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Abstract. In this paper, we introduce the concept of T-prime ideal over a pseudoring R,
which is a generalization of the prime ideal, and we obtain certain properties. Also, we prove
the prime avoidance lemma in the case of a pseudoring. Finally, we characterize T-prime ideals
in terms of quotient ideals of a pseudoring.

1 Introduction

Various generalizations of prime ideals in ring theory have been studied by different authors (for
instance, see [3, 2, 6, 16, 9, 14]). The concept of an S-prime ideal, which is also a generalization
of a prime ideal, was introduced in the commutative ring [11]. Sevim et al. [15] studied the
concept of the S-prime ideal and used it to characterize integral domains, certain prime ideals,
fields, and S-Noetherian rings. The prime avoidance property in ring theory was studied in
[5]. Some other related studies in commutative rings are [1], [4]. In other algebraic structures,
generalizations of prime ideals have been studied, as seen in [7, 10]. Natei et al. [12, 13] studied
prime ideals and polar ideals in a pseudoring. In this paper, we introduce the notion of a T -prime
ideal in a pseudoring (which is not even a ring) and obtain analogous properties to the notion of
the S-prime ideal of a ring. We provide an example where the T -prime ideal is not a prime ideal.
Further, we prove a prime avoidance lemma in a pseudoring. Finally, we characterize T -prime
ideals in terms of quotient ideals for a particular class of pseudorings. We also prove that Q is a
T -prime ideal of R if and only if Q/I is a T -prime ideal of R/I .
Throughout this paper, R denotes a pseudoring, if not otherwise stated.

2 Preliminaries

In this section, we recall some basic definitions and results concerning pseudorings from [8, 12,
13].

Definition 2.1. A pseudoring is an algebra R = (R,+, ., 1) of type (2, 2, 0) satisfying the fol-
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lowing axioms:

P1. (xy)z = x(yz),

P2. xy = yx,

P3. x1 = x,

P4. 1 + (1 + x) = x,

P5. x0 = 0,

P6. (1 + x(1 + y))(1 + y) = (1 + y(1 + x))(1 + x) and

P7. 1 + (1 + x(1 + y))(1 + y(1 + x)) = x+ y,

where 0 denotes the element 1 + 1.

Remark 2.2. Commutativity of + follows from (P2) and (P7).

Definition 2.3. Define: x ≤ y for any two elements x, y ∈ R if and only if x and y satisfy the
condition (y + 1)x = 0.

Definition 2.4. A subset I of R that satisfies the following conditions is an ideal I of R.

(i) 0 ∈ I.

(ii) 1 + (x+ 1)(y + 1) ∈ I for every x, y ∈ I.

(iii) For any x ∈ R and y ∈ I, x ≤ y ⇒ x ∈ I.

Proposition 2.5. For any x, y ∈ R, y(1 + (x+ 1)y) = x(1 + (y + 1)x).

Definition 2.6. Let R1 and R2 be two pseudorings. A pseudoring homomorphism is a mapping
φ : R1 −→ R2 that meets the following conditions:

1) φ(1) = 1,

2) φ(x · y) = φ(x) · φ(y),
3) φ(x+ y) = φ(x) + φ(y) for every x, y ∈ R1.

Proposition 2.7. Let R be a pseudoring. The following properties hold on R.

N1. x(x+ 1) = 0, ∀x ∈ R.

N2. y(1 + 0) = y, ∀y ∈ R and 1 + 0 = 1.

N3. x+ 0 = x.

N4. Char R = 2.

Proposition 2.8. Let R be a pseudoring. If x ≤ y, then xz ≤ yz for all x, y, z ∈ R.

Corollary 2.9. For any x, y ∈ R with x ≤ y, we have x2 ≤ xy.

Definition 2.10. Let I be an ideal of R. For any a ∈ R, define a/I = {x ∈ R : x+ a ∈ I}. And
for any a, b ∈ R, a/I = b/I if and only if a+ b ∈ I.

Notation: a/I = ā. These notations can be utilized interchangeably in the subsequent results.

Theorem 2.11. If I is an ideal of R, then R/I = {x/I : x ∈ R} is a pseudoring with the
operations x/I + y/I = (x+ y)/I = {r ∈ R : r + (x+ y) ∈ I}, x/I · y/I = (x · y)/I.

Definition 2.12. A proper ideal P of R is called prime ideal if for every x, y ∈ R, either x(y +
1) ∈ P or y(x+ 1) ∈ P.

