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Abstract. The sequence spaces of paranormed nature have been given various structures
by using modulus function as it were first given in [26]. The goal of this paper is to present
some new spaces St

∞(∆, s,G, p, η), St(∆, s,G, p, η) and St
0(∆, s,G, p, η). Also, their complete

linear paranormed structure will be given. Further, some inclusion relations will be computed
corresponding to these new spaces.

1 Preliminaries, introduction and notation

Let the spaces of all real valued sequences be abbreviated by Ω. By sequence space, we mean
a vector subspace of Ω. By ℓ∞, c and c0 we shall abbreviate for the spaces of all bounded,
convergent and null sequences, respectively, as can be seen in [1, 2, 18, 20, 29, 31, 32].

As in [26], we call function ℸ to be modulus function ℸ : [0,∞) → [0,∞) satisfying (i)
ℸ(u) = 0 if and only if u = 0, (ii) ℸ(u + v) = ℸ(u) + ℸ(v) for all u = 0, v = 0, (iii) ℸ is
increasing, and (iv) ℸ is continuous from the right at zero. Consequently, ℸ should be continuous
everywhere on [0,∞). It was studied by various authors as can be seen in [8, 9, 10, 11, 17, 34,
37], and many others.

The notion of paranormed sequence space was studied at the initial stage by Nakano [26].
Let U be a linear space. A function H : U → R is a paranorm, if
(i) H(ξ) ≥ 0 for each ξ ∈ U ,
(ii) H(−ξ) = H(ξ) for each ξ ∈ U ,
(iii) H(ξ + ρ) ≤ H(ξ) +H(ρ), for each ξ, ρ ∈ U ,
(iv) if (ξj) is a sequence of vectors with lim

j→∞
H(ξj − ξ) = 0 and (µj) is a sequence of scalars

with lim
j→∞

µj = µ, then lim
j→∞

H(µjξj − µξ) = 0 (continuity of multiplication by scalars). A

paranormed space (U ,H) is a linear space endowed with a paranorm H.
Later on, it was further investigated by many others as Candan [3], Erdem [6], Fadime [7],

Hamid et al. [13, 14], Maddox [16], Murat et al. [21], Sheikh et al. [33] and many others.
Let p = (pl) be a sequence of positive real numbers with 0 < pl ≤ supl pl = H < ∞ and

M = max(1, supl pl = H). Then, for any al, bl ∈ C with l ∈ N, we have

|al + bl|pl ≤ M{|al|pl + |+ |bl|pl}.

Kizmaz [15] defined the following sequence spaces:

ℓ∞(∆) = {ξ = (ξj) : ∆ξ ∈ ℓ∞},

c(∆) = {ξ = (ξj) : ∆ξ ∈ c},
c0(∆) = {ξ = (ξj) : ∆ξ ∈ c0}.

He showed that these spaces are Banach with the norm given by

∥ξ∥ = |ξ1|+ ∥∆ξ∥∞.
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Further, it was studied by Et at al. [4, 5], Gaur [11], Hamid et al. [12, 13], Mohiuddine et
al. [19], Mursaleen et al. [22, 23, 24, 25], Rahman et al. [28], Sheikh et al. [33], Zeren et al.
[36] and many others. As in [15], the generalized ∆η-difference sequence spaces were setup as
follows:

∆ηu = (∆ηuj) = uj − uj+η, for all η ∈ N = {0, 1, 2, · · · }.

Later in [5, 35], for a sequence of positive real number v = (vj), we have the following:

Z(∆η
v) =

{
u = (uj) ∈ Ω : ∆

η
vu ∈ Z

}
,

for η ∈ N, ∆0
vu = (vjuj), ∆vu = (vjuj − vj+1uj+1), ∆η

vu =
(
∆η−1
v uj − ∆η−1

v uj+1
)
, and thus,

∆
η
vuj =

η∑
r=0

(−1)r
(
η

r

)
vj+ruj+r.

Now, we consider q = (qj) as a sequence of positive numbers and set, Sr =
r∑

j=0
qj for r∈ N.

