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Abstract. Hepatitis B remains a major global health challenge, requiring advanced math-
ematical models to understand and control its spread. This study develops a fractional-order
mathematical model using the Atangana-Baleanu fractional derivative in caputo sense (ABC),
incorporating awareness, vaccination, and a Beddington-DeAngelis type incidence rate to better
capture disease dynamics. The model considers preventive measures by susceptible individu-
als and the inhibition effect of treatment on infectives, providing a realistic approach to disease
transmission. The study ensures the model’s positivity and boundedness, demonstrates the ex-
istence and uniqueness of its solution, and investigates the Ulam-Hyers (UH) type stability and
generlized Ulam-Hyers (GUH) type stability . It derives the Hepatitis B-free equilibrium (HBFE)
and Hepatitis B-present equilibrium (HBPE) points, analyzing their local stability (LAS) using
the basic reproduction number and proving the global stability (GAS) of the endemic equilib-
rium through a Lyapunov function. Sensitivity analysis identifies key parameters influencing
disease transmission, offering valuable insights for control strategies. Numerical simulations
use the Lagrange two-step polynomial method, effectively demonstrating parameter impacts on
disease progression. The results show that higher awareness and vaccination rates reduce in-
fection levels, emphasizing the role of public health interventions in controlling Hepatitis B.
The study highlights the advantages of fractional-order modeling in capturing memory effects
and long-term dependencies, offering a more precise approach than integer-order models. The
findings provide a foundation for designing effective disease control policies and intervention
strategies. This study presents a biologically relevant and mathematically rigorous model for
Hepatitis B transmission. The proposed approach strengthens the case for fractional-order mod-
els in epidemiology, making it a valuable contribution to disease modeling and public health
decision-making.

1 Introduction

HBV is a highly infectious disease that poses a significant health risk to populations across the
globe. It is essential to recognize the severity of this sickness and take the required actions to
avoid it. HBV poses a significant threat to liver health, capable of inflicting severe damage and
potentially leading to dire consequences such as liver cancer and failure. In the early stages of
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Hepatitis B, many people don’t have any symptoms. However, some people suddenly start to
feel sick and have symptoms like puking, skin turning yellow, tiredness, black pee, and stom-
ach pain [1, 2]. A vaccine has been available since 1982 to protect against this illness. The
vaccine has been tried and shown to stop the sickness 95% of the time [3]. HBV accounts for
80% of instances of primary liver cancer, and 25% of childhood diseases develop into chronic
infections [4]. Most cases of HBV in countries with moderate to high endemicity occur via
sexual contact, mother-to-child transmission, and percutaneous or other forms of contact with
infected blood or bodily fluids [5, 6]. In 2015, there were around 900,000 fatalities caused by
HBV infections. HBV is a recognized cause of major liver disorders such as cirrhosis and hepa-
tocellular carcinoma. Birth immunization with Hepatitis B is one of the most efficient strategies
to prevent the transfer of HBV from mother to child or via other means. Still, to lower the in-
cidence rate, healthcare systems should do more to enhance their viral Hepatitis treatment and
preventive programs. Lamivudine, telbivudine, and tenofovir are some of the antiviral medi-
cations that show promise in reducing the risk of perinatal HBV infection in pregnant women
who have large amounts of HBV DNA [7, 8]. The dissemination of information on the risks of
HBV infection and the significance of preventative techniques is greatly aided by media aware-
ness campaigns. People may be informed about the dangers of HBV, particularly the fact that it
can lead to cirrhosis and hepatocellular carcinoma (HCC), via extensive media campaigns that
include commercials on television, radio, social media, and in print. The media has a unique
opportunity to help communities combat the spread of HBV, especially from mother to child
and other routes, by increasing public knowledge of the disease and encouraging people to take
action. Another way that the media may help save lives and limit the spread of the HBV is by
highlighting the need for Hepatitis B immunization at birth.

Mathematical modeling is useful in comprehending real-world problems, as shown in re-
cent studies [9–14]. Mathematical models serve a crucial function in analyzing and controlling
the transmission of contagious illnesses. The development of epidemic compartmental models
by mathematicians and biologists around the world has been a major breakthrough in identify-
ing how HBV spreads. These models serve as valuable tools for analyzing disease dynamics
and assisting in the development of effective prevention and treatment strategies. Mathematical
models using integer-order ordinary differential equations are often used to explore biological
system dynamics [15, 16]. Many studies on HBV transmission dynamics and control have been
published in recent decades. Nevertheless has only been utilized for classical differential equa-
tions of integer order, delay, or stochastic nature. Thornley et al. [17] formulated a model to
examine the transmission dynamics of the HBV and proposed strategies for its control within
the New Zealand population. Manna and Chakrabarty [18] investigated the stability of an HBV
infection model by introducing one and two discrete delays. Anderson and May [19,20] utilized
a mathematical framework to demonstrate the impact of HBV transmission among carriers . An-
derson and Williams provide models of transmission of Hepatitis-B by sexual activity [21]. Pang
et al. [22] proposed a model to analyze the effects of vaccination and other control measures on
HBV eradication. Zhao et al. [23] evaluated a model to determine the long-term effectiveness of
vaccinations. Khan et al. [24] proposed a mathematical framework to analyze the influence of
migration on HBV transmission.

To address the limitations of traditional integer-order models, researchers have increasingly
turned to fractional calculus, which effectively captures non-local dynamics and complex behav-
iors in real-world systems. This has allowed for the emergence of important facts related to na-
ture, which have been revealed through the use of fractional calculus [25,26]. Fractional deriva-
tives are the most suitable mathematical tool for studying epidemiological dynamical processes



A Fractional-Order Model for Hepatitis B Transmission 489

that involve non-integer or fractional sequences and natural occurrences. Due to their memory-
dependent nature, these structures effectively capture the complex dynamics of epidemiological
systems involving multi-scale and non-linear interactions. Therefore, understanding the implica-
tions of memory effects on epidemiological processes is crucial for developing effective disease
control strategies. Numerous scholars have explored epidemic models incorporating fractional
operators for various communicable diseases, as these models exhibit a reasonable biphasic de-
cline in disease transmission.
Many fractional-order derivatives have been developed and implemented across various disci-
plines [27–35]. In recent years, interest in fractional models has grown, as highlighted by au-
thor [36], who explains how fractional operators contribute to understanding their physical and
geometric properties. Several researchers have developed and examined fractional-order HBV
models within an epidemic framework [26, 37–39]. Meena et al. [40] conducted a novel in-
vestigation of the HBV using a fractional operator with a non-local kernel. Bhattar et al. [41]
utilized the Hilfer fractional derivative in their analysis of HBV infection, offering a fractional-
order perspective on disease dynamics. Habenom et al. [26] performed a numerical simulation
to study the effects of vaccination and treatment in a fractional-order model of hepatitis B. Gour
et al. [42] applied the homotopy decomposition method to analyze a fractional-order model of
HBV infection. The Beddington DeAngelis type incidence rate, introduced by Beddington [43]
and DeAngelis [44], is a nonlinear form given by βSI

1+k1S+k2I
,where β is the transmission rate

and k1 and k2 represent inhibition effects from the susceptible and infected populations, respec-
tively. This form generalizes both bilinear and saturated incidence rates and provides a more
realistic framework for modeling crowding effects and behavioral changes in HBV transmission
dynamics [45, 46].

As far as we know, none of the available HBV models in the literature have constructed
a fractional-order mathematical framework utilizing the ABC fractional derivative, integrating
both an awareness parameter and a Beddington-DeAngelis type incidence rate to capture the
intricate behavior of Hepatitis B spread and management.

This study is structured as follows:
Section 2 presents fundamental principles of fractional calculus. Section 3 describes the

mathematical model in detail. Section 4 focuses on the qualitative analysis of the model. Section
5 explores the UH stability analysis. Section 6 discusses equilibrium points, their stability, and
the basic reproduction number. Section 7 examines the sensitivity analysis. Section 8 model
fitting and parameter estimation is performed. Section 9 outlines the numerical scheme used.
Section 10 provides the discussion, conclusion, and potential future research directions.

