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Abstract In this paper, upper and lower bounds for right eigenvalues of a quaternionic matrix
polynomials are derived. Then, localization theorems for right eigenvalues of a quaternionic
monic matrix polynomial are given. Finally, we give numerical examples to illustrate our results.

1 Introduction

The journey to understand and set limits for the eigenvalues of complex matrix polynomials be-
gan with the important work of Higham and Tisseur in 2003 [1]. Since then, many researchers
have explored this area, focusing on finding the bounds and locations of these eigenvalues (see,
for example, [2, 3, 4, 5, 6]). A key idea in this research is that for monic matrix polynomials, the
eigenvalues of their block companion matrix are exactly the same as the eigenvalues of the poly-
nomial itself. This fact helps a lot in finding upper and lower bounds by using different matrix
norms, which measure the size or behavior of matrices. Besides complex matrices, quaternionic
matrix polynomials have also become a topic of interest. These use quaternions—numbers with
special rules, discovered by Sir William Hamilton in 1843. Quaternions are useful in many ar-
eas, such as video games, 3D graphics, quantum science, and system control (see, for example,
[7, 8, 9, 10, 11]). The block companion matrix for a monic quaternionic matrix polynomial
serves a similar purpose as in the complex case. It offers a structured approach for determining
bounds on eigenvalues by employing matrix inequalities and norms. Early research in this area
established initial upper and lower bounds for quaternionic eigenvalues (see [12, 13, 14]). Build-
ing on these foundational results, later studies, including those in (see [12, 15, 16, 17, 18]), have
refined and extended these bounds. The current work continues this progression by introduc-
ing explicit bounds and locations for the right eigenvalues of quaternionic matrix polynomials
through matrix norm-based techniques. Matrix norms are crucial tools in this analysis. They
allow for deriving bounds that are both mathematically rigorous and practical for computation.
By extending these methods to the quaternionic domain, researchers not only deepen our under-
standing of quaternionic eigenvalue problems but also offer new perspectives on complex matrix
polynomials. The relationship between a matrix polynomial and its block companion matrix
is particularly important because it enables the use of well-established techniques from matrix
analysis to address more complex problems. The localization theorem has also proven invaluable
in this field. It helps identify regions in the complex plane where eigenvalues are likely to be
found. Combined with the right spectral radius inequality, this theorem provides a robust frame-
work for exploring the spectral properties of quaternionic matrix polynomials. These methods
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not only aid in approximating eigenvalue locations but also establish bounds that are essential
for theoretical studies and practical applications. This line of research has relevance beyond pure
mathematics. For instance, in computer graphics, quaternions are widely used to represent rota-
tions. Understanding the spectral properties of quaternionic matrices can lead to more efficient
algorithms for rendering and animation. Similarly, in control theory, analyzing the stability of
systems involving quaternionic matrices often depends on eigenvalue bounds, enabling better
system design and optimization.
The paper is organized as follows: Section 2 reviews some existing results from references [12]
and [19]. Section 3 provides upper and lower bounds for right eigenvalues of quaternionic ma-
trix polynomials as well as quaternionic monic matrix polynomials. In Section 4, we discuss
the location of right eigenvalues of quaternionic monic matrix polynomials. Finally, Section 5
presents examples to illustrate our results.

2 Notation and preliminaries

Throughout the paper, R and C denote the fields of real and complex numbers, respectively. The
set of real quaternions is defined by

H = {q = a0 + a1i+ a2j+ a3k : a0, a1, a2, a3 ∈ R}

with i2 = j2 = k2 = ijk = −1. The conjugate of q ∈ H is q = a0 − a1i − a2j − a3k and the

modulus of q is |q| =
√

a2
0 + a2

1 + a2
2 + a2

3. ℑ(a) denotes the imaginary part of a ∈ C. The real
part of a quaternion q = a0 + a1i + a2j + a3k is defined as ℜ(q) = a0. The collection of all
n-column vectors with elements in H is denoted by Hn. For x ∈ Kn, where K ∈ {R,C,H}, the
transpose of x is xT . If x = [x1, . . . , xn]T , the conjugate of x is defined as x = [x1, . . . , xn]T

and the conjugate transpose of x is defined as xH = [x1, . . . , xn]. For x, y ∈ Hn, the inner
product is defined as ⟨x, y⟩ = yHx and the norm of x is defined as ∥x∥2 =

√
⟨x, x⟩. The sets

of m × n real, complex, and quaternionic matrices are denoted by Mm×n(R), Mm×n(C), and
Mm×n(H), respectively. When m = n, these sets are denoted by Mn(K), K ∈ {R,C,H}. For
A ∈ Mm×n(K), the conjugate, transpose, and conjugate transpose of A are defined as A = (aij),
AT = (aji) ∈ Mn×m(K), and AH = (A)T ∈ Mn×m(K), respectively. The set

[q] = {r ∈ H : r = ρ−1 q ρ for all 0 ̸= ρ ∈ H}

is called an equivalence class of q ∈ H. We define the 2-matrix norm and Frobenius norm on
A ∈ Mn(H) by

||A||2 = sup
x̸=0

{
∥Ax∥2

∥x∥2
: x ∈ Hn

}
= ∥AH∥2 and ||A||F =

[
trace(AHA)

]1/2
, respectively.

Definition 2.1. Let A ∈ Mn(H). Then the right eigenvalues of A is defined as follows

Λr(A) = {λ ∈ H : Ay = yλ for some non-zero y ∈ Hn} .

Definition 2.2. Let x ∈ Hn. Then x can be uniquely expressed as x = x1 + x2j, where x1, x2 ∈
Cn. Define the function ξ : Hn → C2n by

ξx =

[
x1

−x2

]
.

This function ξ is an injective linear transformation from Hn to C2n. The vector ξx is called the
complex adjoint vector of x.

