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Abstract In this paper, upper and lower bounds for right eigenvalues of a quaternionic matrix
polynomials are derived. Then, localization theorems for right eigenvalues of a quaternionic
monic matrix polynomial are given. Finally, we give numerical examples to illustrate our results.

1 Introduction

The journey to understand and set limits for the eigenvalues of complex matrix polynomials be-
gan with the important work of Higham and Tisseur in 2003 [1]. Since then, many researchers
have explored this area, focusing on finding the bounds and locations of these eigenvalues (see,
for example, [2, 3, 4, 5, 6]). A key idea in this research is that for monic matrix polynomials, the
eigenvalues of their block companion matrix are exactly the same as the eigenvalues of the poly-
nomial itself. This fact helps a lot in finding upper and lower bounds by using different matrix
norms, which measure the size or behavior of matrices. Besides complex matrices, quaternionic
matrix polynomials have also become a topic of interest. These use quaternions—numbers with
special rules, discovered by Sir William Hamilton in 1843. Quaternions are useful in many ar-
eas, such as video games, 3D graphics, quantum science, and system control (see, for example,
[7, 8,9, 10, 11]). The block companion matrix for a monic quaternionic matrix polynomial
serves a similar purpose as in the complex case. It offers a structured approach for determining
bounds on eigenvalues by employing matrix inequalities and norms. Early research in this area
established initial upper and lower bounds for quaternionic eigenvalues (see [12, 13, 14]). Build-
ing on these foundational results, later studies, including those in (see [12, 15, 16, 17, 18]), have
refined and extended these bounds. The current work continues this progression by introduc-
ing explicit bounds and locations for the right eigenvalues of quaternionic matrix polynomials
through matrix norm-based techniques. Matrix norms are crucial tools in this analysis. They
allow for deriving bounds that are both mathematically rigorous and practical for computation.
By extending these methods to the quaternionic domain, researchers not only deepen our under-
standing of quaternionic eigenvalue problems but also offer new perspectives on complex matrix
polynomials. The relationship between a matrix polynomial and its block companion matrix
is particularly important because it enables the use of well-established techniques from matrix
analysis to address more complex problems. The localization theorem has also proven invaluable
in this field. It helps identify regions in the complex plane where eigenvalues are likely to be
found. Combined with the right spectral radius inequality, this theorem provides a robust frame-
work for exploring the spectral properties of quaternionic matrix polynomials. These methods
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not only aid in approximating eigenvalue locations but also establish bounds that are essential
for theoretical studies and practical applications. This line of research has relevance beyond pure
mathematics. For instance, in computer graphics, quaternions are widely used to represent rota-
tions. Understanding the spectral properties of quaternionic matrices can lead to more efficient
algorithms for rendering and animation. Similarly, in control theory, analyzing the stability of
systems involving quaternionic matrices often depends on eigenvalue bounds, enabling better
system design and optimization.

The paper is organized as follows: Section 2 reviews some existing results from references [12]
and [19]. Section 3 provides upper and lower bounds for right eigenvalues of quaternionic ma-
trix polynomials as well as quaternionic monic matrix polynomials. In Section 4, we discuss
the location of right eigenvalues of quaternionic monic matrix polynomials. Finally, Section 5
presents examples to illustrate our results.

2 Notation and preliminaries

Throughout the paper, R and C denote the fields of real and complex numbers, respectively. The
set of real quaternions is defined by

H = {qg = ap+ a1i + azj + azk : ap, a1, a3,a3 € R}

with i = j> = k? = ijk = —1. The conjugate of ¢ € H is ¢ = ag — a1i — a2j — a3k and the

modulus of q is |¢| = \/ a3 + a2 + a3 + a3. I(a) denotes the imaginary part of a € C. The real

part of a quaternion ¢ = ag + aji + azj + aszk is defined as R(q) = ag. The collection of all
n-column vectors with elements in H is denoted by H". For z € K", where K € {R, C, H}, the
transpose of x is z7. If x = [zy,...,x,]T, the conjugate of z is defined as 7 = [7y,...,T,]T
and the conjugate transpose of z is defined as ¥ = [zy,...,7,]. For x,y € H", the inner
product is defined as (x,y) = y*x and the norm of z is defined as ||z|, = \/{x,z). The sets
of m x n real, complex, and quaternionic matrices are denoted by M, x,(R), M, x»(C), and
M, xn(H), respectively. When m = n, these sets are denoted by M,,(K), K € {R,C,H}. For
A € M,,%,(K), the conjugate, transpose, and conjugate transpose of A are defined as A = (@),
AT = (aj;) € Myxm(K), and A” = (A)T € M« (K), respectively. The set

[ ={rcH:r=p"qpforall 0+#pc H}

is called an equivalence class of ¢ € H. We define the 2-matrix norm and Frobenius norm on
A € M, (H) by

[|A]] = sup{ Az . T € ]HI”} = ||A"||; and ||A||p = [trace(A" 4)] 12 respectively.

x#0 ]2 ’
Definition 2.1. Let A € M, (H). Then the right eigenvalues of A is defined as follows
A (A) = {NeH: Ay = y\ for some non-zero y € H"} .

