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Abstract. In this paper, we introduce the concept of T-prime ideal over a pseudoring R,
which is a generalization of the prime ideal, and we obtain certain properties. Also, we prove
the prime avoidance lemma in the case of a pseudoring. Finally, we characterize T-prime ideals
in terms of quotient ideals of a pseudoring.

1 Introduction

Various generalizations of prime ideals in ring theory have been studied by different authors (for
instance, see [3, 2, 6, 16, 9, 14]). The concept of an S-prime ideal, which is also a generalization
of a prime ideal, was introduced in the commutative ring [11]. Sevim et al. [15] studied the
concept of the S-prime ideal and used it to characterize integral domains, certain prime ideals,
fields, and S-Noetherian rings. The prime avoidance property in ring theory was studied in
[5]. Some other related studies in commutative rings are [1], [4]. In other algebraic structures,
generalizations of prime ideals have been studied, as seen in [7, 10]. Natei et al. [12, 13] studied
prime ideals and polar ideals in a pseudoring. In this paper, we introduce the notion of a 7-prime
ideal in a pseudoring (which is not even a ring) and obtain analogous properties to the notion of
the S-prime ideal of a ring. We provide an example where the T-prime ideal is not a prime ideal.
Further, we prove a prime avoidance lemma in a pseudoring. Finally, we characterize T-prime
ideals in terms of quotient ideals for a particular class of pseudorings. We also prove that () is a
T-prime ideal of R if and only if /I is a T-prime ideal of R/I.

Throughout this paper, R denotes a pseudoring, if not otherwise stated.

2 Preliminaries

In this section, we recall some basic definitions and results concerning pseudorings from [8, 12,
13].

Definition 2.1. A pseudoring is an algebra R = (R, +,.,1) of type (2,2,0) satisfying the fol-
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lowing axioms:

P (zy)z = z(yz),

P xy =y,
P ozl =xz,
Py 1+(1+2) ==
Ps. z0=0,

Po. (1+z(14+y)(1+y)=0+y(l1+2))(14+2) and
P 1+ (1+z2(1+y)(1+y(l+2) =z+y,
where 0 denotes the element 1 + 1.
Remark 2.2. Commutativity of + follows from (P, ) and (P;).

Definition 2.3. Define: = < y for any two elements =,y € R if and only if x and y satisfy the
condition (y + 1)z = 0.

Definition 2.4. A subset I of R that satisfies the following conditions is an ideal I of R.
(1) 0el.
(i) 14+ (x+1)(y+1)el forevery z,yel.
(i4i) Forany x € Randye lLx <y=x € l.

Proposition 2.5. Forany z,y € R, y(1 + (z + 1)y) = 2(1 + (y + 1)x).

Definition 2.6. Let R; and R, be two pseudorings. A pseudoring homomorphism is a mapping
¢ : Rj — R, that meets the following conditions:

1) p(l) =1,
2) e(z-y)=ox)-oy),
3) wlz+y)=e(@)+ely) forevery x,ye R
Proposition 2.7. Let R be a pseudoring. The following properties hold on R.
Ni. z(x+1)=0, VxeR.
Ny, y(14+0)=y, Vye Rand1+0=1.
N3. x4+0==x.
Ny. Char R = 2.
Proposition 2.8. Let R be a pseudoring. If x < y, then xz < yz forall x,y,z € R.
Corollary 2.9. For any =,y € R with x < y, we have z*> < xy.

Definition 2.10. Let [ be an ideal of R. Forany a € R, definea/l ={r € R:x+a € I}. And
foranya, b€ R, a/I =0b/Iifandonlyifa+b€ 1.

Notation: /I = a. These notations can be utilized interchangeably in the subsequent results.

Theorem 2.11. If I is an ideal of R, then R/I = {x/I : x € R} is a pseudoring with the
operations x/I +y/I = (x+y)/I={reR:r+(x+y)el}, /I -y/I=(z-y)/I.

Definition 2.12. A proper ideal P of R is called prime ideal if for every z,y € R, either z(y +
l)ePory(z+1)€P.

Proposition 2.13. [ is an ideal of R if and only if the following holds:
(i) 0el,
(i1) 14+ (x+1)(y+1)€el forevery z,ye€l,
(tid) (y+1N)z,yel= zel.

