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Abstract. This research introduces a novel regular matrix operator uniquely characterized by
an arithmetic Jordan-type function. The study primarily investigates its domains in the sequence
spaces of absolutely p-summable and bounded sequences, establishing the theoretical framework
supporting these analyses. It further explores fundamental properties, inclusion relations, and the
Schauder basis of these spaces, providing insights into their topological and functional structure.
The identification of a-, 3- and ~y-duals enhances the theoretical contributions by offering a dual
perspective on the studied spaces. Additionally, the classification of certain matrix classes aids
in characterizing the operator’s action across different mathematical settings. Finally, a detailed
examination of a specific class of compact operators acting on the newly introduced sequence
spaces highlights their significance and applicability.

1 Introduction

Let w be the vector space containing all sequences of real numbers. For any subset A C w, we
define it as a sequence space. Below, we present several fundamental sequence spaces that will
be referenced throughout this paper:

« {, represents the space of sequences, for 1 < p < oo, whose p-th powers of absolute values
form a convergent series.

/s represents the space of all bounded sequences.

 crepresents the space of all convergent sequences.

* ¢o represents the space of sequences that converge to zero.

« cs represents the space of sequences whose partial sums converge to a real number.

- bs represents the space of sequences whose partial sums are bounded.
These spaces are all Banach spaces, with the following norms:

* Nullew = llulle = llulley = supyen |usl,

< Nullg, = (S22 fusl?)? for 1 < p < oc,

where N denotes the set of natural numbers {1,2,3,...}.

Banach spaces where all coordinate functionals f;, defined by fs(u) = us, are continuous
are referred to as BK-spaces. On the other hand, metric vector spaces where all coordinate
functionals are continuous are known as FK-spaces.
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A BK-space A is said to has AK-property if every element v = (u,) € A C w can be uniquely
expressedas u =) u,e”), where e(") represents the sequence with 1 in the r-th position and 0
elsewhere. The AK-property is satisfied by the sequence spaces ¢, (for 1 < p < 00) and cg, but
not by c or /.

Let D = (d,s) be an infinite matrix with real entries, where each D,. denotes the r-th row for
r € N. The transformation of a sequence u = (us) € w under D is given by

(Du)r = i drsus»
s=1

provided that the series converges for every r € N.

If Du € Y, then D defines a mapping from A to Y for all u € A. The set of all such matrices
is denoted as (A : Y). A matrix D is said to be regular if Du converges to the same limit for
every convergent sequence u. The necessary and sufficient conditions for a matrix D = (d,.s) to
be regular are that sup, . > |drs| < 00, lim, o0 Y, dps = 1 and lim, _, d;.s = 0.

The matrix domain of D within A is defined by

Ap ={ucw:DuecA}. (1.1)
For A, T € w, the set of multipliers from A to Y is
M(A:Y)={y=(ys) €w: (ysus) € Y forall u = (us) € A}.

When T is ¢y, cs, or bs, the corresponding multiplier spaces determine a-, 8- and ~y-duals of A,
respectively,
A =M(A: 1), A°=M(A:cs), A= M(A:bs).

For a deeper understanding of the fundamental concepts discussed above, readers may refer
to[1,3,9,10, 11, 12, 13, 18, 19, 20, 26, 28, 29, 33, 34, 38, 40, 41] and standard references such
as [4, 8, 30].

1.1 Jordan-type function 3y ,(cl)
Two of the most enchanting functions in number theory are the Euler-totient function ¢ and the
Jordan-totient function J;, which is a generalization of ¢. In recent years, special functions
have been widely utilized in the study of sequence spaces. Matrices obtained with the help of
these arithmetic and multiplicative functions and sequence spaces created as the domain of these
matrices and some properties were discussed in depth in the studies [16, 21, 22, 23, 24].

Another Jordan-type function 321), other than the Jordan totient function mentioned above,
was also defined by Andrica and Piticari [2].

