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Abstract This paper explores the concept of quasi-bi-slant submanifolds within the frame-
work of trans-Sasakian manifolds, a significant class of almost contact metric manifolds char-
acterized by a pair of smooth functions («, 3). A quasi-bi-slant submanifold is defined by the
existence of three orthogonal distributions, with two being slant distributions having distinct
slant angles, and the third being invariant under the structure endomorphism. We derive neces-
sary and sufficient conditions for the existence of such submanifolds and examine their geometric
properties, including the integrability of the distributions involved.An example is provided to il-
lustrate the theoretical concepts and validate our results. This study extends the understanding
of slant and bi-slant submanifolds and contributes to the broader field of contact geometry, pro-
viding fresh insights and applications in both mathematics and theoretical physics.

1 Introduction

The study of submanifolds within the realm of differential geometry has long been a subject of
profound interest, particularly due to its implications in understanding the geometric and topo-
logical properties of the ambient manifolds. Submanifolds provide essential insights into the
curvature, structure, and various intrinsic and extrinsic properties of manifolds. Among the
numerous types of manifolds studied, almost contact metric manifolds, and their generaliza-
tions, play a pivotal role due to their rich geometric structures and wide range of applications
[15, 18, 19].

Trans-Sasakian manifolds, introduced as a generalization of both Sasakian and cosymplectic
manifolds, are defined by the presence of a pair of smooth functions (c, 8) [20]. These man-
ifolds exhibit a versatile geometric framework, encompassing various interesting special cases
and providing a fertile ground for exploring new types of submanifolds. The structure of trans-
Sasakian manifolds makes them particularly well-suited for exploring complex submanifold ge-
ometries, including slant, semi-slant, and bi-slant submanifolds [8, 10].

The concept of slant submanifolds, initially introduced in almost Hermitian geometry, has been
extended to the setting of almost contact metric manifolds [5]. A slant submanifold is charac-
terized by a constant angle, called the slant angle, between the structure vector field and the
tangent bundle of the submanifold [8, 10, 12, 13]. Bi-slant submanifolds further generalize this
idea by allowing two distinct slant angles. In this context, we will be studying a new class of
submanifolds termed quasi-bi-slant submanifolds, which are characterized by the presence of
three orthogonal distributions: two slant distributions with distinct slant angles and a third dis-
tribution that is invariant under the structure endomorphism [1, 7, 17].

In this paper we will study quasi-bi-slant submanifolds within the framework of trans-Sasakian
manifolds and to explore their geometric properties. We derive the necessary and sufficient
conditions for the existence of these submanifolds and investigate the integrability of the distri-
butions involved. Our study reveals intricate relationships between the geometric structures of
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the submanifold and the ambient trans-Sasakian manifold.

In the following sections, we begin with a review of the relevant background on trans-Sasakian
manifolds and slant submanifolds. We then explore the concept of quasi-bi-slant submanifolds
and establish the theoretical framework for their study. Next, we derive the conditions for their
existence and explore their geometric properties. Finally, we conclude with a discussion of our
findings and potential directions for future research in this area.

2 Preliminaries

Consider M be a (2n + 1)-dim almost contact metric manifold with tensor field ¢ on tangent
space and Character vector field & and ) be the 1-form satisfying

nE) =e=1,¢"=-I+n®¢, 2.1)

9(¢X,9Y) = g(X,Y) —n(X)n(Y), (2.2)
9(&€§) =1=¢,

n(X) = g(X,§) = en(X),dn(X,Y) = g(X, Y, (2.3)
9(¢X,Y) = —g(X, $Y),
¢.§ = 0,m09 =0,

for any vector field X, Y € [(T'M), the algebra of vector field on M.
The manifold M with structure (¢, €, n, g) is called almost contact metric manifold.

A Trans-Sasakian manifold is a normal contact metric manifold of type (o, ) if V X,Y €
[(TM)

(Vx9)Y = a(g(X,Y)E = n(Y)X) + B(g(6X,Y)E —n(Y)pX)
Vxé=—a(¢X) + B[X —n(X)¢] (2.4)

Let M be a Riemannian manifold isometrically immersed in M and same symbol g represent
induced Riemannian metric on M.
Let A, h denote the shape operator and second fundamental form respectively of immersion of
M into M.
The Gauss ,Weingarten formula are:
VxY =VxY +h(X,Y) (2.5)
VxV =—-AyX + V%V (2.6)
for Vector fields X,Y e T(TM), V € T(T+ M)
V: induced connection on M
V+: connection on normal bundle T+ M of M
Ay : shape operator of M with respect to V€ T(T+M)

h: second fundamental form )
h:TM @ TM — T+M of M into M satisfies

g(h(X, Y)7 V) = g(AVX7 Y) 2.7

for Vector field X, Y € T(TM) and V € T(T+M).
The mean curvature vector is defined by

1 1
H= ﬁtrace(h) = Zh(ei,ei) (2.8)
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n =dim(M) {e1, ez, ...,e,} be local orthonormal basis of (T M).
A submanifold M of Trans-Sasakian manifold M is said to be totally umbilical if

hMX,Y) = g(X,Y)H. (2.9)

If(X,Y)=0VX,Y € I'(TM) then M is totally geodesic.
If H = 0then M is said to be a minimal submanifold.

