< ax+az)ayAat'

Which gives the desired result.

In particular if the functions fi, f2, f3, f4, fs and fs verify the following equalities

Ofe _0fe  _0fs _ Ofs  Ofs _Ofa
Ox oy’ oz 8z’ Oz ot’
ofs _0fs  _0h _ _9h Oh _0h
Oy 0z’ Oy ot’ 0z ot’

then, by identification of the system (3.12) we have:

po e 0 Ofs _ Ofs  _ _0fs _Of
27 0z oy’ B Ox 9z M7 oz ot’
_0fz _0f3 _ 9fh _ 0f _0fi _ Ofi
T3 = S = - - - -

Ty 0z ™ Ty T e ™T . T ot

We can write

_(Us\ 0, 0 (0D 0 (0D, D

7T_<8y)8x/\8y <az)8x 3z+(8t 8x/\8t+
0

(R0 0 (opNo 0 (9D o
0z ) dy 0z ot ) dy Ot ot ) 0z Ot

Corollary 3.4. By Proposition 3.3 the contravariant derivative D will have the following Christof-
fel’s symbols:
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_(_ 9 0 9 (9L _9h)O O
”If”_< P 8t>8x/\8y+<69€ a;,)afaﬂ””’“s
9 d 9 d
lez—g £7 T34 = 87]2_87{/2 and T3 =Ty =73 =13y =0
2o _Ph Ph o o Ph PhH
1 27 9zdz  ozot’ % 21 oydz = Oyot’
’fh Ofr | *f
3 = — = — . 3 = — = — .
[ = 15 dz0x = 820y’ Ty =-Th otdx  tdy’
o 1 Ph PhY . 1/ 2h 52f2 ,
2 A7\ 922 T ozot) Iy = 2 ot0- T or )’
1 (% &F O f>
2 _ 1 _ 1 _ . 1 -
i=-Th=3 <8z2 azat>’ I3 2( dx? 8x8y>
1 (0%, O*f 1 f 0
2 _ o _ 1 . . 3 _ 1l - .
h=-To=3 <8t8 o2 > P la=Te =3 <8x2 8x8y) ’
1/ & O f O%f,  Of
3 2 2 2 2 o 2 2 .
Mh=-Ti=3 <_ azat> M= -Th = 2 (ataz C o2 > ’
1 /62 % f Of  Of
2 _ _ 2 2 3 _ 2 = 2 2
By =T 2 <8y8x oy? ) Te=-Ts=3 (ayax oy? )
1 [0? fz 0? f2 1 o f2 0* f2
3 I _ . 34— =
My =T 2 <8x2 8x8y) » Ty= Ty = 2 (8y6m dy? )
_(L9h 9RO 9 (9h OAN D, O
Z)If”_( ay 8z>8m 8t+<8x az>ayAazwehave
T4 = 3f1 on :%—% et mp=m3 ="y =m4=0
14 8y 92 ) oz 92 12 13 24 34
o _ Ph P 2. — 13 — Ph P h.
14 i ordy ' 0z0z" B 27 gyoxr  Oyot’
aZfl fi ’fH A
1 _ 2 _ 13 _ _ .
T=-Th =35, T 5= T2 550~ a0
. p_1 ’f Oh 5'2f1 O fi
A T ayaz
1 82f1 82f1 azfl 82f1
2 - - .
D= Ty = 2< 8y8z> =T = 2< 8z8y 022 >
1 82f1 82f1 1 azfl azfl
2 - 3 _
Ti = -Ti = 2 ( 8y82> T = T4 = 2 (ayaz 022 )
1/ 0*fi  O*fi 1 82fl O*fi
2 2 . 2 _
Mh=-Th=5 ( 922 8x8t) Mi=-Th=3 ( 8y82>
1 O fi 1 f1 82f1
2 3 _ 2 .
Bu=-T5%=3 <8t8x ot ) Lo =T = ( dtox | or ) ’
_ L/ 2h 82f1 1/ &hHh  Oh
3 _ 3 — | =
Dia = ( 920y [ =-Th 2\ otdx ' o2 )’
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(05 N0 0 [ 0f 05\ 0 0
3)””_<ay 8t>8m/\8z+< Dz az> N gy one has
T3 = %’:—% Wz4=-%+% and T =Ty =m3 =73 =0
1—~1 _ 71—6 _ 82f3 . azf?a . 2 _ _ 32f3 32f3 .
13 W ozoy  oxot’ 2 oydx | Oydz’
Pf 0 f3 f | P
3 B T2 4 )
I3 = -5 dydz  Otdz’ Ty=-T, COtdxr | Otdz’
Of 0 fs L[ &f  0*f
| _ 13 _ ) 1 1 3.
s =15 = (8y aya ) P Ty=-To =5 ( 02+ axaz) ’
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For the condition of Proposition 3.3 to become sufficient, an additional constraint is required

on the functions f1, f, and f5 hence the following theorem:

Theorem 3.5. The bivector field  is compatible with g* if and only if there exist differentiable

functions fi, f» and f5 on R* such that:
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(3.18)

Proof. For (R*, g*, ) to be a Riemann-Poisson manifold it is necessary and sufficient that:

Dr: Q' (R*) — X (RY)
is identically zero: that’s to say
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one has:
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continued
p (V. 39 p 9 9 39 &Fh PhHY I
“\oz) " Mox Roay " Po: Mo \9z00 9z0t) ot
Finally
0 0 0 0 0
Da- (61&) =Tags —réza*y —1—¢2‘3§ —1—¢314§
_ 1 2h 2h QJF FhPh n _hHh | Ph
2 0x2  Oxz0y ) Ox Oydxr  Oy? 3 022 020t
Thus
0 0 0 0 0 0
Do (TN L) =D (ZVN Ly Lap. (£
dz<5:c/\6y) dz(ax>Aay+axA dz(a;,)
_ L&k PR\ 0 L (PH Ph 0
2\ 022 0xdy) oy ot 2 \0ydxr Oy 6‘ ot
and
g 0 0 (9 0
D, T (62 N 8t> —Dd:r <az) at /\Ddz (8)
_ 1L (PhH Ph 9 1 (hH P h g/\g
— 2\ 022 ozdy 8:5 0z 2 \0ydx Oy* ) Oy Oz
So
Dom — i,% 9 (0 0h\O O 0 (0h 0fh)O O
= Oz 8t 92 "ot ) oz oy 8t or oy ) 9z ot
41 afz 3f2 &*fh  Of 9,9 _ &’h  h 9,9
2 0x2  0zdy ) dy 6 Oydxr  Oy* ) Ox Ot
1 %_% 0 OB\ D, 0 (b 0p\ D D
2 022 dzdy ) Oz 32 Oydx Oy?) Oy 0z’
Likewise
[ (h 0BN[O ([ 0f 0BNO 0 0 (0h 0p\O
DM‘{ (ax 8y){82< 6z+8t>8/\(‘3 +8z<6x >a
C(L0h OB\ [(Rh_ n\D 0 m,@ 9,
2 0z ot Ox? axay Oy 8 Oyox ay ox
L(30 OB [(% 0 ) 0, 0 (o 050
2\ 0z Oy oxr Oxdy ) Oz Ot Oyox )2

Finally we have:

DdIF = Ddyﬂ' = 'Ddzﬂ' = 'DdtTF =0.

One has:
o _ oh
8z Ot
et <~ V- fr =2 (1’,2)
o _ oh
or Oy

If 71__(_8]‘1+3f1>88$

o, (0f
Aaﬁ(ax‘

where ¢ (z,2) =

9
0z’

oh
ot

9.,
dy

O/

ox

one has:

9

0z

9
0z

|

q
3]
ail}



57

A characterization of Poisson structures on R*

9 (fjfl_afl)
ot \ Ox

9,9
8y 0z
9,9
0z
9,9
8y 0

f(_0h  ORN[O (o  0n\ D , 2
Dagm _{( 8y+82>[8t( oy Tz )" d
ofi | Ofi FhHh o, 0o 0 i 52f1
(_=Z/t 72/ A — _
+2( Jy * 32) {( o2 +8y32 3:17/\8y+ 8233,/ 81’

(2 GN[(Bh PR D 0 (P
2\ Oz ot oy Oydz) 0z Ot 325y 022

I\

ofi  Oh ofi [ 0fiy O O ofi  Oh

<x )[az( aﬁaz)asﬂaﬁ(ax‘)
afi (9f1 *hH  Oh 9,9 Ph  PhHY O 9
( ) (_5‘z5‘t)3z 815_(_8158:0 8752)8:17 z}
()52 - () 2]}
0xdt ) oz Oy otdx ' o2 ) oy ot