Definition 2.2. Let x € H". Then x can be uniquely expressed as x = x| + xyj, where x1, 1, €
C™. Define the function ¢ : H" — C*™ by

fr:[xl‘|
—T

This function ¢ is an injective linear transformation from H" to C*™. The vector &, is called the
complex adjoint vector of x.

Definition 2.3. Let A € M,,(H). Then A can be uniquely expressed as A = Ay + Ayj, where
Ay, Ay € M, (C). Define the function x : M,,(H) — M, (C) by

A A

A R P ¥

The matrix x 4 is called the complex adjoint matrix of the quaternionic matrix A.
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Definition 2.4. Let L,,, (M,,,(C)) be the space of complex matrix polynomials of degree < m.
Then L € L,,(M>,(C)) is defined as

P(u) = xan',
=0

where A; € M,,(H), xa, € M, (H), and pu € C.

Let IL,,, (M,, (H)) be the space of right matrix polynomials over the skew field of quaternions.
Any element L € L,,, (M, (H)) (degree < m) is defined as

m

= ZAZN', (2.1)

where A; € M, (H),0 <i < m.

Definition 2.5. [12, Definition 4.1] Let L € L,,,(M,,(H)) be as in (2.1), and yn € H. Then p is
called a right eigenvalue of the polynomial L if

Agr + Ajxpp+ -+ Appzp™ =0
for some nonzero x € H", x is called the right eigenvector corresponding to right eigenvalue .
Furthermore, for § > 0, represent the open ball
D(0,0) ={NcH: |\ <6}
and the closed ball
D(0,6) ={ e H: |\ <}

‘We now revisit the following results, which serve as a foundation for the development of our
theory.

Lemma 2.6. [19, Theorem 4.1] Let A € M,,(H). Then x4 € M>,(C) and

|Az]l2 _ [Ixayll2

max max
a0 [zlla Iyl [lyll2
Theorem 2.7. [12, Lemma 3.5] Let A = (a;j) € M, (H). Then ||A]|, < ||A]|p.

3 Bounds for right eigenvalues of quaternionic matrix polynomials

If L(\)z = 0, that is, Aoz + Aj\x + A3\22 + - - - + A,, \™x = 0, then ) is not a right eigenvalue
problem for quaternionic matrix polynomial L(\). For example

Example 3.1. Let choose 2 x 2 quaternionic matrices Ay = [BI lj ,and A; = (1) ﬂ . Let
T = [él and A = i. Putting these values in (3.1), we get

Apx + Az = 0. (3.1)
However,

From (3.1) and (3.2), we observe that
Agr + A x # Apgx + Az .
Thus, A =i is not a right eigenvalue of Agz + Az A.

However, if P(u)&, = 0, then y is a right eigenvalue of quaternionic matrix polynomials.
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3.1 Upper Bounds for right eigenvalues of quaternionic matrix polynomials

In this section, we provide multiple upper bounds for the right eigenvalues of quaternionic monic
matrix polynomials in terms of 2-matrix norm and Frobenius norm.

Theorem 3.2. Let L(\) = Y. ) A;\" be a quaternionic matrix polynomial that satisfy the dom-
inant property

Am|la > [[Ailla; ¥Vi=0,1,2,--- ,m—1.
Then, every right eigenvalues p of L(\) satisfy the following inequality
| < 1+ [[Apllall(Am) oy @€ {2, F}.

Proof. Let p be a complex right eigenvalue of L(\) and let z € H" be a unit vector correspond-
ing to p. The conclusion is straightforward when || < 1. Therefore, we may assume |u| > 1.
Then, we have

IP(1)éella = [1(xao +xap+ -+ xa, ™ )la
IP()&lla = o™ [II(xaok™™ + xa, 8" ™™+ + xa,. )]l
m—1
m XA;&,
[[P()alla > |pl l|XA,,,£z||aIIZMmfl|Ia
=0

Since z is a unit vector, i.e., ||z||, = 1, then ||&;||o = 1. Hence,

m—1
m —1— XA,
I1P(1)élla = |u lI(XAm) Nt =10 1|a]-

i
Let j = m —¢. When i« = 0, then ; = m and when ¢ = m — 1, we have j = 1. The order of

summation can be reversed without altering the result. i.e., Z]l.:m P = ZT:I ik
I I

m
—1y- _ 1
PEEN = il 10can) ™ lZ" (1= lxanllallOran) ™l 3 o
L j=1 ]

