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Abstract Let I' = Q(v/n) be a pure quintic field, where n is a natural number 5" power-free,
ko = Q(Cs) be the cyclotomic field containing a primitive 5" root of unity (s and k = T'((s) be
the normal closure of . Let Cj, 5 be the 5-component of the class group of k. The purpose of
this paper is to write down the generators of Cy, s, whenever it is of type (5,5) and the rank of
the group of ambiguous classes under the action of Gal(k/ky) is 1.

1 Introduction

Let T = Q(s/n) be a pure quintic field, where n is a 5t" power-free natural number; ko = Q((s)
the cyclotomic field containing a primitve 5" root of unity. Then k = T'((s) is the normal clo-

sure of I'. Let C}; 5 be the 5-class group of k and C’,i”s) the subgroup of ambiguous ideal classes
under the action of Gal(k/ko) = (o). In [4] we showed that there are six possible shapes of

the radicand n for which it is possible that Cy, s is of type (5,5) and C’k 5 ~ 7./57. Based on
some exhaustive numerical calculations realized by the system PARI/GP [19], we conjectured
that, among the six possible forms of n, only for three of them one can have Cy s of type (5,5)
and C’k 5 = L/5Z as follows:

(1) n=5%p® # +1,+7 (mod25) such that p # —1 (mod 25).

(2) n = p®q® = +1,+7 (mod 25) such that p Z —1(mod25), ¢ # +7 (mod 25).

(3) n = p® = £1,47 (mod 25) such that p = —1 (mod 25).
Here p and q are primes such that p = —1(mod5), ¢ = £2(mod5), e € {0,1,2,3,4} and
1 <ep,e <4
In this paper, we will prove that Cy, 5 is of type (5,5) if and only if 5 divides exactly the 5-class
number of T and w = 53, where u is the index of the subgroup Eq generated by the units of
intermediate fields of the extension k/Q in the unit group of k. Next we determine generators of
Ch.s, when Cy. s is of type (5,5) and rank C,ias) = 1, for each of the three forms of n given above.
Since k is a Kummer extension of ko, we begin with the decomposition laws in Kummer exten-
sions, which is useful to give the prime factorization in the normal closure k. As the proofs of
our main results are established by using the properties of the norm residue symbol, we recall
the definition and the most important properties of this concept. Making use of this, we can
determine the generators of the 5-class group Cy s of type (5,5) if rank C’< 5) = 1. Our main
result will be underpinned by numerical examples, using the PARI/GP [19] in section 7. In fact,
we shall prove the following Main Theorem:
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Theorem 1.1. Let k = Q(y/n, (s), where n is a natural number 5" power-free, be the normal
closure of the pure quintic field ' = Q(/n). Let Gal(k/T') = (7). Let p,q and | be primes such
that, p = —1 (mod5), ¢ = £2 (mod5) and | # p, | # q. Assume that Cy, s is of type (5,5) and

rank(C,(gs) ) = 1, then we have:

(1)

If n = 5% # +1,4£7(mod25), with e € {0,1,2,3,4}, ey € {1,2,3,4} and p %
—1 (mod25). The prime p decomposes in k as pOy, = 73157)25, where Py and P, are prime
ideals of k. Let L be a prime ideal of k above l. If 5 and | are not quintic residues modulo
p, then the 5-class group Cy, s is generated by classes [P] and [L] 17" and we have:

)

Ifn = p*q® = 1,47 (mod 25), with ej,e; € {1,2,3,4} and p # —1(mod?25), ¢ #
+7 (mod 25). The prime p decomposes in k as pOy, = 77157325 , where Py and P, are prime
ideals of k. Let L be a prime ideal of k above l. If q and | are not a quintic residues modulo
p, then the 5-class group Cy, s is generated by classes [Py and [L)'=™ and we have:

2

Crs = ([P1]) x ([£]'=7) = ([P1], [£]' =7

Crs = ([P1]) x ([L]'"7) = ((P1]. [£]'~7)

Ifn=p% = £1,£7 (mod25), with e; € {1,2,3,4} and p = —1 (mod 25). 5 decomposes
in k as 50y, = B{B3BiB{BE, where B; are prime ideals of k. If 5 is not a quintic residue
modulo p, then the 5-class group Cy s is generated by classes [B;] and [B;], i # j €
{1,2,3,4,5} and we have:

Cr,s = ([Bi]) x ([B;]) = ([Bi], [B])

Some related studies are [5], [15].

Notations.

Throughout this paper, we use the following notations:

The lower case letters p,q and | will denote distinct prime numbers such that, p = —1 (mod 5),
qg=+2(mod5)andl # p, 1 # q.

I = Q(+/n): a pure quintic field, where n # 1 is a 5" power-free natural number.

ko = Q((s): the cyclotomic field, where (s = e a primitive 5" root of unity.

k = Q(3/n, (s): the normal closure of T, a quintic Kummer extension of k.