2 Preliminary mathematical framework

This section begins with examining fundamental mathematical tools utilized in the following
sections.

Definition 2.1 ( [47]). Let s ∈ [1,∞) and O be an open subset of R The Sobolev space Hs(O)
is defined as: Hs(O) = {U ∈ L2(O) ∋ DτU ∈ L2(O)∀|τ| ⩽ g}.

Using the aforementioned definition, Atangana and Baleanu [27] introduced the ABC frac-
tional derivative.

Definition 2.2 ( [27]). Let’s introduce a function F(t) ∈ Hs(a,b) and a scalar τ ∋ 0 < τ < 1;
then ABC derivative given as:
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Q
0D
τ
tF(t) =

Q(τ)

(1 − τ)

∫t
0
Eτ

(
τ

τ− 1
(t− ρ)τ

)
F ′dρ, (2.1)

where Q(τ) represents a normalization mapping that satisfies the conditions Q(0) = Q(1) = 1.

Definition 2.3 ( [27]). The usual definition of Laplace transformation (LT) of the function F(t)

is given by

L[F(t), s] = F̄(s) =

∫∞
0
e−stF(t)dt, R(s) > ζ, t ⩾ 0. (2.2)

Inverse LT of F̄(s) is given below

L−1[F̄(s), t] =
1

2πi

∫η+i∞
η−i∞ estF̄(s)ds, where η ∈ R. (2.3)

Definition 2.4 ( [27]). Laplace transformation of ABC derivative define as :

L
[

Q
0D
τ
tF(t)

]
=

Q(τ)

1 − τ

[
sτL{F(t)}− sτ−1F(0)

sτ + τ
1−τ

]
. (2.4)

Definition 2.5 ( [27]). Let’s introduce a function F(t) ∈ Hs(a,b) and a scalar τ such that
0 < τ < 1; then ABC derivative given as:

Q
0I
τ
tF(t) =

1 − τ

Q(τ)
F(t) +

τ

Q(τ)Γ(τ)

∫t
0
(t− Ψ)τ−1F(Ψ)dΨ. (2.5)

Definition 2.6 ( [27]). The ML functions Eρ(Z) and Eρ,τ(Z) were originally introduced by
Mittag-Leffler and later generalized by Wiman.

Eρ(Z) =

∞∑
k=0

Zk

Γ(ρk+ 1)
; (Z, ρ ∈ C,R(ρ) > 0). (2.6)

Eρ,τ(Z) =

∞∑
k=0

Zk

Γ(ρk+ τ)
; (Z, ρ, τ ∈ C,R(ρ) > 0,R(τ) > 0). (2.7)

Lemma 2.7 ( [48]). The solution to the given problem for 0 < τ ⩽ 1,

Q
0D
τ
tF(t) = G (t), t ∈ [0, ð], F(0) = F0. (2.8)

where F : [0, ð] → R is a function F0 is a fixed point define by

F(t) = F0 +
1 − τ

Q(τ)
G (t) +

τ

Q(τ)Γ(τ)

∫t
0
(t− Ψ)τ−1G (Ψ)dΨ. (2.9)

Lemma 2.8 ( [49]). Let F(t) ∈ R be a function that is continuous and differentiable. Then for
each t ⩾ t0

1
2

Q
t0
DτtF

2(t) ⩽ F(t)Q
t0
DτtF(t), ∀τ ∈ (0, 1). (2.10)

Theorem 2.9 (Krasnoselskii’s fixed point theorem [50]). Let Zq ̸= ϕ , closed, convex, and
bounded subset of a Banach space ℵ. Suppose that and U and W are two operators defined on
ℵ that satisfy the following conditions:

(i) U (G ) + W (G ) ∈ Zq,∀G ∈ Zq,
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(ii) U is a mapping that satisfies the contraction property,

(iii) W is a compact and continuous operator.

Consequently, at least one solution G can be found in Zq such that U (G ) + W (G ) = G holds.

Theorem 2.10 (Arzela-Ascoli theorem [51]). This theorem states that for a compact set Zq in
Rn, a subset Y of C(Zq) is relatively compact in C(Zq) ⇐⇒ the functions in Y are uniformly
bounded and equicontinuous on Zq.

3 Model formulation

We constructed a mathematical model for HBV utilizing ABC derivatives, where the total pop-
ulation is divided into three categories: Susceptible (Ŝ), Infected (Î), and Recovered (R̂). The
model incorporates a constant recruitment rate for the susceptible population and an incidence
rate governed by the Beddington-DeAngelis type (1 − ζ) βŜÎ

1+k1Ŝ+k2Î
. In the model, ζ is rate

of awareness programs and k1 represents the effect of preventive measures by susceptible indi-
viduals, while k2 accounts for the reduction in transmission due to the impact of the infected
population, including crowding and protective behaviors. Additionally, we consider that some
infected individuals with sufficient physical resilience can recover naturally without medical in-
tervention. During an epidemic, various social platforms play a crucial role in disseminating
information about disease symptoms, preventive measures, and treatment options through media
such as television, radio, and educational campaigns. Public awareness encourages individuals
to adopt protective measures.

The HBV model is structured as follows:

Q
0D
τ
t Ŝ(t) = θ− (1 − ζ)

βŜÎ

1 + k1Ŝ+ k2Î
− (µ+m)Ŝ,

Q
0D
τ
t Î(t) = (1 − ζ)

βŜÎ

1 + k1Ŝ+ k2Î
− (µ+ δ+ η)Î, (3.1)

Q
0D
τ
t R̂(t) = ηÎ+mŜ− µR̂.

Table 1 provides the details of the parameters.

Table 1: Description of model parameters.

Parameter Description (with units)

β Transmission rate of the disease (per person per day)
η Recovery rate of infected individuals (per day)
τ Fractional-order parameter controlling memory effects (di-

mensionless)
µ Natural death rate of individuals (per day)
θ Recruitment rate into the population (individuals per day)
ζ Rate of awareness program implementation (per day)
k1,k2 Saturation factors representing behavioral inhibition (dimen-

sionless)
δ Disease-induced death rate (per day)
m Transformation rate from susceptible to recovred (per day)
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4 Qualitative analysis

Since model (3.1) represents a community of individuals, it is crucial to determine the domain
where it remains epidemiologically relevant.

Theorem 4.1. Lets consider closed set 0̂ =

{
(Ŝ, Î, R̂) ∈ R3

+ : N̂ = Ŝ + Î + R̂ ⩽ θ
µ

}
remains

positively invariant for model (3.1).

Proof. Summing all the equations of the fractional model (3.1) yields the following result.

Q
0D
τ
t N̂(t) ⩽ θ− µN̂. (4.1)

After applying the LT and simplifying, we derive the following outcome.