3 Quasi Bi-Slant Submanifolds of Trans-Sasakian Manifold

Definition 3.1:[1] A Quasi-bi-slant submanifold M of an almost contact metric manifold M
is the one which admits three orthogonal complementary distributions D, D and D, at point
p € M such that:

(i) TM admits orthogonal direct decomposition

TM =D ® D; ®D; ®(§).

(ii) The distribution D is invariant, i.e., D = D.

(iii) ¢(D1) L Da, ¢(D2) L Dy.

(iv) The distributions D and D, are slant with slant angle 01, 0,, respectively.
Let dim(D) = my, dim(D;) = my, dim(D,) = m3. Then:

(a) M is invariant if m; # 0, mp = m3 = 0.

(b) M is anti-invariant if m; = m3 = 0,my # 060, = 7.

(¢) M is semi-invariant if mi, m3 # 0, my =0, 0 = 7.

(d) M is Slant with angle 0y if m; =m3 = 0,m2 # 0,0 < 6 < 7.

(e) M is Semi-slant if my # 0, my #0, m3 #0, 6, =0,0 <6, < 7.

(f) M is Hemi-slant if m; = 0,mz,m3 # 0,0 <0 < 7, 0, = 3.

(g) M is Bi-slant if m; = 0,mp,m3 # 0,0 < 0y, 6, < 7.

(h) M is Quasi-hemi-slant if my,mz,m3 #0,0 <0, < 7, 6h = 7.

(i) M is Proper quasi-bi-slant if my,ma,m3 # 0,0 < 0; < 5,0 <6, < 7.

Now, we construct an example of a Quasi-Bi-Slant submanifold of a trans-Sasakian manifold.
Let R = C™ x R be the (2n + 1) dimensional Euclidean space endowed with the almost
contact metric structure (¢, &,n, g) defined by:

ozt 2?, eyl Ly ) = (W Ry, =t et =2t 2™, 0)
0
t —t —2t
=e'—, = e 'dt, =e 7K
& o g
where (', 2%, ... 2", y', 9>, ..., y",t) are Cartesian coordinates and K is the Euclidean Rie-

mannian metric on R*"*'. Then (¢,&,m,9) is a trans-Sasakian structure on R*" ! which is
neither cosymplectic nor Sasakian.

Example 3.1. For 6, € (0, %) and 6, € (0, 5), we take:

= 2 =—v, 2’ =usinw, z*=sinu, 2’=r

ylzv, yzzs, y3:ucosw, y4zcosu, yS:pcosoz7 y6:psina.

This defines a 7-dimensional submanifold M of R!3 with the trans-Sasakian structure de-
scribed above. Further,
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(0 a
Z1 =€ (aml+ay2>,
22:6t<—8—|—8>
oy Oy )’

. D ) o . 0
zz=e Slnwa——l—cosu——i—cosw——smu— ,

3 Oxy y3 Oya
2 =él acoswi—usinwi
T 0z3 o)’

z=c' <6> ,
8,@5

26 = €' (cos ozi + sinaa> \
Jys ye

0

21 = 73

ot
because ¢Z| = Z, and 92, = — 7.
Here D is spanned by {21, 22},D is spanned by {z3, 24} with slant angle 6; = 7,D, is
spanned by {zs, z¢} with slant angle 6, = «.

Therefore, M is a Quasi-Bi-Slant Submanifold of trans-Sasakian Manifold (R'3, ¢, ¢, 7, g).

Let M be a quasi-bi-slant submanifold of a Trans-Sasakian manifold M. Denote projection
of X e T(TM) on D, Dy, D; by P,Q, R, respectively.
Then for any X € T'(TM),

X = PX + QX + RX +n(X)¢. 3.1)
6X =TX + NX. 3.2)

where T X, N X are respectively the tangential and normal parts of X on M.
Using (3.1) and (3.2) we will get ,

6X = TPX + TQX + TRX + NPX + NQX + NRX. (3.3)
Now since ¢(D) = D, so NPX = 0 and we have from (3.3), we get

pX =TPX +TQX+TRX +NQX + NRX. (3.4)
by comparing the tangential and normals parts we get
TX =TPX+TQX +TRX,
NX =NQX + NRX.

