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Abstract Let R be a commutative ring with identity element 1 # 0. The zero-divisor graph of
R, denoted by T'(R), is a simple undirected graph where each vertex represents a nonzero, non-
unit element of R, and two distinct vertices g and h are connected by an edge if and only if their
product is zero, i.e., gh = 0. In the context of a basic connected undirected graph G, let D(Q)
denote its distance matrix, and let Tr(G) represent the diagonal transmission matrix, where
each diagonal entry gives the sum of distances from a vertex to all other vertices. Using these,
the D, -matrix is defined D, (G) = oT(G) + (1 — a)D(QG) for any o € [0, 1]. We compute the
D,, spectra of the zero-divisor graph T(Z,,) for a general class of n, represented as n = afel,
where &1, &, are different primes with £ < & and F, L € N.

1 Notations and Introduction

In this article, a commutative ring having identity 1 # 0 shall be denoted by R. If there exist
0 # ¢ € R such that bc = 0, then a nonzero element b € R is the zero divisor of R. Z(R)
represents the set of zero-divisors of R, and Z(R)' = Z(R)/{0}. The set that includes every
non-zero and non-unit elements in ring R is denoted by Z(R)'. For a positive integer n, L,
represents the ring of integers modulo n.

The graph G = (V, E) has been defined, where V denotes the set of vertices and E denotes
the set of edges of G. When two distinct vertices of graph G, (| and (, are adjacent to each other
in graph G, the notation (| ~ (, represents this. The neighborhood of a vertex ( in graph G is
the set of vertices that are adjacent to it; this neighborhood is denoted by the notation Ng(().
K,,, denotes the complete graph with m vertices . deg((), the degree of vertex (, represents
the number of edges incident with ( € V. If deg({) = 0, then ( is referred to as an isolated
vertex. For any vertex , G is k-regular if deg(() = k. Let A be any square matrix and let
ALy A2, A3, - . ., A be its different eigenvalues with multiplicities of uy, up, us, . . . , ug respectively.
The spectrum of A is then denoted by o(A), which is defined by

O’(A):{Al D VD VA }

Ui Uy U3 ... Uk

The adjacency matrix A(G) for a graph G is a n-dimensional square matrix that can be
found by using

A(G) = (aiy) = {17 G

0, otherwise.
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First, in 1988, Beck [4] presented and studied the idea of zero-divisor graphs in relation to
commutative rings. In Beck’s definition, the graph’s vertices are ring elements. Later, in 1999,
Anderson and Livingston [2 ] modified Beck’s definition, wherein the graph’s vertices are defined
as nonzero zero-divisors of the ring R. The vertices u and v are adjacent for all u,v € Z(R)' if
and only if uvv = 0 such that v # v. This vertex set is Z(R)'. The symbol for zero-divisor graph
is T(R). See [1, 2] for further details on the zero-divisor graph.

The generalized distance matrix D, (G) was presented by Cui et al. [17] as the convex
combination of T(G) and D(G) for a € [0,1], Do(G) = oT(G) + (1 — a)D(G) where D(G)
represents the distance matrix of G and T(G) the transmission matrix of G. The D,, spectrum
of the zero-divisor graph of Z, is found in this paper for various values of n. Readers can refer
to[3,6,8 10, 11, 12, 13, 14, 15, 16] for additional study on different graphs. The definitions,
lemmas, and theorems that are utilized to support the main results are analyzed in section 2.
D, eigenvalues of T'(Z,,) are looked into in section 4, for n = &t e, where €,,& are distinct
primes with &, < & and F, L € Nwith F < L.

2 Preliminaries

Definition 2.1. Let G(V, E) be a graph of order m having vertex set {vy,va, ..., v} and Hy(Vy, Ex)
be disjoint graphs of order my, 1 < k < m. The graph Hy, H,, ..., H,, formed the generalized
join graph G[H, H,, . .., H,,] and whenever vy, ans v; are adjacent in G, joined each vertex of
Hj, to every vertex of H;.