For positive integer’s set Z., a fixed k € Z, and Zﬁ“ =7y X ...x Z,let us consider the

—_——

k+1 times
set

Nk(s) = {(T],...,Tk,s) GZEH o1 <n<... STIH»I §sandgcd(n,...,7k+hs) = 1}
(

The Jordan-type function Jj kl) is described as the cardinal number of the finite set Ny (s). For

the special case k = 1, the function J S) is reduced the well-known Euler totient function ¢. To

make an important point, the Jordan-type function j 561) is arithmetic just like the Euler totient

and Jordan totient functions, but not multiplicative. The Gauss type formula for the function J Ey

is given by

k—1
S 3 = (’”+k ) , fork € N. (1.2)
s|r

The Mobius function p is described by

r) (=1)™, if r is the product of m distinct prime numbers,
r) =
a 0, if r is divisible by the square of a prime,
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for all » € N with » > 1 and p(1) = 1. From (1.2) and the well-known Mobius inversion

formula, it is seen that
Ay ry[(s+k—1
Jy (’I“) = Z 1% <S) ( k

for all £ € N. More comprehensive information about the Euler totient, Jordan totient and S)

Jordan-type functions can be obtained from the studies [2, 17].

The present study focuses on characterizing a regular matrix operator with the help of the
Jordan-type function JS), analyzing its domain in ¢, and /., duals and matrix mappings, and
identifying a specific class of compact operators on the newly defined sequence spaces using the
Hausdorff measure of non-compactness (Hmonc).

2 Jordan-type matrix operator 7 ') and its sequence spaces

In this section, the regular Jordan-type matrix operator [7(*!), which is constructed using the
Jordan-type function J ,(Cl), is introduced. Subsequently, the normed sequence space £, (J (k1)) is
defined, and it is demonstrated that this space is complete and linearly norm isomorphic to ¢, for
1 < p < oco. Furthermore, it is proven that £, (7 (’“1)) is not a Hilbert space, except in the case
where p = 2, and certain inclusion relations are discussed. Finally, the existence of a Schauder
basis is established at the end of this section. 0

We describe the matrix operator J (k1) = ( jﬁlﬁ’l))r,seN with the help of the function J;,~ as

~(1)
‘iik(_sl) , if s |,

j& = ) (k €N) 2.1)
0 , ifstr.

The matrix operator 7 (¥:!) can be expressed more clearly as

e
=
—~
=
=

’ 0 0 0 0 0
mo
35};(11) 3(,’2)(]2) 0 0 0 0
~(<ll>: ) ( : ) ~(1)
w0 #0000
k1) :§“§<1)> 3.2) | 8 ) SPUC N 0
= = 3 {3
((I:I):r) kk‘) (kk ) ()
3 3,(5)
GE 0 0 0 GE 0
((ll)c ) ~( M ( " ) ~(1
S R
(CORNCORNGY ()

For k = 1, J®1 is reduced to the Euler totient matrix operator studied in [21]. From its
definition, it can be seen that 7 (%) is regular. Moreover, the 7 %"!)-transform of any u = (u,) €
w is obtained as

Vp 1= (j(k)l)u)r =

1
(r+k71) Z:{gcl)(s)us (7' € N) (22)
k s|r

. - . .
The inverse JF1) " = (1) 1), e of the matrix operator J (%) is computed as

s

] 3()(7' ) 1f$‘7"7
jen i 23)

0 , ifstr

for each k € N.
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We define the sets £, (7)) and £, (J*1) by
P

0,(T*N) = {u:(us) Ew: i ZJ <oo}

r=1 bIT

and

goo(j(k,l)) = {u_(us)ew SUp | - Z"k S)ug <oo}
ren | ("% )S‘T

for 1 < p < oo. In that case, the sets £,(7*:))) and £, (7 1)) can be rewritten as £,(J*!)) =
() 7000y and Log (T*D) = (£og) 7051, Tespectively, with the notation (1.1). Sequence spaces
obtained by half Jordan-type functions will be called Jordan-type sequence spaces.

Unless stated otherwise, the assumption 1 < p < oo will be adopted in the subsequent
sections of this study.

Wilansky [39] demonstrated that if D is a triangular matrix and A is a BK-space, then the do-
main Ap is also a BK-space, with the norm given by ||u||s, = ||Dul||a. Therefore, the following
result concerning the BK-spaceness is stated without proof.

Theorem 2.1. £,(J ")) and (. (7*V)) are BK-spaces with

P\ »

||u||zp(3<k,1)): Z <r+k I)ZJk Us

s|r

and
lulle, (g = SuP ﬁ de s)us| ;
k s|r
respectively.

Theorem 2.2. ¢,(7%V) and 0,,(J*V) are linearly norm isomorphic to £, and {,, respec-
tively.