Definition 2.3. Let A ∈ Mn(H). Then A can be uniquely expressed as A = A1 + A2j, where
A1, A2 ∈ Mn(C). Define the function χ : Mn(H) → M2n(C) by

χA =

[
A1 A2

−A2 A1

]
.

The matrix χA is called the complex adjoint matrix of the quaternionic matrix A.
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Definition 2.4. Let Lm(M2n(C)) be the space of complex matrix polynomials of degree ≤ m.
Then L ∈ Lm(M2n(C)) is defined as

P (µ) =
m∑
i=0

χAi
µi,

where Ai ∈ Mn(H), χAi ∈ M2n(H), and µ ∈ C.

Let Lm(Mn(H)) be the space of right matrix polynomials over the skew field of quaternions.
Any element L ∈ Lm(Mn(H)) (degree ≤ m) is defined as

L(λ) =
m∑
i=0

Aiλ
i, (2.1)

where Ai ∈ Mn(H), 0 ≤ i ≤ m.

Definition 2.5. [12, Definition 4.1] Let L ∈ Lm(Mn(H)) be as in (2.1), and µ ∈ H. Then µ is
called a right eigenvalue of the polynomial L if

A0x+A1xµ+ · · ·+Amxµm = 0

for some nonzero x ∈ Hn, x is called the right eigenvector corresponding to right eigenvalue µ.

Furthermore, for δ ≥ 0, represent the open ball

D̃(0, δ) = {λ ∈ H : |λ| < δ}

and the closed ball

D(0, δ) = {λ ∈ H : |λ| ≤ δ}.

We now revisit the following results, which serve as a foundation for the development of our
theory.

Lemma 2.6. [19, Theorem 4.1] Let A ∈ Mn(H). Then χA ∈ M2n(C) and

max
||x||2 ̸=0

||Ax||2
||x||2

= max
||y||2 ̸=0

||χAy||2
||y||2

.

Theorem 2.7. [12, Lemma 3.5] Let A = (aij) ∈ Mn(H). Then ||A||2 ≤ ||A||F .

3 Bounds for right eigenvalues of quaternionic matrix polynomials

If L(λ)x = 0, that is, A0x+A1λx+A2λ
2x+ · · ·+Amλmx = 0, then λ is not a right eigenvalue

problem for quaternionic matrix polynomial L(λ). For example

Example 3.1. Let choose 2 × 2 quaternionic matrices A0 =

[
−i 0
0 k

]
, and A1 =

[
1 0
0 1

]
. Let

x =

[
j
0

]
and λ = i. Putting these values in (3.1), we get

A0x+A1λx = 0. (3.1)

However,

A0x+A1xλ ̸= 0. (3.2)

From (3.1) and (3.2), we observe that

A0x+A1λx ̸= A0x+A1xλ.

Thus, λ = i is not a right eigenvalue of A0x+A1xλ.

However, if P (µ)ξx = 0, then µ is a right eigenvalue of quaternionic matrix polynomials.
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3.1 Upper Bounds for right eigenvalues of quaternionic matrix polynomials

In this section, we provide multiple upper bounds for the right eigenvalues of quaternionic monic
matrix polynomials in terms of 2-matrix norm and Frobenius norm.

Theorem 3.2. Let L(λ) =
∑m

i=0 Aiλ
i be a quaternionic matrix polynomial that satisfy the dom-

inant property

||Am||α > ||Ai||α, ∀ i = 0, 1, 2, · · · ,m− 1.

Then, every right eigenvalues µ of L(λ) satisfy the following inequality

|µ| < 1 + ||Am||α||(Am)−1||α, α ∈ {2, F}.

Proof. Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector correspond-
ing to µ. The conclusion is straightforward when |µ| ≤ 1. Therefore, we may assume |µ| > 1.
Then, we have

||P (µ)ξx||α = ||(χA0 + χA1µ+ · · ·+ χAmµm)ξx||α
||P (µ)ξx||α = |µ|m

[
||(χA0µ

−m + χA1µ
1−m + · · ·+ χAm)ξx||α

]
||P (µ)ξx||α ≥ |µ|m

[
||χAm

ξx||α − ||
m−1∑
i=0

χAiξx

µm−1 ||α

]
.

Since x is a unit vector, i.e., ||x||α = 1, then ||ξx||α = 1. Hence,

||P (µ)ξx||α ≥ |µ|m
[
||(χAm)−1||−1

α − ||
m−1∑
i=0

χAi

µm−1 ||α

]
.

Let j = m − i. When i = 0, then j = m and when i = m − 1, we have j = 1. The order of

summation can be reversed without altering the result. i.e.,
∑1

j=m

1
|µ|j

=
∑m

j=1
1

|µ|j
.

||P (µ)ξx||α ≥ |µ|m||(χAm)−1||−1
α

1 − ||χAm ||α||(χAm)−1||α
m∑
j=1

1
|µ|j


||P (µ)ξx||α > |µ|m||(χAm

)−1||−1
α

1 − ||χAm
||α||(χAm

)−1||α
∞∑
j=0

1
|µ|j

 .

Since
∞∑
j=0

1
|µ|j

=
1

|µ| − 1

||P (µ)ξx||α ≥ |µ|m||(χAm)−1||−1
α

[
1 − ||χAm

||α||(χAm
)−1||α

|µ| − 1

]
||P (µ)ξx||α ≥ |µ|m||(χAm)−1||−1

α

|µ| − 1
[
|µ| − 1 − ||χAm ||α||(χAm)−1||α

]
.

If α = 2, then by Lemma 2.6, we get

||P (µ)ξx||2 ≥
|µ|m||(Am)−1||−1

2
|µ| − 1

[
|µ| − 1 − ||Am||2||(Am)−1||2

]
. (3.3)

If α = F , then by Lemma 2.7, we have

||P (µ)ξx||F ≥ ||P (µ)ξx||2

||P (µ)ξx||α ≥
|µ|m||(Am)−1||−1

2
|µ| − 1

[
|µ| − 1 − ||Am||2||(Am)−1||2

]
. (3.4)
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From (3.3) and (3.4), we obtain

||P (µ)ξx||α ≥ |µ|m||(Am)−1||−1
α

|µ| − 1
[
|µ| − 1 − ||Am||α||(Am)−1||α

]
.