Thus we have
d(TM)=DdTD, &TD, ® ND; & ND,. 3.5

@ denotes the orthogonal direct sum. B
Now, since NDy C T(T+M) and ND, C T(T+M) so we have
T*M =ND, & ND> & (3.6)

where i denotes orthogonal component of NDy @ N D, in T(T+M).
Now for any non zero V€ T(T+ M),

AV =tV +nV (3.7)
tV e T(TM) ,nV € I(T+M).
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Lemma 3.2. Let M be a Quasi-bi-slant submanifold of Trans-Sasakian manifold M of type
(o, B). Then

TD=D, TD,cC D), TD,C D,, (3.8)
tND, C Dy, tND, C Ds.

Lemma 3.3. Let M be a submanifold of Trans-Sasakian manifold M of type («, ). Then for
any X,Y e U(TM), V € T(T+ M), we have:

VxTY — Any X —th(X,Y) = a[g(X,Y)¢ — n(Y)X] + Blg(TX, V)¢ — n(Y)T (X)),
VxNY +h(X,TY) —nh(X,Y) = —n(Y)NX,
and
(Vxt)V — Apv X + TAy X = Blg(NX, V)¢,
(Vxn)V +h(X,tV) + NAy X = 0.

Proof. Since M is Trans-Sasakian manifold
(Vx0)Y = a[g(X, V)€ = n(Y)X] + Blg(¢X,Y)E — n(Y)d(X))].
Using equations (2.5), (2.6), (3.2) and (3.7), we get for any Y € T'(T'M),
oY =TY + NY

(Vx9)Y = Vx(TY)+ Vx(NY)
VxoY +¢VxY = VxTY +h(X,TY) - Ayy X + Vi NY

a[g(X,Y)E —n(Y)X]+ Blg(¢X,Y)E —n(Y)dX] + ¢(VxY + h(X,Y))
=VxTY +h(X,TY) — Ayy X + VxNY

alg(X,Y)E = n(Y)X] + Blg(¢X,Y)E —n(Y)dX]| + ¢(VxY) + ¢(h(X,Y))
=VxTY +h(X,TY) - Any X + VxNY

alg(X,Y)E —n(Y)X]+ Bg(TX,Y)E+ g(NX,Y)E —n(Y)TX —n(Y)NX]
+TVY + NVxY +th(X,Y) +nh(X,Y) = VxTY + h(X,TY) — Ayy X + VENY.

Comparing tangential and normal parts:
alg(X,Y)E = (V)X + Blg(TX,Y)E —n(Y)TX)] = VxTY —TVxY — Ayy X —th(X,Y)
and
h(X,TY)+VxNY — N(VxY) —nh(X,Y) = -Bn(Y)NX
So we have
(VxT)Y = Any X —th(X,Y) = ag(X,Y)¢ = n(Y)X] + Blg(TX, V) — n(Y)T(X)].

and
(VxN)Y +h(X,TY) —nh(X,Y) = —8n(Y)NX.
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Similarly, for V€ T(T+M): ¢V =tV +nV
vx(d)V) = VxtV +VxnV.
(Vxd)V + ¢VxV = VxtV + h(X,tV) — Ay X + VxnV.

alg(X,V)E = n(V)X] + Blg(¢X, V)E+n(V)oX] - TAy X — NAy X + tVxV +nVxV
= VxtV + WX, tV) — A,y X + VxnV

Blg(NX,V)¢] —TAy X — NAy X +tVxV +nVxV = VxtV + h(X,tV) — A,y X + VynV

VxtV —tVxV — A,v X + TAy X = Blg(NX, V)¢
and

(X, TV) +VxnV —nVxV + NAyX =0
and we have the result
(Vxt)V — Apv X + TAy X = B[g(NX,V)]¢
(vxn)v + h(X, tV) 4+ NAy X =0.

O

Now considering equations(3.2), (3.7) and ¢* = —I + 1 ® £, we have the following lemma.

Lemma 3.4. Let M be a Quasi-bi-slant submanifold of Trans-Sasakian manifold M of type
(o, ). Then the endomorphism T and N (respectively t and n) in tangent bundle (normal
bundle) of M satisfies :

(i) T> +tN = I +n®¢& onTM
(it) NT+nN =0 onTM

(iii) Nt +n>=—-I onT+M

(iv) Tt+tn=0 onT+M.