Proposition 2.14. If x,y € I, then x + y € I for an ideal I of R.
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3 T-Prime ideals
We begin with the following
Proposition 3.1. Let I C R. I is an ideal of R if and only if the following holds
(1) 0el.
() 14+ (x+1)(y+1)el forevery z,ye€l.
(i) (y+1)z,(z+1)yel=(x+1)z€l forevery z,y,z € R.

Proof. Suppose I be an ideal of R. Let (y + 1)z, (z + 1)y € I. Using condition (ii) we have
I+ (14+2ty+ 1)1 +ylxz+1)) el

Consider
zZe+D){1+(1+2y+1)(1+y(z+1))}+1]
=z(z+ 1)1 +2(y+ 1)1 +y(@+1)) by (Ps)
=z(1+zy+ 1) - @+ 1)1 +yl@+1)) - by (P) and (P1)
=z(1+z(y+D))y+ DI +z(y+1) - by (F)
=zy+ D +z2(y+ ))( z(y+1)) - by (P2) and (Pr)
=0-((y+z+1)= by (Proposition 2.7 (Ny)).
Thus by Definition 2.3, z(z + 1) < 1+ (1 + z(y + 1))(1 + y(z + 1)). Hence by Definition

2.4(ii), z(z+ 1) € I.

Conversely, suppose conditions (i)-(iii) are true. Let x < y and y € I. From Proposition 2.7 (IV;),
wehave y(0+ 1) =y e Tandz <y = (y+ 1)z =0 € I. Then by (iii), z = z(0+ 1) € I.
Therefore I is an ideal of R. O

Definition 3.2. Let I be an ideal of R. For each, z,5 € R/I,z < giffx(y + 1) € L.
Proposition 3.3. The relation defined in Definition 3.2 is a partial order relation on R/1.

Proof. Letx € R. Then z(z 4+ 1) = 0 € I for an ideal [ in R. It follows that < Z. Hence, the
relation ” < ” is reflexive. Suppose z < § and § < Z. It follows that z(y + 1), z(y + 1) € I.
By Definition 2.4 (ii),Ps, we have 1 + (z(y + 1)+ 1)(y(z + 1) + 1) =  +y € 1. By Definition
2.10, /1 = y/I. Thus, the relation "<" is antisymmetric. Let z < y and § < Z. By Definition
3.2, 2(y+ 1),y(z + 1) € I. By Proposition 3.1 (iii), z(z + 1) € I. Thus & < z. Hence ” < " is
transitive. ]

Lemma 3.4. If P is a prime ideal of R, then R/ P is a totally ordered pseudoring.

Proof. Letz,§ € R/P, where x,y € R. Since P is a prime ideal,it follows that z(y + 1) € P
ory(zx +1) € P= < jory < Z. Therefore, R/ P is totally ordered. O

Example 3.5.Let R = {0, a, b, ¢, d, 1} and the operations "+’ and ’-> on R are defined as
follows:

+|0 a b ¢ d 1 0 a b ¢ d 1
0/]0 a b ¢ d 1 00 0 0 0 O O
ala 0 a d c d a0 0 a 0 0 a
bbb a 0 1 d c b0 a b 0 a b
clc d 1 0 a b c|0 0 0 ¢ ¢ ¢
d{d ¢ d a 0 a d|{0 0 a ¢ ¢ d
1/1 d ¢ b a 0 110 a b ¢ d 1

Then R = (R,+,-,1) is a pseudoring. Using the definition of an ideal, we can verify that
I = {0, c} is an ideal of R. Observe that for every 2,y € R, x(y+1) € Iory(x+1) € I. Thus
I is a prime ideal of R. Observe that 0 < @ < 1. Therefore, R/I is a totally ordered pseudoring.
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Theorem 3.6. Let P be a prime ideal of R. For any x,y € R if vy € P, then either x> € P or
2
y- € P.

Proof. Letxy € P. Since z,y € R = I, § € R/P. Hence by Lemma 3.4, R/P is a chain, then
either z < §or § < z. If & < §. From Corollary 2.9, it follows that P <zy =2 @g+1) =
0 = 2?(xy + 1) € P. Hence, by Proposition 2.13, z? € P. Similarly, if j < Z, theny?> € P. O

Proposition 3.7. Let R be an idempotent pseudoring and P be any proper ideal of R. Then, P is
prime ideal of R if and only if vy € P = x> € Pory? € P forall x,y € R.