The number of positive integers smaller than or equal to s\ that are relatively prime to s is
indicated by Eulur’s phi function ¢(s1). If s; = {”522 e Z’“, where hy, hy, ..., hy are positive
integers and &1,&,, . . ., & are distinct primes, then sy is in prime decoposition.

Lemma 2.2. [9] If s = §f“ ;“ e Zk is a prime decomposition of s;, then 7(s1) = (h; +

Let c1,¢p, ..., ck be the proper divisors of n. For 1 < i < k, consider the following sets
A., ={x €Zy, : ged(z,n) = ¢;}.

Moreover, observe that for i # j, Ac, N A.; = ¢. As a result, the vertex set of I'(Zy,) has a
partition formed by the sets A.,, A, ..., Ac,. V(I(Zy,) = A, UA, U---U A, as a result.
The following lemma provides information about the cardinality of each A.,.

Lemma 2.3. [18, Lemma 2.1] Let c; be the divisor of n then |A.,| = ¢(7-) for 1 <i < k.

Let ¢y, ¢y, . .., ci be the distinct proper divisor of n and let vy, be the simple graph with vertex
set {c1,¢2,...,c}. The graph ~, has two different vertices c; and c;, that are adjacent if and
only if n divides c;c;. If the prime decomposition of n = £""&* ... &' then the order of graph
Y, 1S as follows:

T

Vyl =TT (ni +1) = 2.

i=1

Corollary 2.4. [5] Let ¢, be the divisor of n. Then the following assertions are true:

(1) The complete graph K, () or its complement graph K (= ) are two possible outcomes for
induced subgraph I'(A.) of I'(Z,,) on the vertex set A, forr € 1,2,...,k. In fact, I'(A,.,) is
Ky if and only if nfc,” .

(2) Forr € {1,2,...,k} and r # j, a vertex of I'(A4,, ) is adjacent to either all or none of the
vertices of I'( A, ).

Because of this, the partition A.,, A, ..., A, of V(I(Zy,) is equitable in that, for each
i, € {1,2,...,k}, every vertex of the A., has an equal number of neighbors in A.,.

Lemma 2.5.1(Z,,) = v.[['(A., ), T(Ae,), ..., T(Ac, )], where ¢y, ca,. .., ck are all the proper
divisor of n.
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3 Methodology

Research in graph theory continues to flourish because it provides a link between discrete struc-
tures and pure as well as applied mathematics. Using sophisticated mathematical tools, the
study’s method builds upon well-established ideas in algebra and graph theory to produce new
results. Our efforts rely on using the content of existing research to expand on established find-
ings and investigate fresh aspects of zero-divisor graphs.

The analysis in this paper heavily relies on the use of matrix theory and linear algebra. In
particular, spectral graph theory provides a strong framework for studying the interaction be-
tween algebraic and graph-theoretical characteristics. A crucial tool for capturing the structural
features of the zero-divisor graph of the ring Z,,.

Analyzing the D,, spectra of the zero-divisor graph U(Z,,) for a general class of n, repre-
sented as n = &7 &Y, where €1, & are different primes with & < & and F,L € Nwith F < L,
is the main goal of this study. We accomplish this by computing eigenvalues and deriving the
characteristic polynomials associated with these networks using sophisticated spectral graph
theory techniques and computational tools.

4 Main results

In this section, we will highlight the primary results of this paper. The adjacency spectrum of
complete graph K| and its complement graph K; on [ vertices is given by

-1 -1

O'A(Kl):{ 1 1-1

— 0
} and o4(K;) = { l } respectively.
The following theorem provides the generalized join graph’s D, spectrum in terms of the spec-

trum of adjacency matrix of regular graphs.