Proof. InTM:
¢=T+ N

¢* = (T + N) = 6(T) + 6(N)
—I4+n®E=T>+NT +tN +nN.
Comparing tangential and normal parts:
T°4+tN=—-I+n®¢ NT+nN=0 onTM.

and in T+ M:
p=t+n
& = olt+ 1) = 6(0) + o)
—I+n®E&=Tt+ Nt +n?+tn.
Comparing tangential and normal parts:
Nt+n*=-I onT M
Tt+tn = 0.
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Lemma 3.5. Let M be a Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of type
(o, B). Then XY € Dy;i=1,2
T°X = —(cos?0;) X

g(TX,TY) = cos® ;g(X,Y)

g(NX,NY) = sin’0,g(X,Y).
Proof. For X € T'(T M), We know,

cosf = 7]

¢ X]|

and
oep_ YOX.TX) (X, T2X)
|pX||TX]| o X||TX]

Multiplying the above two equations we get

9(eX, TX) ITX|  —g(X,T°X) |[TX| —g(X, T°X)

©08*0 = TUXTTX] oX] ~ IXIITX] "6X] ~ [6XIIX|
_ (X, T°X)
X]2
cos® 0g(X, X) = —g(T*X, X)
cos’X = —T?°X =T>X =—cos’6;X;i=1,2. (3.9)

Taking Inner Product with Y in(3.9), we get

cos’0g(X,Y) = —g(T?*X,Y) = cos’0g(X,Y) = g(TX,TY) (3.10)
g(TX,TY) = cos* 0g(X,Y) (3.11)

g(pX — NX,¢Y — NY) = cos® 0g(X,Y)

9(9X,9Y) = g(¢X,NY) — g(NX,9Y) + g(NX, NY) = cos* §g(X,Y)
g(X,Y) —cos’0g(X,Y) = —g(NX,NY)
1 —cos?0g(X,Y) = —g(NX,NY)
sin®0g(X,Y) = g(NX,NY).

O

Lemma 3.6. Let M be a Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of type
(v, B). Then for X e T(TM)
Vxé=—alTX —pT*X
hMX,€) = —aNX — tNX.

Proof. For X e I'(TM) .
Vi€ =—a¢X + (X —n(X)E).

Now using Gauss equation,
—apX + BX — n(X)§ = Vx&§+ h(X,§)
—aTX —aNX + X — fn(X)§ = Vx&+ h(X,§)
—aTX —aNX + BX(I —n®&) =Vx&+h(X,€)
—aTX —aNX + X (~T* —tN) = Vx& + h(X, ).
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On comparing tangential and normal parts we have the result :
h(X,6) = —aNX — BtNX
Vxé=—aTX — pT*X.

O

Lemma 3.7. Let M be a Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of type
(a, B). ThenVX,Y € T(D & Dy & D), we have:

9([X,Y],§) = 209(TXY)
g(VxY, &) = ag(TX,Y) — Beos” g(X,Y).
Proof. For X,Y € I'(D @ D; @ D,), taking covariant derivative of ¢(Y, )
Vx(9(Y;€) = g(VxY.€) + (Y, VxE)
0=g(VxY,&) +g(Y,Vx¢)
9(VxY,€) = —g(Y,Vx¢).
Now since M is Trans-Sasakian,
Vx¢=—apX + (X — n(X)E)
9(VxY.€) = —g(Y. —a¢X + B(X —n(X)¢))
=—g (¥, —a¢X) — g (Y, 3(X — n(X)¢E)
= 9(agX,Y) — g(Y, B(X — n(X)E))
= ag(TX,Y) + Bg(X —n(X)EY)
=ag(TX,Y) + Bg(T°X,Y) + Bg(tNX,Y)) (using Lemma 3.4)

secondly,
= ag(TX,Y) — B(cos* 0g(X,Y)) — ag(TY, X) + B(cos” 9g(X,Y))
9([X,Y],€) = 2a9(TX,Y).
Hence the result. O

4 Integrability of Distributions

Theorem 4.1. Let M be a Quasi-Bi-Slant submanifold of Trans-Sasakian manifold N of type
(v, B). Then the invariant distribution D and slant distribution D;;i = 1,2 are not integrable.

Proof. For X,Y € D(orDi) the distribution D(or D) is integrable if g([X,Y],£) =0
Now using equation (2.4), (2.5), (3.4), we get

9([X,Y],€) = g(VxY — Vy X,¢€)
= —g(Y,Vx§) + g(X, Vy¢)
=—g(Y, —adX + B[X — n(X)¢]) + 9(X, —agY + BIY — n(Y)¢])
=—g(Y,—agX) — g(¥, B(X — n(X)E)) + 9(X, —adY) + g(X, B(Y —n(Y)E))
= —ag(¢Y, X) — ag(X,8Y)
= 2ag(¢pX,Y) #0.