Proof. Tt will be proven only for the spaces £,(J*!)) and £, since it can be shown similarly for
the other spaces.

In the first step of proving our claim, the linearity of the function defined as R : £,,(7* (k1)) —
£y, R(u) = J*Vuy is seen. Then, it is obtained the injectivity of R from the expression R (u) =
0=u=0.

Consider that v = (v;) € £, and u = (u,) € w Whose terms are

ooy ML)

— . (2.4)
l|s ‘jk ( )

From the equality

(j(k,l)u) - (T+k 1) Z‘jk Us

T
s|r

) % <l+k 1)1/
(r+k 1) Z‘j’“ Z

s|r ls ‘5 >( )
l+k—-1
r+k1 ZZ“()( )Vl:yr’
slr s
it is seen that R is surjective. Additionally, since the relation [|ull,, (7x.n) = | T (k:Dy[4, holds,

then R keeps the norm. O
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Remark 2.3. It is well-known that the space ¢, is a Hilbert space, which means it is a vector
space endowed with an inner product (-, -),, that induces the norm || - ||,. Similarly, the space
£>(J*1) is also an inner product space, with the inner product defined as

(T, Y) gy geny = <J(k’1)$7j(k’l)y>zz~

Theorem 2.4. If p # 2, then £,(J ™)) isn’t a Hilbert space.

Proof. If it is regarded that

sl % , if r is even,
o ‘{IYE) . ifrisodd
and
Zs|r(_])r—s% ) if r is even,
" 3/(:1@) J ; if r is odd

foreach k € N, in that case it is obtained that 7"z = (1,1,0,0,...)and 7*Vy = (1,-1,0,0, ..

and
2
o+ Yl gy + 12 = yI2 gy = 8 # 223 =2 (Il oy + W1 (7o) )

for p # 2. Thus, .||, (x.n) doesn’t hold the parallelogram equality and so 0,(J®) isn’t a
Hilbert space for p # 2. O

Theorem 2.5. It holds that (o, C (o (T*V).

Proof. Letu = (us) € £ be a sequence. Based on the inequality,

1 ~(1
lullo 7oy = sup (TM_I)ZJ?(S)%
k

reN s|r

IN

1 qu)
r+k—1
reN (*k ) .
= Jlull, < oo,

it can be deduced that u € £, (7 %)), which is the desired result.

Theorem 2.6. The inclusion £,(J%*V) C £, (T*V) is strict.

Proof. It is immediately seen the inclusion part of the proof from the relation ¢, C /.. Consider

o) (R
thatus = 37, %(—l)l. In that case, it is obtained that
k

()
gy = 1§50 PO & ) 1) = (=1)" € lo \ £y,
G AARCEE T

which implies that u € £, (7 *V)\ £,(F*D).

Theorem 2.7. The inclusion £,(J%V) C £5(J*V) is strict for | < p < j < oo.

)
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Proof. Regard the sequence u = (us) € £,(J*V) such that 7Dy € ¢,. Furthermore, it is
known that ¢, C /5 for 1 < p < p < oo and thus Tk e ¢5. Consequently, it can be wrote
u = (us) € L5(JHD).

The strictness of the inclusion becomes clear when 7 = J*1)i € ¢; \ £, is taken. ]

Within the normed sequence space (A, || - ||), a sequence (gs) in A is called a Schauder basis
for A if every element u € A has a unique representation as an infinite series:

e}
u = E US’QS?
s=1

where (o) is a unique sequence of scalars. Furthermore, the partial sums of this series must
converge to v in the norm of A:

—0 as r — oco.

r
U — ZUSQS

s=1

This definition implies that each element u € A has a unique representation as an infinite
linear combination of the basis elements (gs), with the partial sums approaching « in the A-
norm.

Moreover, the basis for ¢,(J (k1)) is given by the inverse image of the canonical basis
(e")),en of £,. This follows from the fact that the mapping R : £,(J*1) — ¢, is an iso-
metric isomorphism, ensuring that the basis structure is preserved under R.

For this reason, we present the following theorem without proof.