If |µ| > 1 + ||Am||α||(Am)−1||α, then we arrive at ||P (µ)ξx||α > 0, which leads to a contradic-
tion. Hence

|µ| < 1 + ||Am||α||A−1
m ||α.

If µ1, µ2, · · · , µn are complex right eigenvalues of L(λ), then

Λr(L(λ)) = [µ1] ∪ [µ2] ∪ · · · ∪ [µn].

Therefore

|µ| = |ρ−1λρ| < 1 + ||Am||α||(Am)−1||α.

Theorem 3.3. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Denote,

N = max
0≤i≤m−1

||Ai||α, α ∈ {2, F}.

Then, every right eigenvalue of L(λ) is lie in the open ball

D(0, r3) = {λ ∈ H||λ| < r3}, r3 = 1 +N.

Proof. Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector correspond-
ing to µ. The conclusion is evident when |µ| ≤ 1. Thus, we can take |µ| > 1 as our assumption.
Consequently, we get

||P (µ)ξx||α = ||(χA0 + χA1µ+ · · ·+ χIµ
m)ξx||α

||P (µ)ξx||α ≥ |µ|m
[
||χIξx||α − ||

m−1∑
i=0

χAi
ξx

µm−i
||α

]
.

Since x is a unit vector, i.e., ||x||α = 1, then ||ξx||α = 1, ||χIξx||α ≤ ||χI ||α||ξx||α = 1, and
||χAiξx||α ≤ ||χAi ||α||ξx||α = ||χAi ||α. We get

||P (µ)ξx||α ≥ |µ|m
[

1 −
m−1∑
i=0

||χAi ||α
|µ|m−i

]
.

If α = 2, then by Lemma 2.6, we obtain

||P (µ)ξx||2 ≥ |µ|m
[

1 −
m−1∑
i=0

||Ai||2
|µ|m−i

]

||P (µ)ξx||α ≥ |µ|m
1 −N

m∑
j=1

1
|µ|j

 > |µ|m
1 −N

∞∑
j=1

1
|µ|j


||P (µ)ξx||2 ≥ |µ|m

[
1 − N

|µ| − 1

]
=

|µ|m

|µ| − 1
[|µ| − 1 −N ] . (3.5)

If α = F , then by Lemma 2.7, we have

||P (µ)ξx||F ≥ ||P (µ)ξx||2 ≥ |µ|m

|µ| − 1
[|µ| − 1 −N ] . (3.6)



RIGHT EIGENVALUES OF QUATERNIONIC 631

From (3.5) and (3.6), we get

||P (µ)ξx||α ≥ |µ|m

|µ| − 1
[|µ| − 1 −N ] .

Thus, when |µ| ≥ 1 + N, we find ||L(µ)ξx||α > 0, leading to a contradiction. Therefore, we
have

|µ| < 1 +N.

Theorem 3.4. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Denote,

M = max
0≤i≤m−2

||Ai||α.

Then, each right eigenvalue µ of L(λ) is approximated by

|µ| ≤ 1
2

{
1 + ||Am−1||α +

[
(1 − ||Am−1||α)2 + 4M

]1/2
}
, α ∈ {2, F}.

Proof. Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector correspond-
ing to µ. Let us suppose the contrary to derive a contradiction.

|µ| >
1
2

{
1 + ||Am−1||α +

[
(1 − ||Am−1||α)2 + 4M

]1/2
}

2|µ| − 1 − ||Am−1||α >
[
(1 − ||Am−1||α)2 + 4M

]1/2
.

Squaring on both sides, we get

{2|µ| − (1 + ||Am−1||α)}
2

> (1 − ||Am−1||α)2 + 4M

(|µ| − 1)(|µ| − ||Am−1||α)−M > 0. (3.7)

Multiplying (3.7) by |µ|m−1 and then dividing by |µ| − 1, we have

|µ|m − ||Am−1||α|µ|m−1 −M
|µ|m−1

|µ| − 1
> 0. (3.8)

We know that,

M
|µ|m−1

|µ| − 1
> M

|µ|m−1 − 1
|µ| − 1

= M(1 + |µ|+ · · ·+ |µ|m−2)

M
|µ|m−1

|µ| − 1
≥ ||(A0 +A1µ+ · · ·+Am−2µ

m−2)x||α. (3.9)

Also,

|µ|m − ||Am−1||α|µ|m−1 ≤ ||(Iµm +Am−1µ
m−1)x||α. (3.10)

By (3.8), we obtain

0 < |µ|m − ||Am−1||α|µ|m−1 −M
|µ|m−1

|µ| − 1
.

Putting (3.9) and (3.10) in (3.8), we get

0 < ||(Iµm +Am−1µ
m−1)x||α − ||(A0 +A1µ+ · · ·+Am−2µ

m−2)x||α
≤ ||(A0 +A1µ+ · · ·+Am−2µ

m−2)x+ (Am−1µ
m−1 + Iµm)x||α.



632 Mohammad Arshad Ayyub Khan and Istkhar Ali

If α = 2, then by Lemma 2.6, we have

0 ≤ ||χA0 + χA1µ+ · · ·+ χAm−2µ
m−2 + χAm−1µ

m−1 + χIµ
m)ξx||α = ||P (µ)ξx||2.

If α = F , then by Lemma 2.7 we obtain,

0 < ||P (µ)ξx||2 ≤ ||P (µ)ξx||F .