Proposition 2.13. I is an ideal of R if and only if the following holds:

(i) 0 ∈ I,

(ii) 1 + (x+ 1)(y + 1) ∈ I for every x, y ∈ I,

(iii) (y + 1)x, y ∈ I ⇒ x ∈ I.

Proposition 2.14. If x, y ∈ I, then x+ y ∈ I for an ideal I of R.
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3 T-Prime ideals

We begin with the following

Proposition 3.1. Let I ⊆ R. I is an ideal of R if and only if the following holds

(i) 0 ∈ I.

(ii) 1 + (x+ 1)(y + 1) ∈ I for every x, y ∈ I.

(iii) (y + 1)z, (x+ 1)y ∈ I ⇒ (x+ 1)z ∈ I for every x, y, z ∈ R.

Proof. Suppose I be an ideal of R. Let (y + 1)z, (x + 1)y ∈ I. Using condition (ii) we have
1 + (1 + z(y + 1))(1 + y(x+ 1)) ∈ I .

Consider

z(x+ 1)[{1 + (1 + z(y + 1))(1 + y(x+ 1))}+ 1]

= z(x+ 1)(1 + z(y + 1))(1 + y(x+ 1)) · · · by (P4)

= z(1 + z(y + 1)) · (x+ 1)(1 + y(x+ 1)) · · · by (P2) and (P1)

= z(1 + z(y + 1))(y + 1)(1 + x(y + 1)) · · · by (P6)

= z(y + 1)(1 + z(y + 1))(1 + x(y + 1)) · · · by (P2) and (P1)

= 0 · ((y + 1)x+ 1) = 0 · · · by (Proposition 2.7 (N1)).

Thus by Definition 2.3, z(x + 1) ≤ 1 + (1 + z(y + 1))(1 + y(x + 1)). Hence by Definition
2.4(iii), z(x+ 1) ∈ I.
Conversely, suppose conditions (i)-(iii) are true. Let x ≤ y and y ∈ I. From Proposition 2.7 (N2),
we have y(0 + 1) = y ∈ I and x ≤ y ⇒ (y + 1)x = 0 ∈ I. Then by (iii), x = x(0 + 1) ∈ I.
Therefore I is an ideal of R.

Definition 3.2. Let I be an ideal of R. For each, x̄, ȳ ∈ R/I, x̄ ≤ ȳ iff x(y + 1) ∈ I.

Proposition 3.3. The relation defined in Definition 3.2 is a partial order relation on R/I.

Proof. Let x ∈ R. Then x(x+ 1) = 0 ∈ I for an ideal I in R. It follows that x̄ ≤ x̄. Hence, the
relation ” ≤ ” is reflexive. Suppose x̄ ≤ ȳ and ȳ ≤ x̄. It follows that x(y + 1), x(y + 1) ∈ I.
By Definition 2.4 (ii),P7, we have 1+ (x(y+ 1) + 1)(y(x+ 1) + 1) = x+ y ∈ I. By Definition
2.10, x/I = y/I. Thus, the relation "≤" is antisymmetric. Let x̄ ≤ ȳ and ȳ ≤ z̄. By Definition
3.2, x(y + 1), y(z + 1) ∈ I. By Proposition 3.1 (iii), x(z + 1) ∈ I. Thus x̄ ≤ z̄. Hence ” ≤ ” is
transitive.

Lemma 3.4. If P is a prime ideal of R, then R/P is a totally ordered pseudoring.

Proof. Let x̄, ȳ ∈ R/P, where x, y ∈ R. Since P is a prime ideal,it follows that x(y + 1) ∈ P
or y(x+ 1) ∈ P ⇒ x̄ ≤ ȳ or ȳ ≤ x̄. Therefore, R/P is totally ordered.

Example 3.5. Let R = {0, a, b, c, d, 1} and the operations ’+’ and ’·’ on R are defined as
follows:

+ 0 a b c d 1
0 0 a b c d 1
a a 0 a d c d
b b a 0 1 d c
c c d 1 0 a b
d d c d a 0 a
1 1 d c b a 0

· 0 a b c d 1
0 0 0 0 0 0 0
a 0 0 a 0 0 a
b 0 a b 0 a b
c 0 0 0 c c c
d 0 0 a c c d
1 0 a b c d 1

Then R = (R,+, ·, 1) is a pseudoring. Using the definition of an ideal, we can verify that
I = {0, c} is an ideal of R. Observe that for every x, y ∈ R, x(y+1) ∈ I or y(x+1) ∈ I. Thus
I is a prime ideal of R. Observe that 0̄ ≤ ā ≤ 1̄. Therefore, R/I is a totally ordered pseudoring.
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Theorem 3.6. Let P be a prime ideal of R. For any x, y ∈ R if xy ∈ P, then either x2 ∈ P or
y2 ∈ P.