Theorem 2.8. Let us examine the sequences o, = (J*Vu), and o¥) = (Qik)) € L,(g®)
described as

Then, the set o'%) is a basis of £,(J*V)) and the unique representation of each u € £,(J*V) is
stated as u =Y, 750

3 Dual spaces of the sequence spaces induced by J (*:!)

In this section, we will introduce the expression [£,(7*))]", where 7 can take values from the
set {a, 8,7}, and p is a parameter such that 1 < p < co.
To properly identify the duals, we will consider the conditions defined in equations (3.1)
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through (3.12).

sup > [dys| < o0, 3.1

seN "

sup Y dys|? < o0, (3.2)

seN

sup |d,s| < oo, 3.3)

r,seN

ILm d,s exists, (Vs € N) (3.4)

lim d,; =0, (3.5)

T—>00

q

sup dys| < o0, (3.6)

2|2

supz |d,s]? < o0, (3.7)

reN"

sup drs| < 00, 3.8)

2|2

P

sup Z Z drs| < 00, 3.9

BeF 7\ iE

sup > |drs| < 00, (3.10)

reN"g

lim Z ld,s| = Z Tim dy| (.11
(3.12)

7‘11{130 Z |dT$| =0

Here, F denotes the collection of all finite subsets of N, 1 < p < co and ¢ = ﬁ. Now, a table
derived from the study [37] is presented to illustrate the conditions of certain classical matrix

classes.

Table 1. Characterizations of (A : V)

ALY =) co c oo 2 ‘,
co . . (3.10) (3.8) (3.9)
¢ . . (3.10) (3.8) (3.9)
oo (3.12) (34,311 (3.10) (3.8) (3.9
0 (33),(35) (33),(34) (33) 3.1 (3.2
l, (35,37 (34,37 (37 (36) e

The symbol“e" denote conditions of classes that is unspecified and irrelevant to the focus of this study.

Let us consider the sets s¢; — 277 which will be benefited to specify the duals:
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q
p(s) (!
n = u:(us)Ew:supZ qu))/“ <00y,
Eer s |rek ‘jk (T)
u(z) ()
w = p=(us) Ew:sup 0 | <00 P,
seN " J (r)
p(5) (5
w = MZ(MS)Ew:supZZ ~((1> )ur<oo ,
EeF T selk \Sk ( )
I C N St _
ny = (p=(us) Ew: Tlggo Z 0 y exists foreach s € N 3 |
l=s,s|l ‘;k (l>
B q
r ‘u(ﬁ) <s+2 1)
Hns = p=(ps) € w: sup ZTM <o,
reNT l=s,s|l Ji (l)
rop(h) (”’Zfl)
e = p=(us) Ew: sup 0 | < ooy,
7,sEN l=s,s|l ‘jk (l

= {N:(NS)GW:TIHEOZ

S WO
Theorem 3.1. The following equalities hold:
(i) [p(TEN]" =50, (1<p<oo),
(ii) [0(TEN]" = 5,
(iii) [loo(THFD)]" = 25,
Proof. (i) By considering (2.2), for u € Kp(j(k’l)) it is reached

u(x) ()

HrUy = My Z 1 Vg
s|r ‘j;c )(T)
M(%) (eri—l)
= > — s = (), (3.13)
s|r Ji (T)
in which the infinite matrix G = (g,.5) is described as
wE ()
Grs = 4 T A e ifs|r,
" 3y (1)
0, ifstr.

Hence, by the relation (3.13), it is obtained that yu = (p,u,.) € ¢, when u € £,(F*) if
and only if Gv € ¢; when v € £,. Then, pu € [¢,(7%*")]" if and only if G € (¢, : £1).
Thus, from Table 1, it is seen that [¢,(7*1))]" = 3¢ for I < p < oo, which is the desired
result.

(ii) The proof follows similarly to the first part by using the conditions of the class (¢; : ¢;)
from Table 1. Thus, it is omitted.
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(iii) The proof follows in the same way as in the first part, with the aid of the conditions of the
class (£ : £1) from Table 1. Hence, it is also omitted.
|

Theorem 3.2. The following equalities hold:
(i) [L,(7D))”

(i) [6(T®D)]7 = 341 566,

= 34N, (1 <p<oo)

(iii) [loo(TED)]” = 31525,

Proof. (i) Let us choose two sequences p = (us) € wand u € Ep(j““*l)) satisfying (2.4).
Then, it follows that

Y = zr:,usus
s=1
r (%) t+lz—1
_ ;MS (ZM;)%)

RSO
o u(é)(”ﬁ_l)
- Z(Z ) “t) -
= (OV)’N

where the infinite matrix O = (o,) is defined as

r u(é)(”i*l) s
o= 1 2o Ty =T (3.14)

t=s,s|t k
07 sS>T.