Therefore, for

|µ| >
1
2

{
1 + ||Am−1||α +

[
(1 − ||Am−1||α)2 + 4M

]1/2
}
,

the inequality ||P (µ)ξx||α > 0 holds, resulting in a contradiction. Hence, we get

|µ| ≤ 1
2

{
1 + ||Am−1||α +

[
(1 − ||Am−1||α)2 + 4M

]1/2
}
.

Theorem 3.5. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Denote,

β = max
1≤i≤m

||Am−i −Am−i−1||α, and A−1 = 0.

Then, each right eigenvalue µ of L(λ) is approximated by

|µ| ≤ 1
2

{
1 + ||I −Am−1||α +

[
(1 − ||I −Am−1||α)2 + 4β

]1/2
}
, α ∈ {2, F}.

Proof. Consider the quaternionic monic matrix polynomial

B(λ) = (1 − λ)L(λ) = −Iλm+1 +
m∑
i=0

(Am−i −Am−i−1)λ
m−i.

Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector corresponding to µ.
Let us assume the opposite to reach a contradiction.

|µ| >
1
2

{
1 + ||I −Am−1||α +

[
(1 − ||I −Am−1||α)2 + 4β

]1/2
}

2|µ| − (1 + ||I −Am−1||α) >
[
(1 − ||I −Am−1||α)2 + 4β

]1/2
.

Squaring on both sides, we have

(|µ| − 1)(|µ| − ||I −Am−1||α)− β > 0. (3.11)

Multiplying (3.11) by |µ|m−1 and then dividing by |µ| − 1, we obtain

|µ|m − ||I −Am−1||α|µ|m−1 − β
|µ|m−1

|µ| − 1
> 0. (3.12)

We know that,

β
|µ|m−1

|µ| − 1
> β

|µ|m−1 − 1
|µ| − 1

= β(1 + |µ|+ · · ·+ |µ|m−2)

β
|µ|m−1

|µ| − 1
≥ ||{(Am−1 −Am−2) + (Am−2 −Am−3)µ+ · · ·+ (A2 −A1)µ

m−2}x||α. (3.13)

Also,

|µ|m − ||I −Am−1||α|µ|m−1 ≤ ||{Iµm + (I −Am−1)µ
m−1}x||α. (3.14)
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By (3.12), we obtain

0 < |µ|m − ||I −Am−1||α|µ|m−1 − β
|µ|m−1

|µ| − 1
.

Substituting (3.13) and (3.14) in (3.12), we get

0 < ||{Iµm + (I −Am−1)}x||α − ||{(Am−1 −Am−2) + (Am−2 −Am−3)µ+ · · ·+ (A2 −A1)µ
m−2}x||α

≤ ||{(Am−1 −Am−2) + (Am−2 −Am−3)µ+ · · ·+ (A2 −A1)µ
m−2 + (I −Am−1)µ

m−1 + Iµm}x||α.

If α = 2, then by Lemma 2.6, we have,

0 ≤ ||{(χAm−1 − χAm−2) + (χAm−2 − χAm−3)µ+ · · ·+ (χI − χAm−1)µ
m−1 + χIµ

m}ξx||2 = ||Q(µ)ξx||2.

If α = F , then by Lemma 2.7, we obtain,

0 < ||Q(µ)ξx||2 ≤ ||Q(µ)ξx||F .

It follows that if

|µ| >
1
2

{
1 + ||I −Am−1||α +

[
(1 − ||I −Am−1||α)2 + 4β

]1/2
}
,

then ||Q(µ)ξx||α > 0, which leads to a contradiction. Therefore, we have

|µ| ≤ 1
2

{
1 + ||I −Am−1||α +

[
(1 − ||I −Am−1||α)2 + 4β

]1/2
}
.

Theorem 3.6. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Denote,

γ = max
0≤i≤m−1

||Am−1Ai −Ai−1||α, and A−1 = 0.

Then, each right eigenvalue µ of L(λ) satisfies

|µ| ≤ 1
2

(
1 +

√
1 + 4γ

)
, α ∈ {2, F}.

Proof. Consider the quaternionic monic matrix polynomial C(λ) = (Iλ−Am−1)L(λ). Let µ be
a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector corresponding to µ. Assume
the opposite is true to find a contradiction.

|µ| >
1
2

(
1 +

√
1 + 4γ

)
2|µ| > 1 +

√
1 + 4γ

2|µ| − 1 >
√

1 + 4γ.

Squaring on both sides, we have

|µ|(|µ| − 1)− γ > 0. (3.15)

Multiplying (3.15) by |µ|m and then dividing by (|µ| − 1), we obtain

|µ|m+1 − γ
|µ|m

|µ| − 1
> 0. (3.16)

We know that,

γ
|µ|m

|µ| − 1
> γ

|µ|m − 1
|µ| − 1

= γ(1 + |µ|+ · · ·+ |µ|m−1)

γ
|µ|m

|µ| − 1
≥ ||

{
(Am−1A0 −A−1) + · · ·+ (Am−1Am−1 −Am−2)µ

m−1}x||α. (3.17)
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By (3.16), we have

0 < |µ|m+1 − γ
|µ|m

|µ| − 1
.

Putting (3.17) in (3.16) we get

0 < ||{Iµm+1}x||α − ||
{
(Am−1A0 −A−1) + (Am−1A1 −A0)µ+ · · ·+ (Am−1Am−1 −Am−2)µ

m−1}x||α
≤ ||

{
(Am−1A0 −A−1) + (Am−1A1 −A0)µ+ · · ·+ (Am−1Am −Am−1)µ

m + Iµm+1}x||α.
If α = 2, then by Lemma 2.6, we have,

0 ≤ ||
{
χ(Am−1A0−A−1) + χ(Am−1A1−A0)µ+ · · ·+ χ(Am−1Am−Am−1)µ

m + χIµ
m+1} ξx||2 = ||H(µ)ξx||2.

