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Abstract Let » > 1 be a fixed integer, the greatest r** power common divisor of positive
integers a and b is defined to be the largest positive integers d” such that d"|a and d"|b, which is
denoted by ged(a, b),. and called the r—gcd of a and b. In this paper we study the distribution of
the greatest r** power common divisor of the elements in integral part sets.

1 Introduction and results

Let | z] denote the integer part of a real z, Piatetski-Shapiro sequences are defined by
N° = {[n°}nen, (¢> 1L c¢N).

Let « > 1 be an irrational number and with bounded partial quotients, 3 € [0, «). The Beatty
sequence of parameter o and [ is defined by

{lan + B} nen.

The natural density for the set of pairs of integers which are coprime is a classical result
in number theory. In [3], Dirichlet asserts that the proportion of coprime pairs of integers in

{1,...,n},
1
ﬁ#{(m,nz) € {1,...,n}2;gcd(n1,n2) =1}

tends to ﬁﬁ = % ~ 0.608..., where ( is the Riemann zeta-function. The proof can be found
in [6, Theorem 332]. In 1953, Watson [11] proved that for any given irrational number «, the
positive integers n for which (n, [an]) = 1, have the natural density %. Later, Estermann [5]
gave a different proof of a generalization of Watson’s theorem. Afterwards, Erdos and Lorentz
[4] established sufficient conditions for a differentiable function f : [1,00) — R to satisfy
(n, f(n)) = 1, have the natural density %. In 2022, Pimsert, Srichan and Tangsupphathawat [9]
studied the asymptotic formulas for the number of the integral pairs (|a“|, |b¢]) that are coprime,
a,b < xand 1 < ¢ < 2. They proved that, as x+ — oo,

2 O(ac(c+4)/3)
Z 1= (2 + O(z(e+/2)
a,b<z z
ged(la®], 6% ])=1

Lo —
VANAN
o O
A A
N\w-’i\u'

andforl <c¢; < e < %,

Z 1= x? n O(:E(CZH)B) l<e < %,
L2 C(Z) O(z1/2+(201+cz)/3) ;% < < %
ged(La®1 ], [6°2])=1
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Very recently, Srichan [10] studied the coprimality of any pairs in other sequence. He established
the natural density of the set

{(n,m) € N|n,m < w;ged([g1(n) ], [g2(n)]) = 1},

where g;(n) = n,n® an + 3, ¢ = 1,2 and showed that the natural density of such sets also
tends to ﬁ It would be interesting to study the natural density of these sets with other greatest
common divisors.

Let » > 1 be a fixed integer, the greatest r*"* power common divisor of positive integers a
and b is defined to be the largest positive integers d” such that d"|a and d" |b, which is denoted
by ged(a, b), and called the r—ged of a and b. Note that ged(a, b); = ged(a, b). We refer [8] for
the related research on the greatest 7" power common divisor. Normally, we use the greatest
common divisor function to count visible lattice points. In 2018, Harris and Omar [7] showed
that a point (k,n) € Z? is visible along the curve y = hz" if and only if max{d > 1 : d |
k and d" | n} = 1, where r € N and h € Q. They mention that the greatest 7" power common
divisor provides a necessary criterion for the combined visibility of a lattice point along the
curves y = ha” or x = hy". This indicates that the fundamental research on the greatest rt"
power common divisor is important in future work.

The goal of this paper is to study the distribution of the greatest r*" power common divisor
of the elements in integral part sets, for r > 1.

We obtain the following results.

Theorem 1.1. Let « > 1 be an irrational number and with bounded partial quotients, 8 € [0, «).
As x — oo, we have

X
;z 1= ) + O(x), (1.1)
gcd((’z,g),‘:l
Y= 2 O (z(e/3) (1.2)
el ¢(2r) ’

ged(a, b)) =1

2

X
1= —— +O(zlt9/3), 1.3
2 T roEt (-2

ged(|a®],[6° ), =1

2

- (c+4)/3

> 1 e +O(x ), (1.4)

a,b<z
ged([a® ], [ab+f]) =1

xz 1+1/2 3-3/2r—e¢
Z 1:C(2T)—|—O<x+/rlog* : :c> (1.5)
a,b<z
ged(a,|ab+3])r=1
z? 1+1/2 3-3/2r—¢

> 1:C(2T)+O<9:+/Tlog : x> (1.6)

a,b<z
ged(laa+B], [ab+B])r=1

2 Lemmas

Throughout this paper, implied constants in symbols O and < may depend on parameters
a, B, ¢, €, but are absolute otherwise. For given function F' and G, the notations f < G and
F = O(G) are equivalent to the statement that the inequality |F| < C|G| holds with some
constant C' > 0.