_ — 1
lall(x4,.) 1Ha27j :
= ul

I1PElla > 1™ 1(xa,) "G 1= lIxa,,

Since

lu| =1

=1 1
gulj B

_ xanllallOca,) o

1PN > 1™ 3 1 o

1Pedl > IO i)
If @ = 2, then by Lemma 2.6, we get

1Pgls > MRS )y ) e3)
If « = F, then by Lemma 2.7, we have

IPWele > PGS,

PWelle > B TR i e G4

| =1
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From (3.3) and (3.4), we obtain

™ | [(Am) ]2
lu| =1

1P()ella > (1l = 1= [ Amllall(Am) =" lla] -

If || > 14 ||An|lall(Am) ~!|a, then we arrive at || P()€,||o > 0, which leads to a contradic-
tion. Hence

< T Al A e
If 1, pa, - - -, pn, are complex right eigenvalues of L()\), then
Ar(L(A) = [m] U [p2] U -+ - U [pn]-
Therefore
ul = 1p~ Aol < 1+ [[Amllall(Am) o
]

Theorem 3.3. Let L(\) = Ag+ AjA+ -+ + Ay 1 A™ 1+ IA\™ be a quaternionic monic matrix
polynomial. Denote,

N = max ||Ailla, @ €{2,F}.
0<i<m-—1

Then, every right eigenvalue of L(\) is lie in the open ball
D(O,T3) = {)\ S HH)\‘ < 7“3}, r3 =1+ N.

Proof. Let p be a complex right eigenvalue of L(\) and let z € H" be a unit vector correspond-
ing to . The conclusion is evident when |u| < 1. Thus, we can take || > 1 as our assumption.
Consequently, we get

IP()alla = [l(xay +xap+ -+ x11™)6ela
m—1
m XA7§1‘
1P(1)€ella > |u [|XI€$||Q_|ZMm_i||a]-
1=0

Since « is a unit vector, i.e., ||z|lo = 1, then ||&.|la = 1, |Ix7&zlla < lIxIllallézlla = 1, and
Ixa:ella < lIxaillalléella = [Ixa;lla- We get

m—1
XAl la
1Pl > |u™ [1 =S "uﬁni].
=0

If @ = 2, then by Lemma 2.6, we obtain

i m—1
m Az

PEels > e 13 A

Il

J J
= lul = ul
| N u|™
Plulelle = Jul™ 1= = ~1-N]. (3.5)

L e ]] g |

If « = F, then by Lemma 2.7, we have

1Pl > PGSR > D 1 =1 - ). (6
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From (3.5) and (3.6), we get

™
Il =1

IP(1)éella > | —1—N].

Thus, when || > 14+ N, we find ||L(1)€:]|« > 0, leading to a contradiction. Therefore, we
have

lu| <1+ N.

O

Theorem 3.4. Let L(\) = Ag+ A\ + -+ A, _1A™" ! + I\™ be a quaternionic monic matrix
polynomial. Denote,

M = max 2|\Ai|\a.

0<i<m—
Then, each right eigenvalue . of L(\) is approximated by

1 1/2
< 5 {1 lAnilla+ [0 = JAn-illa)? +4M] 7} a e {2, 7).

Proof. Let p be a complex right eigenvalue of L(\) and let z € H" be a unit vector correspond-
ing to . Let us suppose the contrary to derive a contradiction.

1
il > Al + [0 = Aol + 4207

1/2
2|/’L|717HA77L—1||()¢ > [(17‘|Am—l||a)2+4M] .

Squaring on both sides, we get

2
(20ul = A+ Anlla)} > (1= llAn-illa)® +4M

(|,LL| - 1)(‘:“’| - ||Am—l||a) -M > 0. (37)
Multiplying (3.7) by |u|™~! and then dividing by |u| — 1, we have

_ ™!
™ = || At falpl™ " = M
lu| =1

> 0. (3.8)

We know that,

ﬁ:ii > M%:M(1+Iul+--~+lulm2>

|Z:m_i > (|(Ao+ Arpe -+ Aot ) (3.9)
Also,

™ = [ Am—illalpl ™ < ™ + A ™ Do (3.10)

By (3.8), we obtain

3 "u/|m—1
0 < L mo_ Am, o m—1 _ )
Putting (3.9) and (3.10) in (3.8), we get

0 < |[(Ip™+ Ape1p™ Nalla = [[(Ao+ Atpp + -+ + A o™ )a|a
< (Ao + A+ 4 Apop™ )z 4 (A ™+ Tp™) 2|