Proof. Let xy ∈ P. Since x, y ∈ R ⇒ x̄, ȳ ∈ R/P. Hence by Lemma 3.4, R/P is a chain, then
either x̄ ≤ ȳ or ȳ ≤ x̄. If x̄ ≤ ȳ. From Corollary 2.9, it follows that x̄2 ≤ x̄ȳ. ⇒ x̄2(x̄ȳ + 1̄) =
0̄ ⇒ x2(xy + 1) ∈ P. Hence, by Proposition 2.13, x2 ∈ P. Similarly, if ȳ ≤ x̄, then y2 ∈ P.

Proposition 3.7. Let R be an idempotent pseudoring and P be any proper ideal of R. Then, P is
prime ideal of R if and only if xy ∈ P ⇒ x2 ∈ P or y2 ∈ P for all x, y ∈ R.

Proof. Let R be idempotent pseudoring and P be any proper ideal of R. The forward proof
follows from Theorem 3.6.
Conversely, suppose xy ∈ P ⇒ x2 ∈ P or y2 ∈ P, for all x, y ∈ R. Let a, b ∈ R. Since P is an
ideal of R, a(b+ 1) · b(a+ 1) = 0 ∈ P. It follows that (a(b+ 1))2 ∈ P or (b(a+ 1))2 ∈ P. Thus
a(b+ 1) ∈ P or b(a+ 1) ∈ P.

Theorem 3.8. Let I1, I2, · · · , In be ideals of R and P be a prime ideal of R. If I1I2 · · · In ⊆ P,

then I2k

j ⊆ P for some j ∈ {1, 2, · · · , n} and 1 ≤ k ≤ n− 1.

Proof. Suppose I1I2 · · · In ⊆ P, for ideals I1, · · · , In of R and prime ideal P of R. Let x1 ∈
I1, x2 ∈ I2, · · · , xn ∈ In, where xi’s are arbitrary elements of Ii. Clearly, x1x2 · · ·xn ∈
I1I2 · · · In ⊆ P . It follows that x1x2 · · ·xn ∈ P. Let y1 = x2x3 · · ·xn. Implies x1y1 ∈ P . By
Theorem 3.6, either x2

1 ∈ P or y2
1 ∈ P. If x2

1 ∈ P , we are done. Otherwise, y2
1 ∈ P. Let

y2 = x2
3x

2
4 · · ·x2

n. It follows that x2
2 · y2 ∈ P, by the same theorem x4

2 ∈ P or y2
2 ∈ P. If x4

2 ∈ P ,
we are done. Otherwise y2

2 ∈ P. Let y3 = x4
4x

4
5 · · ·x4

n. It follows that x4
3 · y3 ∈ P, by Theorem

3.6, x8
3 ∈ P or y2

3 ∈ P. If x8
3 ∈ P , we are done. Otherwise y2

3 ∈ P. Continuing in the same
way, we get x2n−2

n−1 · yn−1 ∈ P ⇒ (x2n−2

n−1 )
2 ∈ P or y2

n−1 ∈ P , where yn−1 = x2n−2

n ⇒ y2
n−1 =

x2n−2

n · x2n−2

n = x2n−1

n . Thus either I2n−1

n−1 ⊆ P or I2n−1

n ⊆ P.

Next, we prove the prime avoidance lemma for a pseudoring as follows:

Theorem 3.9. Let P1, P2, · · · , Pn be prime ideals of a pseudoring R and I be an ideal of R. If

I ⊆
n⋃

i=1
Pi, then I ⊆ Pk for some k ∈ {1, 2, · · · , n}.

Proof. Suppose I ⊆
n⋃

i=1
Pi. Let t1, t2, · · · , tn be maximal elements of I. Then ti ≤ 1 + (t1 +

1)(t2+1) · · · (tn+1) ∈ I for each i = 1, 2, · · · , n. Thus x ≤ 1+(t1+1)(t2+1) · · · (tn+1) for
any x ∈ I. It follows that there is k ∈ {1, 2, · · · , n} such that 1+(t1+1)(t2+1) · · · (tn+1) ∈ Pk.
Hence I ⊆ Pk for some k ∈ {1, 2, · · · , n}.

Definition 3.10. Let R be a pseudoring and T a subset of R containing 1. If for every t, h ∈
T, t(1 + (h+ 1)t) ∈ T , then T is called the additive product set of R.