(1) = Gal(k/T') such that T is identity on T, and sends (s to its square. Hence T has order
4.

(o) = Gal(k/ky) such that o is identity on ko, and sends /n to (s</n. Hence o has order
5.

u. the index of the subgroup Ey generated by the units of intermediate fields of the extension

k/Q in the unit group of k.
A =1 — (s is prime element above 5 in ky.

q* =2, 1 0r0, according to whether (s and 1 + (5 are both, or only one of them, or none
is norm or is norm of an element of k* = k \ {0}.

For a number field L, denote by:

Oy: the ring of integers of L;

hy: the class number of L;

Cps: the 5-class group of L;

[Z] : the class of a fractional ideal T in the class group of L.
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2 Decomposition laws in Kummer extensions

Since the 5-extensions of k and kg are all Kummer extensions, we recall the decomposition laws
of ideals in these extensions. Let L be a number field which contains the I*" roots of unity, where
1 is prime, and 0 be an element of L, such that 0 # ', for any j € L, therefore L(\V@) is cyclic
extension of degree | over L. We denote by ¢ a I*" primitive root of unity.

Proposition 2.1. .

(1) We assume that a prime P of L divides 0 exactly to the power P°.

- If a = 0 and P does not divide l, then P splits completely in L(\V@) when the congruence
X! = 0 (mod P) has a solution in L.

- If a = 0 and P does not divide 1, then P is inert in L(v/0) when the congruence =
X' (mod P) has no solution in L.

- If11 a, then P is totally ramified in L(v/9).

2) Let B be a prime factor of 1 — ( that divides 1 —  exactly to the a® power. Suppose that
p y p PP
B 16, then B splits completely in L(~/) if the congruence

X! = 6 (mod B4H1) (%)
has a solution in L. The ideal B is inert in L(v/0) if the congruence
6 = X' (mod B¥) (xx)

has a solution in L, but (x) has none. The ideal B is totally ramified in L if the congruence (xx)
has no solution.

Proof. see [[9] Theorem 118, Theorem 119] O

3 Prime factorization in pure quintic field and in its normal
closure

Let T', kg and k as above. We begin with the factorization of primes in I', next we give the
decomposition of primes in ko, knowing that 5 is the unique prime ramified in ko. Finally the
results of Proposition 2.1 allow us to state the prime factorization in k. For more details on
decomposition laws, we refer the reader to [9], [10], [18].

Let p # 5 be a prime number, P a prime ideal of I, w a prime of ko and L a prime ideal of k.
We denote by N the absolute norm.

Proposition 3.1. Using the same notations as above, we have:
(1) If p divides the radicand n then pOr = P> and N'(P) = p.
(2) If pt5n and p = +2 (mod 5) then pOr = PP, and N (Py) = p, N (P2) = p*.
(3) Ifpt5nand p = —1(mod5) then pOr = Py Py P3 and N (Py) = p, N(P2) =
(4) If ptSnand p = 1 (mod 5) then:

- pOr = P1PaP3PsPs and N (P;) = p, if n is quintic residue modulo p.

N(P3) = p.

- pOr = P and N'(P;) = p>, if n is not a quintic residue modulo p.

Proof. For (1) see [[13], Lemma 3].

Since the discriminant of I'/Q is disc(I'/Q) = 5°n* then if p { 5n we have that p is unramified
in I'. Then the decomposition of pOr is governed by the factorization of X> — n over the field
[, of p elements.

-If p = 1 (mod5) then F,, has five fifth roots of unity. Therefore either X> — n splits into five
linear factors, or is irreducible, according to whether or not n is a quintic residue modulo p. So
in these two cases, pOr splits into five ideals of norm p, or it remains inert of norm p°.

-If p # 1 (mod5) then X° — n has a unique linear factor over IF,,. Let X — a be the linear factor
of X — n over F,. The remaining linear factors are X — (é“a where k € {1,2,3,4}.

If p=—1(mod5) then (X — (¢a)(X — (a) and (X — (sa)(X — (Ja) are irreducible quadratics
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over [F,. So pOr is a product of a prime ideal of norm p and two of norm p?

If p = +2(mod5) then the (Fa are all conjugates over F,,. Then (X — (sa)(X — (2a)(X —
(3a)(X — (Za) is irreducible over FF,,. So pOr is a product of a prime ideal of norm p and one of
norm p*. |

The ramification of the prime 5 needs a particular treatment.

Theorem 3.2. Using the same notations as above. Let [ be the conductor of k/ky, and R =
q1---qs denotes the square free product of all prime divisors of the radicand n of T, then f satisfies
the relation:

o 52R* ifn* # 1(mod25) (field of the first kind),
B R* ifn* =1 (mod25) (field of the second kind).

