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Abstract. A Langevin fractional system involving two tempered (k, ¢)-Caputo derivatives
with random effects within a generalized separable Banach space framework is investigated.
Firstly, the system at hand is rigorously converted into an integral form with the help of some
newly proved properties. Secondly, a new Gronwall-type inequality with tempered (k, ¢)-Riemann-
Liouville integral kernel is generalized. Thirdly, a random version of Perov’s fixed-point theorem
associated with the Bielecki-type vector-valued norm is employed to derive a new uniqueness
criterion. Additionally, the existence result is established under growth and compactness-type
conditions on the nonlinear forcing terms. Fourthly, an analysis of Ulam—Hyers type stabilities is
conducted. Finally, the theoretical results are justified by providing some illustrative examples.

1 Introduction

Nowadays, the concept of fractional derivative (shortly, FD) has emerged as the most suitable
mathematical tool for describing various models in numerous engineering and scientific disci-
plines. Many scholars have addressed different theoretical aspects of the field, see [37, 7, 4,
29, 21]. The tempered fractional derivative (shortly, TFD) is one generalized version of FD,
introduced by multiplying the kernel of the usual fractional integral by an exponential factor
and depends on a parameter which reduces the FD as a particular case. This kind of derivative
has been found to have applications in geophysics [26], finance [12], and random walk models
[13]. The authors [27] develop the theory of TFD with respect to another function. For some
interesting studies on differential systems driven by TFD, we refer to [3, 43].

The classical mathematical Langevin model is highly significant for illustrating how parti-
cles interact within their surrounding medium and the stochastic forces or fluctuations that cause
their erratic movements. Nevertheless, the reliance on the specific relationship between a par-
ticle’s position and velocity has prompted the development of the fractional Langevin model,
aimed at describing anomalous diffusion phenomena [22]. Also, it’s important to highlight that
certain phenomena are more accurately described by coupled random systems. For example,
in epidemiology, the migration of birds from various regions worldwide can introduce infec-
tious diseases. Accordingly, the transmission rate of these diseases increases as migratory birds
flock together. Moreover, this scenario warrants consideration of the presence of random distur-
bances. While the above-mentioned motivational models have a great advantage, the difficulty of
the corresponding mathematical model may significantly increase, complicating the study of the
existence of solutions. Furthermore, Ulam type stability, initiated in [40], has emerged recently
as a powerful tool in the qualitative study of in nonlinear fractional differential systems [16, 31].
Therefore, investigating the qualitative aspect for the tempered (k, ¢)-Caputo Langevin coupled
systems with random effects became important.

Recently, the authors in [1, 45] studied theoretically some quantitative aspects for the follow-
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ing problem:

(DI + D) 5(6) = F(s,5()), < € lab),

s(a) =5'(a) =0,
where 0 < ¥ < 1, CDZf5 is the Caputo FD with respect to ¢ of order 8 € {9 + 1,9}, f :
[a,b] x X — X is a given function and X is a Banach space.

The authors in [11] have investigated some existence and stability results for the following
problem:

DU (Dl ) s(0) = fleu(s).  a<s<b
D[Z]Wbﬁ(a) = Cy, 0 S é < J’
CDfl‘f&(bs(a) = d,, 0<?<n,

wheren — 1 < p<n,m-—1<9 <m,J =max{n,m}, m,n € N*, w,cs,dy € R, Cszb is
the Caputo FD with respect to ¢ of order § € {¢, u, u + ¢}, f : [a,b] x R — R is a continuous

¢
function and D!%:%s(¢) = (q&%(g)d%) ().

O. Zentar et al. in [41] discussed the existence of solutions for the following problem:

Dylsi(s,w) = fi(s,s1(s,w),82(s,w),w), <€ (0,b],

DY2sy(s,w) = fa(s,51(s,w), 52(s,w),w), <€ (0,],

lirn§~>04r gl_ﬁlsl (g,W) = 33((&1), w e Qa

limg 0+ 677285 (s,w) = 3u(w), weQ,

where 33, 34 : Q — O are random variables, ng represents the standard Riemann-Liouville FD
of order ; € (0, 1] foreachi = 1,2 and f; : [0,5] x O x O x Q — O satisfy certain compactness
and growth-type conditions and O is a real separable Banach space.

Motivated by the preceding discussions, this paper presents new qualitative results for the
following random coupled Langevin system involving tempered (k, ¢)-Caputo FD:

VA
N

;‘Ccpfl’g;d’ (%WC’DZTQ@ - wl) 51(§>w) = f1(§a51(§aw)752(<7‘”)7w>7 a S ba
TepPed (Z“Dfﬁ’m - m) 52(,w) = (s, 51(6,w), 82(, w),w), a < <D,

(Dm’@;d’s](a,w),D[Z]*9;¢52(a,w)) = (z1¢(w), 224(w)), weQ, 0<l<J,

(gC,Dsrrke’g;(ﬁsl (a,w), gcpgfrk&g;d)ﬁz(avw)) = (wl,f(w)v wZ,f(w)) , w€eQ 0< <,
(1.1)

where (Q, G) is a measurable space, O is a separable Banach space. Moreover, k > 0, (n—1)k <

wi < nk, (m— 1k <¥; <mk, J =max{n,m}, m,n € N*, z; j,w; o : Q@ — O are random

variables, w; € R, szi’Q“z’ denotes the tempered (k, ¢)-Caputo FD of order 6; € {¥;, p;, i +

k€}, i = 1,2, and index g € [0,00), and f; : [a,b] x O x O x Q — O are a given appropriate

¢
functions specified later and DI¢¢5(¢) = (ﬁ(c) d%) eX(:2)5(¢).
As a distinctive aspect of our investigation, we can highlight the following:

(1) Gronwall’s inequality with the weakly singular tempered (%, ¢) Riemann-Liouville integral
kernel is generalized, which is concerned with priori bounds of the solutions, allowing the
global solvability of the considered system.

(2) The employment of Perov’s fixed-point theorem associated with the Bielecki-type vector-
valued norm allows us to provide a less restrictive hypothesis under which system (1.1) is
uniquely solvable.
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(3) A new existence is established, addressing an unresolved question concerning high-order
coupled random Langevin fractional systems in general setting, namely, when the nonlinear
forcing terms f;, ¢ = 1,2, acts on an infinite dimensional separable Banach space. This is
achieved through a combination of Sadovskii’s fixed-point principle in a random setting,
along with the noncompactness measure (shortly, MNC) procedure and the a priori estimate
technique.

(4) Established some Ulam-Hyers type stabilities for the system at hand.

(5) Our findings generalize, improve and extend the results demonstrated in [14, 15, 28, 1, 45,
11, 8, 44].

The rest of the paper is organized as follows: In Section 2, we gather some necessary back-
ground required for the subsequent sections. Section 3 presents a new Gronwall-type inequality.
In Section 4, we will address the aforementioned points (2)-(3). In Section 5 we treat the point
(4). Finally, to validate our abstract result, some illustrative examples are provided in Section 6.

2 Preliminaries

Throughout the paper, let (O, || - ||) be a separable Banach space, we endow the space C'(J,0)
of @-valued continuous functions on J with the supnorm

[ufloe = sup [lu(<)]- 2.1
ced

L'(3,0) denotes the space of Bochner integrable functions u : 7 — @ normed by
b
[lu]] :/ u(s)||lds, forallu e L'(J,0).

L*>(73,R,) stands for the space all essentially bounded functions normed by

lullL = esssup||u(s)|| = inf{M > 0; ||u(s)|| < M for almost every < € J}.
c€T

For our convenience, define the set
HY(J,R)={¢ : ¢ € C'(J,R) and ¢'(c) >0 forall s € J}.
For ¢ € HL.(J,R) and ¢, s € J, (s > s), we pose

X(s,5) = ¢(s) — ¢(s) and x(s,s)* = (6(s) = (s))", a€R.

If, yyv € R", y = (y1,.--,9n), v = (v1,...,0,), by y < v we mean y; < v; for all
i=1,...,n. Also |yl = (Jyil, ..., |yn]), max(y,v) = (max(yi,vi),...,max(y,,v,)) and R} =
{yeR": y; >0}.Ifce R, theny < cmeans y; < cforeachi=1,...,n.