Then, Sq = (sqrj) represents the matrix of the Riesz mean (S, qr) as follows:

sqrj =

{
qj
Sr

, if 0 ≤ j ≤ r,

0, if j > r.

This means (S, qr) is regular if and only if Sr → ∞ as r → ∞ as in [27, 30].
It is also important to note that as in [8], for some s ≥ 0, various transformations on the spaces

like l∞(p, s) have been computed. Its further properties have been computed in [14, 28, 30, 37].

2 Main Results

This portion deals with the determination of new spaces given by a sequence of modulus func-
tions. Also, some topological properties and inclusion relations between these spaces will be
computed.

Let p = (pl) be bounded sequence with 0 < pl ≤ supl pl < ∞ and G be a modulus function.
We now define

Sq
∞(∆, s,G, p, η) =

{
u = (uj) : sup

l

∣∣∣∣l−s 1
Ql

l∑
j=0

qjG(∆ηuj)

∣∣∣∣pl

< ∞, s ≥ 0
}

;

Sq(∆, s,G, p, η) =
{
u = (uj) : sup

l

∣∣∣∣l−s 1
Ql

l∑
j=0

qjG(∆ηuj)− α

∣∣∣∣pl

= 0, s ≥ 0
}

;

for α ∈ R and

Sq
0(∆, s,G, p, η) =

{
u = (uj) : sup

l

∣∣∣∣l−s 1
Ql

l∑
j=0

qjG(∆ηuj)

∣∣∣∣pl

= 0, s ≥ 0
}
.

Theorem 2.1. The spaces Sq
∞(∆, s,G, p, η),Sq(∆, s,G, p, η) and Sq

0(∆, s,G, p, η) are complete
linear spaces paranormed by G, where

G(ξ) =
η∑

r=1

|ξr|+ sup
l

∣∣∣∣∣l−s 1
Ql

l∑
i=0

qiG(∆ηξi)

∣∣∣∣∣
pl
M

,

with M = (1, sup
l

pl).
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Proof. To prove the result, we only consider the case of Sq
∞(∆, s,G, p, η) and then others can be

proved on similar lines.
The linearity follows from the following inequality:

G(0+ ξ) =
η∑

r=1

|0r + ξr|+ sup
l

∣∣∣∣∣l−s 1
Ql

l∑
i=0

qiG
(
∆
v
η(0j + ξj)

)∣∣∣∣∣
pl
M

≤
η∑

r=1

|0r|+ sup
l

∣∣∣∣∣l−s 1
Ql

l∑
i=0

qiG
(
∆
v
η0j)

)∣∣∣∣∣
pl
M

+
η∑

r=1

|ξr|+ sup
l

∣∣∣∣∣ 1
Ql

l∑
i=0

qiG
(
∆
v
ηξj

)∣∣∣∣∣
pl
M

= G(0) +G(ξ).

Also, as in [4] for σ ∈ R, the scalar multiplication follows by employing the inequality

|σ|pj ≤ max{1, |σ|M}.

Obviously, G(0) = 0 and G(−ξ) = −G(ξ) for each ξ ∈ Sq
∞(∆, s,G, p, η). Further, the subaddi-

tivity of G follows from the following inequality:

G(σξ) ≤ max(1, |σ|)G(ξ).

Now to prove it is complete, let (ξn) be any Cauchy sequence of Sq
∞(∆, s,G, p, η), where

(ξn) = (ξ1
n, ξ

2
n, · · · ). Thus, for a given ε > 0, there exists a positive integer n0(ε) such that

G(ξς − ξt) < ε,

for each ς, t ≥ n0(ε). Now for a fixed r ∈ N and by definition of G, we have

η∑
r=1

|ξςr − ξtr| < ε and sup
l

∣∣∣∣∣l−s 1
Ql

l∑
i=0

qiG
(
∆ηξ

ς
i − ξti

)∣∣∣∣∣
pl
M

< ε, (2.1)

for each ς, t ≥ n0(ε). This yields that

G(ξςr − ξtr) < ε,

for each ς, t ≥ n0(ε). Consequently, (ξςr) is a Cauchy sequence in R, so let lim
ς→∞