Thus, pu € cs when u = (us) € £,(J*") if and only if b = () € c when v € £,. In

that case, p € [Ep(j““*”)]ﬂ if and only if O € (¢, : ¢) for 1 < p < oc. Hence, in view of
the conditions of (¢, : ¢) from Table 1, it is concluded that

B
[ﬁp(j(k’l))] = 214 N 5.
(ii) The proof follows similarly to the first part by using the conditions of the class (¢; : ¢) from

Table 1. Thus, it is omitted.

(iii) The proof follows in the same way as in the first part, with the aid of the conditions of the
class (£ : ¢) from Table 1. Hence, it is also omitted.
]

Theorem 3.3. The following equalities hold:
(i) [Lo(T*D)]" = 365, (1 < p < 00)

(i) [6(T*D)]" = s,

(iii) [loo(THFN]" = 505 with q = 1.

Proof. 1t can be derived using a similar approach as in the proof of Theorem 3.2, by considering
the classes (€, : o), ({1 : £so), and ({os @ £oo) together, as presented in Table 1.
|
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4 Matrix mappings on the sequence spaces induced by 7 ")

In this section, we will introduce the matrix classes related to the spaces just described. The
theorem we are about to present will form the foundation of this section and allow us to examine
the relationships between these spaces in more detail.

Theorem 4.1. Consider that ¥ C w, and define the infinite matrices @) = (eﬁf;) ) and ® =
(0,5) as follows:

ts T I=s, s|l 3 (1) - “.1)
and
d,; (4.2)
forall t,r,;s € N. Then, D = (d,s) € ((,(T*V): W) if and only if ") € (¢, : c) and

®c (l,:¥)forl <p<oc

Proof. Let us consider D = (d,.s) € (¢,(J*V) : ¥) and u € £,(J*V). In that case,

t t (§) I+k—1
S = D (z“(()))

s=1 ls "jk (S)
L ()
= dr | Vs
Z<Z| Wo
t
= S0, 4.3)
s=1

for all ¢, € N. Since Du exists, it must be ") ¢ (¢, : ¢). By passing limit for ¢ — oo in
the relation (4.3), it is reached that Du = ®v. Since Du € W, in that case Ov € ¥ and so
®c ().

Conversely, let us suppose that ®") € (¢, : ¢) and ® € (¢, : ¥). Then, it is seen that
(0rs)sen € €5 which gives (drs)sen € (ép(J(kvl)))ﬂ for all » € N. Hence, Du exists for all
ue (T (kvl)). Therefore, it is reached from the relation (4.3) for ¢ — oo that Du = ®v and this
implies that D € (£,(7*) : ¥), which is desired result. O

Corollary 4.2. Let the infinite matrices ") = (0£Z>) and © = (0,,) be defined by the equations
(4.1) and (4.2), respectively. Under these definitions, the necessary and sufficient conditions for
the space (£,(J*)) : W), where 1 < p < oo, can be determined by referring to the results
presented in Table 2.

Theorem 4.3. Let the infinite matrices D = (d,s) and D = (d,) be related by the following
equation:

~(1)
dys = k() di.. (4.4)

In this case, D € (A :P(J*D)) ifand only if D € (A : W), where A € {{1,4p, 0, c,co} and
W (£, 0, 0]
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Table 2. Characterizations of the classes (£,(J*!)) : ¥), where 1 < p < co.

Up(THED)) L ¥ =) o c 2 £ loo
0 (7kD) (3.3)7,(3.4)" (3.3)7,(3.4)" (3.3)7,(3.4)" (3.3)7,(3.4)" (3.3)7,(3.4)"
! (3.3),(3.5) (3.3),(3.4) (3.1) (3.2) (3.3)
0, (D) (3.4)7,(3.7)" (3.4)7,(3.7)" (3.4)",(3.7)" . (3.4)7,(3.7)"
P (3.5),(3.7) (3.4),(3.7) (3.6) (3.7)
too (T (3.4)7, (3.11)" (3.4)7,(3.11)" (3.4)7,(3.11)" (3.4)7, (3.11)" (3.4)7, (3.11)"
> (3.12) (3.4),(3.11) (3.8) (3.9) (3.10)

The notations (\)" and () signify that the criterion (\) is met using the matrices (") and ©, respectively, within the interval 3.1 < A < 3.12.