632 Mohammad Arshad Ayyub Khan and Istkhar Ali

If « = 2, then by Lemma 2.6, we have

0 < lxap+xak+ A+ XA o™ 2 F X 1 X o = [P (1)l ]2

If @« = F, then by Lemma 2.7 we obtain,

Therefore, for
1 1/2
> 5 {1 Antlla+ [0 = Am-tlla)? +4M] 7,

the inequality ||P(u)&z||o > 0 holds, resulting in a contradiction. Hence, we get

1
< S0 ol + [ A1) + 421 )

m}

Theorem 3.5. Let L(\) = Ag+ A\ + -+ + A,y 1 A™ 1 + IA\™ be a quaternionic monic matrix
polynomial. Denote,

B = max ||Am—i — Am—i—illa, and A_; =0.

1<i<m
Then, each right eigenvalue p of L(\) is approximated by

1 1/2

Proof. Consider the quaternionic monic matrix polynomial
B(A) = (1= XN)LA) = —IN" T 4> (Aps — Apri)A™
i=0
Let 1 be a complex right eigenvalue of L(\) and let z € H" be a unit vector corresponding to .
Let us assume the opposite to reach a contradiction.
1 2 1/2
il > 5 {1 I = Al + [(U= 1 = Apealla)? +48)

1/2
2l = U+ T = Ailla) > [(1= 11T = Ay lla) +46].

Squaring on both sides, we have
(el =D (pl =1 = Amilla) =8 > 0. 3.11)

Multiplying (3.11) by |x/™! and then dividing by |u| — 1, we obtain

|m71

™ = 1T = Api|lalp™ " = B i > 0. (3.12)

Il =1

We know that,

|'rn—1

|M‘m—] -1

B\M

=17

m—1
6 |Z: -1 = H{(A'm—l - Am—Z) + (Am—Z - Am—3):u +oeeet (A2 - Al)'umiz}xHa' (313)

Also,

™ =11 = Apillalu™ ™" < IHIE™ + (= Ao ™ alla. (G.14)
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By (3.12), we obtain

™!
Il =1

0 < |,LL|m - HI - Am—] Ha|lu’|mil - /B

Substituting (3.13) and (3.14) in (3.12), we get

0 < [{In™ + (I = Ap—1)}ella = [{(Am—1 = Am—2) + (A2 = Am-s)p+ - + (A2 = A}zl
< (Aot = Apn) + (A — A+ -+ (A — AN 2+ (T = Ay )™ 4 T |-

If « = 2, then by Lemma 2.6, we have,

0 < IH{(XAm_1 = Xap 2) + Xy = Xap )i+ + (X1 = XA, D™+ xin™ 3l = [1Q(1)éx|2-

If @« = F, then by Lemma 2.7, we obtain,

It follows that if

1
|:u| > 5{1+‘|I_A7n—]”a+ [(1_HI_Am—]Ha)2+4ﬁ]l/2}a

then ||Q(u)&: ||« > 0, which leads to a contradiction. Therefore, we have

1 1/2
i < S {11 = Ancilla+ [(1= 1= Amalla)® +48]
O

Theorem 3.6. Let L(\) = Ag+ A\ + -+ A, _1A™ "1 + I\™ be a quaternionic monic matrix
polynomial. Denote,

v = max 1||Am,1Ai—Ai,1||a, and A_; =0.

0<i<m—

Then, each right eigenvalue p of L()\) satisfies

1
<5 (1+V1+%), ae{2,F}.

Proof. Consider the quaternionic monic matrix polynomial C'(\) = (IA— A,,,—1)L(\). Let p be
a complex right eigenvalue of L()\) and let z € H" be a unit vector corresponding to . Assume
the opposite is true to find a contradiction.

ol > 5 (1417 4)
2ul > 1+1+4y
2ul =1 > V1+4y.
Squaring on both sides, we have
lel(lul = 1) =~ > 0. (3.15)

Multiplying (3.15) by |u|™ and then dividing by (]| — 1), we obtain

™ =y Y (3.16)
Il =1
‘We know that,
lp|™ lu|™ =1 m—1
> v (L4l 4+ |
lul—1 =1 (A lud ™)

l|l’[|L_ 1 > || {(Am—lAO_A—l) +---+ (Am—lAm—] _Am—2),umil}x||a- (3.17)
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By (3.16), we have

m ™
0 < |yl +1—’7M_1~

Putting (3.17) in (3.16) we get

0< H{INMH}QUHa - || {(AmflAO - Afl) + (AmflAl - AO)M +o (AmflAmfl - Amfz)/‘m_l}xHa

If @ = 2, then by Lemma 2.6, we have,
0 < {Xan a0—a 1) F X(Ap 1 Ar— A+ A XA A=A "+ X &l = ([ H (1)Ex]2-
If « = F, then by Lemma 2.7, we get,

As aresult, when

> %(14-\/1-1-47),

we observe ||H (1)€z||o > 0, causing a contradiction. Hence, we have

lul < %(1+\/1+4y).