Theorem 4.1. [7] Let H be a connected graph of order s. Let o € [0,1]. If, fore = 1,2,...,s,
G. is a r. regular graph of order m., then the D,, spectrum of the H-join graphs G1,G»,...,Gq
is

o(Da(G)) = U (cr(Me(a)) - {ua(a)}> Uo(y),

e=1
where
w1 () ddyoy/mamy ... 0dys\/mims
(Sdz.’] /T2 M ,uz(oz) e 5d27s,/m2m5
K= . . . . : 4.1)
dds1/msmy dds oy /msmy ... ws(ar)
Where 6 = (1 — a), o(M.(a)) = aTr(v) + (1 — a)(2(me — 1) — 1), aTr(v) — (1 — a)(2 +
A (A(Ge))), -, aTr(v) = (1 = a)(2+ Aa(A(Ge))), pe(e) = aTr(v) + (1 — ) (2(me — 1) —
re), Tr(v) =2(me — 1) —r.+ 3, 5 = Y. mjd.; and d. ; are distance from vertex ¢ to j

J=1ie
The D,, spectrum can be found using the example below by applying the preceding Theorem
4.1.

Example 4.2. The D,, spectrum of the zero divisor graph I'(Zs).
For n = 36, the proper divisors are 2,3,4,6,9,12 and 18. Consequently, the graph 2 ~ 18 ~
4~9~12~6~18~ 12 ~ 3is~,. By applying Lemma 2.5 we have,

['(Zss) = 736’ (A2),T(A3),I'(A4),T(A6),T'(Ag),T'(A12),T'(Arg)].
Therefore, by Lemma 2.3 and Corollary 2.4, we have

[(Zs6) = 736 Ko, Ka, Ko, K2, K2, Ko, K.
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Using Theorem 4.1, the values of s’s are
(5], 2, 5%, 32y, 525, 5e6, 35) = (39,48,35,39,40,33,28)
and the D,, eigenvalues denoted by, \;’s are
(A1, A2, A3, A0, As, A, A7) = (Sla— 2,56 — 2,47 — 2,41 — 1,440 — 2,350 — 1,29a — 1).
The D,, spectrum of I'(Zs¢) according to Theorem 4.1 is given by,

Slae —2 56a—2 47a—2 4la—1 44a—-2 35a-1
5 3 5 1 1 1 '

And the matrix’s characteristic polynomial given in 4.2 , can be used to determine the re-
maining eigenvalues.

39+ 10 6516 126 45v3  65vV3  46V3 V6]
66vV6  48a+6  65V6 45v2  45V2  26V2 45
126 66v6 350+ 10  45V3  26V3  45V3 6V6
K= 45V/3 452 453 39a+1 45 28 2 4.2)
6563 452 26V3 45 400 + 2 28 26V2
463 26V2 46+/3 26 26 33a+1 6V2
5v/6 46 56 5V2 2612 V2 28a |
6 K,
. .
76 18/ 12 03 o K Ko o,
4 9 Ky K,

Figure 1. Proper divisor graph and zero divsior graph of Zs¢

Finding the D, eigenvalues for T(Zy,), where n = &' &L, is the goal of this article. In this
case, &1 is less than &, & and & are prime numbers. When F and L are positive integers and
F < L, we will demonstrate this.

Theorem 4.3. The D,, spectrum of the T'(Zg, r¢,n) where F = 2 < 23 = L consists of the
eigenvalues,

A =200 +ad(E)G ™ —a¢f - 1) =2, fore=x=1,2,...,n,...,F — 1,

As =200 +ad(&)(& 7 = 1) —aléf —1) -2,

Ae =200 +atf'o(d) —a(g —1) -2, fora=1,2,...,L— 1, and
e=F+1,...,F+L—1,

Arir =200 +ad(E)(E " - 1) —alg - 1) -2,
Ae =200 — (&85 —1) =2, forx=1,2,...,L,ande =F+ L+ 1,...,F +2L,
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Ae =200 — (/&G —1) =2, fora=1,2,....,0—1, ande =F+ L +1,...,F+
BL+ B -1,
Ae =200 — (&G — 1) =1, forz=p,...,L, ande =F + L+ f,...,F+(8+1)L,

Ae =200 —a(eFes —1) =2, fora=1,2,...,8—1,ande =F+FL+1,...,6—1,
e =200 —a(eFey —1)—1, forx=0,...,L,ande = F+ FL+§,...,F + FL+
L—1,

with multiplicities (¥ 1¢F) — 1, p(eFel=) — 1, (el ~2eb=) —1,...,p(eVel) —1,...,
o( 2L*””) — 1, respectively, where ¢ = 1,... . F and x = 1,..., L. D,-eigenvalues that remain
Jor the graph T'(Z¢r 1) are eigenvalues of the matrix (4.1).