Proof. Let R be idempotent pseudoring and P be any proper ideal of R. The forward proof
follows from Theorem 3.6.

Conversely, suppose 2y € P = 22> € P or y> € P, forall z,y € R. Leta,b € R. Since P is an
ideal of R, a(b+1)-b(a+ 1) = 0 € P. It follows that (a(b+ 1))> € P or (b(a + 1))* € P. Thus

a(b+1)e Porbla+1) € P. o
Theorem 3.8. Let I}, I, --- , I, beideals of R and P be a prime ideal of R. If [, 1, --- I, C P,
thenljzk C Pforsomeje {1,2,--- ,ntand1 <k <n-1.

Proof. Suppose I11;---1, C P, for ideals Iy,--- , I, of R and prime ideal P of R. Let z; €
Iy, xp € I, ---, z, € I,, where z;’s are arbitrary elements of I;. Clearly, 1z - -z, €

Ll -1, C P. It follows that xj2z, - --x,, € P. Lety; = xpx3- - x,. Implies z1y; € P. By

Theorem 3.6, either 27 € P or y} € P. If 27 € P, we are done. Otherwise, y; € P. Let

Yo = 233 -+~ a2 It follows that 23 - y, € P, by the same theorem 25 € Pory3 € P. If 25 € P,

we are done. Otherwise y3 € P. Let y3 = zja?--- 2% . It follows that 2% - y3 € P, by Theorem

3.6, 25 € Pory; € P.1If 2§ € P, we are done. Otherwise y3 € P. Continuing in the same
-2 271,—2

n n—2
way, we get 22" | - y,—1 € P = (22 )2 € Pory?_, € P, where y,,_1 = 22" = y>_, =
2" g2 = 22" Thus either 12" C Por I C P. O

n n—I1

Next, we prove the prime avoidance lemma for a pseudoring as follows:

Theorem 3.9. Let Py, P, ---, P, be prime ideals of a pseudoring R and I be an ideal of R. If
IC U P, then I C Py for some k € {1,2,--- n}.
i=1

1=

Proof. Suppose I C |J P;. Letty, to, ---, t, be maximal elements of I. Then ¢; < 1 + (¢; +
i=1

D)(ta+1)---(t,+1) € I foreachi = 1,2, ---, n. Thusz < 1+ (¢t;+1)(t2+1) - -+ (¢, + 1) for

any z € I.Itfollows thatthereis k& € {1,2, --- , n} suchthat 14+(¢;+1)(t2+1) - - - (£, +1) € Py.

Hence I C P for some k € {1,2, ---, n}. O

Definition 3.10. Let R be a pseudoring and 7" a subset of R containing 1. If for every ¢, h €
T, t(1 4 (h+1)t) € T, then T is called the additive product set of R.

Example 3.11. Let R be a pseudoring and P be a prime ideal of R. Then T = R — P is an
additive product subset of R.

Proof. Letx,y € T = R—P = xz,y ¢ P. We would like to demonstrate that z(1+(y+1)z) € T.
Since 2,y € R and P is a prime ideal of R, then either z(y + 1) € P or y(x + 1) € P. Assume
that x(1+ (y+ 1)z) € P.If z(y + 1) € P = z € P. Based on the assumption, Proposition 2.5
implies that y(1 + (z + 1)y) € P.If y(z + 1) € P = y € P. This is a contradiction to the fact
that z,y ¢ P. Therefore, z(1+ (y+ 1)z) ¢ P= a(1 + (y+ 1)z) € T. O

Definition 3.12. Let 7" be an additive product subset of a pseudoring R, and let ) an ideal of R
with @ N T = (). Then Q is called a T-prime ideal of R if for all z,y € R with zy € Q, there is
t € T witht # 1 suchthat 22(t+1)" € Q or y*(t+ 1)" € Q for some n € Z.

Proposition 3.13. Every prime ideal is a T-prime ideal of a pseudoring R.