O

Theorem 3.7. Let L(\) = Ag+ AjA+ -+ + Ay 1 A™ 1+ IA\™ be a quaternionic monic matrix
1 1
polynomial. Let p,q > 1 such that ; + g = 1. Denote,

m—1 1/p
Ny = (ZIIAAIZ) :

i=0

m—1 1/p
N, = (ZIIAAIZ) :

i=1

Then, each right eigenvalue p of L()\) satisfies

| < (1+NHY, ae{2,F}.

Proof. Let ;1 be a complex right eigenvalue of L(\) and let z € H" be a unit vector correspond-
ing to p. Let us consider the negation to uncover a contradiction.

1
lul > (1+Ng)Ya
We have,

IP()&lla = [1(xay + XA+ + Xap 1™ 4+ x118™)E o

m—1
1P(1)élla = lIxr&alla =] Z 1 xaella-

i=0

Since z is a unit vector, i.e., ||z||o = 1, then ||&]|a = 1, [|x4:&2lla < 1IxA4;]lar and X a,8z]|a <

[Ixa0lla = [10can) ~HI"

m—1 /p m—1
POl > |u|(z||x,4i|z) (Zul”)
=0 =0

1/q
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If « = 2, then by Lemma 2.6, we get,

m—1 1/p m—1 1/q m—1 1/q
I1P()éll, > ul—(le&llé’) (ZIMI“’) =™ [1-N, (Zlul(lm”)
i=0 =0 i=0

1/q

HP(IU‘)&&HZ > ‘,u'|m lin ZLU"( Ma = |;L‘ |:1 — NPW] > 0.
7=1

If « = F, then by Lemma 2.7, we have,

0 < [[P(well < [IP(r)sall -

For |u| > (1 + NZ)'/4, the condition || P(u)&; || > 0 is satisfied, contradicting our assumption.
Hence |p1| < (1+ Ng)!'/%is the upper bound of L()). i

3.2 Lower Bounds for right eigenvalues of quaternionic matrix polynomials

In this section, we introduce various lower bounds for the right eigenvalues of quaternionic
monic matrix polynomials in terms of 2-matrix norm and Frobenius norm.

Theorem 3.8. Let L(\) = Ag+ A\ + -+ + Ay 1 A™ 1 4+ IA\™ be a quaternionic monic matrix
polynomial. Denote,

K; = (Ao)7'4; forall i=1,2,--- ,m—1.
Then, each right eigenvalue i of L(\) is approximated by
2
1+ [|Ki|lo + [(1 = [|K1|lo)? + 457]
where K,, = (Aog)~', M = max ||Ki||a, and o € {2, F}.

2<i<m

lul >

1727

Proof. Let p be a complex right eigenvalue of L(\) and let z € H" be a unit vector correspond-
ing to p. Assume the reverse to demonstrate a contradiction.

2
lul < ~ 12
1+ 1K Lo+ [(1 = [ [|0)? + 457)
~-1/2
0 LK+ [ Kl + 481]
|l 2
2 ~1/2
ik L 1Ko + [(1 = (1K |l)? + 487]
2 5 ~1/2
m—(1+\|K1Hoz) > [(1_||K1||a) +4M] .

Squaring on both sides, we have

) 2 b ~
<M|_(1+|Kl||a)> > (1= [Killa)” +4M

(1 - 1) (1 - |K1|a) N > 0. (3.18)
|| |l

m—1
Multiplying (3.18) by <1|> and dividing by <|1| — 1> , we obtain
2 I

1 m—1
1 m 1 m—1 . ()
<|> —1K1|]a <|> - M “1”7 > 0. (3.19)
p I ( B 1>
|l
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We know that,

(:A)M ] MW_M Ly
1) ( (1) )

R
ME?>> > |<K +Km1|1| -+K2<|;|>m_2>x|a.