Example 3.11. Let R be a pseudoring and P be a prime ideal of R. Then T = R − P is an
additive product subset of R.

Proof. Let x, y ∈ T = R−P ⇒ x, y /∈ P. We would like to demonstrate that x(1+(y+1)x) ∈ T.
Since x, y ∈ R and P is a prime ideal of R, then either x(y + 1) ∈ P or y(x+ 1) ∈ P. Assume
that x(1 + (y + 1)x) ∈ P. If x(y + 1) ∈ P ⇒ x ∈ P. Based on the assumption, Proposition 2.5
implies that y(1 + (x+ 1)y) ∈ P. If y(x+ 1) ∈ P ⇒ y ∈ P. This is a contradiction to the fact
that x, y /∈ P . Therefore, x(1 + (y + 1)x) /∈ P ⇒ x(1 + (y + 1)x) ∈ T.

Definition 3.12. Let T be an additive product subset of a pseudoring R, and let Q an ideal of R
with Q ∩ T = ∅. Then Q is called a T -prime ideal of R if for all x, y ∈ R with xy ∈ Q, there is
t ∈ T with t ̸= 1 such that x2(t+ 1)n ∈ Q or y2(t+ 1)n ∈ Q for some n ∈ Z+.

Proposition 3.13. Every prime ideal is a T -prime ideal of a pseudoring R.

Proof. Let Q be a prime ideal of R and let T be an additive product subset of R with T ∩Q = ∅.
It follows that for every xy ∈ Q either x2 ∈ Q or y2 ∈ Q. Consequently x2(t+ 1)n ≤ x2 ∈ Q or
y2(t+ 1)n ≤ y2 ∈ Q for all n ∈ Z+ all t ∈ T. Hence Q is a T -prime ideal of R.
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The converse of this proposition does not hold in general. For instance, consider the follow-
ing:

Example 3.14. Let R = {0, α, β, u} be a given set. Define the operations ’+’ and ’·’ on R as
follows:

+ 0 α β u
0 0 α β u
α α 0 u β

β β u 0 α

u u β α 0

· 0 α β u
0 0 0 0 0
α 0 α 0 α

β 0 0 β β

u 0 α β u
Then (R,+, ·, u) is a pseudoring. Let T = {u, α} and and Q = {0}. Clearly Q is a T -prime
ideal but not prime ideal since for α, β ∈ R neither β(u+ α) nor α(u+ β) is in Q.

Proposition 3.15. Let T ⊆ R be an additive product set. Then Q is a T -prime ideal of R if and
only if there are t1, t2, · · · , tl ∈ T such that for all y1, y2, · · · , yn ∈ R, y1y2 · · · yn ∈ Q, implies
ymi (t1 + 1)k1(t2 + 1)k2 · · · (tl + 1)kl ∈ Q for some i ∈ {1, · · · , n}, m ≥ 2 and some kj ∈ Z+

with j ∈ {1, 2, · · · , l} and l ≤ n− 1.

Proof. Let Q be a T -prime ideal of R and let y1y2 · · · yn ∈ Q. Let x0 = y1y2 · · · yn−1. It follows
x0yn ∈ Q. By Definition 3.12, either x2

0(t1 + 1)k1 ∈ Q or y2
n(t1 + 1)k1 ∈ Q. If y2

n(t1 + 1)k1 ∈ Q
we are done, otherwise x2

0(t1 + 1)k1 ∈ Q. In this case, let y2
1y

2
2 · · · y2

n−2 = x1 ⇒ x1y
2
n−1(t1 +

1)k1 ∈ Q. It follows either x2
1(t2 + 1)k1 ∈ Q or y4

n−1(t1 + 1)2k1(t2 + 1)k2 ∈ Q. If y4
n−1(t1 +

1)2k1(t2 + 1)k2 ∈ Q. we are done, otherwise x2
1(t2 + 1)k1 ∈ Q. Proceeding like this we get

ymi (t1 + 1)k1(t2 + 1)k2 · · · (tl + 1)kl ∈ Q for some i ∈ {1, · · · , n}, m ≥ 2 and some kj ∈ Z+

with j ∈ {1, 2, · · · , l} and l ≤ n− 1. The Converse is straightforward.

Corollary 3.16. Let T ⊆ R be a totally ordered additive product set, and Q be an ideal of R
with Q ∩ T = ∅. Q is a T -prime ideal of R if and only if y1y2 · · · yn ∈ Q ⇒ ymi (t+ 1)k ∈ Q
for some t ∈ T for some i ∈ {1, · · · , n}, m ≥ 2 and m, k ∈ Z+.