Proof. Let Q be a prime ideal of R and let T' be an additive product subset of R with TN Q = {.
It follows that for every xy € Q either 2> € Q or > € Q. Consequently 2%(t +1)" < 22 € Q or
y?(t+ 1) <y?> € Qforalln € Z* all t € T. Hence Q is a T-prime ideal of R. O



T-prime Ideal 693

The converse of this proposition does not hold in general. For instance, consider the follow-
ing:

Example 3.14. Let R = {0, a, 5, u} be a given set. Define the operations '+’ and ’-” on R as
follows:

+|0 a [ u 0 aa B u
0/]0 a B u 0/j0 0 0 O
ala 0 u p all0 a 0 «
gl u 0 «a plo 0 g5 pB
ulu B8 a O u|l0 a 8 u

Then (R, +, -, u) is a pseudoring. Let ' = {u,a} and and Q = {0}. Clearly @ is a T-prime
ideal but not prime ideal since for o, 3 € R neither 8(u + o) nor a(u + ) is in Q.

Proposition 3.15. Let T C R be an additive product set. Then Q is a T-prime ideal of R if and
only if there are ty,ty,- - ,t; € T such that for all yy, ya, -+ , Yn € R, Y192+ yn € Q, implies
ym(t + DR+ DR (4 + DR € Q for some i € {1,--- ,n}, m > 2 and some k; € L+
withj € {1,2,--- [} andl <n—1.

Proof. Let @ be a T-prime ideal of R and let 1y - - -y, € Q. Let xg = y192 - - - yn—1. It follows
ToYn € Q. By Definition 3.12, either z3(t; + 1)" € Qory2(ti + )M € Q. If 2 (L1 + )M € Q
we are done, otherwise z3(¢; + 1)¥1 € Q. In this case, let y?y3 ---y2 , = 21 = x1y2_,(t1 +
1)k € Q. It follows either z3(t, + 1)* € Q or y? (1 + 1)1 (o + 1) € Q. If y*_,(t1 +
1)?*1(t; + 1)* € Q. we are done, otherwise z3(t> + 1)¥1 € Q. Proceeding like this we get
ym(t + DRt 4+ 1)k (4 + 1)k € Q for some i € {1,---,n}, m > 2 and some k; € Z*
with j € {1,2,---,{} and [ < n — 1. The Converse is straightforward. O

Corollary 3.16. Let T' C R be a totally ordered additive product set, and Q) be an ideal of R
with QT = (. Q is a T-prime ideal of R if and only if y1y2---yn € Q = y™(t+ 1)* € Q
for somet € T for somei € {1, ---, n}, m>2andm, k € Z*.

Proof. Suppose @ is a T-prime ideal of R. Let y14, - - -y, € Q. By Proposition 3.15,there are
t1,ta, -+ ,t; € Tsuchthat y™(t;+1)% (t,+1)% - .- (;+1)* € Q. Since T is totally ordered, for
ti,t2,---, t; € T'thereis j € {1, 2, ---, [} such that ¢; is maximum element = ¢; < t;, Vi =
1, 2, -+, 1 and by Definition 2.3 and Proposition 2.8, we have t; + 1 < t; + 1 = (t; + 1)¥ <
(ti+ 1)k fork € Z*. Fix k = ky + ko + - - + k;. Implies (¢; + 1)¥ < (¢; + 1)*. By the same
definition and proposition, we have y(¢; + 1)* <y (t; + D*(t + DR -t + DM € Q. Tt
follows that 4™ (¢; + 1)* € Q. The converse proof follows from Definition 3.12 and Proposition
3.15. O

Definition 3.17. Let I be an ideal of Rand x € R. Define (I :z) ={ye R: ylz+1)" eI
for somen € Z*}.

Lemma 3.18. Let I be an ideal in R. If x € I, then I = (I : x).

Proof. Let a € I. 1t is clear from Definition 2.3 that a(z + 1)" < a, for any n € Z™, thus by
Definition 2.4, a(x + 1)™ € I. Hence I C (I : ). To illustrate the opposite way of inclusion, let
y€ (I:x). Theny(z +1)"(z+1)=y(x+1)" € I,forn € Z" and n > 2. Since = € I,
by Proposition 2.13, y(z + 1)~ € I. Also, y(z + 1)""?(z + 1) = y(z + 1)*~!, and hence, by
the same proposition, y(x + 1)"~2 € I. Continuing the process like this, we get y € I. Thus,
I=(I:x). o

It is important to note that the intersection of any family of ideals of R is also an ideal of R.
For each subset H of R, the intersection of all ideals I O H is the smallest ideal containing H
and is denoted by < H .