Q(τ)

1 − τ

[
sτL(N̂(t)) − sτ−1N̂(0)

sτ + τ
1−τ

]
⩽
θ

s
− µL(N̂(t)),

Q(τ)

1 − τ

[
sτL(N̂(t))

sτ + τ
1−τ

]
+ µL(N̂(t) ⩽

θ

s
+

Q(τ)sτ−1N̂(0)
sτ(1 − τ) + τ

. (4.2)

After simplify we get:

L(N̂(t)) ⩽
θ

s

(
sτ(1 − τ) + τ

Q(τ)sτ + µ(sτ(1 − τ) + τ)

)
+

Q(τ)N̂(0)sτ−1

Q(τ)sτ + µ(sτ(1 − τ) + τ)
. (4.3)

Taking inverse LT in Equation (4.3) then we get:

N̂(t) ⩽
θτtτ

Q(τ) + µ(1 − τ)
Eτ,τ+1

(
−

µτtτ

Q(τ) + µ(1 − τ)

)
+

(
θ(1 − τ)

Q(τ) + µ(1 − τ)
+

N̂(0)Q(τ)

Q(τ) + µ(1 − τ)

)
Eτ,1

(
−

µτtτ

Q(τ) + µ(1 − τ)

)
. (4.4)

Furthermore,

Eτ,τ+1

(
−

µτtτ

Q(τ) + µ(1 − τ)

)
=

1(
− µτtτ

Q(τ)+µ(1−τ)

)[Eτ,1

(
−

µτtτ

Q(τ) + µ(1 − τ)

)
+1
]

. (4.5)

Thus

N̂(t) ⩽
θτtτ

Q(τ) + µ(1 − τ)

1(
− µτtτ

Q(τ)+µ(1−τ)

)[Eτ,1

(
−

µτtτ

Q(τ) + µ(1 − τ)

)
+ 1
]

+
N̂(0)Q(τ)

Q(τ) + µ(1 − τ)

)
Eτ,1

(
−

µτtτ

Q(τ) + µ(1 − τ)

)
. (4.6)

Utilizing the asymptotic properties of the ML function [52], we derive
N̂(t) → θ

µ
as t→ ∞. Consequently, the solutions to system (3.1) for the Hepatitis B model are

bounded (N̂ ⩽ θ
µ
).

The condition N̂ ⩽ θ
µ

. Biologically represents a demographic carrying capacity that is, the
maximum population size that can be naturally sustained over time under constant birth and death
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rates. This concept of carrying capacity ensures that the model remains realistic and biologically
feasible by preventing the possibility of uncontrolled population growth.
Now we established positivity of the solution of the model (3.1). The first equation of the system
(3.1) can be expressed as:

Q
0D
τ
t Ŝ(t) = θ− (1 − τ)

βŜÎ

1 + k1Ŝ+ k2Î
− (µ+m)Ŝ,

Q
0D
τ
t Ŝ(t) ⩾ −(µ+m)Ŝ,

taking LT, then we get

Q(τ)

1 − τ

[
sτL(Ŝ(t)) − sτ−1Ŝ(0)

sτ + τ
1−τ

]
⩾ −(µ+m)L(Ŝ(t)),

after simplification we get obtains

Ŝ(t) ⩾
Ŝ(0)

1 + (µ+m)(1 − τ)

[
tτ−1Eτ,1

(
−(µ+m)τt

1 + (µ+m)(1 − τ)

)]
.

Thus, as t→ ∞, we have Ŝ(t) ⩾ 0. As well as Î(t) ⩾ 0 and R̂(t) ⩾ 0. Any solution of the
fractional model (3.1) that starts with non-negative initial values in 0̂ will persist within 0̂ for
all time. Hence, the closed set 0̂ is preserved as positively invariant within the fractional model
(3.1).

4.1 Existence and uniqueness

In this section, we explore the qualitative aspects of the proposed fractional system (3.1) for
Hepatitis B. To do so, we begin by introducing

Q
0D
τ
t Ŝ(t) = M1(t, Ŝ, Î, R̂),

Q
0D
τ
t Î(t) = M2(t, Ŝ, Î, R̂),

Q
0D
τ
t R̂(t) = M3(t, Ŝ, Î, R̂),

(4.7)

where 
M1(t, Ŝ, Î, R̂) = θ− (1 − ζ) βŜÎ

1+k1Ŝ+k2Î
− (µ+m)Ŝ,

M2(t, Ŝ, Î, R̂) = (1 − ζ) βŜÎ

1+k1Ŝ+k2Î
− (µ+ δ+ η)Î,

M3(t, Ŝ, Î, R̂) = ηÎ+mŜ− µR̂,

(4.8)

which can be expressed as:{
Q
0D
τ
tG (t) = M(t, G (t)), t ∈ K = [0, T ],

M(0) = M0 0 < τ ⩽ 0,
(4.9)

where
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G (t) =


Ŝ(t)

Î(t)

R̂(t)

 , G (0) =


Ŝ(0)

Î(0)

R̂(0)

 , M(t, G (t)) =


M1(t, Ŝ, Î, R̂)

M2(t, Ŝ, Î, R̂)

M3(t, Ŝ, Î, R̂)

 . (4.10)

From lemma (2.7) the fractional initial value problem (IVP) (4.9) has a solution that can be
represented by a nonlinear Volterra-type integral equation.

G (t) = G (0) +
1 − τ

Q(τ)
M(t, G (t)) +

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1M(ψ, G (t))dψ. (4.11)

Thus, examining whether a unique solution exists for the fractional HBV model (3.1), which
has been reformulated as the fractional initial value problem (IVP) (4.9), is equivalent to analyz-
ing the existence and uniqueness of solutions for the corresponding nonlinear integral equation
(5.7). To achieve this, we define the Banach space ℵ = C(K,R3

+) under the supremum norm.

||G (t)|| = Sup
t∈K

{|G (t)| : G ∈ ℵ},

where
Sup
t∈K

|G (t)| = Sup
t∈K

[
|Ŝ(t)|+ |Î(t)|+ |R̂(t)|

]
,

and Ŝ(t), Î(t), R̂(t) ∈ C(K,R+). We define an operator Π : ℵ → ℵ as:

Π[G (t)] = U [G (t)] + W [G (t)], (4.12)

where
U [G (t)] = G (0) +

1 − τ

Q(τ)
M(t, G (t)), (4.13)

and

W [G (t)] =
τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1M(ψ, G (t))dψ. (4.14)

The fractional integral equation (5.7) can be expressed in the form of a fixed-point problem.

G (t) = Π[G (t)]. (4.15)

We apply the Lipschitz criterion to analyze our proposed system as follows:

Theorem 4.2. The function M : K×R3
+ → R3

+ is an fulfills the Lipschitz criterion ||M(t, G (t))−

M(t, Ĝ (t))|| ⩽ K1||G (t) − Ĝ (t)|| for some K1 ⩾ 0.

Proof. Let G (t), Ĝ (t) ∈ ℵ

||M1(t, G (t)) −M1(t, Ĝ (t))|| = ||θ− (1 − ζ)
βŜÎ

1 + k1Ŝ+ k2Î
− (µ+m)Ŝ

− (θ− (1 − ζ)
βŜ1Î

1 + k1Ŝ1 + k2Î
− (µ+m)Ŝ1)||

⩽ Y1||Ŝ− Ŝ1||,



A Fractional-Order Model for Hepatitis B Transmission 495

where Y1 =W1 + (µ+m), ||(1 − ζ) βÎ

1+k1Ŝ+k2Î
|| ⩽W.

Similarly we can proof that

||M2(t, G (t)) −M2(t, Ĝ (t))|| ⩽ Y2||Î− Î1||,

||M3(t, G (t)) −M3(t, Ĝ (t))|| ⩽ Y3||R̂− R̂1||,

where Y2 =W2 + (µ+ δ+ η), ||(1 − ζ) βŜ
1+k1S+k2I

|| ⩽W2, and Y2 = µ.
Now we obtain

||M(t, G (t)) −M(t, Ĝ (t))|| ⩽ Y1||S− S1||+Y2||I− I1||+Y3||R− R1||

⩽ K1||G (t) − Ĝ (t)||.

Let K1 = max{Y1,Y2,Y3} hence M(t, G (t)) is satisfied Lipschitz condition.

Moreover, we assume that the nonlinear function M : K× R3
+ → R3

+, presented in equation
(5.7), adheres to t the linear growth constraint.

(i) There exist two positive constant K2, K3 ∋

||M(t, G )|| ⩽ K2||G (t)||+ K3, t ∈ K, G ∈ ℵ. (4.16)

Theorem 4.3. Consider the fractional HBV model represented by equation (3.1) in the form of
equation (4.9). Given the Theorem (4.2) and assumption (i), the associated integral equation
(5.7) has at least one solution. Therefore, the proposed model (3.1) possesses at least one solu-
tion.