Thus, D(orDi) is not integrable.
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Theorem 4.2. Let M be a proper Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M
of type («, 8). The invariant distribution D & (£) is integrable if and only if VXY € T'(D &
(€)), Z e T(Dy & D),

g(VxTY —VyTX,TQZ +TRZ) = g(h(X,TY) — h(Y,TX),NQZ + NRZ).  (4.1)
Proof. For D @ () to be integrable on M,
g([X,Y],Z2)=0 forX,Y e(D® (£))andZ € T(D; & D)
Z=QZ+RZ
07 =TQZ + NQZ +TRZ + NRZ
9([X,Y],Z) = g(VxY — Vy X, 2).
Using (2.2),(3.2), (3.4)for X € TM

¢X =TX + NX

¢X = TPX + TQX +TRX + NPX + NRX
9([X. Y], 2) = g(VxY = Vy X, Z)
9([(X, Y], Z) = g(¢VxY, 0Z) + n(VxY)n(Z) = g(¢Vy X, ¢2)) = n(Vy X)n(Z)
= 9(¢eVxY,0Z) - g(¢Vy X, 6Z)

=g(VxoY — (Vx9)Y,0Z) — g(VyoX — (Vy9)X,¢Z)

= g(Vx(TY + NY),6Z) — g(alg(X.Y)E = n(Y)X] + Blg(¢X,Y)E — n(Y)X], 62Z)
—9(Vy(TX + NX),¢Z) — g(a[g(Y, X)€ — n(X)Y] + Blg(¢Y, X)€ — n(X)¢Y ], 2)
= 9(VxTY,6Z) — g(alg(X,Y)¢ = n(Y)X],0Z) — g(Blg(6X,Y ) — n(Y)9X], 62)
—9(VyTX,0Z) + g(alg(Y, X)§ = n(X)Y],0Z) + g(Blg(6Y, X)€ — n(X)$Y], ¢2)
= 9(VxTY,¢Z)+ag(X,Y)g(6¢, Z)+an(Y)g(X, 6Z)~Bg(6X,Y)g(6€, Z)—pn(Y)g(¢X, ¢Z)
~9(VyTX, Z)~ag(Y,X)g(¢§, Z)—an(X)g(Y, 9Z)+Bg(¢Y, X )g(¢€, Z)+Bn(X)g(¢X, ¢Z)
=9(VxTY,¢Z) — g(VyTX,$Z)
= g(VxTY — VyTX,TQZ +TRZ) — g(h(X,TY) — h(Y,TX),NQZ + NRZ).
For integrability g([X, Y], Z) = 0 So,
g(VxTY —VyTX,TQZ +TRZ) = g(h(X,TY) — h(Y,TX),NQZ + NRZ)

which is the required result.
|

Theorem 4.3. Let M be a proper Quasi-Bi Slant submanifold of Trans-Sasakian manifold M
of type (v, B). Then the slant distribution Dy @ (£) is integrable if and only if, for Z, W €
(D1 & (&), X € (D® D;) we have:

G ANwZ — An W, TX) = g(Antw Z — Ant2W, X))+ g(VzNW — Vi, NZ, NRX). (4.2)
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Proof. For Dy & (£) to be integrable on M
g([Z,W],X) =0

for Z,W € (D1 @ (€)), X € (D & Dy)
X =PX + RXsothatpX =TPX +TRX + NRX.
Now using (2.2) i.e. g(X,Y) = g(¢X, ¢Y) + n(X)n(Y)
= g(oVzW, ¢X) = g(¢Vw Z, ¢ X) + n(VzW)n(X) — n(Vw Z)n(X)
= g(¢pV2zW,¢X) — g(¢Vw Z, $X).
Now using (2.6), (3.2), (3.7), Lemma 3.5 and
6X = TPX +TQX + NQX + NRX

9([27 W],X) = g(vZﬁbW - (vZ¢)W)’¢X) *g(vW(ZSZ - (vW(ZS) )

¢X)
Vz(TW + NW),6X) = g(Vz9)W, ¢X) — g(Vw(TZ + NZ),¢X) + g((V

(Vw¢)Z,¢X)
Vz(TW+NW),$X)—g(alg(Z, W)E=n(Z)W], §X) —g(Blg(¢Z, W)E—n(W)9Z], $X)

~9(Vw(TZ+NZ),¢X) — g(alg(W, 2)¢ —n(W)Z], $X) — g(Blg(6W, 2)€ — n(Z)pW], $X)
(VZ(TW + NW), ¢X) + ag(¢€, X)g(Z, W) + an(Z)g(W. 6 X) + Bg(¢Z, W)g(¢€, X)

+60(2)g(oW, 6X) — g(Vw(TZ + NZ),0X) — ag(¢€, X)g(W, Z) — an(W)g(Z, $X)

—Bg(oW, Z)g(#¢, X) — Bn(W)g(¢Z, $X)
=g(Vz(TW + NW),6X) + n(Z)[g(W, X) = n(W)n(X)] = g(Vw(TZ + NZ), $X)
—pn(W)lg(Z, X) —n(Z)n(X)]

)
(

=g(Vz(TW + NW),¢X) — g(Vw(TZ + NZ),$X)

=—g(Vz¢TW),X) + g(VwoTZ), X) + g(VzNW = VwNZ),$X)
= g(VwT?Z-V 7T°W -V yNTWAVywNTZ, X)+g(An s W —Anw Z+VENW Vi NZ, 6 X)