Proof. see [2]. O

Proposition 3.3. Using the same notations as above. The decomposition into prime factors of 5
is:

- IfUis of first kind then: 5Or = P° and N'(P) = 5.
- If U is of second kind then: 5Or = 7317951 and N'(P;) = 5.
Proof. See the proof of [[14], Theorem 1.1]. O

Sth

The decomposition law in the cyclotomic field ky is as follows:

Proposition 3.4. Using the same notations as above, we have :
- 50k, =X =(1-()%
- pOk, = mmamsma in ko, if p = 1 (mod5).
- pOy, = mm in ko, if p = —1 (mod5).
- pOy, = pin kg (inert), if p = £2 (mod5).

Proof. Its follows from [[18], Theorem 2.13]. O

Next, let k be the normal closure of I'. The decomposition of the prime S in k is the purpose
of the following proposition.

Proposition 3.5. The prime 5 decomposes in k as follows:
- IfT is of first kind then: 50, = L.
- IfTis of second kind then: 50, = L1L3L3L5LE.

Proof. We have 5 ramifies in ky = Q((s) then:
- Suppose that I is of first kind, by Proposition 3.3 we have 50r = P°. Hence 50;, = L.

- Suppose that I is of second kind, by Proposition 3.3 we have 50r = P}P;. It follows that,
50y = LIL3L3LILE. O

However, we have the following proposition in which we characterize the decomposition into
prime ideals lying above p # 5Sin k.

Proposition 3.6. Using the same notations as above, we have :
(1) Ifpdivides disc('/Q) then:

(a) Ifp = +£2(mod5), then pOy, = L5.
(b) If p = —1(mod5), then pOy, = L3L5.
(c) Ifp = 1(mod5), then pOy, = L3L3L3L5.
(2) If p does not divide disc(I'/Q) and p = 1 (mod5) then:
(a) p decomposes completely in k if and only if disc(I'/Q) is a quintic residue modulo p.
(b) pOy = L1LyL3Ly if and only if disc(T'/Q) is not a quintic residue modulo p.
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(3) Ifp does not divide disc(I'/Q) and p = £2 (mod5) then: pOy, = L1L2L3L4Ls.
(4) pr does not divide disc(F/Q) andp = —1 (mod 5) then: PO = L1LoyLL4 L5 L L7Lg Lo L.

Proof.
(1) We use 1 of Proposition 3.1 and the decomposition of prime ideals in the cyclotomic field
ko = Q(Gs)-
(2) Suppose that p does not divide disc(I'/Q) and p = 1 (mod5).

(a) If disc(I'/Q) is a quintic residue modulo p, then by 4 of proposition 3.1 we have p splits
completely in I', and also in k¢. Hence p splits completely in &.

(b) If disc(I'/Q) is not a quintic residue modulo p, we have p remains inert in I. Hence
pok = £1£2£3£4.

(3) Since p t disc(I'/Q) we have that p is unramified in I', and also in ko, then p is unramified in
k. Since k/Q is Galois extension, if pOy = L;....L, then r f = 20, with f = [0y /L, : F,] the
inertia degree. It is known that f is multiplicative in towers of number fields, which implies that
f is a multiple of 4 if p = +2 (mod35), then f = 4 and r = 5. Otherwise f = 20 and r = 1,
which means that p remains inert in k, that is impossible because according to Proposition 3.3, p
decomposes in I" as pOr = P Ps.

(4) As the previous point, if p = —1 (mod5) we have that f is a multiple of 2, then f = 2 and
r = 10. Otherwise f = 10 and r = 2, which means that pO, = L£{L£,. Since pOr = PP, Ps
and each P; is unramified in %, furthermore k/T" is Galois, then rp, fp, = 4. For all possible
values of rp, and fp, we can not get pOy, = L£;L,. Hence f =2 and r = 10. O

Remark 3.7. Let p # 5, according to Proposition 3.6, if p 1 disc(I'/Q), then p is unramified
in k and not inert in k. Let pOy, = £1L;....L,., since the elements of Gal(k/Q) permute the set
{Ly...L.} then LI # L; for | < i < r. This result has great importance in the proof of our
main theorem.

4 Norm residue symbol

Let L/ K be an abelian extension of number fields with conductor f. For each finite or infinite
prime ideal P of K, we denote by fp the largest power of P that divides f. Let f € K*, we
determine an auxiliary number [y by the two conditions Sy = 3 (mod fp) and By = 1 (mod fip)

Let Q be an ideal co-prime with P such that (8y) = P*Q (a = 0 if P infinite). We note by

() - (%)

the Artin map in L/ K applied to Q.
Let K be a number field containing the m*"-roots of unity, where m € N, then for each o, 3 € K*
and prime ideal P of K, we define the norm residue symbol by:

B.E(V)\ m
<@) _ (254) va
P )m Va

Therefore, if the prime ideal P is unramified in the field K ( /), then we write:

K("a) o
(%), = %

Remark 4.1. Notice that (22) and () are two m™-roots of unity.