Proof. Let the infinite matrices D and D be described by the relation (4.4), with A € {¢;, lp,los,c,co}
and ¥ € {¢,,¢,,(~}. For any u = (us) € A, we obtain

Zd‘?'sus = Z (rJrk 1 Zdtaub
s=1

tlr k

This means that D, (u) = TF )(Du) for all » € N, which implies that Du 6 lP(j D) if and
only if Du € ¥ for every u € A. Therefore, we conclude that D € (A V(T )) if and only
if D e (A:P). o

Corollary 4.4. Let D = (d~m) and D = (d,s) be defined by the relation (4.4). Then, the condi-
tions for (A : W(J*D)) are presented in Table 3, where A belongs to {{y, 4, Vo, ¢, co} and ¥
belongs to {£1,¢p, 0 }.

Table 3. Characterizations of (A : ¥(7 1))
ALPITED) =) 6T"Y) L(THY) Lao(T™Y)

2 3.1) 3.2) (3.3)
l, (3.6) . (3.7)
loo (3.8) (3.9) (3.10)
c (3.8) (3.9) (3.10)
co (3.8) (3.9) (3.10)

Conditions hold with the matrix D = (dpg)

5 Compact operators on the sequence spaces induced by 7 (*:!)

For a normed space A, let D denote the unit sphere in A. The notation

Euxs

S

[ullx = sup
€D,

is employed for a BK-space A D Q and v = (us) € w, assuming the convergence of the series,
where Q represents the space of all finite sequences. In this context, we have u € A”.

Lemma 5.1. [27] The following results are true:
(i) 03 =1, and Nullg . = llulle, (Vu € 0).
(ii) €] =l and ||ullg, = |Julle. (Vu € o).

(iii) ) = Lg and ||ul|7 = |[ulle,, (Yu € £1).

The notation B(A : ¥) represents the set of all bounded (continuous) linear operators from
AtoV.
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Lemma 5.2. [27] Suppose that A and ¥ are BK-spaces. Then, for each D € (A : V), there
exists a linear map Lp € B(A : V) such that Lp(u) = Du for all u € A.

Lemma 5.3. [27] Assume that A D Q is a BK-space. If D € (A :'¥), then ||Lp|| = ||D||(aw) =
SuprEN ||DT’HX < oofor‘P S {60705 goo}

Let us examine a metric space A and a bounded subset A C A. The Hmonc of A is denoted
by x(A), which is defined as

x(4) —inf{e>0:AC UA(ut,vt),ut €A vt <e,7‘€N\{0}},

t=1

where 1 < ¢ < r and A(uy,v;) represents the open ball centered at u; with radius v;. For more
detailed information about Hmonc, refer to the study [27].

Lemma 5.4. [35] Let A C {,, be a bounded set, and consider the operator \, : {,, — ¢, defined
as \y(u) = (ug, uy,uz, ..., uy,0,0,...) for every u = (us) € €, where 1 <p < coandv € N.
Let I denote the identity map on {,,. Then, the following holds:

) = tim (s (1= A )

vV— 00

For the Banach spaces A and W, a linear operator £ : A — W is said to be compact if its
domain covers the entire space A and the image £(A) is totally bounded in W for every sequence
u = (us) € £oo N A. Equivalently, £ is compact if, for any sequence u = (uy) € foo N A, the
sequence (L£(u)) has a convergent subsequence in ¥.

The quantity ||£||x, known as the Hmonc of £, is given by

ILllx = x(L(Da))-

There exists a fundamental relationship between compact operators and Hmonc, which states
that
L is compact if and only if ||£||x = 0.

For further exploration of sequence space theory and the role of Hmonc in identifying com-
pact operators between BK-spaces, readers may refer to [31, 32, 5, 25, 6, 7, 14, 15].