= cos?01[g(-VwZ+V W), X)| +9(AnrwZ — ANrzW, X) + g(Viy NTZ =V NTW, X)

—g(ANwZ — AnzW,0X) 4+ g(VZNW — Vi, NZ, $X)
=cos? 01 (9([Z,W)), X)—g(Anw Z— ANz W, 6 X ) +g(AnTw Z—AnT2W, X)+g(VENW -V, NZ, ¢ X)

= (1 —cos?0))(9([Z,W)), X) = —g(ANw Z — AnzW, 6X) + g(AnTw Z — ANz W, X)
+9(VZNW — Vi NZ, NRX)
= sin’ 0, (g([Z,W]), X) = —g(Anw Z — AnzW, 0X) + g(Antw Z — AnrzW, X)
+9(VENW — Vi NZ, NRX)
for Dy & () to be integrable, g([Z, W], X) = 0. and so we have the required result as:

9 ANwZ — AW, TX) = g(AnrwZ — AnrzW, X) + g(VENW — Vi, NZ, NRX).
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Theorem 4.4. Let M be a proper Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M
of type (o, B). Then the slant distribution D, & (£) is integrable if and only if for Z,2W €
(D ® (&), X eT(D® Dy),
9(ANwZ — AnzW,TX) = g(ANtwZ — AnrzW, X) + g(VZNW — Vi, NZ, NQX). (4.3)
Proof. For D, & (£) to be integrable, g([Z, W], X) = 0.
for ZW eI'(D, ® (§)),X e (D& D)
pX =TPX +TQX + NQX.

Using g(X,Y) = g(¢X,¢Y) +n(X)n(Y), (2.6),(3.3), (3.7)

9([Z, W], X) = g(VzW,X) — g(Vw Z, X)
= g(oV2W,6X) — g(6Vw Z, ¢ X) + (V2 W)n(X) — n(Vw Z)n(X)
= g(¢VzW,0X) — g(¢Vw Z, ¢ X).
Now using (2.6), (3.2), (3.7), lemma 3.5 and
6X =TPX +TQX + NQX + NRX
9([Z, W], X) = g(VzoW — (Vz¢)W),0X) — g(VwoZ — (Vwe)Z)), 6 X)
g(Vz(TW + NW),6X) — g(Vz)W, 6X) — g(Vw (TZ + NZ),6X) + 9((Vw¢) Z, $X)
g(Vz(TW+NW), 6X) —g(alg(Z, W)E—n(Z)W], ¢ X) —g(Blg(¢Z, W)E—n(W)eZ], X))
—9(Vw(TZ+NZ),6X) - g(alg(W, 2)6 = n(W)Z], $X) — g(Blg(¢W, Z)€ — n(Z)pW], 6 X)
(V2(TW + NW),6X) + ag(¢, X)g(Z, W) + an(Z)g(W, ¢X) + Bg(6Z, W)g(¢¢, X)
+60(Z)g(sW, 6X) — g(Vw(TZ + NZ),9X) — ag(¢€, X )g(W, Z)
—an(W)g(Z,¢X) — Bg(oW, Z)g(¢€, X) — Bn(W)g(¢Z, pX)
=g(Vz(TW + NW),$X) + Bn(Z)[g(W, X) = n(W)n(X)] — g(Vw(TZ + NZ), $X)
—Bn(W)[g(Z, X) — n(Z)n(X)]
=g(Vz(TW + NW),¢X) — g(Vw(TZ + NZ),$X)
= —g(Vz9TW),X) + g(VwoTZ),X) + g(VzNW —VwNZ),$X)
=g(VwT?Z =V ,T°W —VZzNTW +VwNTZ,X)
+9(AnzW — ANwZ + V5 NW — Vi, NZ, 6X)
= cos?01[g(~VwZ+V W), X)| +9(AnrwZ — ANrzW, X) + g(Viy NTZ —V5ENTW, X)
~9(AnwZ — ANz W, 6X) + g(VZzNW = Viy NZ,6X)
=cos’01(9([Z,W)), X) — g(ANw Z — AnzW, 6X) + g(Anrw Z — ANz W, X)
+g(VzNW — Vi, NZ, $X)
(1 —=cos?0))(g([Z,W]),X) = —g(ANw Z — AnzW,TX) + g(Antw Z — AnTzW, X)
+9(VENW — Vi NZ, NQX)
(sin® 01)(g([Z, W), X) = —g(ANw Z — AnzW,TX) 4 g(Antw Z — AnpzW, X)
+g(VZNW — Vi, NZ, NQX).
for Dy & (£) to be integrable, g([Z, W], X) = 0. and so we have the required result i.e.
I ANwZ — AnzW,TX) = g(AntwZ — AnT2W, X) + g(VZNW — Vi, NZ, NQX).

m}

(Vz
(Vz

Corollary 4.5. Let M be a proper Quasi-Bi-slant submanifold of Trans-Sasakian manifold M of
type (a, B). Then the slant distribution D; @ (£)(i = 1,2) are integrable if

AntwZ — AnTZzW € (D)
AnwZ — AnzW € (D;)
and
VENW — Vi NZ € T((ND;) @ p)
forany Z,W e T(D;) @ (€))(i = 1,2).
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5 Geodesicness of Distributions
In this section, we examine the conditions for distributions to be geodesic.