Definition 2.1. Let F be a nonempty set. By a vector-valued metric on F we mean a map d :
F x I — R7 with the following properties:

(i) d(y,v) > 0forall y,v € F;if d(y,v) = 0 then y = v;
(i) d(y,v) = d(v,u) forall y,v € F;
(iii) d(y,v) < d(y,u) + d(u,v) for all u, v,y € F.
For d;, i« = 1,...,n are metrics on F, the pair (IF,d) is called a generalized metric space

dl (y7 U)
(shortly, GMS) (or a vector-valued metric space) with d(y,v) := :

dn(y,v)
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Definition 2.2. We call a matrix M € M, ,(R) of real numbers convergent to zero if its
spectral radius p(M) < 1. In other words, this means that all the eigenvalues of M are in
the open unit disc i.e. |A| < 1, for every A € C with det(M — AI) = 0, where I denote the unit
matrix.

Proposition 2.3. [33] Let M € M.« (R). The following statements are equivalent:
(i) M" = 0 whenr — oo.
(ii) M is convergent to zero.

(iii) The matrix (I — M) is nonsingular and

I-M)"=T+M+M 4.+ M+

(iv) (I — M) is nonsingular matrix and (I — M)~ has positive elements.

Let O be a separable GMS and (Q, F) be a measurable space. We denote B(Q) the Borel
o-algebra on Q x Q. Therefore, 7 x B(Q) is the smallest o-algebra on Q x O which contains
all the sets F' x S, where F' € F and S € B(0).

Definition 2.4. Given two separable GMSs O and X, a mapping Q : Q x O — X is called a
random operator if w — Q(w,u) is measurable for all u € @. The random operator £ on QO
will be denoted by

Ou)(w) = Q(w,u), we Q, ueO.

Definition 2.5. The fixed point of a random operator Q is a measurable function u : Q — @ such
that
ww) = Q(w,u(w)) forall we Q.

Definition 2.6. Let f : Ix O xQ — Xis called random Carathéodory if the following statements
are verified:

(i) The map u — f(s,u,w) is continuous for all ¢ € J and w € Q.

(ii) The map (s,w) — f(s, u,w) is jointly measurable for all u € Q.

Lemma 2.7. [36] Let O be a separable metric space and Q : Q x O — Q be a mapping such
that Q(w, ) is continuous for all w € Q and Q(-,u) is measurable for all uw € O . Then the map
(w,u) = Q(w,u) is jointly measurable.

Definition 2.8. [19] Let O be a generalized Banach space and (O, <) be a partially ordered set.
AmapA:P(0) = O x O x...x O is called a generalized MNC on O, if

A(co O) = A(O) for every O € P(0),

A (O)
where A(O) := : , P(Q) denotes the family of all bounded subsets of @ and c0O is

An(O)
the closed convex hull of O.

Definition 2.9. The application A is called:
(i) Monotone if Oy, O € P(0), Oy C O, implies A (Og) < A (O).
(ii) Nonsingular if A({a} U Q) = A(O) for every a € O and O € P(0).
If O is a cone in a normed space, we say that the MNC is

(iii) Regular if the condition A(Q) = 0 is equivalent to the compactness of O.

The most well-known example of a MNC possessing all previous properties is the Hausdorff
MNC defined by:
n(O) = inf{e > 0 : O has a finite ¢ — net} .
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Definition 2.10. [19] Let X, Y be two generalized normed spaces. A continuous map G : X —
Y is called a M-contraction (with respect to the generalized MNC A) if there exists a matrix
M € M, «n(R) converges to zero such that for every D € P(X), one has

A(G(D)) < MA(D).

Lemma 2.11. [20] If {z,,} 125 C L'(3,0) satisfies ||z, (s)|| < (s) a.e. on T for all n > 1 with
some v € L'(J,R..). Then, the function n({z,, ()} >}) is integrable and

U] ({/{: Tp(s)ds @ n> 1}) < /0< n(zn(s) : n>1)ds. (2.2)

Definition 2.12. [17] For 9, i, k > 0, the k-gamma function is given by

Fk(ﬁ):/ U le™ % d,
0

We have also the following relations

I(0) = k¥~'T (Z) , Th(d + k) = T3 (9), Th(k)=T(1) = 1.

Definition 2.13. [17] The k-Mittag-Leffler function is defined as follows:

o.u erw . 0> 0.

In particular, Ef | (u) = Ef(u).

Definition 2.14. [35] Let « > 0, ¢ € [0,00), k > 0 and ¢ € H! (J,R). The tempered (k, ¢)-
fractional integral of a function u € C(J,R) is defined by

L, 0, — a (0N a 1 N 21
FI3%u(c) = emox(on), 7@ (u(<)e”‘(§’ )) = krk(a)/a ¢'(s)Tox (s, 5)u(s)ds,

where si;l(g, 5) = e~ X(5)x (¢, 5)F ! and ,Z%? the (k, ¢)-fractional integral [32], defined by

kI krk / & (s "u(s)ds.

Lemma 2.15. [35] Let ¥y, 92,k > 0 and ¢ € [0, 00), then we have

PELE ) = pp st o)
Lemma 2.16. Let 9,k > 0 and o € [0,00). Then,
(i) TZou(s) = k= TT5 " u(s)
(ii) FT229(1) = Thacls, a)B} .y (hox(s, a).
Tszw

where the tempered ¢-fractional integral [24).

Proof. Using the definition of {Ij;éw(.) and [23. Theorem 4.9], we have
{I}i’@wu(g) = e*@x(c,a)szf) (u(g)egx(g,a))
- 28 ) o

9 .
= k1T u()
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Next, by [24, Theorem 7.5] and Definition 2.12, it follows that
779,041 _ —ET% E
R L0 (1) =k7TE(s,a) 1,1+%(9X(§aa))

9
=%Tox ((, a)Eﬁ,k+ﬂ(kQX(g7 a’))

O

Definition 2.17.[35] Let k > 0 and ¢ € H.(J,R). The (k, ¢)-Caputo tempered FD of u €
C™(3,R) of order (n — 1)k < ¥ < nk, and index p € [0, 00) is defined by

FDEu(s) = e XD (w()er )

where ¢D”%(.) is the (k, ¢)-Caputo fractional derivatives, defined in [35, 23] and n € N.

Lemma 2.18. Let (n — 1)k < ¢ < nk and ¢ € [0,00) where k > 0 and n € N, then for
ue C"(J,R)
. 9 .
gcpzlg’d)u(g) — k%TCD:+7Q’¢u(§).
Proof. Proof follows by using the definition 2.17 and [23, Theorem 6.1]. O

Theorem 2.19. [35] Let ¢ € HL(J,R), (n — 1)k < ¥ < nk and ¢ € [0,00) where k > 0 and
n € N. Then, for u € C™(3,0), we have

9,0:6 Teqyd,o; —ox(s —1 [PTetue)] ;
zza+9 @ %‘(/DG+Q d’u(c) — u(g) _ e—ex(sa) Z?:O WX(g’ a)]’

<

() d¢
Lemma 2.20. [35] Let 9,k > 0, 0 > 0, and u € C(J,0), then for s € T, we have
KD T u(e) = u(s).

Theorem 2.21. Let (n — 1)k <9 < nk, m,n €N, y € C"""(J,R) and g € [0, ). Then,

where DULo¢y(¢) = ( A 2 )j ex($:a)y(q).

Tc,DﬁInLk,g:¢u
a

DM, eip chff;‘z’u(c) _ k

N 9 .
1 X(g)a)frn—m—y[D[JJrn]:Q:dJu L .
j=0 Em=i=m4T (k(j+n—m+1)—9)
2.4

(<) + e—ex(s.a)

km

and

m—1 x(s, U‘)ﬁrn_m_% [D[jﬂl]

vy
m|,o; cy9,0; _ e peyd+mk, ]a
plmle¢ epihe “u(c) = D “u(s )+ 2050 e T=AF Ty (k(j+n— m+1) 9)
(2 5)

where D™ &u(c) = (¢,1( yac + Q) " u(s) and C™* (3, R) be the space of m + n-times contin-
uously differentiable functions.