The following Lemmas are the main ingredient in the our proofs.
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Lemma 2.1. ([2]) For 1 < c¢< 2. Letx € Rand a,q € Z such that 0 < a < q < z¢. Then

(c+1)/3
T PR A
Z 1 :E‘FO(mln(;,W

n<zx
[n¢]=a (mod q)

Lemma 2.2. ([1]) For a > 1 irrational and with bounded partial quotients, B € [0, ), and
positive integer d > 2,0 < a < d, we have

Z 1:§+O(dlog3x), asx — 0.

n<wx
lan+B]=a( mod d)

—3/2—¢

For growing difference d the result is non-trivial provided d < \/xlog x, fore > 0.

3 Proofs

Proof of Theorem 1.1. To prove (1.1), we write

SRRED D TR SETURED SEEEEED SR

a,b<z a,b<z d"|a d<z!/T a<lzx b<z

ged(a,b),=1 b a=0 (mod d”) b=0 (mod d")

= Y wd) (G +0m) (5 +0)

dSIl/T

=2? ‘;g‘f,HO( 3 %)4—0( S

dgxl/"' dS:El/"' dS:El/"'

=27 ) %—FO(I)—!—O(J}I/T). (3.1)

dgwl/r

We note that, forr > 1,

dS:Dl/"‘ d=1 d>xl/7‘
1
- LoE\. (3.2)
can T

The proof of (1.1) follows from (3.1) and (3.2).

We now prove (1.2). We do this by considering the value of ¢ in the two cases. In view of
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Lemma 2.1, for 1 < ¢ < 3/2, we have

2. 1= > wd= ) o >t >

a,b<z a,b<z d"|a d<zl/T a<lzx b<z
gcd(a, [b¢])-=1 d" HbCJ a=0 (mod d") [b°|=0 (mod d")

= 3 wla)(+o0 ))(§+O(min(§7% )

d<z\/r
x T x(c+l)/3
:d<w;w”(d)(df +0() (g +0(55)

CS (g om)( o)

we/T=1/2r < d< gl /7

z2 plct1)/3 p(ct+4)/3
_d< ZI/Z u(d)(ﬁ+0(d’”)+0( dr/3 )+ 0l dr/3 )>
<ge/r—1/2r
2 xc+1 ¢
+ Y u(d)(%JrO( )+ 0 HO(W) (3.3)
zc/r—l/Zr<d§zl/r
We note that d < z¢/"~1/2" < g/ < z¢/m+1/" then di:‘/}} > 2 and 1;,4/);/3 ;:;3/3 Thus,

the O-terms of the first sum in (3.3) are dominated by O( d; )3/ ) For the second sum in (3.3),

dle > 2: > o4&, when d < z'/7. Thus the O-terms of the second sum in (3.3) are

dominated by O( i ) Then, we have

we note that

2 x(c+4)/3 2 o
Z 1= Z p(d) (ﬁ + O(W)) + Z /f«(d)(ﬁ I O(ﬁ))
a,b<z d<ge/r—1/2r wel/r=1/2r < d< gl /7
ged(a, [b°])r=1
2
= Z N(d)% + O(.CL'(C+4)/3) + O(x2—1/27"+c/r—c).
d<zl/r
From ¢ > 1, we have <% > 2 — L 4+ ¢ — ¢ Thus
= z? (c+4)/3
Y. 1= D0 wld) g + 0B, (34)
a,b<zx d<zl/r
ged(a, [b°]),=

Thus, for the case 1 < ¢ < %, the proof of (1.2) follows from (3.2), (3.4) and the inequality
4> dforr > 2.
For 3/2 < ¢ < 2, the case z¢/mV g < gl i impossible. From Lemma 2.1, we have

2 1=Z domd= 3 @) >t >

a,b<zx a,b<z d"|a d<zl/r a<lz b<z
gcd(a,[6°])r= dr|[b°] a=0 (mod d") [b°]=0 (mod d")
¢ (ct+1)/3
x €T . r X
= > wld)( G +0m) (G +O0min(G. )
d<zl/r
T T QZ<C+1)/3
:dZ/ u(d)(g—l—O(l)) (EJFO(TT/3 ))
<z!/r

72 pletl)/3 plctd)/3
= Y wld) (G +O(G) + 0 =) + 0(— )

d<zl/m
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(c+4)/3 (e+1)/3 (c+4)/3 . .
We note that, for d < z!/", % < ”fdA,w/_g and “‘dm < “dw3 . Thus, in view of (3.2), we have
22
Z 1= + O(2(+473),
e ¢(2r)

ged(a, [b°])r=1
This completes the proof of (1.2).

Next we will prove (1.3).