Following [8], the principal properties of the norm residue symbol are given as
follows:
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Property 4.2.

4) If P is not divisible by the conductor f( §/«) of K( §/a) and appears in ()
with the exponent b, then: (’%")m = (%)_b ;

m

(5) (%“)m = 1 if and only if 3 is norm residue of K ( {/a’) modulo f( {/«);

(6) (T/j_%)m =7 (%)m for each automorphism 7 of K ;

(7) H (&_a) = 1 for all finite or infinite prime ideals;
NP
(8) If K is a finite extension of K, « € K*, 5’ € K’ then:

IT(57) - ()

PP

(9) Let a, f € K* and the conductors f( §/«), f( /) of respectively K ( /),
K ( x/B) are co-prime then, the classical reciprocity law:

(&), (2)
@), B)) 1

For more basic properties of the quintic norm residue symbols in the number
fields, we refer the reader to [8].
Notice that in the rest of the article, we will use the quintic norm residue symbol
(m = 5). As the ring of integer Oy, is principal, we will write the norm quintic
residue symbol as follows:

(%)5 _ (570‘)5 and <(%>5 = (%)5

Where o, B € ki and 7 is a prime integer of Oy,.

5 Fields Q(v/n, {s) whose 5-class group is of type (5, 5)

In this section we use the class number formula of [[16]] to give a necessary and
sufficient condition such that the 5-class group of the field Q(\/n,(s) is of type
(5,5).

Lemma 5.1. Let Gal(k/T") = (1) = Z/4Z, and C be a Zs[(T)] module. Let
Ct={AeC|A” =Aand C~ = {A e C|A” = A'}. Then

C=2C0"xC.

+7 77’2 +7 *7'2
Proof. Let A € C. Write A = A#.A%. Then A" - eCtand A= €C .
Let Ac CtNC—,then A= A" = A~!, thatis A% = 1. Thus A = 1, since C' is
Zs|< T >]-module. Hence C' = C* x C~. o
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Lemma 5.2. Crs = (/.

Proof. Since Cy s is Zs[< 7 >]-module, then Cys = C} s X Cps. We have a
natural inclusion Cr5 — C}s as 5 is relatively prime to [k I'] = 4. Moreover,
Crs — Cys as A7 = Aforall A € Crs. Let A € Cis. then A = 4(3A) =

(14+74+7+7°)(3A) = N(A)). Thus, A € Cr;s. So Crs = Cfs. o

Now let u be the index of the subgroup Ey generated by the units of intermediate
fields of the extension k/Q in the unit group of k. In [[16]], C.Parry proved that u
is a divisor of 5%, and he presented the relation formula between the class numbers
of k and T as follows: hy = (% )(")4. The structure of the 5-class group Cys is

5
given by the following proposition:

Proposition 5.3. Let I' be a pure quintic field, k its normal closure, and u be the
index of units defined above, then

Crs ~ Z/SZ x L/SZ <= hr is exactly divisible by 5 and
u =5

Proof.

Let C s ~ Z/5ZxZ/5Z then |Cj 5| = 25. According t = ()l
ks k.5 gto [[16]] |Cys| = (5)—=

25, namely uhi = 57. Let n = vs(u), and n’ = vs(hr), so we get n + 4n’ = 7,

and the unique natural values of n and n’ which satisfy this equation are n = 3 and

n' = 1. Therfore we have u = 5% and hr is exactly divisible by 5.

Conversely according to Lemma 5.1 and Lemma 5.2, C5 = C,j’ s X Cy s and

Cis = Crs, then Cp 5 is cyclic of order 5 because |C/s| = [Crs| = 5. Since

(Crs| = |Cf5||C;5| = 25 by the formula [Cys] = (2)!%5L, we get that | ;| = 5
and Cy 5 is a cyclic group of order 5 and intersects C’k5 trivially, then Cj 5 =~

7./57 % 7.)57. o

6 Proof of the Main Theorem

We start the proof by proving some results as follows.

Proposition 6.1. Let p a prime number such that p = —1 (mod 5) and Gal(k/I") =
(T). Then we have:

(1) p = mymy, where is are primes of ko and 7] = —m,, 75 = —m;

(2) (%)5 = <7r£>zfor all ¢ € Z such that p 1 c.

()

(3) <£> = (i) = 1 if and only if c is a quintic residue modulo p.
5 5

T

Proof. (1) According to [[1], lemma 3.1] the prime p = —1 (mod 5), can be written
as:
p = a®+ab—b?, with a, b € Z co-prime. Using this expression of p we define:

m =a +aCZ+b and m =a3 +alZ+a—b,
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then p = m 7, (see [[12], theorem 5.15]). Let Gal(k/I") = () with 7 : (s —
(2, so we get that:

77 = (a3 +aZ+b)" = als+aCi+b=a((s+)+b=a(-1-C-3)+b =
—T.

m o= (G +a +a—b)" =aG+ai+a-b=a(G+¢)+a—b=
a(-1-G—-G)+a—-b=—m.