Proof. Using the Lemma 2.18 and the [24, Theorem 6.12], we obtain

™M 0:¢ %“CDZLQWL[(C)

9 .
= k%@m’g;tﬁ TCD:J:Q?d’u(g)

J —m-2 j+mnl,o;
0 [ e Z4m,oip (e —1 X(s,a) TR [ty ()]
k* <T°D;+ u(s) + e-exlsa) o _ [ L. .

C(j+n—m+1-2)

Using the properties of k-gamma function and Lemma 2.18, we have
@m,g;¢ %CDZ}P;(’{)U(C)

TenOd+mk,0:d
k D‘ﬁkm u(s) + e—ex(s.a)

Next, by [24, Theorem 5.1] and Eq (2.4), we get Eq (2.5). O

el X(Cva)j+’L7WL7% [D[jJrn],Q:d)u(g)]
S
7=0 km=i=nTy(k(j+n—m+1)—19)

=a
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Remark 2.22. Observe that from Equation (2.5), if DUl-¢%y(a) = 0, forall j = n,n+1,--- ,n+
m — 1 we can get the following relation

eox(s,a)
k.m
Lemma 2.23. Let ¢,£ > 0,0 > 0. Then for all ¢ € J we have

plml.ei¢ chgf;‘bu(g) _ chg:rmk,g;obu(g)_

;;FI;%@;%&X&@) < (ko+ ké)—%efx(@a).
Proof. From (2.3) and using [11, Lemma 2.6], we have
TTD.edebx(sa) = k*%efgx(c,a)jﬁ;‘ﬁ (elerox(s.a))
< (€4 o) Tk Femex(sa)gEtax(sa)

< (ko + k¢)Eesx(e),

Remark 2.24. [38] On the space C'(J, Q) we define a Bielecki type norm || - || as below

[ulles := supe XD |u(q)|l, &> 0.
sed

Consequently, the norms || - ||ss and || - ||« are equivalent on C'(J,0), i.e;
-l < - lloo < XD - s

Theorem 2.25. [9, 36] Let X be a real separable generalized Banach space and (Q, G) be a mea-
surable space and Q : Q x X — X a continuous random operator, and let M(w) € M, xn(Ry)
be a random variable matrix such that for every w € Q, the matrix M(w) converges to zero and:

d(Q(w, 51), Q(w, 52)) < M(w)d(s1,52), foreachs;, s, € Xandw € Q.
Then, there exists a unique random fixed point of Q.

Theorem 2.26. [9, 36] Let O be a separable generalized Banach space, and let Q : Q x O — O
be a condensing continuous random operator. Then either of the following holds:

(i) The random equation Q(w,s) = s has a random solution, i.e., there is a measurable func-
tion s : Q — O such that Q(w,s5(w)) = s(w) forallw € Q,
or

(ii) The set
W = {s: Q — O is measurable k(w)Q(w,s) = 5}

is unbounded for some measurable function r : Q — O with p(w) € (0,1) on Q.

Lemma 2.27. Let 0 < ¥;, pu; < k, i = 1,2,k >0, o > 0 and ¢ € H' (J,R). Then

2 1,7 S Pitwi — _ .
Bir(v,w) = supiG’ w) ] / Tor l(g,s)e V=) (s)ds —— 0, i,r = 1,2,

cea kD (Vi + pi oo
(2.6)
and
(7, w) = su #/cf%fl( )e 1Y (s)ds —— 0,0 =1,2 2.7)
gily,w) = gegkrk(ﬂ/z) Y ;X S, 8)€ s)as oo y L= 1,4. .

Proof. From Lemma 2.16, we get

Gitmi g

T (s,)¢'() € L'(3,R), i=1,2.
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So, there exists g € C'(J,R) such that

r

Ditrg =N 1
Tk (s,8)d(s) — §(s)|ds < Se

Hence

S ity -1 )
[T o) as
a
¢ | iphi—1 ~ C(e— S —(e—
< [o Tk T (68)0(s) = B(s)| e Vds + [ [a(s)]e ) ds
1 — e (b—a)
SE—Feig*a 7;:1527
2 gl
where g* := ||g|o. Consequently,

S Vitni _
/ Tok (6, 8)e 79/ (s)ds — Oas y —> 400, i=1,2.
Similar to the above process, we have

TE (s, 8)e 79 (s)ds — O asy —s +oo, i =1,2.

3 Gronwall-type inequality via tempered (k, ¢)-RL integral kernel

In this section, a new Gronwall’s inequality within tempered (k, ¢)-RL integral kernel is estab-
lished.

Theorem 3.1. [6] Leta; > 0,1 =1,n,n € Nand ¢ € HL(j,R). Assume that
(i) The functions g, are the bounded and monotonic increasing functions on [a,b),

(ii) 3 and u are nonnegative functions locally integrable on [a,b).
If
n S |
5(6) Sul0)+ 2 ale) [ xls) 3900/ (s)ds, (1)
=1 a

then,

sy ( 3 B e sn). a2

123, =1 I( {:1 o)

=1
Theorem 3.2. Let o € R, ¥;,k > 0,1 =1,n, n € Nand ¢ € H\.(J,R). Assume that

(i) The functions h; are the bounded and monotonic increasing functions on [a,b),

(ii) 3 and u are nonnegative functions locally integrable on [a,b).

If
30 <u6)+ 3 M [ B0 s, <€, 63)
1=1 a
then,
o (e o [T Ok (k)] .y
3(¢) Sul(o) + ( x(s ) “’“lu(S)d)’(S)dS),
; /alf’zgyz;’jfl krk(Zﬁ:lﬁ/)
(34)
where

1 if 0>0

(s,8)ET x[a,s] e~ox(b.a) if 0<0.

0= max e X3 = {
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Proof. Using the definition of glfi’g ;¢(~) and [23, Theorem 4.9], we have
. , o,
Pt <0 (u2i0) (0 o (2245 () G5)
9, .
where Ia?l‘j)() the ¢-Riemann-Liouville FI [21]. Then, by (3.3) and (3.5), we get
3(6) < (o) + X0 Te@)h(<) (FZI%3(5)) (<)
n ] ﬂ@
)+ S Telom ok (259 (0.
Put kg;(s) = hi(s)® and koy = 9), 1 = 1,--- ,n, by using the properties of k-gamma function,
we have
3(6) < ule) + Xpy kT en) b ()Ok (T275(5) ) (<)
u(6) + 1 Tlaai(s) (Z6575() ) (<)

<u(e) + X5 9i(s) J; x(s, 8)7 79/ (5)3(s)ds
Applying Theorem 3.1, one obtains

l]a/

3(¢) <u(o)+232 1(21 23 ,]—lmlréglﬂ—<f X<SZ"QZ'71¢'() ()d3>

Using the properties of k-gamma function, one more time, one can get

9
N § [H{;lglwc)k“%rkwm
3(<) < ufe) +eexlea Yoo | vy = S X
=TS, 9,)
i oy
f: x(s, )=t 7 1/ (s)u(s)ds
[T}, ®h,/ ()Tk(D,1)] i
Su(e)+ 220 | Vs _1[ = u f X(s, 8) % g/ (s)u(s)ds |
kL Ez 9

< (e o [T ®hy ()Tk(9,) .y
3(<)Su(<)+z< / 3 [ lkr (lzf y )’ ]x<<,s> wlu<s>¢'<s>ds>.
@ =1 E\ 2 =1V

Corollary 3.3. Under the hypotheses of Theorem 3.2, assume further that u(<) is a nondecreas-
ing function for ¢ € [a,b), then

3(9) < u(Q) DB, (Oh(Tu)x(s.a) 7). (3.6)

Proof. From (3.4) and u is a nondecreasing function for ¢ € [a, b), we can write

- = [H{=1 Ohy (g)rk‘(ﬂl’)} ° ;v
3(¢) <u(s) 1+Z< Z . / x(s,8)211 & 1 (s)ds | | .
J=1 \1"2' 3 ..j=1 krk(zzzl 791’) a
Then,
P
[e%e) n 7 X(§7Q>Z{:l li
5(<) < u(g) 1+ Zj:1 Zl’,2’,3’,...,j’:1 [Hl:l ®hz’(<)rk(79l/)] m

<u(9) 3o Egl (®h1(§)rk(ﬁl)x(g, a)%) )
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Remark 3.4. From Theorem 3.2 and Corollary 3.3, we have the following particular cases:

e If o =0and k£ = 1, then Theorem 3.2 and Corollary 3.3 reduces to the inequality given by
Theorem 3.1 and [6, Corollary 2.1].