Proof. Let Zq be a closed covex bounded subset of ℵ defined as Zq = {G ∈ ℵ : ||G || ⩽ q,q >
0},
where q ⩾ �1

1−�2
, where

�1 = G (0) +
[

1 − τ

Q(τ)
+

Tτ

Q(τ)Γ(τ)

]
K3, and �2 =

[
1 − τ

Q(τ)
+

Tτ

Q(τ)Γ(τ)

]
K2.

The proof of the theorem is structured into the following three steps.
Step I: First, we demonstrate that Π[G (t)] = U [G (t)] + W [G (t)] ∈ Zq, for t ∈ K and

G ∈ Zq. In fact, based on assumption (i), we obtain the following result.
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Π[G (t)] ⩽ Sup
t∈K

{
G (0) +

1 − τ

Q(τ)
|M(t, G (t))|+

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1|M(ψ, G (t))|dψ

}

⩽ G (0) +
1 − τ

Q(τ)

[
K2Sup
t∈K

|G (t)|+ K3

]
+

τ

Q(τ)Γ(q)

∫t
0
(t−ψ)τ−1

[
K2Sup
t∈K

|G (t)|+ K3

]
dψ

= G (0) +
1 − τ

Q(τ)

[
K2||G (t)||+ K3

]
+

τ

Q(τ)Γ(q)

∫t
0
(t−ψ)τ−1

[
K2||G (t)||+ K3

]
dψ

= G (0) +
[

1 − τ

Q(τ)
+

Tτ

Q(τ)Γ(τ)

]
K3 +

[
1 − τ

Q(τ)
+

Tτ

Q(τ)Γ(τ)

]
K2q.

Thus we have
||Π(G (t))|| ⩽ �1 + q�2. (4.17)

Therefore, the operator Π maps Zq into itself.
Step II: Subsequently, we demonstrate that the operator U : Zq → Zq constitutes a contraction
if 1−τ

Q(τ)K1 < 1. Accordingly, let G , Ĝ ∈ Zq and t ∈ K consequently, based on Theorem (4.2),
we have

||U (G (t)) − U (Ĝ )(t)|| = Sup
t∈K

∣∣∣∣1 − τ

Q(τ)

(
M(t, G (t)) −M(t, Ĝ (t))

)∣∣∣∣
⩽

1 − τ

Q(τ)
K1Sup
t∈K

|G (t) − Ĝ (t)|

=
1 − τ

Q(τ)
K1||G (t) − Ĝ (t)||.

It is evident that if the condition 1−τ
Q(τ)K1 < 1 holds, then the operator U acts as a contraction

mapping.
Step III: Finally, we establish that the operator W possesses relative compactness, which

implies that it is continuous, uniformly bounded, and equi-continuous. To demonstrate the con-
tinuity of W as defined in equation (4.14), consider a sequence Gn ∋ lim

n→∞Gn = G in Zq, for
t ∈ K. We obtain the following result.

||W (Gn(t)) − W (G (t))|| = Sup
t∈K

∣∣ τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1[M(ψ, Gn(ψ)) −M(ψ, G (ψ))

]
dψ
∣∣

⩽
τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1Sup

t∈K

∣∣M(ψ, Gn(ψ)) −M(ψ, G (ψ))
∣∣dψ

⩽
Tτ

Q(τ)Γ(τ)
||M(ψ, Gn(ψ)) −M(ψ, G (ψ))||.

Therefore, given that M is continuous and Gn converges to G , the operator W is also continuous.
To ensure the uniform boundedness of W on Zq, let G be an element of Zq.Then, for any t ∈ K
we obtain:
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||W (G (t))|| = Sup
t∈K

∣∣∣∣ τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1M(ψ, G (t))dψ

∣∣∣∣
⩽

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1Sup

t∈K
|M(ψ, G (t))|dψ

=
τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1||M(ψ, G (t))||dψ

⩽
τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1[K2||G (t)||+ K3]dψ

⩽
Tτ

Q(τ)Γ(τ)
[K2q+ K3].

Thus, the operator W is uniformly bounded on Zq. Finally, to establish the equicontinuity of
W , let G be an element of Zq,and consider t1, t2 ∈ K with t1 < t2. Then, we have:

||W (G (t2)) − W (G (t1))|| = Sup
t∈K

∣∣∣∣ τ

Q(τ)Γ(τ)

∫t2

0
(t2 −ψ)

τ−1M(ψ, G (t))dψ

−
τ

Q(τ)Γ(τ)

∫t1

0
(t1 −ψ)

τ−1M(ψ, G (t))dψ

∣∣∣∣
= Sup
t∈K

∣∣∣∣ τ

Q(τ)Γ(τ)

∫t1

0
(t2 −ψ)

τ−1M(ψ, G (t))dψ

+

∫t2

t1

(t2 −ψ)
τ−1M(ψ, G (t))dψ

−
τ

Q(τ)Γ(τ)

∫t1

0
(t1 −ψ)

τ−1M(ψ, G (t))dψ

∣∣∣∣
⩽

2(t2 − t1)
τ + (tτ1 − tτ2 )

Q(τ)Γ(τ)
(K2q+ K3).

The condition that ||W (G (t2))−W (G (t1))| approaches 0 as t2 approaches t1implies the equicon-
tinuity of W on Zq. As a consequence, applying the Arzela-Ascoli theorem directly implies that
the operator W is relatively compact.

As a result, applying Theorem 2.9 guarantees that the integral equation (5.7) possesses at
least one solution. Due to this, this ensures that the model described by Equation (3.1) also has
at least one solution.

Theorem 4.4. Theorem (4.2) holds with the constraint(
1 − τ

Q(τ)
+

Tτ

Q(τ)Γ(τ)

)
K1 < 1. (4.18)

It is established that the fractional initial value problem (4.9) possesses a unique solution within
the interval K.

Proof. Given (4.15), let G and Ĝ represent two solutions of (4.9) in ℵ where t is an element of
K. Subsequently
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||Π(G (t)) − Π(Ĝ (t))|| ⩽

∣∣∣∣1 − τ

Q(τ)
Sup
t∈K

(
M(t, G (t)) −M(t, Ĝ (t))

)∣∣∣∣
+

∣∣∣∣ τ

Q(τ)Γ(τ)
Sup
t∈K

∫t
0
(t−ψ)τ−1

(
M(ψ, G (ψ)) −M(ψ, Ĝ (ψ))

)
dψ

∣∣∣∣
⩽

1 − τ

Q(τ)
K1[G (t) − Ĝ (t)] +

Tτ

Q(τ)Γ(τ)
K1[G (t) − Ĝ (t)](

1 − τ

Q(τ)
+

Tτ

Q(τ)Γ(τ)

)
K1[G (t) − Ĝ (t)].

Inequality (4.18) confirms that the operator is a contraction mapping, which in turn implies that
the integral Equation (5.7) has a unique solution, and consequently, the fractional model (3.1)
also has a unique solution.

5 UH stablity

The concept of Ulam-Hyers (UH) stability ensures that small perturbations in initial data or
model parameters result in only small deviations in the solution, making the model robust and
reliable for predicting disease dynamics. In the context of HBV modeling, UH stability is im-
portant to validate that the model’s forecasts remain consistent under minor uncertainties or
measurement errors.
We devote this section to examining the UH stability of the fractional model (3.1), with the aim
of obtaining significant results that shed light on its stability characteristics.