Proof. Suppose Q is a T -prime ideal of R. Let y1y2 · · · yn ∈ Q. By Proposition 3.15,there are
t1, t2, · · · , tl ∈ T such that ymi (t1+1)k1(t2+1)k2 · · · (tl+1)kl ∈ Q. Since T is totally ordered, for
t1, t2, · · · , tl ∈ T there is j ∈ {1, 2, · · · , l} such that tj is maximum element ⇒ ti ≤ tj , ∀i =
1, 2, · · · , l and by Definition 2.3 and Proposition 2.8, we have tj + 1 ≤ ti + 1 ⇒ (tj + 1)k ≤
(ti + 1)k for k ∈ Z+. Fix k = k1 + k2 + · · ·+ kl. Implies (ti + 1)k ≤ (ti + 1)ki . By the same
definition and proposition, we have ymi (tj + 1)k ≤ ymi (t1 + 1)k1(t2 + 1)k2 · · · (tl + 1)kl ∈ Q. It
follows that ymi (tj + 1)k ∈ Q. The converse proof follows from Definition 3.12 and Proposition
3.15.

Definition 3.17. Let I be an ideal of R and x ∈ R. Define (I : x) = {y ∈ R : y(x+ 1)n ∈ I
for some n ∈ Z+}.

Lemma 3.18. Let I be an ideal in R. If x ∈ I, then I = (I : x).

Proof. Let a ∈ I. It is clear from Definition 2.3 that a(x + 1)n ≤ a, for any n ∈ Z+, thus by
Definition 2.4, a(x+ 1)n ∈ I. Hence I ⊆ (I : x). To illustrate the opposite way of inclusion, let
y ∈ (I : x). Then y(x + 1)n−1(x + 1) = y(x + 1)n ∈ I, for n ∈ Z+ and n > 2. Since x ∈ I,
by Proposition 2.13, y(x+ 1)n−1 ∈ I. Also, y(x+ 1)n−2(x+ 1) = y(x+ 1)n−1, and hence, by
the same proposition, y(x + 1)n−2 ∈ I . Continuing the process like this, we get y ∈ I . Thus,
I = (I : x).

It is important to note that the intersection of any family of ideals of R is also an ideal of R.
For each subset H of R, the intersection of all ideals I ⊇ H is the smallest ideal containing H
and is denoted by ≺ H ≻.

Lemma 3.19. If I is an ideal of R and x is an arbitrary element of R, then ≺ I ∪ {x} ≻= {y ∈
R : y ≤ 1 + (h1 + 1)(h2 + 1) · · · (hn + 1) for some h1, h2, . . . , hn ∈ I ∪ {x}}.
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Proof. Let J = {y ∈ R : y ≤ 1 + (h1 + 1)(h2 + 1) · · · (hn + 1) for some h1, h2, · · · , hn ∈
I∪{x}}. We show that J is an ideal of R containing I∪{x}. Let a ∈ I∪{x}. By Definition 2.3 and
Proposition 2.7 (N1), a ≤ a = 1+(a+1) ∈ J. Hence I ∪{x} ⊆ J. Since I is an ideal of R, 0 ∈
I ⊆ J ⇒ 0 ∈ J. Let a, b ∈ J. By the definition of J, we have a ≤ 1+(h1+1)(h2+1) · · · (hn+1)
and b ≤ 1+(k1 +1)(k2 +1) · · · (km+1) for some h1, h2, · · · , hn, k1, k2, · · · , km ∈ I ∪{x}.
It follows that (h1+1)(h2+1) · · · (hn+1) ≤ a+1 and (k1+1)(k2+1) · · · (km+1) ≤ b+1. By
Proposition 2.8, (h1 + 1)(h2 + 1) · · · (hn + 1)(k1 + 1)(k2 + 1) · · · (km + 1) ≤ (a+ 1)(b+ 1) ⇒
1 + (a + 1)(b + 1) ≤ 1 + (h1 + 1)(h2 + 1) · · · (hn + 1)(k1 + 1)(k2 + 1) · · · (km + 1) for
some n,m ∈ Z+. Thus 1 + (a + 1)(b + 1) ∈ J. Let a ≤ b, and b ∈ J for a ∈ R. Implies
a ≤ b ≤ 1 + (h1 + 1)(h2 + 1) · · · (hn + 1) ⇒ a ≤ 1 + (h1 + 1)(h2 + 1) · · · (hn + 1) for some
h1, h2, · · · , hn ∈ I ∪ {x} ⇒ a ∈ J. Hence J is an ideal containing I ∪ {x}.