« If n = 1, then Theorem 3.2 and Corollary 3.3 reduces to the inequalities given by [35,
Theorem 3.1].

4 Existence and Uniqueness of Solutions
In this section, we establish the existence and uniqueness results for the system (1.1).

Lemma 4.1. For ¢;,d; € Q and f : C(3,R), the problem

- A
FeDe? (FeD® — @) s () = fls), a<s<b,

D[£]79;¢51(a’) = /C\[, 0 S Y4 < J, (41)
gcpgﬁke,g;%](a) =dy, 0<?¢<n,

has a solution given by
51(() _ %’ijr/uy@@f(g) + w]gz(l;l,Q@ ( ) + Z;} 0l %{I = +i (C,a)
1
+3 0% rkkklcik T, «(s,a).

Proof. Let s1(-) be the solution of (4.1). Applying the ngl’g“b() on both sides of the Eq (4.1),
and by using Theorem 2.19 and Remark 2.22, we obtain .

4.2)

Tephl @9 (¢) =TT f(<) + wisi(s) +

) eanet [DUJ’M({CD:;’Q‘%](<)—w|sn(<))]<:n ;
emxlen) 3 k- IT (K1) s, 0

=TT f(<) +wisi(<) +

Tept* @0 (a) ki @, DM €05 (a) 4
—ox(s,a n—1 g 1 5] j
€ )Z =0 Th (k1)) x(s,a).

From the initial condition (4.1), it follows that

PP (e) =TT + )+ N T SR (0. @

We apply the operator fIg‘l’@;¢(~) to both sides of Eq (4.3), and use the results of Theorem 2.19
and Lemma 2.15, we get

. _ 7. Jo. .
5 (C) _ nglﬂ“’g’gbf(C) + e—ex(s,a) Z?:Ol Fi?kjilkkJr;]l)X(g’ a)7+3

W or(ea) am—1 [P EPsi()]
@ L T8 (o) + emex(sa) 3o Fmwr (s a)

Hence ~ .
O+ 11,0 _ —1 dj—wm kg [
si(s) = RTme ?f (<) + emex(sa) Z?:o FkJ(k}_;—z‘r]kl+;Jl)X(<’ a)®
+a [T 4081 (o) + emex(sa) ool K ﬁ(?lﬂ))X(gaa)l’
This finishes the proof. O

Theorem 4.2. Suppose that
(Al) The functions §; are random Carathéodory on J x O x O x Q.
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(A2) There exists random variables X; j : Q — (0,00); i, j = 1,2 such that:
||fi(gax17 Z‘Q,W) - fi(ga/x\la§27w)” S xi,l(w)“l‘l - /x\IH + xi,Z(w)HJ& - /x\2||7 1= 1727
Jorz1,22,71,72, €0, (s,w) €T x Q.
Then, system (1.1) admits a unique random solution.

Proof. Firstly, endowing the product Banach space J = C(J,0) x C(J,0) by the vector-norm

151100
(s1,52)[1 = : (4.4)
[152]] 00

Next, according to Lemma 4.1, system (1.1) is equivalent to the operator equation Q(s, 53, w) =
(s1,82) where Q : J x Q — J be the operator given by:

Q(51 (g,w)752(§,w),w) = (Ql (51(§7w)752(§>w)’w)7 Qz(ﬁl(gaw)752(§7w)7w)) . (45)

where,

Q;(s1(s,w), 52(s, W) w)

1 k 1 k7 =+
=yt Balad gl (¢ a) + YiT) walelmbagla g i (¢ )

(4.6)

ity

9,
RV
+m f: & (8)% o v (s, 8)fi(s,51(s,w),82(s,w),w)ds

T f @ (s Tg"xf (c,5)8;(s,w)ds, i=1,2.

Since the function f;, i = 1,2 are absolutely continuous for all w € Q and ¢ € J, then (s;,55) is
a random solution for the problem (1.1) if and only if (s1,52) = (Q(s1,52))(s, w)

We need to demonstrate that the operator Q is a contraction mapping on J using Bielecki’s
vector-norm.

Step 1. Q is a random operator on J.

Using (A1), the functions w — f;(£, 61, $2,w) are measurable for s = 1,2. In view of Lemma
2.7, the products

Yitpg

Tox 71(§,S)fi(S,ﬁl(S,(U),ﬁz(S,(JJ),(U) and ifgl(g,s)si(s,w).

are again measurable. Further, the integral is a limit of a finite sum of measurable functions,
therefore, the maps

w— Q;(s1(s,w), 82(, w),w), i =1,2,

are measurable. Accordingly, Q is a random operator on J x Q into J.
Step 2. Q is a contraction mapping on J.

For any w € Q and each (s1,5,), (v1,t2) € J, we have

“Qi(ﬁl(gvo‘))752(§7w)vw) - Qi(tl (§7w)vt2(§7w)7w)”

Yitug

- fc d)krkﬁ—mwi(&5l (87"‘))752(57“})7“) - fi(s>t1 (S7w)7t2(3aw)’w)”d8

@i > G- —
+kllk(,li) f(; QS/(S)‘ILLX (§7S)H5i(s7w) - ti(s7w)||d57 = 172°




560 O. Zentar, M. Ziane, S. Nageswara Rao and M. Singh

By (A2) and remark 2.24, can be written as
1Qi(81(s,w), 52(s, w), w) = Qi(ti (s, w), a5, w), )|
< X0 R (@)llsr () — e w)ll (T 0enis)
Fleillsi(w) - wlw)lls (TZEetexten) | i=1,2,
By Lemma 2.23, one obtains

||Qi(5l(§7w)a52(§aw)’w) - Qi(tl(g7w)vt2(<’w)aw)‘|
< (ho+ k)%

Freten S X ()8 (5 w) = (o w) |

+|wi| (ko + kf)_%e&("’“)ﬂsi(-,w) —v(hw)s, i=1,2.

Hence

||Qi(51('7w)752('7w)7w) - Qi(tl(Ww)vtz('vw)’w)H‘B
< (ko + k&)™ ™% Y2 Xy (@)llse (-, w) — () s

+|wi|(kg+k£)7%“57i('7w)7ti('7w)”%7 1= 172

Therefore, we have

d((Q(51’52))('7w)’ (Q(tlvtz))('vw)) < Kf(w)d ((51('7(“))’52('5“))7 (tl('vw)th('aw))) )

where:
|1 + X1, (w) Xi2(w)
L% 91Ky 91Ky
(ko+k€) " (ko+ké) ™ F (ko+ke) ™ F
Kg(w) = 9
X2,1(w) |z + X2,0(w)
Ty 53 Tt iy
(kot+ke) (kot+kX)F (kot+ke) ™
and

”51('7W) - tl('vw)%)

”52('7W) - tQ('vw)H%

d((51(~,w),52(~,w)), (tl('vw>7t2('aw)>) = (

Choosing ¢ > 0 large enough, the matrix K¢ (w) converges to zero. Then, according to Theorem
2.25, Q possesses a unique random fixed-point, serving as the unique random solution to system
(L.1). O

Theorem 4.3. Suppose that
(A1) The functions §; are random Carathéodory on J x O x O x Q.
(A3) There exist p; : T x Q — L>(J,R,), i = 1,2 such that
||fi(§7x1,:c2,w)|| < @i(gaw)(“xl|| + ||$2H + 1)7 i=12,

forall (¢,x1,23,w) €T x O x O x Q.