Lemma 3.19. If I is an ideal of R and x is an arbitrary element of R, then < I U {z} == {y €
R:y<l14+(hi+1)(ha+1)---(hy+ 1) forsome hy, ha, ..., h, € IU{zx}}.
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Proof. LetJ ={ye R:y <14+ (h+1)(ha+1)---(h,+ 1) for some hy, hy, ---, hy €
TU{z}}. We show that .J is an ideal of R containing JU{z}. Leta € IU{z}. By Definition 2.3 and
Proposition 2.7 (N1), a <a= 1+ (a+1) € J. Hence TU{z} C J. Since [ is an ideal of R, 0 €
I CJ=0¢€ J Leta,b € J. By the definition of J, we have a < 1+ (hy+1)(ho+1) - (h,+1)
andb < 1+ (k1 + 1)(ka+1) - (ky+ 1) forsome hy, hy, -+, by, ki, k2, -+, km € TU{z}.
It follows that (A1 + 1) (ha+1) - (hn+1) < a+1and (ki +1)(ky+1) -+ (ke +1) < b+1. By
Proposition 2.8, (b1 + 1)(ha + 1) -+ (hy + 1) (k1 + 1) (ko + 1) -+ (b, + 1) < (a+ 1)(b+ 1) =
L+ (@+1)b+1) <1+ (A + )lha+ 1) (hp + Dk + (ks + 1)+ (km + 1) for
some n,m € Z". Thus 1 + (a + 1)(b+ 1) € J. Leta < b, and b € J for a € R. Implies
a<b<l+h +1D(ha+1)---(hp+1)=a<1+4(hi+1)(ha+1)---(hy, + 1) for some
hi,ha, -+ hy € IU{a} = a € J. Hence J is an ideal containing I U {z}.

It is left to show J is the smallest ideal containing I U {z}. Let K be an arbitrary ideal of
R containing I U {z}. Let a € J. Implies a < 1+ (hy + 1)(hp +1)--- (h,, + 1) for some
hi, hyy -+, hy € TU{z} C K. Itfollowsthata < 1+ (hy + 1)(ho + 1) - (h, + 1) € K =
J C K. Thus J is the smallest ideal containing I U {z}. Hence J =< T U {z} > . ]

Theorem 3.20. Let I be an ideal of R. For all x € R, (I : x) is an ideal of R.

Proof. If x € I, then by Lemma 3.18, (I : =) = I is an ideal. Suppose = ¢ I. In this case, to
demonstrate that (I : z) is an ideal, we assert (I : x) =< I U{z} = .Leta €< I U{a} >~ .
ByLemma3.19,a < 14 (hy + 1)(ho + 1) - (hy, + 1) for some hy, hy, -+, h, € [U{z}. By
Definition 2.3, a - (h; + 1)(ha + 1) -+ (hy, + 1) = 0 € I. We can consider two situations.
Case;. Ifforany 1 <i<mn, h; # z,thena(x+1)*(hi+1)(ha+1)--- (hy+1) = a(hi+1)(ha+
Do (hp+1)(z+1)*=0-(z+1)*=0¢ I forsome k € Z*. Since h; € I Vi € {l,--- ,n},
by Proposition 2.13 (iii), a(z + 1)*(hy + 1)---(h,_1 + 1) € I. By repeated application of
proposition2.13 we get a(x + 1)* € I. It follows a € (I : z). Hence < I U {x} =C (I : z).
Case,. If there exists h; = = for 1 < i < n. Then by renumbering, there is m, k < n such that
a(z+1)"(hy +1)(hy +1)---(hg +1) =0 € I. It follows that a(z + 1)™ € [ = a € (I : z).
Thus < U {z} ~C (I : z).

To show the reverse inclusion, let a € (I : ). It follows that a(x+1)" € I for some n € Z*. Let
b= a(z+1)". Then, By Proposition 2.7 (N;), b(b+1) =0 = a < 1+ (z+1)" (a(z+1)"+1).
Since z, a(z+1)™ € TU{z}, By Lemma 3.19,a €< IU{x} > . Hence (I : z) C< [U{z} >~ .
Thus (I : z) is an ideal of R. i

For any ideal I of R and z € R, the ideal (I : x) is called Quotient ideal of I with respect to
an element z.

Theorem 3.21. Let T' C R be an additive product set of R and let QQ be an ideal of R with
TNQ=0.If (Q : t) is a prime ideal of R for some t € T with t # 1, then Q is a T-prime ideal
of R.