1 . 2 )
(2) <) — (e — (em — (&M =7 & — [ em — [ mc —
™ /)5 ™ )5 ™ )5 - /s ™ )5 ™ /s LR

2

i) , because 7y, m, are unramified in ky(/c) (proposition 2.1), and we use

™)

properties (3), (4), (6) of 4.2.

(3) Let w € Oy, and 7 a prime element of Oy,, such that 7 { w, then X° =
1

w (mod ) is soluble in Oy, if and only if w™ = 1 (mod 7), when m = N(”%

f <£> - (i) = 1, we get that m; and 7, split completely in ko(v/c),
5 5

1 ™

so the equations X° = ¢ (modm) and X° = ¢(mod,) are soluble in O,
2

therefore c2 = 1 (mod ;) and =1 (mod ), thus E =1 (modp),
and by Euler’s criterion, c¢ is a quintic residue modulo p. Conversely if c is a
quintic residue modulo p we have c# = 1 (modp), so c# = 1 (mod )
and ¢“7 = 1 (mod 7r,), therefore the equations X> = ¢(mod ;) and X° =
¢ (mod ;) are soluble in Oy, namely <7r£1>5 = (%)5 = 1.

2

(4) Accoding to [[12], theorem 5.15] we have A :<M>5 = 1lwitha;,a, €

{1,2,3,4} and a; # a,, so using properties 4.2 we have
aq aj ap az
A - 1,7 . 1,72 X 2,7 . 2,72 - 1
( m >5 ( & )5 ( m >5 < m )5

- (”"”‘) g 1, because 7 is norm in ko(/7y)/ko.

B} (M) — <ﬂ>_ " and (m) o <ﬂ> z,by (4) of properties 4.2
st 5 ™ 5 1 5 m 5

Q W

} (m)az = 1, by (2) and (4) of properties 4.2.
5

We get that, A = (Z—f) R 1, then a; — a; = 0 or 5, which is impossible
5

because aj,a; € {1,2,3,4} and a; # a,, hence <Z—T> = 1. Since m; and m,
5

play symmetric roles we have also (%) = 1. Thus we deduce that (%) =
5 /s
().~
T 5

6.1 Casel: n = 5°p® # =£1,47 (mod25) withp Z —1 (mod25)

LetT" = Q(v/5°p®") be a pure quintic field where e € {0,1,2,3,4}, ¢, € {1,2,3,4},
p a prime number such that p Z —1 (mod25) and k = T'((s) its normal closure.
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We have p = mym, in ko. By proposition 3.1, p is totally ramified in T, therefore
1, T are ramified in k. According to [[12], Lemma 5.1] we have A\ = 1 — (s is
ramified in k/ky because 5°p® % +1 4+ 7 (mod \).
If we denote by P, P, and L respectively, the prime ideals of k above |, 7, and A
respectively, we get that P = ;0 (i = 1,2), I° = NOy, P = Py, P] = P,
I°=71"=1..
According to Proposition 5.3, we have Cj s = C’,js x O, s, such that C’,:FS and C'_s
are cyclic subgoups of order 5. Since P7 = P; (i = 1,2), P] = P,, P] = P, and
I° =17 =T, we get that [P,|,[P,] and [Z] are ambiguous classes. As C’,(CUS) is an el-
ementary group of rank 1, we can deduce that C’,Sg) = ([P1]). Also as [Py]” = [Py],
we have C}fs = ([P1]), therefore C}s = C’,i? = ([Py]) if and only if P, is not
principal. 7 ’ 7
we argue by reduction to absurd: Assume that ‘P, is principal, we have:

[7)1] =1=— dp € Ok"P1 = O

= Ni/io(P1) = Nijiy (BO%)

= 1Ok = Ni/i, (8) Ok,
= Jde € By, | m1 = eNigyio (B)

According to the proof of[[12], theorem 5.15], we have Ey, C Ny i, (k*)
= Ja € O |m = Ny (@)

that is to say 7 is norm in k = ko(v/5¢m ), where 7\, m, are primes above p in
ko. Hence we have:

(71'],5;71']#2)5 -1

for all ideals P of k.
In particular, we calculate this symbol for P = 7Oy, or P = mOy,. On the one

hand,
A = (mSmm — [ m5° ustus! T,
- W]Oko 5 T 35 : ™ 5 : ™ 5
On the other hand, we have:

- (M) = 1, because 7, is norm in ko( /1) /ko.
5

T

-1
- (”;—l”) = (:—f) = 1, by (4) of properties 4.2, and (4) of 6.1.
5 5

) (Me) _ (;)_ , by (4) of properties 4.2.
T 5 ™
We get that, A =

—e
%) = 1. Since 7 and 7, play symmetric roles, then B =
5
T1,5¢m ) — i N
TFQOkO 5 ™

e
, and since (

(2), =(2), =1

In fact that 5 is not a quintic residue modulo p, implies that

(75).=(2),(2), #1

7T17567T17T2)
P

s = 1, for all prime ideals of ko, then

N—— — ~
W
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(7%1)5 7 lor <7%>5 7 L

Since 5 does not divide e, then

@) # e (3), # 1

Which is a contradiction. Consequently, the ideal ‘P; is not principal.