(A4) There exists a constant random variable G;, : Q — [0,00), i,r = 1,2 such that for each
ST C P(C(3,0)),

A(fi(s,5(<), 8%(5),w)) < Gi 1 (W)A(S' (<)) + Gi2(wW)A(S*(<)), forall (¢,w) €T x Q.
Then, the system (1.1) possesses at least one random solution.

For brevity, let ¢f = sup,,cq [|¢i(-,w)|[z~, ©=1,2.
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Proof. Consider a closed ball
Sy = {(51’52) el: H51('7w)||oo <N, H52('7w)||00 < N} . 4.7
The proof of Theorem 4.3 will proceed through several steps.

Step 1. Q transforms bounded sets into bounded sets in J.

Let (51,57) € Sy. Then, by the fact e=2x(<:@) < | for each ¢ € J, we have
1Qi(51(s, w), 82(c, w), w)|

1 kY z; 1 |w; ik z; iy g
< Zm Fizkl]+k)) x(s, a) + Zn Lo J kﬁm;JJ(WHX(CaG) Rt

+mf d) bk ‘_1( 7S)Hfi(sa5l(5aW)752(57w>aw)||ds

B [ ()T (o) i, w) ds, i =1,2.
Thanks to hypothesis (A3), we get

1Qi(81 (s, w), 82(s, w), w)|

1k |z 1 i 7k. i Bigg
< E'rn F)lzkll+k)) (g a) =+ ZTL |w; ,7 kjik+zl)7(W)‘X(g7a’) 7w t+J

+¢r(1+2N) (;{zjﬁ”iwl) (<) + Nl|wil (gzgrwl) ), i=102.
Using Lemma 2.16 and the fact e~ex(s:a) < 1 for each ¢ € J, we have
1Qi(s1(s,w), 52(s,w),w)||
Ditug

m—1 k'|z;, *
<> : r,l Icll+k))‘X(§va)l + @i (2N + 1)x(s,a) % ]Elﬁ,kwwm(ké’)((%a))

n— l w;, ] Y—woik? 2, glw R
+Z | (kj+k+lh) ( HX(gv ) +] + N|w’t|X(§7 ) EI}? NS (kQX(C a))’ = 1’2
Hence

1Qi(s1(s;w), 82(s, ), )|

< ot el (b a)! + 7 (2N + D)x(ba) ™

L/"'L

]Eﬁ,k+19i+ui (kox(b,a))

+Zn 1 |w17 kﬁqkliz)f(wﬂx(b’ a)%ﬂ' + N|w;|x (b, a)% F i (kox(b,a)),i=1,2.

This shows that Q transforms bounded sets into bounded sets in J.
Step 2. Q is continuous.

Let {s1 ,,52,} be a sequence satisfying {s; ,,52,} — (81,52) in Sy as n — oo. For each
(¢,w) € T x Q, making use of (A1), we easily have

i (5,510 (s, w),82.n(s,w),w) — fi(s,81(s,w),82(s,w),w)|| = 0, as n — o0, i = 1,2.
Next, in view of (A3), one gets
i (s, 81,0 (s,w), 52,0 (s, w), w) = fi(s,81(s,w), 82(s5,w), W)
< [Ifi(s, 510 (s, w), 52(s,w), )| 4 [[fi (s, 81 (s, w), 82(s, w), w) |
< 2¢i(s,w) ([ls1 (s, )| + [ls2(s, )l 4 1)
<2(2N + Dpi(s,w), i=1,2.
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. . Ditui g i .
Since, the functions s — T,  (s,s)pi(s,w) and s — TS5 (s,s), ¢ = 1,2 are Lebesgue
integrable over [a, <. Then it follows from the Lebesgue dominated convergence theorem that

”Qi(slﬂl(ng) 52 n<§ w)vw) - Qi(ﬁ](ng)752<§7w)’w)‘|

Vitri

k S
< fg W”h(svgl,n(svw)7527n(87w)7w) - fi(svsl(svw>a52(51W)vw>||d8

Wi ﬁ71
it Jr ()T (<) l1sin(s,w) — si(s,w)dsds

—— 0, forall¢eJ,i=1,2.

n— 00
Therefore,
||Qi('751,n('aw)vﬁz,n('aw),w) - Qi('751<'7w),52(',W)7W)Hoo m 07 1= 172

Accordingly, the operator Q(-, -) is continuous.
Step 3. Q(Sy) is equicontinuous.
On one hand, for all (s1,52) € Sy and a < ¢; < ¢ < b, we have
1Qi(s1(s2, ), 82(%2, w), w) — Qi(81 (51, w), 82(1, W), wW)|
< Zm : l;llz’;;+k))\ |§lg,x(§2’ a) — Tl@»((gl? a)’

(4.8)

1 |w; ik 2 Eitj
+22050 s afe (kgik:ﬂi] “‘3 N(c2,0) = Ty (a1,0)

\w1| |‘Wz| I3 ; Iy .
tan g it 2 Y Ty (= L2
where,
°2 iy :
= [ S @TE ol s i = 1.2
_ Bi_y .
IQ,i :/ ‘EQJ( Qv ) SQIjX ((1,8) Hsi(svw)”d‘sv 1= 1727
/ ¢(s (62, ) [ (5,51 (5,0), 52 (5,0, w) | ds, i = 1,2,
and

L+‘U”L 1

Y i+pg 1
Tox (¢2,8) — ToxX (s1,8)

i(8,81(s,w),8(s,w),w)|ds, i =1,2.

n= [ " (s)

On the other hand, using Lemma 2.16, we get

A=l n < Njw| (F2001) ()

= T@ X(§2,€1)Ek et (kQX(Qvgl)) =1,2,

This produces that,
|| 11,

KDk (i)
From (A3), and by Lemma 2.16, we get

— 0 as §2—>Cl,i:1,2. (49)

I * 041 ,0,
W < N+ Do ((Zgeell) (o)

Yitpg
= (2N + D)@i %ok (2,9)EE o, 1, (kox(s2,61)), 1= 1,2,
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So
I3,

Dk (9 4 p5)

From the fact 0 < e=2x(s1:8) < 1, for a < s < ¢1, we have

—0 as ¢ —g¢,i=1,2. (4.10)

Ki

Tox 1(§27 5) - T@’fxil (g] , 3)‘ = e—ox(s1,9)

Hi

e Xy (g, 8) 1 = x() K|

Li=1,2.
If e=ex(251)y (63,8) =1 > x(c1,8) ¥ !, then,

| < _N=
krk(m‘)‘rz’l — Tr(pitk)

|:6*9X<§2~,§I) (X(Qaa)% - X(QKI)%) — X(gl,a)%} ,i=1,2,

If e~ ox(25)y (6, 8) %~ < x(s1, s)%_l, then

Aol < et (o) o) (xo.0) ¥~ xea)® )] i=12,

Thus,
}; |(/j) 50 as o oq,i=1,2. 4.11)
k\ M
And
Ditmg Vitrg it it
Tok (28) = Tox ' (s1,8)] < ‘e“’x““‘)x(q,ér)ﬁ Py, 8) i =102

YitHg LR

If =Xy (63, 8) "% 71 > x(1,5) "% 7!, then

1y,
KL g (95+pi)

Yitrg Yitimg YitHg

< % [e“’X(Q’g” (x(@ﬂ) = x(,6) 7 F ) - x(s1,a) "% } ;i=12.