Theorem 5.1. Let M be a proper Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of
type («, B). Then the invariant distribution D and slant distribution D;(i = 1,2) do not define
totally geodesic foliations on M.

Proof. Using Lemma 3.7(i%), for X, Y € I'(D) or I'(D;),
we know that
9(VxY, &) =0 for totally geodesicness

but we have }
g(vXY7 f) = Oég(TX, Y) - 6COSZ eg(Xa Y)

g(VxY, &) = ag(TX,Y) — Bcos?fg(X,Y) # 0.

Therefore, D or D; does not define totally geodesic foliations.
|

Theorem 5.2. Let M be a submanifold of Trans-Sasakian manifold M of type (c, B). Then M is
totally geodesic if and only if VX,Y € T(TM), V € T(T+M)

—g(VxTY — Any X, tV) = g(h(X,TY) + VxNY,nV).
Proof. For X,Y e T(TM),V e T(T*+M)

g(VxY, V) =g(¢VxY,oV) +n(VxY)n(V)
=9(VxoY.oV) = g((Vx9)Y, V)
=g(Vx(TY)+ Vx(NY),tV +nV)
=g(VxTY,tV +nV) + g(VxNY,tV +nV)
= g(VxTY + h(X,TY),tV +nV) + g(—Any X + VX NY,tV +nV)
g(VxY, V) 4+ g(h(X,Y),V) = g(VxTY — Any X, tV) + g(h(X,TY) + V% NY,nV)
for totally geodesicness of M

—g(VxTY — Any X, tV) = g(h(X,TY) + VxNY,nV).
O

Theorem 5.3. Let M be a proper Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of
type (a, ), then the invariant distribution D @ (£) is totally geodesic foliation on M if and only

if
9(VxTY,tU) = —g(h(X,TY),nU)

and
g(VxTY,TQZ + TRZ) = —g(h(X,TY),NQZ + NRZ).

Proof. D @ (£) is totally geodesic on M iff for X, Y € I(D & (£)) , Z € T(D; ® D,),
U € I(T+M), for geodesicness g(VxY,Z) =0and g(VxY,U) = 0.
using (2.2),(2.5),(3.4)
9(VxY,Z) = g(¢VxY,0Z) +n(VxY)n(Z)
= 9(Vx¢Y,0Z) — g(Vx9)Y, ¢Z)
= g(VxTY + h(X,TY),TQZ + TRZ + NQZ + NRZ)
— g(VxTY,TQZ + TRZ) + g(h(X,TY),NQZ + NRZ)
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for geodesicness g(VxY, Z) = 0 so we have
g(VxTY,TQZ + TRZ) = —g(h(X,TY),NQZ + NRZ).

which gives the first part of the theorem
Secondly
g(VxY,U) = g(6VxY,0U) —n(VxY)n(U)
= g(Vx9Y,¢U) — g((Vx9)Y, oU)
= g(Vx¢Y, ¢U)
= g(VxTY, ¢U)
=g(VxTY + h(X,TY),tU + nU)
=g(VxTY, tU) + g(h(X,TY),nU)

for geodesicness g(VxY,U) = 0 so we have
g(VxTY,tU) = —g(h(X,TY),nU).
which proves the second part of the theorem. O

Theorem 5.4. Let M be a proper Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of
type («, B), then the slant distribution D @ (€) defines totally geodesic foliation on M if and

only if
9(V¥NY,NRZ) = —g(Anry X, Z) + g(Any X, TPZ + TRZ)

and
J(Any X, (V) = —g(VENTY, V) + g(VENY,nV).

Proof. For X,Y e T(D1®(£)), Z e (D® D), V € T(T+M), for geodesicness g(VxY, Z) =
Oand g(VxY,V)=0.
Using (2.5),(2.6), (3.4) and Lemma 3.5

9(VxY,Z) = g(¢VxY,0Z) +n(VxY)n(Z)
= 9(Vx¢Y,¢0Z) — g(Vx9)Y, ¢Z)
=g(Vx(TY + NY),¢Z)
= —9(VxdTY,Z) + g(VxNY,¢Z)
= —9(VxT?,Z) - g(VxNTY, Z) + g(VxNY,$Z)
= g(Vxcos?0,Y, Z2)—g(—Anry X+ViNTY, Z)4+g(—Any X +Vx NY, TPZ+TRZ+NRZ)
=cos’01g(VxY, Z) + g(Anry X, Z) — g(ANy X, TPZ + TRZ) 4+ g(Vx NY,NRZ)
= (1-cos?0))g(VxY,Z) = g(Antv X, Z) — g(Any X, TPZ + TRZ) + g(VxNY,NRZ)
sin® 0,9(VxY, Z) = g(Anry X, Z) — g(Any X, TPZ + TRZ) + g(V¥NY,NRZ). (5.1)