1 m 1 m—
=™ =Kol =" < (I
I I I

|1l
Also,

By (3.19), we have

|| |l

0 < <l>m — 1K <1>ml — N (i)m]l

Putting (3.20) and (3.21) in (3.19), we get

1 1 1 1\™2
0 < ||(17m+K1 m71)$|‘a—” Km“‘Kmfl*—F—FKz () l‘Ha
0 J j 1

1 1 1 1
< | (Km B Ko K +Ium) 2l

If a = 2, then by Lemma 2.6, we obtain,

1 1 1
0 < |(XK,,L+XKM_,+---+XK, 1 1+><1)5x||2—|P< oo
[ [ e

If « = F, then by Lemma 2.7, we have,

Consequently, if
2
) ~11/2°
L+ (| K||a + [(1 = ||K1]|a)? + 4M]

1
then || P(—)&.||o > 0, which gives rise to a contradiction. Therefore,
W

2

> .
1+ [|Ki|[a + [(1 = [|Ki][a)? + 4M]

172

(3.20)

(3.21)

O

Theorem 3.9. Let L(\) = Ag+ A\ + -+ + A,y 1 A™ 1 + IA\™ be a quaternionic monic matrix

polynomial. Denote,

B = max ||K; — Kii1]|a, and Ky =0.
1<i<m

Then, each right eigenvalue p of L(\) is approximated by

2
lul = ae {2, F}.

~-1/2
L ([T = Kl + [(1= [T = Ki[]a)? + 48]
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Proof. Consider the quaternionic monic matrix polynomial

B()\) = (1 — )\)L()\) = Z(Amfi _ Amfifl))\m_i-
=0

Let 1 be a complex right eigenvalue of L(\) and let z € H" be a unit vector corresponding to .
Suppose the contrary statement to arrive at a contradiction.

2
L[ = Killo + [(1 = ([T = Ki]la)? +45]
}1/2

| <

1/2
2 2 3
Tl > 14 |[I = Killa + [(1 =[] = Kila)* + 48
2 ~11/2
m*(l‘f‘HI*KlHa) > [(1= |- Killa)* +45]) .

Squaring on both sides, we have

1 1 -
(|—1) <|—||I—K1|a)—ﬁ _— (3.22)
[ [

Multiplying (3.22) by |l\m*1 and then dividing by <|l| — 1), we get
p I

1

7|m—1

1 1 i
=™ = |l = Killal= """ = § - > 0. (3.23)
7 7

We know that,

1
o
-

I

|m—1 |l‘m—] -1

N » 1 1.
> f _6<1+|u|+”'+|u|m 2)
|=—1
7

5
|1|m—l
~ 1 1
B 2 1~ R 7 (0 K e+ (B = Ko o (3240)
-1
I

Also,

1 1 1 1
L = b < |{I+<I—Kl> m_l}m. (3.25)
7 1 u u

By (3.23), we obtain
1

‘7 m—1

1, 1, =
0 < |=|" ==Kl =FL
[t 1t

1
|=|—1
1
Substituting (3.24) and (3.25) in (3.23), we have

1 1 1, 1.
0< H{I; + ([*Kl)ﬁ}l"”a = [H{ (&K, *K2)|;| 2+ (K, *K3)\;| St (Ko — K1 32 |a

1 1 1 1
< {I# + (I_Kl)um_l - (K, —K2)|;|m_2+ (K2 —K3)|;|m_3+“'+ (Km —Km+1}$||a~
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If « = 2, then by Lemma 2.6, we get,

1 1 1 m—2 1 m—3
0< XI; + X(I—KI)W - X(Klsz)‘;| + X(K27K3)|;‘ +o o X (KK ( S22

- ||Q(%)£m\|z.

If « = F, then by Lemma 2.7, we have

1 1
0 < |[Q(=)&|l2 < [IQ(=)& ]| F-
1Q()&ll2 < 1Q( )1
For
2
lul < —75
LT = Killo + [(1 = (I = Killa)? + 45]
the inequality HQ(l)gm || > 0 holds true, leading to a contradiction. Hence, we obtain
u

2
) ~1/2°
1+ [ = Kyllo + [(1 = [T = Ki]|a)? +45]

lul >

O

Theorem 3.10. Let L()\) = Ao+ A A+ -+ A, A"~ + I\™ be a quaternionic monic matrix
polynomial. Denote,

¥ = max ||KiK; — Kiti||a, and Kpi = 0.

1<i<m
Then, each right eigenvalue i of L(\) is bounded below by

2
> T . =
R I ]
Proof. Consider the quaternionic monic matrix polynomial C'(\) = (IA— A,,,—1)L()). Let 1 be

a complex right eigenvalue of L(\) and let z € H" be a unit vector corresponding to . Assume
the opposite and prove it leads to a contradiction.

ae{2,F}.