If α = F , then by Lemma 2.7, we get,

0 < ||H(µ)ξx||2 ≤ ||H(µ)ξx||F .

As a result, when

|µ| >
1
2

(
1 +

√
1 + 4γ

)
,

we observe ||H(µ)ξx||α > 0, causing a contradiction. Hence, we have

|µ| ≤ 1
2

(
1 +

√
1 + 4γ

)
.

Theorem 3.7. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Let p, q > 1 such that
1
p
+

1
q
= 1. Denote,

Np =

(
m−1∑
i=0

||Ai||pα

)1/p

,

Ñp =

(
m−1∑
i=1

||Ai||pα

)1/p

.

Then, each right eigenvalue µ of L(λ) satisfies

|µ| < (1 +Nq
p )

1/q, α ∈ {2, F}.

Proof. Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector correspond-
ing to µ. Let us consider the negation to uncover a contradiction.

|µ| ≥ (1 +Nq
p )

1/q.

We have,

||P (µ)ξx||α = ||(χA0 + χA1µ+ · · ·+ χAm−1µ
m−1 + χIµ

m)ξx||α

||P (µ)ξx||α ≥ ||χIξx||α − ||
m−1∑
i=0

µiχAiξx||α.

Since x is a unit vector, i.e., ||x||α = 1, then ||ξx||α = 1, ||χAi
ξx||α ≤ ||χAi

||α, and ||χA0ξx||α ≤
||χA0 ||α = ||(χA0)

−1||−1
α .

||P (µ)ξx||α ≥ |µ| −

(
m−1∑
i=0

||χAi ||pα

)1/p(m−1∑
i=0

|µ|iq
)1/q

.
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If α = 2, then by Lemma 2.6, we get,

||P (µ)ξx||2 ≥ |µ| −

(
m−1∑
i=0

||Ai||p2

)1/p(m−1∑
i=0

|µ|iq
)1/q

= |µ|m
1 −Np

(
m−1∑
i=0

|µ|(i−m)q

)1/q

||P (µ)ξx||2 > |µ|m

1 −Np

 ∞∑
j=1

|µ|(−j)q

1/q
 = |µ|m

[
1 −Np

1
(|µ|q − 1)1/q

]
≥ 0.

If α = F , then by Lemma 2.7, we have,

0 < ||P (µ)ξx||2 ≤ ||P (µ)ξx||F .

For |µ| ≥ (1 +Nq
p )

1/q, the condition ||P (µ)ξx||α > 0 is satisfied, contradicting our assumption.
Hence |µ| < (1 +Nq

p )
1/q is the upper bound of L(λ).

3.2 Lower Bounds for right eigenvalues of quaternionic matrix polynomials

In this section, we introduce various lower bounds for the right eigenvalues of quaternionic
monic matrix polynomials in terms of 2-matrix norm and Frobenius norm.

Theorem 3.8. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Denote,

Ki = (A0)
−1Ai for all i = 1, 2, · · · ,m− 1.

Then, each right eigenvalue µ of L(λ) is approximated by

|µ| ≥ 2

1 + ||K1||α +
[
(1 − ||K1||α)2 + 4M̃

]1/2 ,

where Km = (A0)−1, M̃ = max
2≤i≤m

||Ki||α, and α ∈ {2, F}.

Proof. Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector correspond-
ing to µ. Assume the reverse to demonstrate a contradiction.

|µ| <
2

1 + ||K1||α +
[
(1 − ||K1||α)2 + 4M̃

]1/2

1
|µ|

>
1 + ||K1||α +

[
(1 − ||K1||α)2 + 4M̃

]1/2

2
2
|µ|

> 1 + ||K1||α +
[
(1 − ||K1||α)2 + 4M̃

]1/2

2
|µ|

− (1 + ||K1||α) >
[
(1 − ||K1||α)2 + 4M̃

]1/2
.

Squaring on both sides, we have(
2
|µ|

− (1 + ||K1||α)
)2

> (1 − ||K1||α)2
+ 4M̃(

1
|µ|

− 1
)(

1
|µ|

− ||K1||α
)
− M̃ > 0. (3.18)

Multiplying (3.18) by
(

1
|µ|

)m−1

and dividing by
(

1
|µ|

− 1
)
, we obtain

(
1
|µ|

)m

− ||K1||α
(

1
|µ|

)m−1

− M̃

(
1
|µ|

)m−1

(
1
|µ|

− 1
) > 0. (3.19)
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We know that,

M̃

(
1
|µ|

)m−1

(
1
|µ|

− 1
) > M̃

(
1
|µ|

)m−1

− 1(
1
|µ|

− 1
) = M̃

(
1 +

1
|µ|

+ · · ·+
(

1
|µ|

)m−2
)

M̃

(
1
|µ|

)m−1

(
1
|µ|

− 1
) ≥ ||

(
Km +Km−1

1
|µ|

+ · · ·+K2

(
1
|µ|

)m−2
)
x||α. (3.20)

Also,

| 1
µ
|m − ||K1||α|

1
µ
|m−1 ≤ ||(I 1

µm
+K1

1
µm−1 )x||α. (3.21)

By (3.19), we have

0 <

(
1
|µ|

)m

− ||K1||α
(

1
|µ|

)m−1

− M̃

(
1
|µ|

)m−1

(
1
|µ|

− 1
) .

Putting (3.20) and (3.21) in (3.19), we get

0 < ||(I 1
µm

+K1
1

µm−1 )x||α − ||

(
Km +Km−1

1
µ
+ · · ·+K2

(
1
µ

)m−2
)
x||α

≤ ||
(
Km +Km−1

1
µ
+ · · ·+K2

1
µm−2 +K1

1
µm−1 + I

1
µm

)
x||α.

If α = 2, then by Lemma 2.6, we obtain,

0 < ||
(
χKm

+ χKm−1

1
µ
+ · · ·+ χK1

1
µm−1 + χI

1
µm

)
ξx||2 = ||P (

1
µ
)ξx||2.