Bitmg Vitmg

If emox(s)x (6, 5) 7% ! < x(q1,8) "% !, then

Iy
kD (944p4)
IN+1)p* Vitrg _ Vithg Vitrg .
< o (X @) T e (3 (6,0) T —x(a ) )| i= 12

Thus,
Iy

ETw (05 + puq)
Equations (4.9)-(4.12) along with (4.8) imply

S0 as o —q,i=1,2. (4.12)

‘lQi(51(<27w)>52(§27W)aw) - Qi(51(§17w)752(<1;w)7w)|| — 07 1= 172

261
This proves that, Q(Sy) is equicontinuous.
Step 4. Q is Ej-condensing.
First, for every S! x S? c P(J), we define the MNC as
Z(Sh)
Ep(S' x §%) = : (4.13)
Z(5?%)
where . ‘
E(S") =supe  *A(S'(s)); v>0,i=1,2, (4.14)

ceTJ
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The MNC Zj is well defined and gives a semiadditive, monotone, nonsingular and regular MNC
in J.
Secondly, let S! x S? C P(J) be such that

By (Qi(S' x 8%)) = By(' x §%), i=1,2. (4.15)

We will show that (4.15) implies the relative compactness of S' x S2.
There exists a countable set {(31,,, 32,,) }°2 ; such that

3i,n(§aw) - Q’L ({51’n(§,W),ﬁz’n(C,LU),W}) 5 1= 1727

where {(s1,,,52,,)}22, C J. From the properties of the MNC, one gets

E(Bink)) < E({TZ i sl w) sanlew)@)} )

n=1

(4.16)
Homile ({FT sin(cw)} ) i=12,

n=1

Now, we will find an estimate for Z({3;,,}°° ), ¢ = 1,2. By using (A4), forall¢ € Zand s <,
one has

M,1 =
'(8)T ,S
A <{Wfi(S»ﬁm(S’“’>’52’”(S’w>’w)} )

n=1
19 it
k sS
< S PO Car (@A {5, @) Fi)
Yitng
k s s _
< ZT. 1 m§—+,h)(§)Gi,7*(w)e’y Supa§s§<€ ({57" n(s w)}n l)

i

k S sV
<3 L G, () (5 (@) 1= 12

Then, applying Lemma 2.11, we obtain

A ({TZ0 10095, (5,81 n(s,w), 52,0 (s,w), w)}zozl)

2 = 0o 2G; - (w i <.
< Zr:l = ({shn("w) krk (9, +N f ¢/ (C, 5)67 ds,v=1,2.

Multiplying both sides by e™7 and taking sup, .5, one obtains
sup.cq € A ({TZ0 1096, 81 (s, w), S2n (S w) W) } o))

< Zi:l E{srn(w)} ) bir(y,w), i=1,2.

where b; ,(v,w), i,7 = 1,2 are defined in (2.6).
Hence,
=z ({{Igﬁ“i’g;(bfi (Cv S1,n (ga w)752,n (gv LU), w) }Zo:l)

< Zi=1 E({sin(w0)}n2)) bir(ysw), i=1,2.

By employing a similar reasoning, we get
E({Izh9%s; n(s,w)} ")) <E{sialw)}e)) gily,w), i=1,2. (4.18)

where g;(v,w), ¢ = 1,2 are defined in (2.7).

4.17)

Next, by (4.16)-(4.18), we derive
E({30n)e21) < [wilE ({8in (@) }o21) 8 (1, w) + 02y E ({80 (5 w0)}o2y) B (v 0), 6 = 1,2,
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which implies

E(Qi({s1,n(w), 52,0 (-, w), w0} 29)
(QZ({El,n('aW)7527n('7w)7w :Zol)

EJ(Q({ﬁl,n(',W)752,n('7w)7w}zg) =

(x]

- E({s1,n(nw)}nsy)
< Wy(w) _
E({s2,n(w)}ny)
where
|w1]g1(7,w) +bii(y,w) bi2(y,w)
Wv(w) =
b2,1(7,w) |2|g2 (7, w) + h22(7y,w)

By Lemma 2.27, one can choose  such that the spectral radius p(W\W(w)) < 1, therefore
E(Qi({slﬂl(',W),5277L(',W)7W}ZS) :0, 1= 1,2
This implies that

E(Qi({s1,n(s,w), 8520 (s,w),w}>9) =0, forc € 3, i=1,2.

Finally,
’ E5(S' x $%) = (0,0),

which proves the compactness of the set S! x S2.
Step 5. The set W (see Theorem 2.26 (2)) is bounded.

Let (s1,52) € J and (s1,52) = x(w)Q(s1,5,) for some x(w) € (0,1). Then, for each ¢ € 7,
we obtain

Hi

1 k'z 1w, k7 zi +
5z‘(§7w) ( ) Z;no rkzkllJrk rsl ( )"’Zn = J k;ikﬂi)J ‘Iglij(g a)

Ditrg

i Ja @ ()0 %

(s, 8)fi(s,51(s,w),82(s,w),w)ds

Tt f ¢ ()T (s, 9)si(s,w)ds|, i=1,2.

Using (A3) and the fact e —ox(¢:4) < 1 forall ¢ € J, and Lemma 2.16, we obtain

1 k2 1 |w; ik 2z Big g
||5i(§,&))” < Zm Fk\zkllJrk)) ( ) + Zn |w; J k]ik+ZL)J<w)‘X(g7 CL) =t

Ditr;
+orx(s,a) T UEE 4y 4 (Rox(s, a))

7,11

ta e @ )Tk (68) (s (s, + [ls2(s,w)]) ds

ot Jr ¢ (s YT (s, 9) s (s,w)lds, i =1,2.

We observe that, for any a < s < g,

“w

i __ Mmin ) Fmin -1
k

X(C’ ) 1<X(<’ ) k X(§78

where fimin = min{yx, 2 }. Therefore

) 7;:1)2)
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lI81(s, @)l + [ls2(<, w)l

<SAQ)+ Y0 B [T (5)T 0

() (ls1 (s, @)l + lls2(s, )] ds

Hmin

+Cmax f; ¢/(S)TQ7I§<

"¢, 8) (IIs1(s,w)[| + l1s2(s,w)II) ds
where
A(S) = Ai(s) + Asx(s)

m—1 k' Z;, n— l w; i ( wlk'zlj w Hi s
Ai(g) = 2.1=0 l"kl,(klljrk))‘ ( ) ""Z | (kJJr;HM)( )|X(§7a) R

Vitpg . .
_HP:,KX(QG') a Ellz,kﬂ%ﬂu(kQX(gva))a i=1,2,

Ky Hmin
o7 |@ilx(c,a) ® 7%
Bi= —"—"—, Chx = C, G, G =
kDp(9; + )" max{Ci, Ca} KTk (1)

Applying Corollary 3.3, we obtain
o1 (s 0)ll + sa(s,w)ll - < S22 AGIES L, (BiTk(9: + ) x(b,0) 5 )
+;&(b)E;ktmm (Cmaxrk (:umin) (b a) *‘r;:m)
=D

H(ﬁl('vw)’ﬁZ("w))HJ < f) = <B>

Hence

‘Which achieves the desired estimate. Therefore, Theorem 2.26 ensures the existence of a random
solution for the system (1.1).
O

5 Ulam-Hyers stability analysis

In this section, we study Ulam—Hyers (U-H), generalized Ulam—Hyers (G-U-H), Ulam—Hyers—Rassias
(U-H-R), and generalized Ulam—Hyers—Rassias (G-U-H-R) stability of system (1.1).

Let e = (€1,6) > 0and K1, K; : T — [0,00) are a continuous and increasing functions. We
consider for ¢ = 1,2 the following inequalities:

‘ TepPie9 ({CDZTQ@ — wi) u; (s, w) — fi(s, w1 (s, w), ua (s, w) H <e€, (sw)eTxQ
(5.1)
‘ gc’Dfi’Q;d’ (chgi’g;¢ — wz) wi(s,w) — fi(s,u1(s,w), ua(s,w) H <Ki(s), (c,w) €T xQ
5.2)
‘ gcpgi,w (gcpé‘rw _ wi) w; (s, w) — fi(s, ur (s, w), ua (s, w) H < eKils) (s,w)€TxQ
(5.3)

Definition 5.1. [39] The system (1.1) is U-H stable if there exists n, > 0, » = 1,4, with the
following property: For each ¢; > 0, i = 1,2 and for each random solution (u;,u;) € J of the
inequality (5.1), there exists a solution (s1,5,) € J of (1.1) where

(D¥:6%5, (a,w), DI-6%5y(a,w)) = (D&% (a,w), D291, (a,w))

T +kt,0:¢ Tc +kt,0:¢ _ (Tc +kl, 03¢ Tec +kt,0:¢
(kcpgq 51 (a,w), TeD2 gz(a,w))_(kcpgq u(a,w), TeDk uz(a,w))

5.4)
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complying with

lui (- w) —81(5w)loo < M€l + M6
w € Q.