Similarly Using (2.5) and (2.6) we calculate ,

g(VxY,V) = g(¢VxY,oV) +n(VxY)n(V)

=9(Vx9Y,¢V) = g((Vx )Y, 4V)
= g(Vx9¢Y,¢V)
= g(Vx(TY + NY), $V)
= —g(Vx¢TY,V) + g(VxNY,¢V)
= —g(VxT?Y,V) = g(VxNTY,V) + g(Vx NY,¢V)
=g(Vxcos?0,Y,V) — g(=Anry X + VX NTY, V) + g(—=Any X + VNY,tV +nV)
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=cos?0,g(VxY,V) = g(VxNTY,V) — g(Any X, tv) + g(Vx NY, nv)
= (1 —cos?0))g(VxY,V) = —g(VxNTY,V) — g(Any X, tV) + (VX NY,nV)
sin® 0,g(VxY,V) = —g(VENTY, V) — g(Any X, tV) + g(VE NY,nV). (5.2)
So from (5.1) and (5.2) we have:

g(VxNY,NRZ) = —g(Anry X, Z) + g(Any X, TPZ + TRZ)

and
9(Any X,tV) = —g(VXNTY,V) + g(Vx NY,nV)

which is the required result.
|

Theorem 5.5. Let M be a proper Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of
type (a, B), then the slant distribution Dy @ (€) defines totally geodesic foliation on M if and

only if
9g(VXNY,NQZ) = —g(Anrv X, Z) + g(Any X, TPZ + TQZ)

and
9(Any X, V) = —g(VxNTY,V) + g(Vx NY,nV).

Proof. For geodesicness g(VxY,Z) = 0 and g(VxY,V) = O,where X,Y € ['(Dy @ (£)),
Zel(Do D),V el(T+M).
Now using (2.5), (2.6), (3.4)
9(VxY,Z) = g(¢VxY,0Z) +n(VxY)n(Z)
= 9(Vx9Y,0Z) — g(Vx9)Y, ¢Z)
=g(Vx(TY + NY),¢2)
= —9(Vx¢TY,Z) + g(VxNY, $Z)
= —g(VxT*,2) — g(VxNTY,Z) + g(VxNY, $Z)
= g(Vxcos?0,Y,Z)—g(—Anry X+VENTY, Z)+g(—Any X +V%NY, TPZ+TQZ+NQZ)
=cos’019(VxY, Z) + g(Anry X, Z) — 9(ANy X, TPZ + TQZ) 4+ g(VxNY,NQZ)
= (1 —cos’01)g(VxY,Z) = g(Anrv X, Z) = 9(Any X, TPZ + TQZ) + g(Vx NY,NQZ)
sin®019(VxY, Z) = g(Anry X, Z) — g(Any X, TPZ + TQZ) + g(VxNY,NQZ). (53)
Similarly Using (2.5) and (2.6) we calculate ,
g(VxY,V) = g(¢VxY,0V) +n(VxY)n(V)
= 9(Vx9Y,¢V) — g((Vx9)Y, dV)
= g(VxoY,¢V)
=g(Vx(TY + NY),¢V)
= —g(Vx¢TY,V) +g(VxNY,¢V)
= —g(VxT?Y,V) = g(VxNTY,V) + g(VxNY,$V)
=g(Vxcos?0,Y,V) — g(—Anry X + VX NTY, V) + g(—Any X + VX NY,tV +nV)
=c0s>019(VxY,V) — g(VXNTY,V) — g(Any X, tv) + g(VxNY,nV)
= (1 —cos?0))g(VxY,V) = —g(VxNTY,V) — g(Any X, tV) + g(VX NY,nV)
sin® 0,g(VxY,V) = —g(VENTY, V) — g(Any X, tV) 4+ g(VE NY,nV). (5.4)
So from (5.3) and (5.4) we have :

g(VENY,NQZ) = —g(Anry X, Z) + g(Any X, TPZ + TQZ)

and
9(Any X, tV) = —g(VXNTY,V) + g(Vx NY,nV)

which is the required result. O
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6 Conclusion remarks

Let M be a Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of type (., B). Then the
invariant distribution D and slant distribution D;;i = 1,2 are not integrable.

Let M be a proper Quasi-Bi-Slant submanifold of Trans-Sasakian manifold M of type (., 3).
Then the invariant distribution D and slant distribution D;(i = 1,2) do not define rotally
geodesic foliations on M.
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