It is left to show J is the smallest ideal containing I ∪ {x}. Let K be an arbitrary ideal of
R containing I ∪ {x}. Let a ∈ J. Implies a ≤ 1 + (h1 + 1)(h2 + 1) · · · (hn + 1) for some
h1, h2, · · · , hn ∈ I ∪ {x} ⊆ K. It follows that a ≤ 1 + (h1 + 1)(h2 + 1) · · · (hn + 1) ∈ K ⇒
J ⊆ K. Thus J is the smallest ideal containing I ∪ {x}. Hence J =≺ I ∪ {x} ≻ .

Theorem 3.20. Let I be an ideal of R. For all x ∈ R, (I : x) is an ideal of R.

Proof. If x ∈ I, then by Lemma 3.18, (I : x) = I is an ideal. Suppose x /∈ I. In this case, to
demonstrate that (I : x) is an ideal, we assert (I : x) =≺ I ∪ {x} ≻ . Let a ∈≺ I ∪ {x} ≻ .
By Lemma 3.19, a ≤ 1 + (h1 + 1)(h2 + 1) · · · (hn + 1) for some h1, h2, · · · , hn ∈ I ∪ {x}. By
Definition 2.3, a · (h1 + 1)(h2 + 1) · · · (hn + 1) = 0 ∈ I . We can consider two situations.
Case1. If for any 1 ≤ i ≤ n, hi ̸= x, then a(x+1)k(h1+1)(h2+1) · · · (hn+1) = a(h1+1)(h2+
1) · · · (hn + 1)(x+ 1)k = 0 · (x+ 1)k = 0 ∈ I for some k ∈ Z+. Since hi ∈ I ∀i ∈ {1, · · · , n},
by Proposition 2.13 (iii), a(x + 1)k(h1 + 1) · · · (hn−1 + 1) ∈ I. By repeated application of
proposition2.13 we get a(x+ 1)k ∈ I. It follows a ∈ (I : x). Hence ≺ I ∪ {x} ≻⊆ (I : x).
Case2. If there exists hi = x for 1 ≤ i ≤ n. Then by renumbering, there is m, k < n such that
a(x+ 1)m(h1 + 1)(h2 + 1) · · · (hk + 1) = 0 ∈ I. It follows that a(x+ 1)m ∈ I ⇒ a ∈ (I : x).
Thus ≺ I ∪ {x} ≻⊆ (I : x).
To show the reverse inclusion, let a ∈ (I : x). It follows that a(x+1)n ∈ I for some n ∈ Z+. Let
b = a(x+1)n. Then, By Proposition 2.7 (N1), b(b+1) = 0 ⇒ a ≤ 1+(x+1)n ·(a(x+1)n+1).
Since x, a(x+ 1)n ∈ I ∪{x}, By Lemma 3.19, a ∈≺ I ∪{x} ≻ . Hence (I : x) ⊆≺ I ∪{x} ≻ .
Thus (I : x) is an ideal of R.

For any ideal I of R and x ∈ R, the ideal (I : x) is called Quotient ideal of I with respect to
an element x.

Theorem 3.21. Let T ⊆ R be an additive product set of R and let Q be an ideal of R with
T ∩Q = ∅. If (Q : t) is a prime ideal of R for some t ∈ T with t ̸= 1, then Q is a T -prime ideal
of R.

Proof. Suppose (Q : t) is the prime ideal of R for some t ∈ T. Let x, y ∈ R with xy ∈ Q. Since
Q ⊆ (Q : t) ⇒ xy ∈ (Q : t). By Theorem 3.6, x2 ∈ (Q : t) or y2 ∈ (Q : t) ⇒ x2(t+ 1)n1 ∈ Q
or y2(t + 1)n2 ∈ Q for some n1, n2 ∈ Z+. Let m = max{n1, n2}. Thus x2(t + 1)m ∈ Q or
y2(t+ 1)m ∈ Q. Hence Q is a T -prime ideal of R.

Example 3.22. Observe that in example 3.14, Q is a T -prime ideal. Then (Q : α) = {y ∈
R : y(α+ u)n ∈ Q} = {y ∈ R : yβ = 0} = {0, α} is a prime ideal of R.

Proposition 3.23. Let R be an idempotent pseudoring and T ⊆ R be a totally ordered additive
product set. And let Q be an ideal of R with T ∩ Q = ∅. Then (Q : t) is a prime ideal of R for
some t ∈ T with t ̸= 1 if and only if Q is a T -prime ideal of R.