2
< -
il 1+vVit4y

2
il 1+/1+45

i—l > 1447

Il

Squaring on both sides, we get
1 1 .
|<|1>7 > 0. (3.26)
o\
. 1 L 1
Multiplying (3.26) by |—|™ and then dividing by | |—| — 1 |, we have
I I

1 ‘7’”’7,

It =7 F— >0 (3.27)
=11
I
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We know that,

By (3.27), we get

Putting (3.28) in (3.27), we obtain

1 1
0 < |{ mﬂ}xna—||{(K1Km—KmH>+<K1KmI—Km)u+.--+(K1K1—K2)Mm_

1}x||a

1
< |{ T+l (K]Kl K2)’um 1 +"'+(K1K’rn_Km+l)}'r||a~

If @ = 2, then by Lemma 2.6, we have,

1 1
0 < ||{XIW+X(KIKIKﬁum_l+--~+x<K]KmK,,,M}fz|z=|H< olla

If « = F, then by Lemma 2.6, we get,

When
|M| < #
1++/1T+475

1
the condition 0 < ||H (—)&,||« is fulfilled, creating a contradiction. Therefore, we have
W

2

>
iz e

4 Location of right eigenvalues of quaternionic monic matrix polynomials

In this section, we find the location of right eigenvalues for quaternionic monic matrix polyno-
mials.

Theorem 4.1. Let L(\) = Ay + A\ +---+ A,,_1A™~! + I\™ be a quaternionic monic matrix
polynomial. Then, every right eigenvalues of L(\) lie in the closed ball

D(0,r) ={Xx e H| |A\| <m},
where | = max{1, ¢} and ¢ # 1 is the positive root of the equation
A (14 N)A™ + N =0.

We use the definition of NV, from Theorem 3.3.
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Proof. Let p be a complex right eigenvalue of L(\) and let z € H" be a unit vector correspond-
ing to . When || < 1, the conclusion becomes clear. Hence, assuming || > 1, we obtain the
following.

1P()éalla = [1(xag +xap+ -+ x11"™)&lla
m—1

HP(N)fr”a > Ixer™Ella — || Z XA 1 x|l
i=0
m—1 4

PGEN. > Tl — 3 Il ha&olla:
=0

Since x is a unit vector, i.e., ||z|lo = L, then ||&:]|o = 1, |IxXr&ella < lIxsllallézlle = 1, and
IIxa,&alla < [Ixa;llalléella = lIxa,|lo. Hence, we get

o

m—1
1Pl = Iu™alla = 3 lllxa,
=0

If @« = 2, then by Lemma 2.6, we have

m—1
1Pl = lul™ =D 1 Aill2|pl
i=0
(S " -1 _ 1
HP(IU’)SCEHQ > |/J‘|m_NZ|:u’|l:|M|m_N |M‘_1 = |,u|_1[|/1"m+1_<1+N)|/J"m+N}
i=0

If « = F, then by Lemma 2.7, we get

1P(n)allr = [IP(1)éall2 = [lpal™ = (14 N) ™ + NJ.

lul =1
Therefore, we obtain

1
lu| =1

||P(M)£w||a > “M‘erl _ (1 +N)|mm +N].

Note that the polynomial
fO) = AT (1 NN+ N

has exactly two positive real roots, 1 and § # 1, as determined by Descartes’ Rule of signs and
f£(0) > 0. It follows that |f(\)| > 0 holds for all A > max{d, 1}. Therefore, for |u| > 7, we
arrive at || L(p)&z||o > 0, which leads to a contradiction. m|

We investigate the location of right eigenvalues for quaternionic monic matrix polynomials
in terms of norm of matrix difference.

Theorem 4.2. Let L(\) = Ag+ AjA+ -+ + Ay 1 A™ 1+ IA\™ be a quaternionic monic matrix
polynomial. Denote,

N = max ||Am—i — Am—i_tlla, A_1 =0 and o € {2,F}.

0<i<m
Then, all right eigenvalues of L(\) are contained in the open ball D(0,r4), where 4 = 1 + N.

Proof. Consider the quaternionic monic matrix polynomial

B(A) = (1=XNL\) =-IN"" 4+ > (Api = Api o)A
=0
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Let 1 be a complex right eigenvalue of L()) and let 2 € H” be a unit vector corresponding to
1. The conclusion is obvious under the condition || < 1. Accordingly, let us consider |u| > 1.
Then, we derive

1R Xalla = NOre™ ™+ (Xan—s = XA )™ éalla
=0
m
m (XAmfi — XA _im )gz
Q) Xalla = |4 ! [|X15w|(x_|z it o] -
=0

Since x is a unit vector, i.e., ||z||, = 1, then ||xz|la = L, [|x1zlla < lIx1llalléz]la = 1, and
x4 6ella < lIxallallézlla = lIXa;|la- Thus,

Wl > um [uZ”(XAm-i—XAM,>|a].
=0

|N|i+l

If @ = 2, then by Lemma 2.6, we get

\%

r m
m H(XAm—-; — XA, i )||2
1Q(u)éallz = |u™* {13 i
L =0

C o
QW = [u™ ! [1=NY ——
-
[ > 1 N |Mm+1 B
. MmNy —— | = (™ |1 — = —1-NJ.
QW& > |ul _ ;WVH |l P |M|_1[Iu| ]

Therefore, we have

lQelh = My -1- 5
Wzl > e (|1l ]
If « = F, then by Lemma 2.7. We obtain
Mm+1 5
Qe > lIQUEll = 5 [l — 1~ 7.