Definition 5.1. We define the model (3.1), rewritten as (4.9), to be UH stable if a constant ∆ > 0
exists, ensuring that for all H > 0 and any solution Ĝ ∈ ℵ satisfying the inequality,

∥Q
0D
τ
t Ĝ (t) −M(t, Ĝ (t))∥ ⩽ H, t ∈ K. (5.1)

There exists unique solution G ∈ ℵ of (4.9) with initial condition G (0) = Ĝ (0) ∋,

∥Ĝ (t) − G (t)∥ ⩽ ∆H,∀t ∈ K, (5.2)

where

Ĝ (t) =


Ŝ(t)

Î(t)

R̂(t)

 , Ĝ (0) =


Ŝ(0)

Î(0)

R̂(0)

 , M(t, Ĝ (t)) =


M1(t, Ŝ, Î, R̂)

M2(t, Ŝ, Î, R̂)

M3(t, Ŝ, Î, R̂)

 ,

and

H = max


H1

H2

H3

 , ∆ = max


∆1

∆2

∆3

 .

In the context of UH stability, the constant ∆ is referred to as the stability constant for the
fractional order problem (3.1).

Definition 5.2. The given problem (4.9) is considered to exhibit GUH stability if ∃ a continuous
function B : K → R+ with B(0) = 0, ensuring that, ∀ Ĝ ∈ ℵ satisfying condition (5.1), a
unique solution G ∈ ℵ of Equation (4.9) exists ∋
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∥Ĝ (t) − G (t)∥ ⩽ B(H), ∀t ∈ K. (5.3)

Remark 5.3. To analyze the stability of the model, a small perturbation is introduced ϖ(t) ∈
C(K) such thatϖ(0) = 0 and ensure that the following conditions are fulfilled:

(I) |ϖ(t)|⩽ H for t ∈ K and H > 0,

(II) Q
0D
τ
t Ĝ (t) = M(t, Ĝ (t)) +ϖ(t), for all t ∈ K,

whereϖ(t) =


ϖ1(t)

ϖ2(t)

ϖ3(t)

.

Lemma 5.4. The solution Ĝϖ(t) of the perturbed problem{
Q
0D
τ
t Ĝ (t) = M(t, Ĝ (t)) +ϖ(t), for all t ∈ K,

Ĝ (0) = Ĝ0,
(5.4)

fulfills the inequality
∥Ĝϖ(t) − Ĝ (t)∥ ⩽ χH. (5.5)

Ĝ satisfied (5.1) and χ =

(
1−τ
Q(τ) +

Tτ

Q(τ)Γ(τ)

)
.

Proof. From Lemma (2.7) solution of problem (5.4) is given by

Ĝϖ(t) = Ĝ0 +
1 − τ

Q(τ)
[M(t, Ĝ (t))+ϖ(t)]+

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1[M(ψ, Ĝ (ψ))+ϖ(ψ)]dψ.

(5.6)
Additionally, we possess

Ĝ (t) = Ĝ0 +
1 − τ

Q(τ)
[M(t, Ĝ (t))] +

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1[M(ψ, Ĝ (ψ))]dψ. (5.7)

Remark 5.3 leads to the conclusion that

∥Ĝϖ(t) − Ĝ (t)∥ ⩽
1 − τ

Q(τ)
∥ϖ(t)∥+ τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1∥ϖ(ψ)∥dψ

⩽

(
1 − τ

Q(τ)
+

Tτ

Q(τ)

)
H. (5.8)

This implies
∥Ĝϖ(t) − Ĝ (t)∥ ⩽ χH. (5.9)

Theorem 5.5. Under the conditions stated in Lemma 5.4, the solution to the fractional initial
value problem (IVP) exhibits both UH stability and GUH stability in ℵ provided that
(1 − K1χ) > 0 .

Therefore, the fractional model (3.1) is demonstrated to be UH stable as well as satisfying
GUH stability in ℵ.
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Proof. Let Ĝ ∈ ℵ fulfill the inequality (5.1), and let Ĝ be the unique solution to the problem
(4.9) with the starting condition G (0) = Ĝ (0) ⇐⇒ G0 = Ĝ0. Consequently, it concludes from
Lemma 2.7 that

G = Ĝ0 +
1 − τ

Q(τ)
M(t, G (t)) +

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1M(ψ, G (ψ))dψ, (5.10)

∥Ĝ (t) − G (t)∥ =

wwwwĜ (t) −

(
Ĝ0 +

1 − τ

Q(τ)
M(t, G (t)) +

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1M(ψ, G (ψ))dψ

)wwww
=

wwwwĜ (t) −

(
Ĝ0 +

1 − τ

Q(τ)
M(t, G (t)) +

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1M(ψ, G (ψ))dψ

)
+

(
Ĝ0 +

1 − τ

Q(τ)
[M(t, Ĝ (t)) +ϖ(t)] +

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1[M(ψ, Ĝ (ψ))

+ϖ(ψ)]dψ

)
−

(
Ĝ0 +

1 − τ

Q(τ)
[M(t, Ĝ (t)) +ϖ(t)] +

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1

[M(ψ, Ĝ (ψ)) +ϖ(ψ)]dψ

)wwww
⩽ 2χH +

1 − τ

Q(τ)
K1∥[G (t) − Ĝ (t)]∥+ Tτ

Q(τ)Γ(τ)
K1∥[G (t) − Ĝ (t)]∥

⩽ 2χH +

(
1 − τ

Q(τ)
+

Tτ

Q(τ)Γ(τ)

)
K1∥[G (t) − Ĝ (t)]∥. (5.11)

⇒
∥Ĝ (t) − G (t)∥ ⩽

2χH
1 − K1χ

. (5.12)

For ∆ = 2χH
1−K1χ

with 1 − K1χ > 0, the inequality in (5.12) suggests

∥Ĝ (t) − G (t)∥ ⩽ ∆H. (5.13)

As a result, the fractional IVP (4.9) solution is UH stable. Furthermore, by defining B(H) = ∆H

with B(0) = 0 in a way that satisfies

∥Ĝ (t) − G (t)∥ ⩽ B(H). (5.14)

The analysis confirms that the fractional IVP (4.9) meets the criteria for GUH stability. Thus,
the proposed model (3.1) possesses both UH and GUH stability.

6 Equilibrium point, their stability, and basic reproduction number

This section calculates the basic reproduction number to evaluate the transmission of infection in
the suggested model. In an epidemic model, equilibrium points represent constant values of the
variables that remain unchanged over time, indicating a stable state in which the prevalence of
the disease remains steady. In an epidemic model, two significant steady states are the Hepatitis
B-free equilibrium (HBFE) and Hepatitis B-present equilibrium point (HBPE).
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6.1 Hepatitis B-free equilibrium (HBFE) point

To identify the equilibrium points of the fractionalized Hepatitis B model (3.1), we proceed by
introducing 

θ− (1 − ζ) βŜ∗Î∗
1+k1Ŝ∗+k2Î∗

− (µ+m)Ŝ∗ = 0,

(1 − ζ) βŜ∗Î∗
1+k1Ŝ∗+k2Î∗

− (µ+ δ+ η)Î∗ = 0,

ηÎ∗ +mŜ∗ − µR̂∗ = 0.

(6.1)

HBFE point of model (3.1) represents the steady state in which Hepatitis B is absent from
the studied population. We take Î∗ = 0. Then we get HBFE point is

Ĥ∗ = (Ŝ∗, Î∗, R̂∗) =
(

θ
µ+m , 0, θm

(µ+m)µ

)
.

6.2 The basic reproduction number

The basic reproduction number is a key factor in public health decision-making, as it guides in-
terventions aimed at controlling the spread of infections.We employ the next-generation matrix
(NGM) [53] approach to calculate the basic reproduction number for our system, denoted as R0.
In this approach, we identify Fi and Vi from the infected compartments of the model, where
Fi represents the progression into the infected classes, and Vi signifies the removal from the
infected classes.
Fi and Vi define as follows:

Fi =
(
(1 − ζ) βŜÎ

1+k1Ŝ+k2Î

)
and Vi =

(
(µ+ δ+ η)Î

)
.