Proof. If n = & 76" ¢ and & are distinct primes and F' = 2n < 28 = L. Then the proper
divisors of n are

{5175%7'"75?)"'76{)5275%7"‘7§2ﬁ7"'a€%7§1§27£1§%7"'7§1§2ﬁa"’7§l€2L7"'7 ?52)5?5%)"-7
&6 —Lge,. e, dfadd, dd -1y f&%—l}-

By Lemma 2.2, order of yerer is (F'+1)(L+1) =2 = FL+ F+ L — 1. From the definition
of VereL, We have,
G~ eta>S, fore=1,2,...,8
&E~EG e+a>T, fore=1,2,...,T
& ~EFE e >T, fore=1,2,...,Tandk >2n—1

65 ~E¥eG e +a>T, fore=1,2,....,Tand k > 17

65 ~ ¥ e+a>T, fore=1,2,...,T— land k > 0.

In view of Lemma 2.5, the cardinalities of A._ fore = 1,2,...,F,x = 1,2,..., L and k =
1,2,...,L — 1, are given by
|A§f| = ¢(§F - 55211)7 ‘A§§”| = ¢(§F€2Lix)v RR) |Aff£§‘ = ¢(§;7 21172)7 ) |A51F*‘g§‘ = (15(51621171)»
|Aerer| = o(&57F).
From Lemma 2.4, the induced subgraphs I'(A. . ) are,
1

T(Aci) :Kb(sf*ff)v l<e<F
F(Acgg) = K%IFEZL_I), 1<z<L,
Ke=\Tegy) = Kyeregp—sy, 1se<n—landl <z <l 4.3)
1>2
orn<e<Fandl <z <fB-1,
F(A%laqz) = K¢(5IF*€qL_m), n <e< F andﬁ <zx< L.

The joined union of the zero-divisor graph F(Zél P £2L) determined by applying Lemma 2.5 pro-
vided by

o F(Zgile‘) :ryﬁlFEzL[Ki(ilFflsz)" . .,Ki(glngzL),. .. ,KigzL),Kd)(glpgsz]), .. .,K¢(§frgzﬁ),. .

K

olef ey el ey ¢(5;75§)7"-’K¢( )

K¢(£2L—1)7 oo ,K¢(£é})7 .. ’K¢<§Z)]

plef Ny R eepe Ty
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Now, we have to use Theorem 4.1, to calculate the D,, eigenvalues of I'(Z¢ r¢,r) for this we
have to calculate the values of »’s. The largest diameter of the ring’s zero-divisor graph is 3, as
is widely known. So that &5 ~ & if and only if n = ¢ = =, otherwise & ~ ¢85y k=e > n
and £F ~ £P¢l b+ > noand finally £FEY ~ €1&h,k > 1,h > 1. This means, d(&5,£5) = 3,
ifl <z,e<n-—1in Verek- At most 2 is the distance between other vertices as well. Now by
Theorem 4.1

s =2(S(EFT2E) -+ D(EIEE) + o+ B(EF) +3(S(EF LT+ o)+ +
PEMN) +2(0(&7 ™)+ oG o)+ 20T +
FOE]E) + -+ BEN) +2(0(& )+ + d(E) + -+ 0(&)) — 8(&),

where by definition of |, ¢( f‘lgf) is removed and & ~ gf—lgzL, so we subtract ¢(&;). As