The second step in the proof of the case 1, is to find a non-ambiguous class, which
generates the group C 5. By class field theory, the classes arise from unramified
primes of ko, these are not ambigous. Let | be prime integer such that | # p, then [
is unramified in I'. Let 7' a prime of ko above [, then 7' is unramified in k. Let L a
prime ideal of k above ', then C,_s = ([L)"="Y if and only if L is not principal.
we argue by reduction to absurd: Assume that L is principal, we have:

L] = 1= 38 € 0| L =50,
= Nk/k0<£) :Nk/ko(ﬁok)
g 7-‘-,(9’% :Nk/ko(ﬂ)oko
= de € Eko | = €Nk/k0(ﬁ)

then

By [[12], theorem 5.15] we have Ey, C Ny, (k*), then
= da € Ok’W/ ZNk/kO(O./)

that is to say 7' is norm in k = ko(v/5¢mm,), where my, , are two primes of kg such
that p = mm,. Hence we have:
' ,5¢mimy _
( P )5 =1
for all ideals P of k.

In particular, we calculate this symbol for P = m, Oy, or P = m,Oy,. On one hand,

A= 7! 56w 7 _ ' 5¢ 7! 7!
7r1(’)k0 5 T 5 . T 5 . el 5
On the other hand, we have:

,56 /5 e , Oxe
i (nﬂ, > — (Tf_) = (l) =1, by (1), (4) of properties 4.2.
1 5 ™ s

5 5

/ / 0
) (m) _ (n_) = 1, by (4) of properties 4.2.
sl 5 ™ 3

We get that, A = (“—) = 1. Since m and 7, play symmetric roles, then B =
5

7! 5¢m Ty _ (=
TFQOko 5 ™
m

A=B =1, na

(2),=(x),=1

In fact that | is not a quintic residue modulo p, implies that

(). (). (3), 1

then
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(”—/> % lor <i> £ 1.

T 5 T 5

Which is a contradiction. Consequently, the ideal L is not principal.

It is easy to see that L)'~ € Cs and [L£]'="" # 1, otherwise [C]'"™ = 1 then
(L] = [L]7, therefore [L] € Cis = C,(CUS) which contradicts the fact that the class
[L] is not ambigous. Finally we deduce that

Cis = {[P1]) x {[L]'"7) = ([P, [€]')

Remark 6.2. Since [P,] and [Z] are also ambiguous classes, we can prove by the
same reasoning that:

Crs = ([Pal, [£]'7) = ([Z), [£]')

6.2 Case2: n = p®q® = £1,47 (mod 25) withp Z —1 (mod 25) and
g Z %7 (mod?25)

Let T" = Q(y/p®q%) be a pure quintic field where ey, e, € {1,2,3,4}, p, q primes
such that p # —1(mod25) and ¢ # +7(mod25) and k = T'((s) the normal
closure. We have p = mm, and q is inert in ko from Proposition 3.4. By Proposition
3.1, p and q are totally ramified in T, therefore m,, m, and q are ramified in k. Ac-
cording to [[12], Lemma 5.1] we have \ = 1 — (s is not ramified in k/ko because
n = +1,47 (mod \).

If we denote by Py, P,, Q respectively, the prime ideals of k above m,m,, q respec-
tively, we get that P? = 7;0y, (i = 1,2), Q> = qO. Let | be a prime integer such
thatl # pandl # q, then | is unramified in . Let L be a prime ideal of k above
L.

We prove the result of the second point of the Main Theorem 1.1, by the same rea-
soning as for case 1. It is sufficient to replace 5 by q. Then we have,

Crs 2 {[Pi]) x {[£]'77) = ([P, [€]'7)

Remark 6.3. Since [P,] and [Q] are also ambiguous classes, we can prove by the
same reasoning that:

Crs = ([Pa), [£]') = ([Q], [£]'7)

6.3 Case3: n = p® = %1, 17 (mod 25) withp = —1 (mod 25)

LetT" = Q(y/p°") be a pure quintic field, where e, € {1,2,3,4}, and p a prime such
that, p = —1 (mod 25), and k = I'((s) its normal closure. Without loosing general-
ity, we can choose e = 1. Since the field I is of second kind, then by Proposition 3.5,
5 decomposes in k as 50, = B{B3BiBi B, where B; are prime ideals of k. Since
[Bi] and [B;] with i # j € {1,2,3,4} are in Cys we have ([B;],[B;]) C Cgs.
To prove that ([B;], [B;]) = Cks, we should prove that ([B;], [B,]) has order 25. It
is sufficient to prove that [B{'B’] = 1 for ai,a, € {0,1,2,3,4,} if and only if
a) = ay = 0.