The Jacobian matrix of Fi and Vi at Ĥ∗ given as :

F
∣∣
Ĥ∗

=
(

(1−ζ)Ŝ∗β(k1Ŝ∗+1)
(1+k1Ŝ∗+k2Î∗)2

)
.

V
∣∣
Ĥ∗

=
(
µ+ δ+ η

)
.

R0 is spectral radisus of matrix FV−1
∣∣
Ĥ∗

is given by :

R0 =
(1 − ζ)θβ

(θk1 +m+ µ)(µ+ δ+ η)
.

6.3 Local stablity analysis (LAS)

Theorem 6.1. If R0 < 1 then HBFE P0 of the proposed Hepatitis B model (3.1) is LAS, other-
wise, it becomes unstable.

Proof. To demonstrate the desired result, we calculate the Jacobian matrix of the proposed Hep-
atitis B model system (3.1) at Ĥ∗

J
∣∣
Ĥ∗

=


−(µ+m) − (1−ζ)βθ

(µ+m+θk1)
0

0 (µ+ δ+ η)(R0 − 1) 0

m η −µ

.
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Eigen values of the matrix J
∣∣
Ĥ∗

is given by :

λ̂1 = −(µ+m),

λ̂2 = −(µ),

λ̂3 = (µ+ δ+ η)(R0 − 1).

We observe that for γ ∈ (0, 1], |arg(̂λ1)| = π > γπ
2 , |arg(̂λ2)| = π > γπ

2 , and |arg(̂λ3)| =

π > γπ
2 if R0 < 1. Hence, the HBFE Ĥ∗ of the system is LAS if R0 < 1.

6.4 Hepatitis B present equilibrium (HBPE) point

To identify the HBPE points, the system of differential equations in model (3.1) is set to zero.

Solving the resulting equations provides the HBPE. Ĥ∗∗ =

(
Ŝ∗∗, Î∗∗, R̂∗∗

)

Ŝ∗∗ = (θk2+η+m+µ)θ

(µ+δ+η)((R0−1)(m+µ)+k1θR0)+k2θ(m+µ) ,

Î∗∗ = (R0−1)θ(θk1+m+µ)
(µ+δ+η)((R0−1)(m+µ)+k1θR0)+k2θ(m+µ) ,

R̂∗∗ = 1
(µ+δ+η)((R0−1)(m+µ)+k1θR0)+k2θ(m+µ)

[
m
µ
(θk2 + η+m+ µ)θ+ η

µ
(R0 − 1)θ(θk1 +m+ µ)

]
.

(6.2)

Theorem 6.2. HBPE Ĥ∗∗ of the model (3.1) is LAS if R0 > 1.

Proof. We consider the Jacobian matrix of the system (3.1) evaluated at the HBPE point Ĥ∗∗ =

(Ŝ∗∗, Î∗∗, R̂∗∗).

J
∣∣
Ĥ∗∗

=


ð̂11 ð̂12 ð̂13

ð̂21 ð̂22 ð̂23

ð̂31 ð̂32 ð̂33

,

where 

ð̂11 = −

(
θ(1−ζ)β−(µ+δ+η)(m+µ+k1θ)((1−ζ)β−k1(µ+δ+η))

)
β(1−ζ)(1−p)α(µ+δ+η+k2θ)

− (m+ µ),

ð̂12 = −
(µ+δ+η)2

(
β(1−ζ)+k2(µ+m+k1θ)

)
β(1−ζ)(µ+δ+η+k2θ)

,

ð̂13 = 0,

ð̂21 =

(
θ(1−ζ)β−(µ+δ+η)(m+µ+k1θ)((1−ζ)β−k1(µ+δ+η))

)
β(1−ζ)(µ+δ+η+k2θ)

,

ð̂22 =
(µ+δ+η)2

(
β(1−ζ)+k2(µ+m+k1θ)

)
β(1−ζ)(µ+δ+η+k2θ)

− (µ+ δ+ η),

ð̂23 = 0,

ð̂31 = m,

ð̂32 = η,

ð̂33 = −µ.

Eigen value of the matrix J
∣∣
Ĥ∗∗

is given by :
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d̂1 = −µ, remaining eigen values of J
∣∣
Ĥ∗∗

is eigen values of the following matrix

P
∣∣
Ĥ∗∗

=

(
ð̂11 ð̂12

ð̂21 ð̂22

)
. Trace and determinant of the matrix P

∣∣
Ĥ∗∗

as follows:

Tr(P
∣∣
Ĥ∗∗

) = −
(R0 − 1)(µ+ δ+ η)2(m+ µ+ k1θ)[R0(µ+m) + (R0 − 1)k1θ+ k2θ]

β(1 − ζ)θ(µ+ δ+ η+ k2θ)
− (m+ µ),

det(P
∣∣
Ĥ∗∗

) =

(
(R0 − 1)(µ+ δ+ η)2(m+ µ+ k1θ)[R0(µ+m)(µ+ δ+ η)

+(R0 − 1)k1θ(µ+ δ+ η) + k2(µ+m)]

)
β(1 − ζ)θ(µ+ δ+ η+ k2(θ))

.

It is easily seen that Tr(P
∣∣
Ĥ∗∗

) < 0 and det(P
∣∣
Ĥ∗∗

) > 0. Then eigen values of Jacobian matrix

J
∣∣
Ĥ∗∗

such that |arg(d̂j)| > γπ
2 , ∀ j = 1, 2, 3 and γ ∈ (0, 1], HBPE Ĥ∗∗ is LAS.

6.5 Global asymptotic stability (GAS) of HBPE point

The global stability of HBPE is crucial for understanding the long-term behavior of Hepatitis
transmission. It ensures that the system stabilizes at a steady state regardless of initial conditions.
We state and prove the following theorem for the GAS of the HBPE using the Lyapunov function
method, demonstrating that all trajectories of the system converge to the endemic equilibrium.
This study offers significant insights into illness persistence and management techniques.

Theorem 6.3. The HBPE point Ĥ∗∗ is GAS whenever R0 > 1.

Proof. To establish the theorem, we define the as follows:

L =
1
2
[
(Ŝ− Ŝ∗∗) + (Î− Î∗∗) + (R̂− R̂∗∗)

]2. (6.3)

From the Lemma 2.8 we obtain
Q
0D
τ
tL(t) ⩽ −µ

[
(Ŝ− Ŝ∗∗) + (Î− Î∗∗) + (R̂− R̂∗∗)

][
Ŝ+ Î+ R̂− θ

µ

]
,

Q
0D
τ
tL(t) ⩽ −µ

[
(Ŝ− Ŝ∗∗) + (Î− Î∗∗) + (R̂− R̂∗∗)

][
(Ŝ− Ŝ∗∗) + (Î− Î∗∗) + (R̂− R̂∗∗)

]
,

Q
0D
τ
tL(t) ⩽ −

[
(Ŝ− Ŝ∗∗) + (Î− Î∗∗) + (R̂− R̂∗∗)

]2.

Thus
Q
0D
τ
tL(t) ⩽ 0, ∀

(
Ŝ, Î, R̂

)
∈ 0̂. Thus L is bounded, non-increasing, continuous, and differen-

tiable function. Moreover, Q
0D
τ
tL(t) = 0 iff Ŝ = Ŝ∗∗, Î = Î∗∗, R̂ = R̂∗∗.Therefore, we can

say that L is a positive-definite function. the HBPE point of proposed model (3.1) is GAS when
R0 > 1. This concludes the proof of Theorem (6.3).