If α = F , then by Lemma 2.7, we have,

0 < ||P (
1
µ
)ξx||2 ≤ ||P (

1
µ
)ξx||F .

Consequently, if

|µ| <
2

1 + ||K1||α +
[
(1 − ||K1||α)2 + 4M̃

]1/2 ,

then ||P (
1
µ
)ξx||α > 0, which gives rise to a contradiction. Therefore,

|µ| ≥ 2

1 + ||K1||α +
[
(1 − ||K1||α)2 + 4M̃

]1/2 .

Theorem 3.9. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Denote,

β̃ = max
1≤i≤m

||Ki −Ki+1||α, and Km+1 = 0.

Then, each right eigenvalue µ of L(λ) is approximated by

|µ| ≥ 2

1 + ||I −K1||α +
[
(1 − ||I −K1||α)2 + 4β̃

]1/2 , α ∈ {2, F}.
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Proof. Consider the quaternionic monic matrix polynomial

B(λ) = (1 − λ)L(λ) = −Iλm+1 +
m∑
i=0

(Am−i −Am−i−1)λ
m−i.

Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector corresponding to µ.
Suppose the contrary statement to arrive at a contradiction.

|µ| <
2

1 + ||I −K1||α +
[
(1 − ||I −K1||α)2 + 4β̃

]1/2

2
|µ|

> 1 + ||I −K1||α +
[
(1 − ||I −K1||α)2 + 4β̃

]1/2

2
|µ|

− (1 + ||I −K1||α) >
[
(1 − ||I −K1||α)2 + 4β̃

]1/2
.

Squaring on both sides, we have(
| 1
µ
| − 1

)(
| 1
µ
| − ||I −K1||α

)
− β̃ > 0. (3.22)

Multiplying (3.22) by | 1
µ
|m−1 and then dividing by

(
| 1
µ
| − 1

)
, we get

| 1
µ
|m − ||I −K1||α|

1
µ
|m−1 − β̃

| 1
µ
|m−1

| 1
µ
| − 1

> 0. (3.23)

We know that,

β̃

| 1
µ
|m−1

| 1
µ
| − 1

> β̃

| 1
µ
|m−1 − 1

| 1
µ
| − 1

= β̃

(
1 + | 1

µ
|+ · · ·+ | 1

µ
|m−2

)

β̃

| 1
µ
|m−1

| 1
µ
| − 1

≥ ||
{
(K1 −K2)|

1
µ
|m−2 + (K2 −K3)|

1
µ
|m−3 + · · ·+ (Km −Km+1

}
x||α. (3.24)

Also,

| 1
µ
|m − ||I −K1||α|

1
µ
|m−1 ≤ ||

{
I

1
µ
+ (I −K1)

1
µm−1

}
x||α. (3.25)

By (3.23), we obtain

0 < | 1
µ
|m − ||I −K1||α|

1
µ
|m−1 − β̃

| 1
µ
|m−1

| 1
µ
| − 1

.

Substituting (3.24) and (3.25) in (3.23), we have

0 < ||{I 1
µ
+ (I −K1)

1
µm−1 }x||α − ||{(K1 −K2)|

1
µ
|m−2 + (K2 −K3)|

1
µ
|m−3 + · · ·+ (Km −Km+1}x||α

≤ ||
{
I

1
µ
+ (I −K1)

1
µm−1 − (K1 −K2)|

1
µ
|m−2 + (K2 −K3)|

1
µ
|m−3 + · · ·+ (Km −Km+1

}
x||α.
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If α = 2, then by Lemma 2.6, we get,

0 ≤ ||
{
χI

1
µ
+ χ(I−K1)

1
µm−1 − χ(K1−K2)|

1
µ
|m−2 + χ(K2−K3)|

1
µ
|m−3 + · · ·+ χ(Km−Km+1

}
ξx||2

= ||Q(
1
µ
)ξx||2.

If α = F , then by Lemma 2.7, we have

0 < ||Q(
1
µ
)ξx||2 ≤ ||Q(

1
µ
)ξx||F .

For

|µ| <
2

1 + ||I −K1||α +
[
(1 − ||I −K1||α)2 + 4β̃

]1/2 ,

the inequality ||Q(
1
µ
)ξx||α > 0 holds true, leading to a contradiction. Hence, we obtain

|µ| ≥ 2

1 + ||I −K1||α +
[
(1 − ||I −K1||α)2 + 4β̃

]1/2 .

Theorem 3.10. Let L(λ) = A0+A1λ+ · · ·+Am−1λ
m−1+Iλm be a quaternionic monic matrix

polynomial. Denote,

γ̃ = max
1≤i≤m

||K1Ki −Ki+1||α, and Km+1 = 0.

Then, each right eigenvalue µ of L(λ) is bounded below by

|µ| ≥ 2
1 +

√
1 + 4γ̃

, α ∈ {2, F}.

Proof. Consider the quaternionic monic matrix polynomial C(λ) = (Iλ−Am−1)L(λ). Let µ be
a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector corresponding to µ. Assume
the opposite and prove it leads to a contradiction.

|µ| <
2

1 +
√

1 + 4γ̃
2
|µ|

> 1 +
√

1 + 4γ̃

2
|µ|

− 1 >
√

1 + 4γ̃.

Squaring on both sides, we get

| 1
µ
|
(
| 1
µ
| − 1

)
− γ̃ > 0. (3.26)

Multiplying (3.26) by | 1
µ
|m and then dividing by

(
| 1
µ
| − 1

)
, we have

| 1
µ
|m+1 − γ̃

| 1
µ
|m

| 1
µ
| − 1

> 0. (3.27)



RIGHT EIGENVALUES OF QUATERNIONIC 639

We know that,

γ̃

| 1
µ
|m

| 1
µ
| − 1

> γ̃

| 1
µ
|m − 1

| 1
µ
| − 1

= γ̃

(
1 + | 1

µ
|+ · · ·+ | 1

µ
|m−1

)

γ̃

| 1
µ
|m

| 1
µ
| − 1

≥ ||
{
(K1Km −Km+1) + · · ·+ (K1K1 −K2)

1
µm−1

}
x||α. (3.28)

By (3.27), we get

0 < | 1
µ
|m+1 − γ̃

| 1
µ
|m

| 1
µ
| − 1

.