By applying Theorem 3.3 to the polynomial B()\) and noting that each eigenvalue of L()) is
also an eigenvalue of B(\), we have the conclusion. Therefore, we have

‘m+l

QWell. > #

=1 =1 A

Hence, for |u| > 1+N, we get ||Q(u)&,|lo > 0, yielding a contradiction. Therefore, |u| < 1+N.

O

S Numerical examples

In this section, we give some numerical examples to illustrate our results.

Example 5.1. Consider L € L, (M, (H)) of the form

L()\) = AQ/\2+A|)\+A0,
where
Ao = 1+1i 1+f A = 2+i 2_T Cand Ay — 11+.21+'3J+k 7+3l'—,]'+8k
1 1-i 2 1-i 1—8i—3j—7k 9+5i+j—k
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Therefore, we have
[|Ao|l2 = 2.5887, ||Ai||2 = 3.8555, ||Az||» = 20.572, ||Ao||r = 3.7417,

[ A]| 7 = 5.6569, || 2| = 31.2730, [|(A2) "' = 0.1874, [|(42)~"[l> = 0.1233,

Substituting these values in || Ay, ||o > [|Ailla, Vi=0,1,--- ;m — 1, where o = {2, F'}. Then,
we have right spectrum of L(\) as

Ar(L(X)) = [0.0534—0.3324i] U[0.053440.3324i] U[—0.1816 — 0.2995i] U[—0.1816 +-0.2995i]

U[0.2683 + 0.0892i] U [0.2683 — 0.0892i] U [—0.2487 — 0.0529i] U [—0.2487 + 0.0529i].

|1l = 0.3367, |uz] = 0.3503, |us3| = 0.2827, and |ua| = 0.2543. By putting these values,
Theorem 3.2 is verified.

Example 5.2. Consider the quaternionic monic matrix polynomial

L()\) = /\2+A1)\+A0,
where
1+i—j+k j+k 1 i
Ag= | TEEIRRITRL A =
7-k 2+j i k
Therefore, we have
0 0 1 0
o _ 0 L | 0 0 0 1
P-4 —A| [14+i-j+k j+k 1 i
7—-k 24+j j k
Now the complex adjoint matrix of Ao, 4, and C), are as follows
1+i 0 —1+i 1+i 1 i 0 O
7 2 —i 1 10 0 1 —i
M= c1+i o 1-i 0 DT o 01 il
—i -1 7 2 -1 i 1 O
[0 0 1 0 0 0 0 O]
0 0 0 1 0 0O 0 O
1+i 0 1 i —-14+i 1+i 0 O
and 7 2 0 O —i 1 1 i
X =19 O 0 0 0 0 1 0
0 0 0 O 0 0 0 1
1+i -14+4i 0 0 1-i 0 1 —i
—i -1 -1 i 7 2 0 0}

Then, we have right spectrum of L()) as
A (L) = [2.5902 + 1.0966i] U [—1.8931 + 0.7999i] U [—0.3093 + 1.2446i] U [0.6122 + 1.1712i].
Also, we obtain

[[4o]l2 = 7.7061, [| 4|2 =2, || Aol = 110454, [|Ai[|r =3, and max )IM =2.8128.
JEN(L

lui| = 2.8128, |po| = 2.0552, |u3| = 1.2825, and |pus] = 1.3216.

Putting these values into Theorem 3.3, and Theorem 3.4, verifies both.

Let K; = (Ag)'4;, Vi=1,2,---,m—1.
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(XAo)il =

—0.0417 0.1250 — 0.0417i  0.2083 4+ 0.0833i —0.0417 + 0.0417i
—0.2083 4+ 0.0417i 0.0833 4-0.1667i —0.6250 — 0.2917i 0.0833
—0.2083 4 0.0833i 0.0417 4+ 0.0417i —0.0417 0.1250 4 0.0417i

0.6250 — 0.2917i —0.0833 —0.2083 — 0.04171  0.0833 — 0.1667i

lxz 12 = 1(xa,) " xa, ||z = 1.1438.

Hence, ||K1||» = ||(Ao) "' A|l = 1.1438, and || K1 ||r = ||(Ao) "' A||r = 1.4860. By substi-
tuting these values, Theorem 3.8 is verified.
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