Sé(&) =1, soorderof I'(Z,)is o =n—¢(n) — 1= > &(n).
s\l 1,n#s\l

By Theorem 4.1, and using i #(q") = ¢™ — 1 and ¢(st) = ¢(s)op(t) if and only if (s, t) = 1,
we simplify the form of | azs: 1
s =2(d — o6 71EN)) + (D€l G ™)+ + a6 Q)+ + ol6D) — dl&n)
=2(¢ — ¢l ') + A& (&) o+ BE) + o+ B() + 1) — 6(6)
=2(d' — o€ ') +o(6D)E T — dl&).
Now, by using Theorem 4.1 D, eigenvalue,
A\ =2amy + ax —2
=2a(o(&" ') +20(d = o(&7 1)) + ad(E)G T — ad(&r) -2
=200 +ad(¢) ™ — ad(6) -2,
is the D,, eigenvalue with multiplicity ¢( f —‘gZL) — 1. Other »’s are given by
L=2(d - o€ HoENG T — (- 1), fore=w =20, F -1,
e =2(0' — d(&)) +o(e(E ™ = 1) — (& - 1),
=20 = (TG H AN — (G 1), for e=F 41, F+L—1
and x=1,...,6,..., L —1,
s =200 = o(€) +o(E)(ETT = 1) = (& — 1),
W =200 — (e — (G~ 1), for e=F+L+1,...,F+2L
and z=1,...,58,...,T,

X

=200 — (7)) — (676 — 1), for e=F+al+1,....,F+aL+f§—1
and =1,...,6—1,

sl =20 — p(EPEETT) — (05 — 1), for e=F+aL+8,....,F+(a+ 1)L
and =0,...,L,

W =20 —p(&F™) — (55— 1), for e=F+FL+1,...,F+FL+3—1
and r=1,...,6—1,

=20 — (")~ (¢f¢§ — 1), for e=F+FL+B,...,F+FL+L~—1
and t=0,...,L—1.
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Next, we utilize these s, values and Theorem 4.1, the D,,-spectrum of F(Zglp ¢1) consists of the
eigenvalues i

Ae =200 +ad(ENeE ™ —a(ef —1) =2, fore=a=1,2,....n,...,F — 1,
As =200 +apEl ) (&7 — 1) —algl — 1) -2,
Ae =200 +atf'o(F) —a(&§ —1) 2, fora=1,2,...,L—1, and
e=F+1,...,F+L—1,
Arip =200 +ad(&)(E T — 1) —a(g —1) -2,
Ae =200 — (685 —1) =2, forx=1,2,...,L,ande =F+L+1,...,F +2L,

Ae =200 — (&5 —1) =2, fora=1,2,....,8—1,ande =F+ L +1,...,F+
5[’+'5'_ L
Ae =200 — (& —1)—1, fora=p,...,L,ande =F+BL+3,....,F+ (8+1)L,

A =200 —a(eles —1)-2, fora=1,2,....8—1, ande =F +FL+1,...,8—1,
A =200 —a(eFe5 —1)—1, forx=0,...,L,ande = F+ FL+§,...,F + FL+
L—1,

with multiplicities ¢(€F ~1eF) — 1, p(¢Fel=) — 1, p(eF2ek=) —1,..., p(ePeF7") —1,...,
d(&47") — 1, respectively, where e = 1,...,Fand x = 1,..., L. D,-eigenvalues that remain
for the graph I'(Z¢r 1 ) are eigenvalues of the matrix (4.1). O

The following results are an obvious outcome of the Theorem 4.3.
Corollary 4.4. Let n = 512", where £, > 2 is prime and 1 is a positive integer. Then the D-

spectrum of T'(Zy,) consists of eigenvalue \. with multiplicity ¢(p*"—)—1, fore = 1,2,...,n—1,
the eigenvalue \; with multiplicity ¢(p**=3) — 1, forj =n,n+1,...,2n—2,2n — 1, and

N = allme+ ) =2, for e=1,2,....,n—1,
T la(me + ) — 1 for e=nn+1,n+2,....2n—1.

2n—1
Where m. are order of U'(Ag:) fore = 1,2,3,...,2n —2,2n — land ¢ = myd. ;. The
=l
eigenvalues of the matrix (4.1) are the other D,, eigenvalue of I'(Zy,).
If we take L = 0 and n = 1 in Theorem 4.3, we have following result.