Proof. The forward proof follows from Theorem 3.21. Conversely, suppose Q is a T -prime ideal
of R. Let fix t0 ∈ T be a maximal element with t0 ̸= 1. That is t ≤ t0, ∀t ∈ T. Let x, y ∈ R
with xy ∈ (Q : t0). By Definition 3.17, xy(t0 + 1)n ∈ Q for some n ∈ Z+. Let y(t0 + 1)n = a.
It follows that xa ∈ Q. Since Q is a T -prime ideal there is t ∈ T such that x2(t + 1)n1 ∈ Q or
a2(t+1)n2 ∈ Q. If x2(t+1)n1 ∈ Q, By Proposition 2.8 (i) and (iii), x2(t0+1)n1 ≤ x2(t+1)n1 ⇒
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x2(t0 + 1)n1 ∈ Q ⇒ x2 ∈ (Q : t0). If a2(t + 1)n2 ∈ Q ⇒ y2(t0 + 1)2n · (t + 1)n2 ∈ Q. Since
t ≤ t0, applying Proposition 2.8 (i) and (iii), y2(t0 + 1)2n(t0 + 1)n2 ≤ y2(t0 + 1)2n · (t+ 1)n2 ⇒
y2(t0 + 1)k ∈ Q, where k = 2n+ n2 ∈ Z+. Hence y2 ∈ (Q : t0). Therefore by Proposition 3.7,
(Q : t0) is a prime ideal of R.

Example 3.24. Let R = {0, a, b, c, α, β, γ, 1} be a given set. The operations ’+’ and ’·’ on
R are defined as follows:

+ 0 a b c α β γ 1
0 0 a b c α β γ 1
a a 0 α β b c 1 γ

b b α 0 γ a 1 c β

c c β γ 0 1 c β α

α α b a 1 0 γ β c

β β c 1 c γ 0 α b
γ γ 1 c β β α 0 a
1 1 γ β α c b a 0

· 0 a b c α β γ 1
0 0 0 0 0 0 0 0 0
a 0 a 0 0 a a 0 a

b 0 0 b 0 b 0 b b

c 0 0 0 c 0 c c c

α 0 a b 0 α a b α

β 0 a 0 c a β c β

γ 0 0 b c b c γ γ

1 0 a b c α β γ 1

.

Then (R,+, ·, 1) is an idempotent pseudoring and T = {1, c, γ} is a totally ordered additive
product set of R. Observe that Q = {0, a} is T -prime ideal. By simple computations, one can
verify that (Q : c) = {0, a, c, β} is a prime ideal of R.

Proposition 3.25. Let R1 and R2 be two distinct pseudorings and T be an additive product subset
of R1. If the map f : R1 → R2 is an epimorphism, then the following statements hold.

i) f(T ) is additive product subset of R2.

ii) If Q is f(T )-prime ideal of R2, then f−1(Q) is a T -prime ideal of R1.

Proof. i) Let 1 be multiplicative identity of R1 and 1′ be multiplicative identity of R2. Clearly
f(T ) ⊆ R2 and 1 ∈ T ⇒ f(1) = 1′ ∈ f(T ). Let x, y ∈ f(T ). Implies there are a, b ∈ T
such that f(a) = x and f(b) = y.
Consider x(1′+(y+1′)x) = f(a)(f(1)+(f(b)+f(1))f(a)) = f(a(1+(b+1)a)). Since
T is additive product subset of R1, a(1 + (b+ 1)a) ∈ T ⇒ x(1′ + (y + 1′)x) ∈ f(T ).

ii) Suppose Q is f(T )- prime ideal of R2. Let xy ∈ f−1(Q). It follows f(xy) ∈ Q by the
definition of homomorphism f(x) · f(y) = f(xy) ∈ Q. Hence there is f(t) for some t ∈ T
such that (f(x))2(f(t) + 1′)n ∈ Q or (f(y))2(f(t) + 1′)n ∈ Q for some n ∈ Z+. Since
1′ = f(1), it follows f(x2(t + 1)n) ∈ Q or f(y2(t + 1)n) ∈ Q ⇒ x2(t + 1)n ∈
f−1(Q) or y2(t+ 1)n ∈ f−1(Q) for some n ∈ Z+. Therefore f−1(Q) is a T -prime ideal
of R1.

Proposition 3.26. Let T ⊆ R be an additive product set. Suppose Q is a T -prime ideal of R. If
for all ideal I, J of R, I ∩ J ⊆ Q, then there is t ∈ T such that I2 ⊆ (Q : t) or J2 ⊆ (Q : t).