7 Sensitivity

Conducting sensitivity analysis is crucial for understanding how various parameters influence
disease transmission. It helps in understanding how changes in specific parameters affect the
reproduction number, providing insights into key factors that drive disease dynamics. Identifying
these critical parameters enables the formulation of effective intervention strategies to mitigate
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disease spread. The sensitivity index of a function ℘(y1,y2, · · · ,yn) with respect to a parameter
yi, (i = 1, 2, · · · ,n) is denoted as Ξ℘yi

and is defined as

Ξ℘yi
=
∂℘

∂yi
× yi

℘
, (7.1)


ΞR0
ζ = − ζ

1−ζ ,

ΞR0
β = 1,

ΞR0
θ = m+µ

θk1+m+µ ,

ΞR0
k1

= − k1θ
θk1+m+µ ,


ΞR0
m = − m

θk1+m+µ ,

ΞR0
µ = − (θk1+δ+η+m+2µ)µ

(µ+δ+η)(θk1+m+µ) ,

ΞR0
δ = − δ

µ+δ+η ,

ΞR0
η = − η

µ+δ+η .

k
1 m

Parameters

-1.5

-1

-0.5

0

0.5

1

S
en

si
ti

vi
ty

 in
d

ic
es

 f
o

r 
R

0

k
1

m
-2

0

2

S
en

si
ti

vi
ty

 in
d

ic
es

 f
o

r 
R

0

10-5

Figure 1: Sensitivity analysis of factors influencing R0.

Figure (1) illustrates the sensitivity analysis of the basic reproduction number R0 with respect
to key model parameters. It is evident from the figure that the parameters θ and β are positively
correlated with the reproduction number. This positive correlation implies that an increase in
either θ or β leads to a proportional rise in R0 thereby enhancing the potential for disease trans-
mission. On the other hand, parameters such as ζ,k1,m,µ, δ, and η are shown to have a negative
correlation with the reproduction number. This indicates that increases in these parameters con-
tribute to a decrease in R0,thus reducing the potential for the spread of infection. Overall, the
sensitivity analysis highlights the critical role of targeted control measures. Interventions that
reduce the values of positively correlated parameters or increase the values of negatively corre-
lated ones can effectively suppress the reproduction number below unity, which is essential for
disease eradication.

8 Model fitting and parameter estimation

This section validates the model using reported Hepatitis B data from 2011 to 2018 in United
States, [54]. Figure 2(a) displays the fitting of the Hepatitis B model. Figure 2(b) shows a
random distribution of residuals, indicating a well-fitted model. The parameters to be estimated
is σ. The other parameters are obtained from the literature and given in Table 2. The estimated
values of β = 0.3611
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Figure 2: Model fitting and residuals

9 Numerical scheme

An iterative method is introduced here to demonstrate the dynamic behavior of Hepatitis B in-
fection. This approach builds on the methodology outlined in [55] for fractional models and is
detailed as follows:

Q
0D
τ
tG (t) = M(t, G (t)). (9.1)

The fractional differential Equation (9.1) can be reformulated as a fractional integral equation.
Utilizing the fundamental theorem of fractional calculus, we obtain the subsequent result.

G (t) − G (0) =
1 − τ

Q(τ)
M(t, G (t)) +

τ

Q(τ)Γ(τ)

∫t
0
(t−ψ)τ−1F(ψ, G (ψ))dpψ, (9.2)

where Q(τ) = 1 − τ+ τ
Γ(τ) is normalization function Equation (9.2) can be rewritten as

G (tj+1) − G (0) =
Γ(τ)(1 − τ)

Γ(τ)(1 − τ) + τ
M(tj, G (tj))

+
τ

Γ(τ) + τ(1 − Γ(τ))

j∑
k=0

∫tk+1

tk

M(ψ, G (ψ)(tk+1 −ψ)
ψ−1dψ. (9.3)

The two-step Lagrange polynomial interpolation yields an approximation value for the function
M(ψ, G (ψ)) in the interval [tk, tk+1]

ℶ(Ψ) ≃ M(tk, Gk)
h

(ψ− tk−1) −
M(tk−1, Gk−1)

h
(ψ− tk). (9.4)

By inserting Equation (9.4) into Equation (9.3), we derive the subsequent expression.

Gj+1(t) = G0 +
(1−τ)Γ(τ)
τ+(1−τ)Γ(τ)M(tj, G (tj)) +

τ
Γ(τ)+τ(1−Γ(τ))

+

j∑
k=0

(
M(tk, Gk)

h

∫tk+1

tk

(Ψ− tk−1)(tj+1 −ψ)
τ−1dψ−

M(tk−1,Gk−1)
h

∫tk+1

tk

(ψ− tk)(tj+1 −ψ)
τ−1dψ

)
.


(9.5)
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For simplicity, we let

Bτ,k,1 =

∫tk+1

tk

(ψ− tk−1)(tj+1 −ψ)
τ−1dψ,

Bτ,k,2 =

∫tk+1

tk

(ψ− tk)(tj+1 − Ψ)
τ−1dψ.

 (9.6)

which implies that

Bξ,k,1 = hξ+1 (j+1−k)ξ(j−k+2+ξ)−(j−k)ξ(j−k+2−2ξ)
ξ(ξ+1) ,

Bξ,k,2 = hξ+1 (j+1−k)j+1−(j−k)ξ(j−k+1+ξ)
ξ(ξ+1) .

 (9.7)

When substituted integration (9.7) into Eq. (9.5), provides a viable approximation.

Gj+1(t) = G0 +
(1−τ)Γ(τ)
τ+(1−τ)Γ(τ)M(tj, G (tj)) +

1
τ+(1+τ)(1−τ)Γ(τ)

×
j∑
k=0

(
hτM(tk, Gk)

(
(j+ 1 − k)τ(j− k+ 2 + τ)−

(j− k)τ(j− k+ 2 + 2τ)
)
− hτM(tk−1, Gk−1)

(
(j+ 1 − k)τ+1

−(j− k)τ × (j− k+ 1 + τ)
))

.


(9.8)

Lastly, the numerical solution of the model (3.1) is determined as follows.

Ŝj+1(t) = Ŝ0 +
(1−τ)Γ(τ)
τ+(1−τ)Γ(τ)M1(tj, Ŝ(tj), Î(tj), R̂(tj)) + 1

τ+(1+τ)(1−τ)Γ(τ)

×
j∑
k=0

(
hτM1(tk, Ŝk, Îk, R̂k)

(
(j+ 1 − k)τ(j− k+ 2 + τ)−

(j− k)τ(j− k+ 2 + 2τ)
)
− hτM1(tk−1, Ŝk−1, Îk−1, R̂k−1)

(
(j+ 1 − k)τ+1

−(j− k)τ × (j− k+ 1 + τ)
))

.


(9.9)

Îj+1(t) = Î0 +
(1−τ)Γ(τ)
τ+(1−τ)Γ(τ)M2(tj, Ŝ(tj), Î(tj), R̂(tj)) + 1

τ+(1+τ)(1−τ)Γ(τ)

×
j∑
k=0

(
hτM2(tk, Ŝk, Îk, R̂k)

(
(j+ 1 − k)τ(j− k+ 2 + τ)−

(j− k)τ(j− k+ 2 + 2τ)
)
− hτM2(tk−1, Ŝk−1, Îk−1, R̂k−1)

(
(j+ 1 − k)τ+1

−(j− k)τ × (j− k+ 1 + τ)
))

.


(9.10)
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R̂j+1(t) = R̂0 +
(1−τ)Γ(τ)
τ+(1−τ)Γ(τ)M3(tj, Ŝ(tj), Î(tj), R̂(tj)) + 1

τ+(1+τ)(1−τ)Γ(τ)

×
j∑
k=0

(
hτM3(tk, Ŝk, Îk, R̂k)

(
(j+ 1 − k)τ(j− k+ 2 + τ)−

(j− k)τ(j− k+ 2 + 2τ)
)
− hτM3(tk−1, Ŝk−1, Îk−1, R̂k−1)

(
(j+ 1 − k)τ+1

−(j− k)τ × (j− k+ 1 + τ)
))

.


(9.11)

The numerical simulations were carried out using the parameter values listed in Table 2. The
transmission rate β was estimated from real data [54], while the remaining parameters were
obtained from a literature survey, as cited in the table.

