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Abstract. The sequence spaces of paranormed nature have been given various structures
by using modulus function as it were first given in [26]. The goal of this paper is to present
some new spaces . (A, s,G,p,n), &' (A, s,G,p,n) and G4(A, s,G,p,n). Also, their complete
linear paranormed structure will be given. Further, some inclusion relations will be computed
corresponding to these new spaces.

1 Preliminaries, introduction and notation

Let the spaces of all real valued sequences be abbreviated by Q. By sequence space, we mean
a vector subspace of Q. By ¢, ¢ and ¢y we shall abbreviate for the spaces of all bounded,
convergent and null sequences, respectively, as can be seen in [1, 2, 18, 20, 29, 31, 32].

As in [26], we call function 7T to be modulus function 7T : [0,00) — [0, 00) satisfying (i)
T(u) = 0 if and only if u = 0, (ii) T(u + v) = T(u) + T(v) forall u = 0, v = 0, (iii) Tis
increasing, and (iv) 7 is continuous from the right at zero. Consequently, T should be continuous
everywhere on [0, co). It was studied by various authors as can be seen in [8, 9, 10, 11, 17, 34,
37], and many others.

The notion of paranormed sequence space was studied at the initial stage by Nakano [26].
Let U be a linear space. A function §) : &/ — R is a paranorm, if
(1) H(&) > 0 foreach & € U,

(i) H(—¢) = H(§) foreach £ € U,
(i) H(€ + p) < H(E) + H(p), foreach &, p e U,
(iv) if (&;) is a sequence of vectors with jlggo (& — &) = 0and (u;) is a sequence of scalars

with lim p; = g, then lim $(p;&; — p€) = 0 (continuity of multiplication by scalars). A
j—o0 j—oo

paranormed space (I, $)) is a linear space endowed with a paranorm §).

Later on, it was further investigated by many others as Candan [3], Erdem [6], Fadime [7],
Hamid et al. [13, 14], Maddox [16], Murat et al. [21], Sheikh et al. [33] and many others.

Let p = (p;) be a sequence of positive real numbers with 0 < p; < sup, p; = H < oo and
M = max(1,sup, p; = H). Then, for any a;,b; € C with [ € N, we have

lar + bif? < Ml + [ + [bu]” .
Kizmaz [15] defined the following sequence spaces:
loo(A) = {§ = (&) : AS € Lo},
c(d) ={{=(§) - A ec},
co(A) = {6 = (&) : AL € co}-
He showed that these spaces are Banach with the norm given by

€1l = [&1] + [[Ag] oo -
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Further, it was studied by Et at al. [4, 5], Gaur [11], Hamid et al. [12, 13], Mohiuddine et
al. [19], Mursaleen et al. [22, 23, 24, 25], Rahman et al. [28], Sheikh et al. [33], Zeren et al.
[36] and many others. As in [15], the generalized A, -difference sequence spaces were setup as
follows:

Ayu = (Ayuj) = uj — ujyy, forallnp e N={0,1,2,--- }.

Later in [5, 35], for a sequence of positive real number v = (v;), we have the following:
3(A) = {u = (u;) €Q: Alu e 3},

forn € N, Alu = (vju;), Ayu = (vju; — vip1ujer), Alu= (A7~ u; — AT~ u ), and thus,

n
Ajuj = Z(_l)r (Z) VjrUjstr.

r=0

T
Now, we consider ¢ = (g;) as a sequence of positive numbers and set, 5, = > ¢; for re N.
§=0
Then, &7 = (s};) represents the matrix of the Riesz mean (&, ¢, as follows:

o .
q_{el’ ifo<j<r,
rJ

Sr; = o
0, ifj>r

This means (&, ¢,.) is regular if and only if &,. — oo as r — oo as in [27, 30].
It is also important to note that as in [8], for some s > 0, various transformations on the spaces
like [ (p, s) have been computed. Its further properties have been computed in [14, 28, 30, 37].