9
[uz(-,w) — 52(-, w)[loe < M3€] + 462

Definition 5.2. The system (1.1) is G-U-H stable if there exists X, € C(R,,R ), r = 1,4 with
N;(0) = 0 such that for each ¢; > 0, i = 1,2 and for each solution (u;,u,) € J of the inequality
(5.1), there exists a random solution (s1,5,) € J of (1.1) where (5.4) with

[ur (- w) =510, w)[[oo < Ri(er) +Na(e2) Cwco

[ua (- w) — 52(-,w)[oo < V3(e1) + Na(e2)

Definition 5.3. The system (1.1) is U-H-R stable with respect to K = (K;, K) if there exists
a real number fi, > 0, r = 1,4, such that, for each ¢, > 0, ¢ = 1,2 and for each solution
(ug,u) € J of inequalities (5.3), there exists a solution (s1,,) € J of (1.1) where (5.4) with

[ur(,w) =810 w)l[oe < @11 (S) + 212K (s)
, weQ.
luz(-,w) — 52 (+, w)loo < 13K () + €2114K(5)

Definition 5.4. The system (1.1) is G-U-H-R stable with respect to I = (K, K») if there exists
a real number i, > 0, r = 1,4, such that, for each solution (u;,u;) € J of inequalities (5.2),
there exists a solution (s1,52) € J of (1.1) where (5.4) with

lui(,w) = 51(-w)|loo < WK () + [2KCa(S) co
12 (, @) — 52(, )l o < A3k (5) + ghials) '

Remark 5.5. It is clear that
(i) Definition 5.1 = Definition 5.2,
(i) Definition 5.3 =- Definition 5.4,
(iii) Definition 5.3 for (K;(+), C2(+)) = (1,1) = Definition 5.1.

Remark 5.6. We say that (u;,u;) € J is a random solution of the inequality (5.1), if there exist
functons £; € C(J,R), i = 1,2, which depend on u;, such that

() Li(s) <e,s€T,i=1,2and
(ii) Forall (c,w) € T x Q,

ECDZTQ@ ({CDZi’Q;¢ - wz) 5i(§7w) = fi(§751 (§7w>a52(<a w)vw) + Ci(g)v i= 1» 2. (55)

Remark 5.7. We say that (11, u;) € J is a random solution of the inequality (5.3), if there exist
functons £; € C(J,R), i = 1,2, which depend on u;, such that

(i) Li(s) <eKi(s),se€T,i=1,2and
(i1) Forall¢ € 7,

gCDZi’Mb (ZCD51’9;¢ — wi) 5i(c,w) = fi(s,81(s,w), 52(s, w),w) + Li(s), i = 1,2. (5.6)

Theorem 5.8. Assume that
(i) The assumptions of Theorem 4.2 are fulfilled.
(ii) For any e = (e1,¢€2) > 0, the inequality (5.1) have at least one solution,

(iii) The ¥ = Ti 1 (b,w)T2.2(b,w) — 01 2(b,w)2.1 (b, w) # 0 and T;.;(b,w) > 0, i = 1,2 hold,
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Then, the solution of the system (1.1) is U-H stable and G-U-H stable, where,

7;7i(ba W) =1- aiﬂ'(ba OJ) - |wz|m(ba /J/l)a m(b? Ml) = X(b7 a‘)%Eﬁ,k-‘rui (k?,QX(b, a’))?

9, +uL

N(b, Vs + i) = x(b,0) " F B} g, (kox(b,a), i=1,2.

and
DM(b,w) = j{i,r(w)‘ﬁ(b, 197 =+ ,U,z), i,T = 1,2

Proof. Let (u1,up) € J satisfies (5.1) and (s1,52) € J be the unique random solution of the
system (1.1) with (5.4), then in view of Lemma 4.1, we have

J i g
si(ew) =Yg BTl (¢ a) + Y, Ll m g 15 (¢ g)

(5.7)
FTTV 0005 (6,51 (5, w), 52(s, W), W) 4+ @il TH PP s (s,w), i = 1,2,

Since we have assumed that (u,u,) € J satisfies is a solution of (5.1) with (5.4), hence we have
by Remark 5.6 and Lemma 4.1,

klz; 5 Kz ity
wisw) =Y szkll+k T, (sa) + Y0 - kﬁhif W (¢ a)

FTTIHE? (5 (6, ur (5, w), ua (s, W), w) + L£i(S)) + @i E TH P Pu(s,w), i = 1,2,
On the other hand, by (5.8) and (5.7), for each ¢ € 7, it follows
[ui(s, w) = si(s, W)l
ST NL I+ ETE Rl w6, w) (6, w), 0) = Fils 815, w), 82(6,w), )|
+ai, i wils,w) —si(cw)ll, i=1,2.
By Remark 5.6, Lemma 2.16 and the fact e~ox(sa) < 1 for¢ € J, we get
FZE L@l < e (P2 ()

z#;

<eaTox (s, a)Ellz,k+19,;+m(k9X(g7a))

<N,V + pi)es, i=1,2.
So
ui(s,w) — 54(s,w) ||
<N,V + pi)e + {Igﬁm,g:t#“fi(g, w1 (s, w), (s, w), w) — fils, 51(s,w), 82(s, w), w)||
+w F T lui (s, w) — si(s,w), i=1,2.

Therefore, by (A2) and using Lemma 2.16, we get

Hui(gaw) - ﬁi(ng)n < (Zgzl fi,r(w)”uT('vw) - ET('vw)HOO) gIgiW“M(l)@)

il i (-, w) = 8i(-,w) [l FZEPE (1) () + N(b, Vs + pa)es

< b, Bs + i) (72 X (@) () = 51, 0) o

+Iw7:\‘ﬂ(b, ﬂi)”ui('aw) _5i('7w>||oo + ‘ﬁ(b, ¥ + Mz’)eiv i1=12,
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+l@i N(b, i) [wi (-, w) = §i (-, w)lloo + N0, Vi + pi)es,  i=1,2.
which implies

Tii (0, w)[ui (- w) = 5+ w)loo = i 3—i (b, w)[[u3—i (-, w) — 53-(+, W)]loo

5.9
< m(ba 191 + /J/i)eia 1= 1727
Now, we shall express the formula in (5.9) in matrix form as follows:
Tiab,w)  —0120b,w)\ [llwi(w) —s1(w)lleo N(b, 91 + p1)er
< .
—01(bw)  T22(bw) (-, w) — 82, w) | oo N(b, 02 + p2)e2
On solving above inequality, we obtain
[ (- w) = 81 (-, w)lloo 1 [T2(bw) 012(b,w) (b, V1 + 1 )er
<G .
lua(w) =52 w)lloe) T \o2a(biw) Tra(bw)) \R(b,os + po)es
Therefore,
1 (- w) = 51(, W) lloe < Mi€r + n26n
(5.10)
[uz(,w) = 52(+,w)[loo < M3€1 + Nges.
where
_ B,Z(b7w)m(b7 191 + Ml) _ 02,1(b7w)m(b7191 + /Ll)
n = ) n = )
vy y
and

v ’ v
This proves that system (1.1) is U-H stable. Furthermore, we could put into writing inequality
(5.10) as

s = 012(b,w)N(b, V2 + p2) ng = Ti.1(b,w)N(b, V2 + p12)

, ¢€7J

[ur (-, w) = 510, w)[[oo < Vi(er) +Na(e2)
[uz (-, w) = 52(-,w) |00 < V3(e1) + Na(e2)

where N](E]) = Nnje€q, Nz(ez) = ey, N3(€1) = N3¢y, N4(62> = y4e€y, with NT(()) = 0, r = 1,4
This proves that system (1.1) is G-U-H stable. O

Theorem 5.9. Assume that
(i) The assumptions of Theorem 4.2 are fulfilled.
(ii) For any e = (e1,€2) > 0, the inequality (5.3) have at least one solution,

(iii) There exists an increasing functions K; € C(J,Ry), i = 1,2 and there exists ¢ = (q1,q2) >
0 such that for any ¢ € J

fI{fﬁm,a;MCi(g) < q:Ki(s), i=1,2,

(iv) The ¥ = ﬂ71 (b, w)ng(b,w) — 01,2(b, w)all (b, w) 7& 0 and 7}77;(b,w) > 0, 1= 1, 2 /’lOld,
Then, the solution of the system (1.1) is U-H-R stable and G-U-H-R stable.
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Proof. Let (uj,uy) € J satisfies (5.3) and (s1,52) € J be the unique random solution of the
system (1.1) with (5.4).