Proof. Suppose (Q : t) is the prime ideal of R for some ¢ € T. Let z,y € R with zy € Q. Since
QC(Q:t)=a2yec(Q:t). By Theorem3.6, 22 € (Q:t)ory> € (Q:t) = 22(t+ 1) € Q
or y?(t + 1)™ € @ for some ny, ny € Z*. Let m = max{ny, na}. Thus 2*(t + 1)™ € Q or
y?(t + 1)™ € Q. Hence Q is a T-prime ideal of R. O

Example 3.22. Observe that in example 3.14, @ is a T-prime ideal. Then (Q : @) = {y €
R:yla+u)"e€Q}={yeR: yB8 =0} ={0,a} is a prime ideal of R.

Proposition 3.23. Let R be an idempotent pseudoring and T C R be a totally ordered additive
product set. And let Q be an ideal of R with T N Q = 0. Then (Q : t) is a prime ideal of R for
some t € T witht # 1 if and only if Q is a T-prime ideal of R.

Proof. The forward proof follows from Theorem 3.21. Conversely, suppose () is a T-prime ideal
of R. Let fix ty € T be a maximal element with ¢ty # 1. Thatis ¢ < ¢y, Vit € T. Letz,y € R
with zy € (Q : to). By Definition 3.17, zy(to + 1)" € Q for some n € Z*. Let y(top + 1)" = a.
It follows that za € Q. Since @ is a T-prime ideal there is t € T such that 22(¢ + 1)™ € Q or
a?(t+1)™ € Q. If 2(t+1)™ € Q, By Proposition 2.8 (i) and (iii), z%(to+ 1)™ < 2?(t+1)™ =
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Xto+ 1) € Q=22 € (Q:ty). Ifa®(t+ 1) € Q = y2(to+ 1)® - (t + 1)™ € Q. Since
t <t, applying Proposition 2.8 (i) and (iii), y*(to + 1) Tto+ )" < yP(to+ 1) (1) =
y*(to + 1)* € Q, where k = 2n + ny € Z*. Hence > € (Q : to). Therefore by Proposition 3.7,
(Q : to) is a prime ideal of R. m|

Example 3.24.Let R = {0, a, b, ¢, «, 3, 7, 1} be a given set. The operations +’ and ’-’ on
R are defined as follows:

o = o 2 O 0 oo
™o = O=2 W oo
R O = 9 o Q|0
O O 2 o = o W™
S0 LW W o =~ 22
® O 0 R W2 ==
N eolNolNeloNoNol He}
oo O o O o O oo
Q2 QO o O
0O ™ e o O 9 o™
2 o0 >0 o O Ol
—_ 2 W R o o O~

—_ 2 ™R o o » O+
—_ 2 O L2 o o v OO
2 = 0 O W L0 O e
QO vy v OO v Ow
O O 60 O 60 O o oo

— 2 W R o o » O

B a ¢ b a O 0 B v
Then (R, +,-, 1) is an idempotent pseudoring and 7' = {1, ¢, 7} is a totally ordered additive
product set of R. Observe that Q@ = {0, a} is T-prime ideal. By simple computations, one can
verify that (Q : ¢) = {0, a, ¢, 8} is a prime ideal of R.

Q

Proposition 3.25. Let R| and R; be two distinct pseudorings and T be an additive product subset
of Ry. If themap f : Ry — R, is an epimorphism, then the following statements hold.

i) f(T) is additive product subset of Rj.
ii) If Q is f(T)-prime ideal of Ry, then f~'(Q) is a T-prime ideal of R, .

Proof. 1) Let 1 be multiplicative identity of Ry and 1’ be multiplicative identity of R,. Clearly
f(T) CRyand1 €T = f(1) =1 € f(T). Let z,y € f(T). Implies there are a,b € T
such that f(a) =z and f(b) =y.