Table 2: Parameters of the model and their corresponding values.

Parameter Value Source Parameter Value Source

θ 100 Assumed k2 0.6 [56]
ζ 0.55 Estimated from [57] µ 0.06 [56]
β 0.3611 Estimated m 0.00002 [56]
k1 0.02 Assumed δ 0.8 Estimated from [56]
η 0.9 [56]

9.1 Numerical simulation

We formulated an Atangana-Baleanu fractional-order mathematical model for Hepatitis B that
integrates awareness and a Beddington-DeAngelis-type incidence rate. This model accounts for
preventive measures adopted by susceptible individuals and the suppressive effects of treatment
on infected individuals. Figure 3 illustrates the dynamic interactions among susceptible, in-
fected, and recovered populations under different fractional orders, specifically τ = 0.83, 0.88, 0.93,
and 0.98. The results indicate that as the fractional order increases, the populations of all three
groups also rise. This trend highlights the substantial impact of memory effects on disease pro-
gression and recovery. To assess the influence of the contact rate (β) on disease dynamics,
we varied its value as β = 0.3, 0.5, 0.7, and 0.9. Figure 4 presents the results, demonstrating
notable changes in population distribution. Specifically, Figure 4(a) shows that a higher contact
rate leads to a decline in the susceptible population, indicating increased disease transmission. In
contrast, Figure 4(b) depicts a rise in the infected population, signifying enhanced spread of the
infection. Moreover, Figure 4(c) illustrates an increase in the recovered population, suggesting
that more individuals contract and eventually recover from the disease. These findings empha-
size the crucial role of the contact rate in shaping Hepatitis B transmission patterns within the
model. As the awareness rate (ζ) increases, with values ζ = 0.22, 0.33, 0.44, and 0.55, Figure
5(a) depicts a rise in the susceptible population, reflecting a reduction in transmission. Concur-
rently, Figure 5(b) shows a decrease in the infected population, demonstrating the effectiveness
of awareness programs in mitigating disease spread. Meanwhile, Figure 5(c) reveals a decline in
the recovered population, suggesting that fewer individuals progress through the infection due to
lower transmission rates. Figure 6 explores the inhibitory effect of preventive measures among
susceptible individuals. As the prevention rate k1 increases with values k1 = 0, 0.03, 0.06, and
0.08, a stronger inhibition effect is observed, resulting in an increased susceptible population and
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decreased infected and recovered populations. This finding underscores the importance of pre-
ventive strategies in minimizing disease transmission. Similarly, Figure 7 demonstrates the effect
of treatment on infected individuals. As the treatment rate k2 rises with values k2 = 0, 0.3, 0.6,
and 0.8, the inhibition effect strengthens, leading to a growth in the susceptible population while
reducing both infected and recovered populations. This highlights the critical role of treatment
in limiting disease spread and reducing infection levels. Lastly, Figure 8 examines the impact
of vaccination on the susceptible, infected, and recovered populations. Vaccination lowers the
number of susceptible individuals by granting immunity, which subsequently reduces the in-
fected population. Additionally, the recovered population increases as more individuals acquire
immunity through vaccination, reinforcing its essential role in controlling disease transmission.
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Figure 3: The dynamics of the population at different values of parameter τ.



A Fractional-Order Model for Hepatitis B Transmission 509

0 20 40 60 80 100 120 140 160
Time(t)

100

150

200

250

300

350

400

450

500

Su
sc

ep
ti

bl
e 

In
di

vi
du

al
s

=0.3
=0.5
=0.7
=0.9

(a)

0 20 40 60 80 100 120 140 160
Time(t)

15

20

25

30

35

40

45

50

55

In
fe

ct
ed

 I
nd

iv
id

ua
ls

=0.3
=0.5
=0.7
=0.9

(b)

0 20 40 60 80 100 120 140 160
Time(t)

0

100

200

300

400

500

600

700

800

R
ec

ov
er

ed
 I

nd
iv

id
ua

ls

=0.3
=0.5
=0.7
=0.9

(c)

Figure 4: The dynamics of the population at different values of parameter β.
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Figure 5: The dynamics of the population at different values of parameter ζ.
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Figure 6: The dynamics of the population at different values of parameter k1.
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Figure 7: The dynamics of the population at different values of parameter k2.
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Figure 8: The population dynamics for various values of the parameterm.

9.2 Comparative table

The comparative analysis between the ABC fractional-order model and the classical ODE model
for Hepatitis B highlights key differences in accuracy, stability, and computational behavior. As
shown in Table 3, the ABC fractional derivative model demonstrates improved accuracy and
greater stability in capturing the memory and hereditary characteristics of the disease. Although
the ABC model is computationally more demanding, its ability to more precisely reflect complex
disease dynamics makes it a superior choice over the classical model for realistic simulations of
Hepatitis B transmission.

Table 3: Comparative analysis of the Fractional model and classical model for all variables over
time

ODE Fractional Order a = 0.98 Fractional Order a = 0.80

Time Ŝ Î R̂ Ŝ Î R̂ Ŝ Î R̂

0 100.00 50.00 10.00 100.00 50.00 10.00 100.00 50.00 10.00
20 451.48 40.93 381.44 447.71 40.54 362.31 395.27 35.44 218.39
40 454.72 41.31 547.45 453.51 41.19 527.97 426.08 38.54 338.39
60 454.75 41.31 598.01 454.04 41.24 584.60 435.96 39.53 410.66
80 454.75 41.31 613.24 454.24 41.26 604.60 440.64 39.98 457.01

100 454.75 41.31 617.83 454.35 41.27 612.09 443.36 40.25 488.41
120 454.75 41.31 619.21 454.42 41.28 615.15 445.15 40.42 510.62
140 454.75 41.31 619.63 454.47 41.29 616.54 446.41 40.54 526.93
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10 Discussion and Conclusion

In this study, we developed a FO mathematical model for Hepatitis B using the ABC fractional
derivative, which incorporates memory effects due to its non-local and non-singular kernel prop-
erties. This method offered a more accurate depiction of disease transmission by considering
the long-term influence of past infections on current dynamics. In contrast to traditional mod-
els, the fractional-order framework facilitated a deeper understanding of disease progression and
control measures. Our model integrated awareness campaigns, vaccination, and a Beddington-
DeAngelis type incidence rate to account for preventive strategies and treatment effects. We
demonstrated the positivity and boundedness of the system, ensuring that the solutions are bio-
logically meaningful. Additionally, we rigorously established the existence and uniqueness of
solutions, confirming the robustness of the model. Stability analysis confirmed both UH and
generalized UH stability, ensuring the system’s resilience to minor disturbances. Equilibrium
analysis revealed two critical equilibrium points: the HBFE and the HBPE. The local asymptotic
stability (LAS) of both points was assessed using the basic reproduction number, serving as a
threshold for disease persistence or elimination. Moreover, we proved the global asymptotic sta-
bility (GAS) of the HBPE using the Lyapunov function, providing strong theoretical validation
for the disease’s long-term behavior. To understand the effects of various parameters on disease
transmission, we performed a sensitivity analysis of the reproduction number, identifying the key
factors influencing disease spread. These results are vital for public health strategies, as they pin-
point the parameters that need focused control efforts. To complement our theoretical analysis,
we performed numerical simulations using the Lagrange two-step polynomial method, which
validated our analytical results and demonstrated the effectiveness of fractional-order model-
ing. Our findings suggest that increasing awareness programs and effectively implementing the
saturation factors (k1 and k2) can significantly reduce disease transmission. Sensitivity analy-
sis further indicates that the parameters ζ and k1 are the most influential in reducing the basic
reproduction number.

Future research can extend this model by incorporating optimal control strategies, environ-
mental reservoirs, and co-infections to enhance its applicability. Introducing stochastic effects
can provide deeper insights into random fluctuations in disease transmission.
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