Again by (5.8) and (5.7), for each ¢ € 7, it follows

”ui(§7 w) - 51'((’ W) ”

ST SOl + TZ 0 ale w6 w), w6, w), @) — Fils, 51, w), 52 (6, w), w)|

+wizzsrgw”ui(<v W) - si(ng)na i=1,2
Hence using part (i) of Remark 5.7, we can get
TTV e Lol < aika(s), i=1,2.

Then, By (A2), Lemma 2.16 and the fact e~ 2X(<:%) < [, for ¢ € J, we get

wi(s,w) = si(s, )l < €qikia(s) + Sy Vi (b, w) 1ty (@) — 87(, )l ow

+‘wi|m(b7/}4i)”ui<'vw) _51'('7w)||007 1= 1’2'
In consequence, it follows that

Tii (b, w)[ui (-, w) = 5 w)loo — 53— (b, w) [[uz—i (-, w) — 83—, w)lloo

(5.11D)
<aqiki(s), i=1,2,
Hence
Jur (s w) = 81(5 0l 1 [T2(bw) dia(bw)\ [qiKi(s)er
< = .
[u2 (-, w) = 82(-,w) o0 Fl\oiw) Tabw) \@K@e
Therefore,
lui(r,w) —81(w)lleo < MKI(S)er + 2KC2(S)er
[ua (-, w) = 82(-,w)[lee < 3K (S)er + aka(S) e
where
- T22(b,w - 071(b,w - 012(b,w . Ti1(b,w
fm g 220 g g ) g 2200 gy g, g T,
Thus, the system (1.1) is U-H-R stable. Further, if we set ¢; = 1,7 = 1, 2, then the system (1.1)
is G-U-H-R stable. O

6 Illustrative examples

Let Q = (—o00,0) be endowed with the usual o-algebra consisting of Lebesgue measurable
subsets of (—oo, 0). Consider the separable Banach space

©:COZ{U:(Ula027"' 7Un7”') : Un*)() as Tl*)OO}
endowed with
[vllo = sup [p"].
n>1
(I Hlustration of Theorem 4.2.

Let us take o; = ~%— )%i,i: 1,2 where |@w;| < % and a > 0.

N(b, s
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For (s,w) € J x Q, consider the nonlinear functions f;, ¢ = 1,2 be defined by

w|(14]w]) " 'sb ™ (¢ w w|(1+]w]) ™" sin(s>" (¢,w
f1(s,81(s,w), 82(s, w),w )—{‘ KlO‘)"t(‘b)iS‘]—}—u]() b el Jog(b,ﬂlfm(g ))}n>1’

(6.1)
wl(1+]w —1 _ n si 2,n w
fa(s1(s.),82(5,0). ) = sty {1an ™" 1" () + et}

Firstly, we easily see that, the functions §;, ¢ = 1,2, satisfy (Al). Secondly, we can check that

”fl (gvﬁl(gaw)752(§vw)’w) - f1(§,t1 (g,w),tz(g,w),w)H

1 1
< JelHel gt (6, w) — o7 (6, )| + e g2 (6, w) — (s, ),

and
||f2(§751(§5W)752(§7w)7w) - f2(§,t1 (g,w),tz(g,w),w)H

1 1
< felCHell - lstn () — o7 (6, w)l| + e 2 (6, w) — 2 (s, w)]).

So, the hypotheses (A2) holds with

jw| (1 + Jw])~! Jw| (1 + Jw])~!

R . A— r = T T o U = 1727 f Q.
100(b, 0 + 1)’ 2r() 10N, 0, + 1) oree

%177,((.0) =

An application of Theorem 4.2, we deduce that system (1.1) with (6.1) has a unique random
solution (s, 57).
However,

Tii(b,w) =1—%;;(w)N(b,; + ;) — |ow;| N(b, ps) >0, i=1,2.

and

Therefore, Theorem 5.8 ensure that system (1.1) with f;, ¢ = 1,2, defined by (6.1) is U-H and
G-U-H stable. e
In addition, by letting Ki(s) = Ef , (X(c, a) " ) i = 1,2, and by [35, Lemma 2.18] we

have

FTITeOC (o) < Kile), i=1,2,

9t

So condition (3) of Theorem 5.9 is satisfied with KC;(¢) = Ej . . (X(g,a) z ) and q; = 1,

i = 1,2, It follows from Theorem 5.9 that the system (1.1) is U-H-R stable and consequently it
is G-U-H-R stable.

Ditrg

Remark 6.1. From C;(¢) = IE19 s (X(g,a) z ), i = 1,2, we say also the system (1.1) is
k-Mittag-Leffler-Ulam-Hyers and k-generalized Mittag-Leffler-Ulam-Hyers stable.

(IT) INustration of Theorem 4.3.

For (s,w) € J x Qand s; = {s""},, € ¢y, consider the nonlinear forcing terms,

fl (§751 (§7 w)a 52(§7 w)v w)

_ 2tan” !

( ) gin (w/2) {sm st (¢, w)| + log, (|s*"(s,w)| + 1) + ﬁ}nx
- (6.2)
f2(s, 81 (s, w), 82(s, w), w)

= el s {tan~! (| (5, w)]) + |57 (5, w)] cos2 (87 (5,)) + e } s
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Obviously, f;, (i = 1, 2) satisfy hypothesis (A1).
To illustrate (A3), lets € J and 5; = {s%"},, € S C ¢y, i = 1,2. Then

I71(ss1(w) (s @)l < 22 sin(w/2) (8" (. w)]| + |27 ()| 1), (63)

and
wl(e* = n n
26,81 5,w),m2(s,w), )| < iy (s (@)l + 27 (@) + 1), (6.4)
Therefore, (H3) is verified with o1 (¢, w) = szil@ sin(w/2) and @, (s, w) = % for all
(s, w) €T x Q.

Next, hypothesis (A4) is satisfied. Indeed, we recall that the Hausdorff MNC E in (cg, || - ||¢,)
can be computed by means of the formula

E(S) = lim sup [|(T—P,) vl ,

n—oo UGS

where S € P(c), P, represents the projection onto the linear span of the first n vectors in the
standard basis (see [5]).
Using (6.3) and (6.4) (see also Example in [42]), we get

E (i(s,5",5%) < Gi1(w)E(S") + Gip(w)E(S?), forall (g,w) €T x Q.
where

Gl,l(w) = lez(w) = Sin(w/2), Gz’l(w) = GLZ(UJ) = 1_|:)||w|, forall w € Q.

The conclusion of Teorem 4.3 implies that problem (1.1) with (6.2) has at least one solution
(s1,92).

7 Conclusion

The fractional Langevin system is a crucial mathematical model for describing the random mo-
tion of particles. Consequently, we investigated a class of tempered (%, ¢)-Caputo Langevin sys-
tems with random effects in a generalized separable Banach space. By employing the Bielecki-
type vector-valued norm, we established a new uniqueness criterion. Additionally, we imposed
rather mild assumptions to obtain a new existence result by utilizing a recent random version of
Sadovski’s fixed-point theorem. Furthermore, we have also established results on U-H, G-U-H,
U-H-R and G-U-H-R stability. As a result, numerous findings in the literature can be recovered
through our results.
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