ξςr = ξr. Using

(2.1), for ε > 0, we can find a positive integer n0(ε) such that∣∣∣∣∣ l−s

Ql

l∑
i=0

qiG
(
∆ηξ

ς
i − ξti

)∣∣∣∣∣
pl

< εM, (2.2)

for each ς, t ≥ n0(ε). Now, by choosing t → ∞ in (2.2), we see∣∣∣∣∣ l−s

Ql

l∑
i=0

qiG (∆ηξ
ς
i − ξi)

∣∣∣∣∣
pl

< εM,

for each ς ≥ n0(ε). Hence, G(ξς − ξ) ≤ ε for each ς ≥ n0(ε). Lastly, by Minkowski’s inequality
and by taking ε = 1, we have

G(ξς) ≤ G(ξ) +G(ξς − ξ) ≤ 1 +G(ξ),

for each ς ≥ n0(1), showing thereby ξ ∈ Sq
∞(∆, s,G, p, η). Since, G(ξς − ξ) ≤ ε for each

ς ≥ n0(ε), consequently, we see ξς → ξ as ς → ∞, showing thereby that Sq
∞(∆,G, p, η) is

complete.
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Theorem 2.2. If for a bounded sequences p = (pk) and t = (tk) of positive numbers with
0 < pk ≤ tk < ∞ for all k ∈ N, then for any modulus function G, we have

(i) Sq
∞(∆, s,G, p, η) ⊂ Sq

∞(∆, s,G, t, η).
(ii) Sq(∆, s,G, p, η) ⊂ Sq(∆, s,G, t, η).
(iii) Sq

0(∆, s,G, p, η) ⊂ Sq
0(∆, s,G, t, η).

Proof. To prove the result, we only prove (i). Let ξ ∈ Sq
∞(∆, s,G, p, η), then

sup
l

∣∣∣∣∣ l−s

Ql

l∑
i=0

qiG (∆ηξi)

∣∣∣∣∣
pl

< ∞.

Now, for l large, say l ≥ l0 for some fixed l0, we see∣∣∣∣∣ l−s

Ql

l∑
i=0

qiG (∆ηξi)

∣∣∣∣∣
pl

≤

∣∣∣∣∣ l−s

Ql

l∑
i=0

qiG (∆ηξi)

∣∣∣∣∣
tl

< ∞,

and consequently the result follows.

Theorem 2.3. Let the bounded sequences p = (pk) and t = (tk) of positive numbers with
0 < pk, tk < ∞ for each k ∈ N, then for a modulus function G, we have

Sq(∆, s,G, r, η) = Sq(∆, s,G, p, η) ∩Sq(∆, s,G, t, η),

where rk = min(pk, tk).

Proof. Clearly from Theorem ?? (ii), we have

Sq(∆, s,G, r, η) ⊂ Sq(∆, s,G, p, η) ∩Sq(∆, s,G, t, η).

Now for any complex number δ, we see

|δ|rj ≤ max{|δ|pj , |δ|tj},

hence it follows that

Sq(∆, s,G, p, η) ∩Sq(∆, s,G, t, η) ⊂ Sq(∆, s,G, p, η).

Theorem 2.4. For any modulus function G, we have

(i) Sq(∆, s,G, p, η) ⊂ Sq(∆, s, p, η), provided lim
t→∞

G(t)
t exists.

(ii) Sq(∆, s, p, η) ⊂ Sq(∆, s,G, p, η), if there exists a positive constant λ such that G(t) ≤ λt
for all t ≥ 0.