(BBl =1 = 38 € Oy | B"B}* = BOy
= Nk (B{"' B§?) = Nii, (BOk)
— )\al+a20ko = Nk/ko(ﬁ)(’)ko with A =1 — (5
= Je € By, | A" = eNy/i, (5)
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According to the proof of [[12], theorem 5.15], we have Ey, C Nj i, (k*)
= da € Ok | \aitar — Nk/ko(a)

that is to say \*'* is norm in k = ko(\/p), where p = mm, in ky. Hence we have:

)\aﬁ»az’ﬂ. T -
(m5550),
for all ideals P of k.
In particular, we calculate this symbol for P = 1Oy, or P = mOy,. Using (1) of
properties 4.2 xe have,

A — )\a1+a2,7’l’1ﬂ'2 — )\al,ﬂ'l /\al,ﬂ'z )\az,ﬂ'] )\az,ﬂ'z
m O, 5 )5 )5 T )5’ T )5

then, we get:

- (A“;nm) — <%) g (ll) ; by (1) and (9) of properties 4.2.
5 /s ™/)s
ay a OX(J,]
- <)‘ W;”) = <7r—7r12> = (%) =1, by (3) and (4) of properties 4.2.
5 5 5
A2,y _ , T @ _ A @ .
- ( - )5 = <7|'_1>5 = (;})5 , by (1) and (9) of properties 4.2.
@2 aj O><a2
- ( ﬂ’m) = <ﬂ> = (i> =1, by (3) and (4) of properties 4.2.
1 5 Uy 5 US| 5
aj+az
we get that, A = (%) = 1. Since m and m, play symmteric roles, then B
5

aj+ay artaz . aj+ay . .
— (ﬂ) — <A) , and since % = 1, for all prime ideals of
5 5

™ Ok, ™ )5
a)+ap

aj+az
ko, then A = B = 1, namely <%> = (’\) = 1. Since 5 is not a quintic
5

™

5

residue modulo p, we have a; + a, = 0 or 5, then a; = a, = 0, because otherwise
a; + ap; =5, so we need to distinguish two cases:

-Ifa; = 1 and ay = 4, then [BiBj] = 1 means that [B;] = [B;]~* and since
[B;]> = 1 because [B;] is 5-class, we get [B;] = [B;] which is impossible.

-Ifay = 2and ay = 3, then [B}B] = 1 means that [B;]* = [B;] 7, so [B;] = [B;]
which is impossible.
Thus the case a; + a, = 5 cannot occur. Hence ([B;], [B;]) has order 25, and since
([Bi],[B;]) C Cys we deduce that Cy s = ([Bi], [B;])-

Corollary 6.4. Using the same notation as above, we have:

(1) O\ = Cls = (B BaB3ByBBs)).

(2) Crs = ([B]'"7) for (i = 1,2,3,4,5).

(3) The 5-class group can be generated also by:

Crs = ([BiB:BBuBs), [B,]'"7) for (i = 1,2,3,4,5).
Proof.

(1) The fact that the ideals B; are not principal by the same reasoning as above, we
prove that [B,8,8:8,85|7 = [1B18,338435] and [8182838485]72 = [BB,B3B455]
by applying the decomposition of 5 in the normal closure k.

(2) Since B; are not principal then [B;]'~" € Crs

(3) That comes from Cj. 5 = C;/s x Cy o
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7 Numerical examples

Using the system PARI/GP [[19]], we illustrate our main result Theorem 1.1 by

numerical examples.

7.1 Casel: n = 5°p® # 41,47 (mod25) withp #Z —1 (mod 25)

In this case we have: Cys = ([P],[£]'""), where P is a prime ideal of k above p,
and L is prime ideals of k above | such that | # p. The following table verifies,
for some primes p # —1(mod25) and | # p, such that 5 and | are not quintic
residues modulo p and Cy s is of type (5,5), that the ideals P and L are not princi-

pal, and are of order 5.