Corollary 4.5. The D,, spectrum of T'(Zy,), if n = & is

{51—2 alG—1)-1 }
1 € -2 '

If we take L = 0 and n = 2 in Theorem 4.3 the result follows.

Corollary 4.6. The D,, spectrum of T(Z,,), if n = £} is

{ Al A2 A3 }
pE) -1 o) -1 ¢&)—1J
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where Ay = a2 — & — 1) = 2,0 =208} — aé —a— land A3 = (& — 1) — 1. The other
D,-eigenvalues of T'(Zy,) are the eigenvalues of following matrix

206 — (& + 1) +2(my — 1) 26,/ ¢(&3) (1) 51/ o(&)9
264/ 0(&3)(€3) al@ - 1)Q2g+1) +my — 1 51/ p(E3)0 (51
51/ d(€D) (&) 51/ o(ED)p(&1) adi (& —1)+mz—1

where § =1 — a.

Theorem 4.7. For distinct primes &1 and &, if n = {1252 then, the D, spectrum of the graph
I'(Z,) is given by

{ Al X s M }
$(&&)—1 o) -1 ¢(&) -1 ¢&)-1 )

Where \j = (2616 + 367 — 486 — 1) =2, = a(26] + 3616 — 361 —28) — 2,03 = a(§162 +
262 - 26 — 1) — Land Ay = (2616 + & — 261 — 1) — 2 and the matrix given in 4.4, can be
used to determine the remaining four eigenvalues.

Proof. Let n = £2¢&, where ¢ and & are distinct primes. Since &, &, €&, €7 are the proper
divisors of n such that & ~ £& ~ ff ~ &1. Therefore, by Lemma 2.5 and Corollary 2.4, we
have

F(nggz) = Ve, [F(Afl )7 F(A§2)7 F(Aﬁlfz)’ F(Aﬁlz)]
=56 Ko Ko) Ko Ko

Also, m; = ¢(£1&),m2 = ¢(€7),m3 = ¢(&) and ma = ¢(&). Now, by Theorem 4.1, the
values of s is

(54, 205, 525, 24) = (3ma + m3 + 2ma, 3my + 2ms + ma, my + 2mo + ma, 2my + my + m3).
Again by using Theorem 4.1, the D, eigenvalues are,
Al =a(2my + ) -2
=a(266 +3¢6 - 46 - 1) -2,
A= a(2my + 54) — 2
= o267 + 3616 — 36 —26) —
A3 = af
(
(

=~

m3 + s45) — 1

=a(§6 +26 -2¢ - 1) — 1,

A = a(2my + 5y) — 2
=aR6&6H+E-26 1) -2

Therefore, the Do, spectrum of I'(Zgz,, ) is

o

{ A A2 A3 A4 }
&) -1 o€ -1 o&)-1 o&)—1 )

Additionally, the remaining four eigenvalues are provided by the matrix below

A 361/ 0(&1&)8(€3) 6/ d(616)0(61) 26V d(&1&)d(&)
P 351/ ¢(E)o(&162) B 26\/o(ED)o(&r) 6 ¢§1 (&) @)

S\V/o(E)p(618&) 264/ o(&1)d(E) C (&2)0(&1)
20/0(&2)0(61&) 64/ d(ED)d(&) S/ (&) o(&2) D

Where A = a(3§f — 2(51 — 62) — 3) + Z(ml — 1),B = a(3§1§2 — & - 462) + 2(7712 — 1)70 =
(&6 —36+28)+(m3—1),D = o266 -2 - 26+ +1)+2(my—1)andd = 1 —a. O
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Conclusion and further work

Our result presents the D, spectrum of the zero-divisor graph of the integers modulo n obtained
through the generalized join of its induced subgraphs. Further one can calculate D, spectrum
for co-zero divisor graph, unit graph, co-maximal graph and many more such graphs.

Conflict of interest

All authors made equal contribution and among the authors there is no conflict of interest.