Consider (1’ + (y+1")z) = f(a)(f(1)+ (f(b)+ f(1))f(a)) = f(a(l+ (b+1)a)). Since
T is additive product subset of Ry, a(1 4+ (b+ 1)a) e T = (1" + (y + 1")z) € f(T).

ii) Suppose Q is f(T)- prime ideal of Ry. Let zy € f~'(Q). It follows f(zy) € Q by the
definition of homomorphism f(z) - f(y) = f(zy) € Q. Hence there is f(¢) for some ¢t € T
such that (f(z))*(f(t) + 1')™ € Q or (f(y))*(f(t) + 1')" € Q for some n € Z*. Since
1" = f(1), it follows f(z*(t+1)") € Qor f(y*(t+1)") € Q@ = 2>t +1)" €
FHQ) or y*(t+ 1)" € f~1(Q) for some n € Z*. Therefore f~!(Q) is a T-prime ideal
of Rl.

O

Proposition 3.26. Let T' C R be an additive product set. Suppose Q is a T-prime ideal of R. If
forallideal I,J of R, INJ C Q, then there ist € T such that I* C (Q : t) or J> C (Q:1).

Proof. Letx € I and y € J = x> € I> and y*> € J?. We can easily observe that xy € I N J.
Implies zy € Q. It follows that there is ¢ € T such that 2?(t + 1)* € Q or y*(t + 1)" € Q =
22e(Q:t) or > €(Q:t).Hence I’ C (Q:t) or J>C (Q:1). O

The following theorem demonstrates the relation between the 7-prime ideal of R and the
quotient T-prime ideal of R/I.

Theorem 3.27. Let T' be an additive product subset of R and let I be the ideal of R with INT = 0.
Let Q be a proper ideal of R containing I such that T N Q/I = (. Then Q is a T-prime ideal of
Rifand only if Q/I is a T-prime ideal of R/ 1.

Proof. Suppose @ is a T-prime ideal of a pseudoring R. Let ) contain an ideal I of R. Since
a T-prime ideal is an ideal, one can easily demonstrate that )/1 is an ideal of R/I. Suppose T'
is an additive product subset of R. Now we claim that T is an additive product subset of R/I.
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Let @,b € T. By definition we have a,b € T = a(l + (b+ 1)a) € T. Thus a(1 + (b + 1)a) =
a(l1+ (b+1)a) € T. Hence T is an additive product subset of R/I. The following step is to
demonstrate that /I is a T-prime ideal in the pseudoring R/I. Let #jj € Q/I. Then 7y € Q
= 2y € Q. Since @ is a T-prime ideal of R, then there is ¢ € T such that either 2(t + 1)" € Q
orf(t+1)" e Q= (I +1)" =a2(t+1)" € Qor (T + 1)" = y?(t + 1) € Q. Therefore
Q is a T-prime ideal of R/I.
Conversely, suppose Q be a T-prime ideal of R/I. Since TN Q/I =0 = QNT = 0. Let
zy € Q. Then Ty = zj € Q. Since Q is a T-prime,then there is # € T such that z>(f 4 1)
22t+1m cQorPI+1)" =2t+ 1) e Q= 2*t+1)"€Q or y*(t+1)" € Qfor
some n € Z*.

|

Example 3.28. In Example 3.24, R/I = {0, a, ¢, 7, 1} using the operations in Theorem 2.11,
is a quotient pseudoring for an ideal I = {0, b}. It is simple to show that 7' = {1, ¢, v} is an
additive product subset of R, and Q = {0, a, b, a}isa proper ideal of R that contains I. We
can observe that T = {1 ¢, 7} and Q = {0, a} Thus, T N Q@ = (). By simple computations, we
imply that @ is a T-prime ideal in R/I. For instance, @ -y =a-y=b=0¢€ Q, thereis¢ € T
such that (a)2G+1)" = a2(c+ )" =a(a®) =a=a-a=a = a € Q for some n € Z*.
Similarly, we can do this for the other combinations. It is likewise simple to show that () is a
T'-prime ideal of R.

Proposition 3.29. Let T be a totally ordered additive product subset of an idempotent pseudoring
R. Let I be an ideal of R and let Qy, ---, Qn are T- prlme ideals of R. If I C U |Q;, then
there exists t; € T and j € {1, ---, n} such that I C (Q; : t;).

Proof. Let 1, Q», ---, @, be T-prime ideals of R and let I be the ideal of R with I C
U ,Q;. By Proposition 3.23, there is t; € T such that (Q; : t;) is prime ideal of R. Since
ICUM,Q; CUM (Q;:t;) =1CU" (Q;:t;). By Theorem 3.9, thereis j € {1,--- ,n} such
that - (Q] . tj). O
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