2 Main Results

This portion deals with the determination of new spaces given by a sequence of modulus func-
tions. Also, some topological properties and inclusion relations between these spaces will be
computed.

Let p = (p;) be bounded sequence with 0 < p; < sup, p; < oo and G be a modulus function.
We now define

l

1
l_éa Z ;G (Ayuy)

14

V)

620(A,S,Q7p,n)—{U—(uj)i sup < 00, s>0};

l

S(A, 5, G,p, ) — {u = (u)): sup
l

for o« € R and

l

_o 1
! @ jzo ;9 (Ayuy)

P

Si(A,s,G,p.m) = {u = (u;) : sup =0, s> O}.
)

Theorem 2.1. The spaces G2 (A, s,G,p,n), S9(A, s,G,p,n) and S}(A,s,G,p,n) are complete
linear spaces paranormed by &, where

L %
[ — G (AR
0, qu( nf)

=0

3

n
&) = l&]+ sup
r=I1

with M = (1,supp;).
!
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Proof. To prove the result, we only consider the case of G%_(A, s, G, p,n) and then others can be
proved on similar lines.
The linearity follows from the following inequality:

bl
M

l n
l_sgil > G (AU + 5;‘))‘

=0

n

BB+ =D [0, +&]+sup
l

r=1

b
M

—S 1 l v
I aquig (AvD;))

i=0

n
< Z |Or| + sup
r=1

| *
1) Zng (Azgj)

Lizo

n
+ 16 + sup

r=1

=6(0U) + &(¢).
Also, as in [4] for o € R, the scalar multiplication follows by employing the inequality
[P < max{1, |o|M}.

Obviously, &(0) = 0 and &(—¢) = —& (&) for each € € G (A, s, G, p,n). Further, the subaddi-
tivity of & follows from the following inequality:

®(0€) < max(1, o )&(¢).

Now to prove it is complete, let (£*) be any Cauchy sequence of G (A, s,G,p,n), where
(€n) = (¢L,€2,--+). Thus, for a given € > 0, there exists a positive integer ng(¢) such that

(e € <,
for each ¢, t > ng(e). Now for a fixed » € N and by definition of &, we have

)
n l M
1
S—¢&ll<e and sup|lT° =Y qG (AL -] <e, 2.1
;If & 1p o, 219 (Anti =€) 2.1)

= =0

for each ¢, ¢ > ny(). This yields that

B(5 - &) <e,

for each ¢, ¢ > ngy(e). Consequently, (£7) is a Cauchy sequence in R, so let lim &8 = &,.. Using
S—00

(2.1), for £ > 0, we can find a positive integer ny(e) such that

pi

_s 1
! <eM, (2.2)

o 269 (Ants = &)

=0

for each ¢, t > ny(g). Now, by choosing ¢t — oo in (2.2), we see

-5 1 y2

G > aG (A€ — &)

=0

<EM,

for each ¢ > ny(e). Hence, B(£° — ¢£) < e for each ¢ > ny(e). Lastly, by Minkowski’s inequality
and by taking € = 1, we have

B(£) <6+ 68 —¢) <14+ 86(S),

for each ¢ > no(1), showing thereby & € &4 (A, s,G,p,n). Since, B({° — &) < ¢ for each
¢ > no(e), consequently, we see £ — £ as ¢ — oo, showing thereby that % (A, G, p,n) is
complete. O
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Theorem 2.2. [f for a bounded sequences p = (p) and t = (i) of positive numbers with
0 < pr <t <ooforall k €N, then for any modulus function G, we have

(i) 64, (A,5,G,p,m) C 6L (A, 5,G,t,m).

(i) &4(A,5,G,p,m) C &U(A,5,G,t,7).