The subsequent results are presented for © = (z,) and y = (ys) € w, which satisfy the
equation

o 1y [ s+k—1
S p(H (1)

) x;, forseN. 5.1
l=s,s|l ‘Jk (l)

Lemma 5.5. Suppose that v = (z) € [Ep(j(k’l))]ﬂfor 1 <p < oc. Then, y = (ys) € {4 and
Z TsUs = Z YsVs (5.2)

for all sequences u = (us) € £,(T*V).
Lemma 5.6. Let y = (ys) be the sequence described by the relation (5.1). Then:

. . B
(D) 112015 _ oy = X lys| < oo forall = (w,) € [loc(THD)].
(it) |25, (7o) = sup, |ys| < oo forall w = (x;) € [51(._7““]))][3.

(iii) 23 iy = (Sa0:l9)7 < o0 forall z = (z,) € [6,(T®D)]" and 1 < p < 0.

Proof. Since the proof for the other parts follows a similar approach, we will prove the theorem
only for the first part.
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(i) This follows from Lemma 5.5, where y = (y5) € ¢; and the relation (5.1) holds for 2z =

(xs) € (EOO(J(’“)))B and for all u = (us) € loo(T* V). Since ull, (70emy = [IV]len» it
follows that "u € Dy_ (.1 if and only if v € D, ". Thus, we can write the equality

§ TsUs § YsVs
S S

lall;_ oy = sup = [lyl...

sup
"eDemu(’“)) vEDy

By Lemma 5.1, we obtain that

el = Iyl2. = lyle = 3 sl < .
S

Lemma 5.7. [31] Let A be a BK-space containing Q. Then, the following properties hold:
(i) If D € (A : lo,), then the inequality
0 < lI£pllx < limsup [ D3
is satisfied, and Lp is compact whenever lim, || D,.||$ = 0.
(ii) If D € (A : ¢p), then we have the exact equality
1€l = lim sup |[ D3,

and Lp is compact if and only if lim, || D,.||{ = 0.
(iii) If D € (A : 4y), then

<& <&
hgn sup Z D.|| <|Lpllx < 4-1i{n sup D,
BEF: || her A EEF: || her A
Moreover, Lp is compact if and only if
<&
lim sup Z D.|| =0.
t EcF;
nek A

Here, F denotes the collection of all finite subsets of N, while F; represents the subfamily
of F consisting of subsets of N whose elements are greater than t.

In the sequel of the study, it is used the matrices ® = (0,.;) and D = (d,5) connected with
the relation (4.2) with the supposition of the series’ convergence.

Lemma 5.8. Suppose that ¥ C w and let D = (d,s) be an infinite matrix. If D belongs to the
matrix class (£,(J*1) : W), then it follows that © € (¢, : V), and the relation Du = ®v holds
for every sequence u € £,(J*V), where 1 < p < <.

Proof. The result follows directly from Lemma 5.5. O
Theorem 5.9. Let 1 < p < oc. In that case:

(i) If D € (L,(T®D) 1 4.), then

L
q

0 < ||£plly < limsup (Z |9T5|q>

and Lp is compact if
1

lim (Z |9TS|Q> T 0.
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(ii) If D € (£,(T*V) 2 ¢p), then

1
q

I£plly = limsup (Z |9rsq>

and Lp is compact if and only if
lim (Z |9m|q> = 0.

(iii) If D € (L,(T®D) : 4y), then

. t . t
i DI ey < €00k < 46mIDIE o

and Lp is compact if and only if

. ) -
im [ Dll g, ( 76ey.e) = 0

1
where ”DHEZ(J““”):&) =supger, (2o, 1> ner 0T5|q)  for everyt € N.
Proof. We proceed by considering the following cases:

(i) Let D € (6,(T%*V) : £s) and u = (us) € £,(T*V). Since the series 3" b.sus converges
for each r € N, it follows that D,. € (£,(7*1))?. By Lemma 5.6-(iii), we obtain

1

q
”Derp(j(k,l)) = <Z|0rs|q> .

Thus, applying Lemma 5.7-(1), we conclude that

1

q

0 < [|Lplly < limsup (Z mw) 7

and Lp is compact if
1

lim (Z |9TS|Q> "o

(i) Let D € (£,(J*V) : ¢p). Since

”DTHZ)(J(}C’I)) = (Z |9rs|q> )

applying Lemma 5.7-(i1), we obtain

1

I1£p]lx = lim sup (Z |9rs|q>

Moreover, L is compact if and only if

1

lim (Z |9TS|Q> T 0.
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(iii) Let D € (£,(J%V) : ¢;). From Lemma 5.6, we see that

<> i
>0, e,

nek ép(j(k,l)) nek >

Taking Lemma 5.7-(iii) into account, we conclude that

> b

nekE

> b

nek s

)

1
) < |ILpllx <411m ( sup Z

hm su
(EEJP:t 2
and Lp is compact if and only if

Z 97"5 ) =

neklE

11m ( sup Z

EcF, s

Theorem 5.10. The following assertions hold:
(i) If D € (Loo (T*D) 1 £), then it follows that

0 < | Lplly < limsup Y [Ors].