Table 1:

P l Type of Cr.s | Is principal P | Is principal £ | Is principal P° | Is principal £°
19 2 (5,5) [4,0] [1,0] [0,0] [0,0]
19 | 113 (5,5) [4,0] [4,0] [0,0] [0,0]
29 | 43 (5,5) [6,0,0,0] [6,0,1,0] [0,0,0,0] [0,0,0,0]
29 | 149 (5,5) [6,0,0,0] [2,0,0,0] [0,0,0,0] [0,0,0,0]
59 67 (5,5) [4,0,0,0] [6,0,0,0] [0,0,0,0] [0,0,0,0]
79 97 (5,5) [21,21,0,0] [28,28,0,0] [0,0,0,0] [0,0,0,0]
79 | 307 (5,5) [21,21,0,0] [7,7,0,0] [0,0,0,0] [0,0,0,0]
89 19 (5,5) [1,0] [4,0] [0,0] [0,0]
89 | 101 (5,5) [1,0] [4,4] [0,0] [0,0]
109 | 13 (5,5) [2,0] [1,0] [0,0] [0,0]
109 | 103 (5,5) [2,0] [1,0] [0,0] [0,0]
179 | 157 (5,5) [3,0] [2,0] [0,0] [0,0]
299 | 83 (5,5) [8,12,0,0] [12,8,0,0] [0,0] [0,0]
239 | 3 (5,5) [3,0] [2,0] [0,0] [0,0]
269 | 157 (5,5) [1,0] [3,0] [0,0] [0,0]
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7.2 Case2: n = p®q® = *+1,+7 (mod 25) withp Z —1 (mod 25) and
qg Z %7 (mod?25)

In this case we have: Ci s = ([P], [E}l_#), where P, L as above.

Table 2

P q l Type of C s | Is principal Py | Is principal P> | Is principal Py | Is principal P>
19 3 53 (5,5) [1,0] [3,0] [0,0] [0,0]
19 3 67 (5,5) [1,0] [4,0] [0,0] [0,0]
19 | 53 7 (5,5) [3,0] [1,0] [0,0] [0,0]
19 | 53 | 23 (5,5) [3,0] [1,0] [0,0] [0,0]
29 | 17 | 157 (5,5) [28,14,0,0] [14,7,0,0] [0,0,0,0] [0,0,0,0]
59 2 13 (5,5) [0,2] [0,2] [0,0] [0,0]
59 2 47 (5,5) [0,2] [0,3] [0,0] [0,0]
59 | 23| 127 (5,5) [2,0,0,0] [6,0,0,0] [0,0,0,0] [0,0,0,0]
89 | 37 | 61 (5,5) [3,0] [3,0] [0,0] [0,0]
89 | 37| 73 (5,5) [3,0] [2,0] [0,0] [0,0]
109 | 23 | 47 (5,5) [28,0,0,0] [14,0,0,0] [0,0,0,0] [0,0,0,0]
359 | 2 61 (5,5) [2,1] [3,1] [0,0] [0,0]
359 | 2 97 (5,5) [2,1] [4,2] [0,0] [0,0]
409 | 2 | 157 (5,5) [2,0] [1,0] [0,0] [0,0]
409 | 2 | 163 (5,5) [2,0] [3,0] [0,0] [0,0]
509 | 2 53 (5,5) [2,0] [3,0] [0,0] [0,0]
509 | 2 79 (5,5) [2,0] [4,0] [0,0] [0,0]




Generators of the 5-class group of fields of degree 20

547

7.3 Case3: n = p® = *1,+7 (mod 25) withp = —1 (mod 25)

In this case we have: Cy s = ([Bi], [Bz]), where B; are prime ideals of k above 5. The following table verifies

that the ideals B\ and BB, are not principal and are of order 5 such that <%> 7§ 1
5

Table 3:

D Type of Cs | Is principal By | Is principal B, | Is principal B | Is principal 35
149 (5,5) [1,0] [1,0] [0,0] [0,0]
199 (5,5) [6,0,0,0] [6,0,0,0] [0,0,0,0] [0,0,0,0]
499 (5,5) [1,4] [1,4] [0,0] [0,0]
599 (5,5) [3,0] [3,0] [0,0] [0,0]
2099 (5,5) [1,0] [1,0] [0,0] [0,0]
2549 (5,5) [1,0] [1,0] [0,0] [0,0]
2699 (5,5) [1,0] [1,0] [0,0] [0,0]
2749 (5,5) [1,0] [1,0] [0,0] [0,0]
3299 (5,5) [1,0] [1,0] [0,0] [0,0]
4049 (5,5) [1,0] [1,0] [0,0] [0,0]
4099 (5,5) [8,0,0,0] [8,0,0,0] [0,0,0,0] [0,0,0,0]
4349 (5,5) [1,0] [1,0] [0,0] [0,0]
4549 (5,5) [1,0] [1,0] [0,0] [0,0]
4999 (5,5) [1,0] [1,0] [0,0] [0,0]
5099 (5,5) [8,0,0,0] [8,0,0,0] [0,0,0,0] [0,0,0,0]
5399 (5,5) [1,0] [1,0] [0,0] [0,0]
5749 (5,5) [1,0] [1,0] [0,0] [0,0]
6299 (5,5) [1,0] [1,0] [0,0] [0,0]
6599 (5,5) [1,0] [1,0] [0,0] [0,0]
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