(lll) 68(A7 S, gapa 77) - 68(A7 S, g7 t7 77)

Proof. To prove the result, we only prove (i). Let £ € &4 (A, s,G,p,n), then

P
Z @9 (An&i)

Now, for [ large, say [ > [y for some fixed [y, we see

=5 &
2 Z 4G (M)

=0

Sup < 0.

pL 1 t

> G (M)
=0

and consequently the result follows. O

l—@

-
Y

< o0,

Theorem 2.3. Let the bounded sequences p = (pi) and t = (tx) of positive numbers with
0 < pg,tx < oo foreach k € N, then for a modulus function G, we have

Gi(A,s,G,1m,n) = 61A,s5,G,p,m) NGYA, s, G, t,n),
where v, = min(py, ).
Proof. Clearly from Theorem ?? (ii), we have
GUA,s,G,r,n) C GUA,s,G,p,n) NSI(A,s,G,t,1).
Now for any complex number §, we see
|67 < max{|d|7, 3]/},
hence it follows that

G(I(A’ S, gap7 77) N Gq(Aa Sagatan) - GQ(A, S, g7p7 77)

Theorem 2.4. For any modulus function G, we have

(i) 1(A, s,G,p,n) C &UA, s,p,n), provided hm i)exzsts

(ii) G9(A, s,p,n) C 64UA,s,G,p,n), if there exlsts aposmve constant \ such that G(t) < Mt
forallt > 0.

Proof. To prove (i), using proposition 1 of Maddox [16], we see
6:inf{g§t):t>0},

sothat 0 < 5 < G(1). Let £ = (&) € 6%(A,s,G,p,n) and § > 0, then by definition of /3, we
have 3t < f(t) for all t > 0 and

1
1

15— S g (A — L
Q ;q (Ant

Hence, it follows that £ = (&;) € G(A, s, p, 7).

Now to prove (i), let G(t) < At foreach¢ > 0 and A > 0. Thus, for { = (§;) € &9(A, s,p, ),
we see St < f(t) forall t > 0 and

Q Z% 1751_

Hence, it follows that { = (§;) € 6(A, s,G,p,n).

P pi

<max (1,87 ) |1

1
78@ Z 4G (Ayé — L)

=0

Db D1

< max (1,A™)

1 l
S (A —L
lQli:o%(ngZ )
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Theorem 2.5. If G, G| and G, are modulus function, then for s > 0, we have
(l) Gq(A7 S, g17p7 77) - Gq(A7 S, g0g17p7 77)
(”) GQ(A) S, ghpa 77) n GQ(A7 S, g2ap7 7]) - GQ(A’ S, gl + gZ;p7 77)

Proof. To prove (i), let £ € G%(A, s,Gy,p,n). Then, for € > 0, choose § > 0 such that G(t) < €
foreach 0 < t < 4.
Therefore, for y; = |I7°5- 30, <5 4;G1 (A, u;)|”", we have

|l_ an (GoG1)(Ané;) |pl

] 0
i _s 1 !
Z q;(GoG1) (A&)[" + 1 a Z 4;(G0G1)(An&s)["
yz<5 Y1 >0
H
< (G)H _|_max(l, <2ggl)) )|l_ Z 4;G1( nfg

y<5

where sup, p; = H. Consequently, £ € G%(A,s,G10G, p,n) and the proof of the theorem is
complete.
(ii) Let £ € &9(A, s,G1,p,n) N G9(A, s,Ga, p,n). Therefore, we have

sup - Z%gl né} < oo
and
sup oF qugz nfy < 00.
The rest of the proof follows from the equality
1 l Y4
05 00+ G (8,)
Q=
1 l Y4
= 'l_sQl > 4i(G1(A) + Ga(AnE)))
Jj=0

l
< M‘Z_SQIZ Z (gl( ngj))

=0

+M’l s qu gZ nfj

Therefore, we conclude that, £ € G7(A, s, G+ Gz, p,n) and the proof of the theorem is complete.
O

3 Conclusion remarks

In this study, some new difference sequence spaces have been constructed using modulus func-
tion and establish some properties corresponding to these spaces. Moreover, the inclusion prop-
erties have been given. The given spaces in this study can be converted into new types of spaces
by changing the difference operator.
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