Moreover, Lp is compact if

lim > " (0,,] = 0.
(ii) If D € (b (T*)) 1 ¢p), then we obtain
ILplly = limsup2|9rs|.

Furthermore, Lp is compact if and only if

1i;nz 05| = 0.

(iii) If D € (oo (T*D) 1 £)), then it holds that
lim || D)%) < ||ILplly < 4-Lim]|D|?
¢ (Lo (FR):y) = DI =7 (Coo (T D):t1)"

Additionally, Lp is compact if and only if

: () —
h){n ||D||(gx(J(k.1)):gl) - 07
where the term ||DHE? (TEDY0) is defined as
(®) —
HD”(zx(ﬂ ny.e) = SUP Z ZHTS ,
E€F: 5 |nekE

forallt € N.

Proof. A similar reasoning as in Theorem 5.9 applies, so the proof is omitted.

Q=
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Theorem 5.11. (i) If D € (¢,(J%Y) : £,.), then

0 <|I£plly < limsup <sup 0r5|>

and Lp is compact if
lim <sup 0,%.|> =0.

(i) If D € (4;(T*V) 2 ¢), then

ILplly = limsup (sup |0Ts|)

and Lp is compact if and only if

lim (sup 0m|> =0.

Proof. It can be seen as a parallel to Theorem 5.9. O
Lemma 5.12. [31] If A has the AK property or A = o, and D € (A : ¢), then
1
5 limsup|| D —d||3 < [[Lpllx < limsup||D, —d][3
and Lp is compact if and only if
lim||D, — d||§ = 0,
where d = (ds) and ds = lim,. d,.

Theorem 5.13. If D € (£,(T*") : ¢) for 1 < p < oo, then

1 1

1. ! . !
5llmrsup <29: 16,5 — 95|q> <|Lplyx < llstup <2 |6rs — 98|Q>

and Lp is compact if and only if

1

lim (Z 10,5 — es|‘I> =0.

Proof. Let D € (£,(J%*V) : ¢). By Lemma 5.8, we have 6 € (¢, : ¢). Using Lemma 5.12, we
obtain the inequality

1
5 limsup €, =7 < [[Lp|lx < limsup [|©, —6[[7,.

Applying Lemma 5.6-(c), we conclude that

1 1

1. ! . !
3 llmTSllp (253 0,5 — .98|q> <|Lplly < hmrsup (Z; 10,5 — 95|q>

Finally, by Lemma 5.12, we deduce that £ is compact if and only if

1

lim <Z |0, — 95|4> =0.
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Theorem 5.14. If D € ({oo (T*V)) : ¢), in that case

1. .
) llmTSl.lp (Zs 10,5 — 65|> <|£Lpllx £ llmTSl.lp <2 |0rs — 95|>

and Lp is compact if and only if

lim <Z 0,5 — 95|> =0.

Proof. Tt can be seen as a parallel to Theorem 5.13. O

Theorem 5.15. If D € (£,(J 1) : ¢), then

1
3 lim sup (sup 6,5 — 08|> <|Lp|y < limsup <sup 16,5 — 03|)
T S T S

and Lp is compact if and only if

lim (sup |05 — 05|> =0.

Proof. It can be seen as a parallel to Theorem 5.13. O

6 Conclusion

In this paper, we explored the Jordan-type matrix operator 7 *-!) and its effects on the sequence
spaces it induces. We examined the properties of these sequence spaces, their duals, and the
matrix mappings and compact operators that act on them. The results highlight the intricate
relationships between the sequence spaces and the operators defined on them, demonstrating the
significant role of the Jordan-type matrix operator in shaping the structure of these spaces.

The findings of the study lay the groundwork for further research in the study of matrix
operators and their applications in functional analysis and sequence space theory.
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