Proof. To prove (i), using proposition 1 of Maddox [16], we see

β = inf
{
G(t)
t

: t > 0
}
,

so that 0 ≤ β ≤ G(1). Let ξ = (ξj) ∈ Sq(∆, s,G, p, η) and β > 0, then by definition of β, we
have βt ≤ f(t) for all t ≥ 0 and∣∣∣∣∣l−s 1

Ql

l∑
i=0

qi (∆ηξi − L)

∣∣∣∣∣
pl

≤ max
(
1, β−H

) ∣∣∣∣∣l−s 1
Ql

l∑
i=0

qiG (∆ηξi − L)

∣∣∣∣∣
pl

.

Hence, it follows that ξ = (ξj) ∈ Sq(∆, s, p, η).
Now to prove (ii), let G(t) ≤ λt for each t ≥ 0 and λ > 0. Thus, for ξ = (ξj) ∈ Sq(∆, s, p, η),

we see βt ≤ f(t) for all t ≥ 0 and∣∣∣∣∣l−s 1
Ql

l∑
i=0

qiG (∆ηξi − L)

∣∣∣∣∣
pl

≤ max
(
1, λ−H

) ∣∣∣∣∣l−s 1
Ql

l∑
i=0

qi (∆ηξi − L)

∣∣∣∣∣
pl

.

Hence, it follows that ξ = (ξj) ∈ Sq(∆, s,G, p, η).
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Theorem 2.5. If G, G1 and G2 are modulus function, then for s ≥ 0, we have
(i) Sq(∆, s,G1, p, η) ⊂ Sq(∆, s,GoG1, p, η).
(ii) Sq(∆, s,G1, p, η) ∩Sq(∆, s,G2, p, η) ⊂ Sq(∆, s,G1 + G2, p, η).

Proof. To prove (i), let ξ ∈ Sq(∆, s,G1, p, η). Then, for ϵ > 0, choose δ > 0 such that G(t) < ϵ
for each 0 < t < δ.

Therefore, for yl =
∣∣l−s 1

Ql

∑
yl>δ qjG1(∆ηuj)

∣∣pl
, we have

∣∣l−s 1
Ql

l∑
j=0

qj(GoG1)(∆ηξj)
∣∣pl

=
∣∣l−s 1

Ql

∑
yl≤δ

qj(GoG1)(∆ηξj)
∣∣pl

+
∣∣l−s 1

Ql

∑
yl>δ

qj(GoG1)(∆ηξj)
∣∣pl

≤ (ϵ)H + max
(

1,
(

2
G(1)
δ

)H)∣∣l−s 1
Ql

∑
yl≤δ

qjG1(∆ηξj)
∣∣pl

.

where supl pl = H. Consequently, ξ ∈ Sq(∆, s,G1oG2, p, η) and the proof of the theorem is
complete.

(ii) Let ξ ∈ Sq(∆, s,G1, p, η) ∩Sq(∆, s,G2, p, η). Therefore, we have

sup
l

∣∣∣∣l−s 1
Ql

l∑
j=0

qjG1(∆ηξj)

∣∣∣∣pl

< ∞

and

sup
l

∣∣∣∣l−s 1
Ql

l∑
j=0

qjG2(∆ηξj)

∣∣∣∣pl

< ∞.

The rest of the proof follows from the equality∣∣∣∣l−s 1
Ql

l∑
j=0

qj(G1 + G2)(∆ηξj)

∣∣∣∣pl

=

∣∣∣∣l−s 1
Ql

l∑
j=0

qj
(
G1(∆ηξj) + G2(∆ηξj)

)∣∣∣∣pl

≤ M
∣∣∣∣l−s 1

Ql

l∑
j=0

qj
(
G1(∆ηξj)

)∣∣∣∣pl

+M
∣∣∣∣l−s 1

Ql

l∑
j=0

qj
(
G2(∆ηξj)

)∣∣∣∣pl

.

Therefore, we conclude that, ξ ∈ Sq(∆, s,G1+G2, p, η) and the proof of the theorem is complete.

3 Conclusion remarks

In this study, some new difference sequence spaces have been constructed using modulus func-
tion and establish some properties corresponding to these spaces. Moreover, the inclusion prop-
erties have been given. The given spaces in this study can be converted into new types of spaces
by changing the difference operator.
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