Putting (3.28) in (3.27), we obtain

0 < ||
{
I

1
µm+1

}
x||α − ||

{
(K1Km −Km+1) + (K1Km−1 −Km)

1
µ
+ · · ·+ (K1K1 −K2)

1
µm−1

}
x||α

≤ ||
{
I

1
µm+1 + (K1K1 −K2)

1
µm−1 + · · ·+ (K1Km −Km+1)

}
x||α.

If α = 2, then by Lemma 2.6, we have,

0 ≤ ||
{
χI

1
µm+1 + χ(K1K1−K2)

1
µm−1 + · · ·+ χ(K1Km−Km+1)

}
ξx||2 = ||H(

1
µ
)ξx||2.

If α = F , then by Lemma 2.6, we get,

0 < ||H(
1
µ
)ξx||2 ≤ ||H(

1
µ
)ξx||F .

When

|µ| <
2

1 +
√

1 + 4γ̃
,

the condition 0 < ||H(
1
µ
)ξx||α is fulfilled, creating a contradiction. Therefore, we have

|µ| ≥ 2
1 +

√
1 + 4γ̃

.

4 Location of right eigenvalues of quaternionic monic matrix polynomials

In this section, we find the location of right eigenvalues for quaternionic monic matrix polyno-
mials.

Theorem 4.1. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Then, every right eigenvalues of L(λ) lie in the closed ball

D(0, r1) = {λ ∈ H| |λ| ≤ r1},

where r1 = max{1, δ} and δ ̸= 1 is the positive root of the equation

λm+1 − (1 +N)λm +N = 0.

We use the definition of N , from Theorem 3.3.
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Proof. Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector correspond-
ing to µ. When |µ| ≤ 1, the conclusion becomes clear. Hence, assuming |µ| > 1, we obtain the
following.

||P (µ)ξx||α = ||(χA0 + χA1µ+ · · ·+ χIµ
m)ξx||α

||P (µ)ξx||α ≥ ||χIµ
mξx||α − ||

m−1∑
i=0

χAiµ
iξx||α

||P (µ)ξx||α ≥ |µ|m||χIξx||α −
m−1∑
i=0

|µ|i||χAi
ξx||α.

Since x is a unit vector, i.e., ||x||α = 1, then ||ξx||α = 1, ||χIξx||α ≤ ||χI ||α||ξx||α = 1, and
||χAi

ξx||α ≤ ||χAi
||α||ξx||α = ||χAi

||α. Hence, we get

||P (µ)ξx||α ≥ |µ|m||χI ||α −
m−1∑
i=0

|µ|i||χAi
||α.

If α = 2, then by Lemma 2.6, we have

||P (µ)ξx||2 ≥ |µ|m −
m−1∑
i=0

||Ai||2|µ|i

||P (µ)ξx||α ≥ |µ|m −N

m−1∑
i=0

|µ|i = |µ|m −N
|µ|m − 1
|µ| − 1

=
1

|µ| − 1
[|µ|m+1 − (1 +N)|µ|m +N ].

If α = F , then by Lemma 2.7, we get

||P (µ)ξx||F ≥ ||P (µ)ξx||2 ≥ 1
|µ| − 1

[|µ|m+1 − (1 +N)|µ|m +N ].

Therefore, we obtain

||P (µ)ξx||α ≥ 1
|µ| − 1

[|µ|m+1 − (1 +N)|µ|m +N ].

Note that the polynomial

f(λ) = λm+1 − (1 +N)λm +N

has exactly two positive real roots, 1 and δ ̸= 1, as determined by Descartes’ Rule of signs and
f(0) > 0. It follows that |f(λ)| > 0 holds for all λ > max{δ, 1}. Therefore, for |µ| > r1, we
arrive at ||L(µ)ξx||α > 0, which leads to a contradiction.

We investigate the location of right eigenvalues for quaternionic monic matrix polynomials
in terms of norm of matrix difference.

Theorem 4.2. Let L(λ) = A0 +A1λ+ · · ·+Am−1λ
m−1 + Iλm be a quaternionic monic matrix

polynomial. Denote,

Ñ = max
0≤i≤m

||Am−i −Am−i−1||α, A−1 = 0 and α ∈ {2, F}.

Then, all right eigenvalues of L(λ) are contained in the open ball D(0, r4), where r4 = 1 + Ñ .

Proof. Consider the quaternionic monic matrix polynomial

B(λ) = (1 − λ)L(λ) = −Iλm+1 +
m∑
i=0

(Am−i −Am−i−1)λ
m−i.



RIGHT EIGENVALUES OF QUATERNIONIC 641

Let µ be a complex right eigenvalue of L(λ) and let x ∈ Hn be a unit vector corresponding to
µ. The conclusion is obvious under the condition |µ| ≤ 1. Accordingly, let us consider |µ| > 1.
Then, we derive

||Q(µ)χx||α = ||(χIµ
m+1 +

m∑
i=0

(χAm−i
− χAm−i−1)µ

m−i)ξx||α

||Q(µ)χx||α ≥ |µ|m+1

[
||χIξx||α − ||

m∑
i=0

(χAm−i − χAm−i−1)ξx
µi+1 ||α

]
.