Proof. Let x ∈ I and y ∈ J ⇒ x2 ∈ I2 and y2 ∈ J2. We can easily observe that xy ∈ I ∩ J.
Implies xy ∈ Q. It follows that there is t ∈ T such that x2(t + 1)n ∈ Q or y2(t + 1)n ∈ Q ⇒
x2 ∈ (Q : t) or y2 ∈ (Q : t). Hence I2 ⊆ (Q : t) or J2 ⊆ (Q : t).

The following theorem demonstrates the relation between the T -prime ideal of R and the
quotient T -prime ideal of R/I .

Theorem 3.27. Let T be an additive product subset of R and let I be the ideal of R with I∩T = ∅.
Let Q be a proper ideal of R containing I such that T ∩Q/I = ∅. Then Q is a T -prime ideal of
R if and only if Q/I is a T -prime ideal of R/I .

Proof. Suppose Q is a T -prime ideal of a pseudoring R. Let Q contain an ideal I of R. Since
a T -prime ideal is an ideal, one can easily demonstrate that Q/I is an ideal of R/I . Suppose T
is an additive product subset of R. Now we claim that T is an additive product subset of R/I .
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Let ā, b̄ ∈ T . By definition we have a, b ∈ T ⇒ a(1 + (b + 1)a) ∈ T. Thus ā(1̄ + (b̄ + 1̄)ā) =
a(1 + (b+ 1)a) ∈ T . Hence T is an additive product subset of R/I . The following step is to
demonstrate that Q/I is a T -prime ideal in the pseudoring R/I . Let x̄ȳ ∈ Q/I. Then xy ∈ Q̄
⇒ xy ∈ Q. Since Q is a T -prime ideal of R, then there is t ∈ T such that either x2(t+ 1)n ∈ Q

or y2(t+ 1)n ∈ Q ⇒ x̄2(t̄+ 1̄)n = x2(t+ 1)n ∈ Q̄ or ȳ2(t̄+ 1̄)n = y2(t+ 1)n ∈ Q̄. Therefore
Q̄ is a T -prime ideal of R/I .
Conversely, suppose Q̄ be a T -prime ideal of R/I . Since T ∩ Q/I = ∅ ⇒ Q ∩ T = ∅. Let
xy ∈ Q. Then xy = x̄ȳ ∈ Q̄. Since Q̄ is a T -prime,then there is t̄ ∈ T such that x̄2(t̄ + 1̄)n =

x2(t+ 1)n ∈ Q̄ or ȳ2(t̄ + 1̄)n = y2(t+ 1)n ∈ Q̄ ⇒ x2(t + 1)n ∈ Q or y2(t + 1)n ∈ Q for
some n ∈ Z+.

Example 3.28. In Example 3.24, R/I = {0̄, ā, c̄, γ̄, 1̄} using the operations in Theorem 2.11,
is a quotient pseudoring for an ideal I = {0, b}. It is simple to show that T = {1, c, γ} is an
additive product subset of R, and Q = {0, a, b, α} is a proper ideal of R that contains I . We
can observe that T = {1̄, c̄, γ̄} and Q̄ = {0̄, ā}. Thus, T ∩ Q̄ = ∅. By simple computations, we
imply that Q̄ is a T -prime ideal in R/I. For instance, ᾱ · γ̄ = α · γ = b̄ = 0̄ ∈ Q̄, there is c̄ ∈ T

such that (ᾱ)2(c̄ + 1̄)n = α2(c+ 1)n = ᾱ(αn) = ᾱ = α · α = ᾱ = ā ∈ Q̄ for some n ∈ Z+.
Similarly, we can do this for the other combinations. It is likewise simple to show that Q is a
T -prime ideal of R.

Proposition 3.29. Let T be a totally ordered additive product subset of an idempotent pseudoring
R. Let I be an ideal of R and let Q1, · · · , Qn are T -prime ideals of R. If I ⊆ ∪n

i=1Qi, then
there exists tj ∈ T and j ∈ {1, · · · , n} such that I ⊆ (Qj : tj).

Proof. Let Q1, Q2, · · · , Qn be T -prime ideals of R and let I be the ideal of R with I ⊆
∪n
i=1Qi. By Proposition 3.23, there is ti ∈ T such that (Qi : ti) is prime ideal of R. Since

I ⊆ ∪n
i=1Qi ⊆ ∪n

i=1(Qi : ti) ⇒ I ⊆ ∪n
i=1(Qi : ti). By Theorem 3.9, there is j ∈ {1, · · · , n} such

that I ⊆ (Qj : tj).
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