References

[1] S. Akbari and A. Mohammadian, On zero divisor graphs of a commutative ring, J. Algebra, 274, 847-855,
(2004).

[2] D. F. Anderson and P. S. Livingston, The zero-divisor graph of a commutative ring, J. Algebra, 217,
434-447, (1999).

[3] M. Ashraf, M. R. Mozumder, M. Rashid and Nazim, On A, spectrum of the zero-divisor graph of the ring
Zin, Discrete Math. Algorithms Appl., 16(4), 2350036, (2024).

[4] I. Beck, Coloring of a commutative rings, J. Algebra, 116, 208-226, (1988).

[5] S. Chattopadhyay, K. L. Patra and B. K. Sahoo, Laplacian eigenvalues of the zero-divisor graph of the
ring Zm, Linear Algebra Appl., 584, 267-286, (2020).

[6] H.R. Deepika and T. A. Mangam, On Proper Diameter of Certain Classes of Graphs, Palestine Journal
of Mathematics , 14(2) , 1-11, (2025).

[7] R. C. Diaz, G. Pasten and O. Rojo, New results on the D.- matrix of connected graphs, Linear Algebra
Appl. 577, 168—-185, (2019).

[8] R. C. Diaz, G. Pasten and O. Rojo, On the minimal spectral radius of graphs subject to fixed connectivity,
Linear Algebra Appl. 584, 353-370, (2020).

[9] T. Koshy, Elementary number theory with application, 2nd ed., academic press: cambridge, UK, (1985).

[10] M. R. Mozumder, M. Rashid and A. I. A. Khan, Exploring A, spectrum of the weakly zero-divisor graph
of the ring Z, Discrete Math. Algorithms Appl., https://doi.org/10.1142/S179383092550048X, (2025).

[11] N. U. Rehman, Nazim and M. Nazim, Exploring normalized distance Laplacian eigenvalues of the zero-
divisor graph of ring Z.. Rend. Circ. Mat. Palermo, II. Ser., 73, 515-526, (2024).

[12] N. U. Rehman, M. Rashid and M. R. Mozumder, On Randi¢ spectrum of the zero-divisor graph over the
ring Zn, TWMS J. of Apl. Eng. Math., 13, 385-394, (2023).

[13] S. Pirzada, B. A. Rather, M. Aijaz and T. A. Chishti, On distance signless Laplacian spectrum of graphs
and spectrum of zero-divisor graphs of Z, Linear Multilinear Algebra., 70(17), 3354-3369, (2020).

[14] B. A. Rather, M. Aijaz, F. Ali, N. Mlaiki and Asad Ullah, On distance signless Laplacian eigenvalues of
zero divisor graph of commutative rings, AIMS Mathematics, 7, 12635—12649, (2022).

[15] M. Rashid, M. R. Mozumder and M. Anwar, Signless Laplacian spectrum of the cozero-divisor graph of
the commutative ring Z.,, Georgian Math. J., 31(4), 687699, (2024).

[16] M. Rashid, M. R. Mozumder and W. Ahmed, On signless Laplacian eigenvalues of Z,, Palestine Journal
of Mathematics , 13(4), 955-961, (2024).

[17] SY. Cui, JX. He and GX. Tian, The generalized distance matrix, Linear Algebra Appl., 563, 1-23, (2019).
[18] M.Young, Adjacency matrices of zero divisor graphs of integer modulo n, Involve, 8, 753761, (2015).

Author information

A. I. A. Khan, Department of Mathematics, Aligarh Muslim University, India.
E-mail: gg2718@myamu.ac.in

M. R. Mozumder, Department of Mathematics, Aligarh Muslim University, India.
E-mail: muzibamu81@gmail.com

M. Rashid, Department of Mathematics, Aligarh Muslim University, India.
E-mail: rashidaraz2530gmail.com

Received: 2025-05-03
Adccepted: 2026-09-17



	1 Notations and Introduction 
	2 Preliminaries
	3 Methodology
	4 Main results