Since x is a unit vector, i.e., ||x||α = 1, then ||χx||α = 1, ||χIξx||α ≤ ||χI ||α||ξx||α = 1, and
||χAi

ξx||α ≤ ||χAi
||α||ξx||α = ||χAi

||α. Thus,

||Q(µ)ξx||α ≥ |µ|m+1

[
1 −

m∑
i=0

||(χAm−i
− χAm−i−1)||α
|µ|i+1

]
.

If α = 2, then by Lemma 2.6, we get

||Q(µ)ξx||2 ≥ |µ|m+1

[
1 −

m∑
i=0

||(χAm−i − χAm−i−1)||2
|µ|i+1

]

||Q(µ)ξx||2 ≥ |µ|m+1

[
1 − Ñ

m∑
i=0

1
|µ|i+1

]

||Q(µ)ξx||2 > |µ|m+1

[
1 − Ñ

∞∑
i=0

1
|µ|i+1

]
= |µ|m+1

[
1 − Ñ

|µ| − 1

]
=

|µ|m+1

|µ| − 1
[
|µ| − 1 − Ñ

]
.

Therefore, we have

||Q(µ)ξx||2 ≥ |µ|m+1

|µ| − 1
[
|µ| − 1 − Ñ

]
.

If α = F , then by Lemma 2.7. We obtain

||Q(µ)ξx||F ≥ ||Q(µ)ξx||2 ≥ |µ|m+1

|µ| − 1
[
|µ| − 1 − Ñ

]
.

By applying Theorem 3.3 to the polynomial B(λ) and noting that each eigenvalue of L(λ) is
also an eigenvalue of B(λ), we have the conclusion. Therefore, we have

||Q(µ)ξx||α ≥ |µ|m+1

|µ| − 1
[
|µ| − 1 − Ñ

]
.

Hence, for |µ| ≥ 1+Ñ , we get ||Q(µ)ξx||α > 0, yielding a contradiction. Therefore, |µ| < 1+Ñ .

5 Numerical examples

In this section, we give some numerical examples to illustrate our results.

Example 5.1. Consider L ∈ L2(M2(H)) of the form

L(λ) = A2λ
2 +A1λ+A0,

where

A0 =

[
1 + i 1 + i

1 1 − i

]
;A1 =

[
2 + i 2 − i

2 1 − i

]
, and A2 =

[
11 + 2i + 3j + k 7 + 3i − j + 8k
1 − 8i − 3j − 7k 9 + 5i + j − k

]
.
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Therefore, we have

||A0||2 = 2.5887, ||A1||2 = 3.8555, ||A2||2 = 20.572, ||A0||F = 3.7417,

||A1||F = 5.6569, ||A2||F = 31.2730, ||(A2)
−1||F = 0.1874, ||(A2)

−1||2 = 0.1233.

Substituting these values in ||Am||α > ||Ai||α, ∀ i = 0, 1, · · · ,m − 1, where α = {2, F}. Then,
we have right spectrum of L(λ) as

Λr(L(λ)) = [0.0534−0.3324i]∪ [0.0534+0.3324i]∪ [−0.1816−0.2995i]∪ [−0.1816+0.2995i]

∪[0.2683 + 0.0892i] ∪ [0.2683 − 0.0892i] ∪ [−0.2487 − 0.0529i] ∪ [−0.2487 + 0.0529i].

|µ1| = 0.3367, |µ2| = 0.3503, |µ3| = 0.2827, and |µ4| = 0.2543. By putting these values,
Theorem 3.2 is verified.

Example 5.2. Consider the quaternionic monic matrix polynomial

L(λ) = λ2 +A1λ+A0,

where

A0 =

[
1 + i − j + k j + k

7 − k 2 + j

]
, and A1 =

[
1 i
j k

]
.

Therefore, we have

Cp =

[
0 I2

−A0 −A1

]
=


0 0 1 0
0 0 0 1

1 + i − j + k j + k 1 i
7 − k 2 + j j k

 .

Now the complex adjoint matrix of A0, A1, and Cp are as follows

χA0 =


1 + i 0 −1 + i 1 + i

7 2 −i 1
1 + i −1 + i 1 − i 0
−i −1 7 2

 , χA1 =


1 i 0 0
0 0 1 −i
0 0 1 −i
−1 i 1 0

 ,

and χCp
=



0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

1 + i 0 1 i −1 + i 1 + i 0 0
7 2 0 0 −i 1 1 i
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

1 + i −1 + i 0 0 1 − i 0 1 −i
−i −1 −1 i 7 2 0 0


.

Then, we have right spectrum of L(λ) as

Λr(L) = [2.5902+ 1.0966i]∪ [−1.8931+ 0.7999i]∪ [−0.3093+ 1.2446i]∪ [0.6122+ 1.1712i].

Also, we obtain

||A0||2 = 7.7061, ||A1||2 = 2, ||A0||F = 11.0454, ||A1||F = 3, and max
λi∈Λr(L)

|λi| = 2.8128.

|µ1| = 2.8128, |µ2| = 2.0552, |µ3| = 1.2825, and |µ4| = 1.3216.

Putting these values into Theorem 3.3, and Theorem 3.4, verifies both.

Let Ki = (A0)
−1Ai, ∀i = 1, 2, · · · ,m− 1.
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(χA0)
−1 =


−0.0417 0.1250 − 0.0417i 0.2083 + 0.0833i −0.0417 + 0.0417i

−0.2083 + 0.0417i 0.0833 + 0.1667i −0.6250 − 0.2917i 0.0833
−0.2083 + 0.0833i 0.0417 + 0.0417i −0.0417 0.1250 + 0.0417i
0.6250 − 0.2917i −0.0833 −0.2083 − 0.0417i 0.0833 − 0.1667i


||χK1 ||2 = ||(χA0)

−1χA1 ||2 = 1.1438.
Hence, ||K1||2 = ||(A0)−1A1||2 = 1.1438, and ||K1||F = ||(A0)−1A1||F = 1.4860. By substi-
tuting these values, Theorem 3.8 is verified.
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