(L) [2 (L) 2,20 (%0 )2, 0]
dy Jy Jdr Ot 0Oy \ Ox ot ) dy 0z

Ddy ™ {

D —

N —

» %,% R _GHYD 0 (PR _PRY0, 0
2 Oyr  Oydz) Oz 0= 020y 922 ) 0z Oyl

Finally one has:

Ddz ( ! - |:
1( 8fl 1){ 82fl afl) Aa+<52f1_52fl>3/\8}
2 3y COyoz ) oy " ot otdxr  0t2 ) dx Oy
(e 8f1)[<82f1_62f1> W2 (25 aya 0T
2\ oz 2 9ydz ) Oz 0= otox  ot2 ) 8z ot|])°
bur = {(%O)[2 (2 o), 0 0 (on anyo, o)
at y d or ot ' ox Oz
1< oh 1> Kazfl ofi >5 P <3 fi 82fl> /\5}
2 82 oy:  Oydz) oy ot 020y 0z% ) 9z ot

deﬂ' = Ddyﬂ' = Ddzﬂ' = Ddtﬂ' =0.

Which is equivalent to saying that

oh _ 9k
oxr ot
and s Vofi=2(22) where i (a,z) =04 00
% B % ox 0z
oy 0z
(0n _on\o 0 (on onyo o |
= _<8y 8t>6x/\8,z+< or 02 ) oy o onehas
ofy 0fs\[0 (0fs Ofs\ 0 0 0 (9fs Ofs\ 9 O
D @i _YBN |2 (Ys Y3y Y < Y (Y3 _YB) Y 9
a {( ) [a <8y o Jor "ozt a:\or 0. ) oy o
| 3f% 8fs 82f3 dfs \ 0 A 0 Of B\ 0 0
4 - . 7= —_—v= - - + — —_— - /\ N
T2 T otoy) oz N ay T\ ooy T o ) ax ot
of; 0 82 PR\ 0 0 P PR\ 00
L1 fz f3 fz S\ 9 n EN J;3 9,911,
3:17 8t8y 0z Ot Oty | o2 ) oy 0z



58 A. Tankary Banaou, I. Hamidine, M. S. Ali and M. Hassirou
f(0h OBN[O (0 0K\ D 0 0 ( oh op\ o 0
Daym _{< oz T az> [815(83/ 8t)8a:/\6 +8t( oz az>ayAat}
%_% ’f 0fs 0,9 _ _Ph +32f3 9,9
oy Ot o> 020z ) 8z ot 020x 022 ) Ox Ot
9
0

(af}ﬁ)[(%*%)“ (-5 55) " 2] |
ox = Oz 0xr = 0x0z ) Ox Yy 020z Oy

dfs 0f3 0 (0fs 0fz\ 0O
e ={-(5 %) m (5 )
41 5f33f3> K 32f3 3f3)

2\ Oy 0yot

0

dy
(-2, 28 [(-2 azfa 282,
2 T oyot)

NI—

9.9 _% o\ 9 Q
0z Ox 0z 8y
2 2
AND L (Oh B9 O
y Oz otoy  ot? ) oz (‘3t
2 2
o (F5 FEY 0, 0],
ot otoy ot ) dx Oy
0 dfs 0fs\ 0 0
+@<ax+w)aAa}
Pl Pf
020r 022

o
-+ ’f 0f 9
(828:1: 022 > 0z 8] }

deﬂ' = Ddyﬂ' = Ddzﬂ' = Ddtﬂ' =0.

_ 8f3 8f3 af3 8f3 0
o ~{-(-5+ %) 5 (% - %) %!
1 (Ofz  Ofs O*fs  Ofs \ 0
*(%m) [( awaxaz)aw

v Ofs  Ofs *fs P\ 0
+2<8x+8z) K 922 | 9202 >a

Finally we have:
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Which is equivalent to saying that
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oy ot P P
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Which gives the desired result.

4 Conclusion remarks

This paper aims is to obtain a characterization of 4-dimensional Poisson manifold endowed of
canonical metric. Also, some characterization have been discussed. Therefore, the results of this
work are variant, significant and so it is interesting and capable to develop its study in the future.
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