Yo=Y Y wd= > ud)

SRR SR
a,b<z d"||a®| d<ze/r a<lz <z
ged([a®],[b°])r=1 dr|[b¢] [a®]=0 (mod d") [b°|=0 (mod d")
In view of Lemma 2.1, we have

dr ar/3
dgxc/r
god(La®],[b°])r=1

¢ (e+1)/3 N\ 2
a;l. 1= Z M(d)(;;—i—O(min(x z )

= > #(d)<x+0(x(6+l>/3))2+

dr dr/3
dSmc/r—l/Zr

zc/T—l/2T<dS‘,L,c/r
22 2(2e42)/3
- >

z(c+4)/3
ﬁ+0( d2r/3 ) d4r/3 >
dch/r—l/Zr

x2 mc+1 2c
S DR

T
2 + 0(7
we/r=1/2r < d<ge/T

)+ O(dQT)). 3.5)

We note that #(2=¢)/2r < 2¢/7=1/2r Thus, for d < 2¢/"~1/2" the O-terms in the first sum of (3.5)
are dominated by O( ot

L7+ ) and in the second sum of (3.5) we have 22¢ > z'*¢. Thus, we have

2 (c+4)/3
- ) (G + 0 i) )
a%z Z

42 + J4r/3 )
d<ge/r=1/2r
ged([a®],[6%])r=

= ) = ) < 2 L2 )

dZT + O(dZT )
xe/r=1/2r cg<ge/r
2

Z M(d)% + O(x(c+4)/3) + O(xc/rﬂ—l/zr)_
d<ze/T

(3.6)
Then (1.3) follows from (3.2), (3.6) and the inequality 6%4 >+ 1- i forr>2,1<c<?2.

Next we prove (1.4). For z > 1, we write

> 1= 3w

< a,b<z  d"|[a”]
ged(la®],|ab+B])r=1 d"||ab+8]
DS VD SR T SR
d<(az+8)!/r alwz b<z
[a®]=0 (mod d") |ab+B]=0 (modd")
In view of Lemma 2.1 and Lemma 2.2, we have

P )

xT o x¢ x(c+1)/3 . ) .
T + O(mm(ﬁ’ W ) (dr + O(d" log m))
d<z/2r log—3/2r—¢ 3
ged(la®],ab+B])r=1
* > p(d)

z1/2r Jog—3/2r—e z<d<(ax+B)1/" a<lz ) b<zm B
la®]=0 (mod d") |ab+B|=0 (mod d")
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—3/2r—e¢ c/r—1/2r

From z'/?" log r<w , we have

> 1= > 1(d) <; + O(“T(;Z/S)) <; O(d" log® x)>

a,b<z d<g!/2r log—3/27‘—5z
ged(la®], lab+8])r=1

x2
+ O( ) W)
z!/2r log=3/2r =€ g<d< (am+B)! /"

z? gletd/3 3 (c+1)/3 21 /3103

dgwl/% log—3/27‘—5 T

+0 (x1+]/2r 10g3—3/2r+e x)

It is easy to see that, for d < z!/2" log™>/*" ¢ z, ””'(;4/);/; > zlog’ z, % > g(etD/32r/3 103 2.
Thus, in view of (3.2), we have
22 plet4)/3 i e
Z 1 = Z ﬂ(d)(d?+0(w)) +O(’I}l+1/2 10g3 3/2 + I’)

a,b<z d<g!/2r log—3/27‘—ew
ged(la®],lab+8])r=1

72

= (ct+4)/3 141/2r 1. 3—3/2r+e
D) +O(x )+ O(x log x)

The proof of (1.4) follows from cg’—l > % > %
We now prove (1.5). In view of Lemma 2.2, we have

)SEEEED S SRS SNTCIED SRR SR

a,b<z a,b<z d"|a d<z!/T a<lz <z
ged(a, |ab+8])-=1 d"||ab+s] a=0 (mod d") |ab+B]=0 (modd")

_ 3 1(d) (; + 0(1)> (; +O(d" log® x)>

dgxl/zr 10g73/2r—e T

+ > u(d)( oo > 1)

21/2m log=3/2r =€ g<d<gzl/T a<lzx b<x
- a=0 (mod d") |ab+B]=0 (modd")
xz € 3 T 3
= g w(d) i O(E) + O(zlog” z) + O(d" log” x)

dgxl/% 10g73/2r—s T
2
X
+ Z O(d2r>
xzl/2r ]0g73/2r—e x<d§$l/r

—3/2r—e

We note that, for d < z'/?" log z, zlog’ z > 2 and zlog® z > d" log® x. Thus,

Z = Z 1(d) (;227 +O(z log3 x)) 4 O(xl/zr 10g3—3/2r+e w)

a,b<z d<z!/2r1og=3/2r—¢
ged(a, ab+p]) =1

2 3 ﬁ;(;f) " O<xl+l/2r 10g33/2rem>.

dSIl/ZT log—3/27‘—6 T

In view of (3.2), the proof of (1.5) completes.
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We now prove (1.6). Similarly to the proof of (1.5), in view of Lemma 2.2, we write

2 b= > wd= 3w > )

a,b<z a,b<z d"||aa+p] d<(az+p)!/" a<lz <z
ged(laa+B], lab+B])r=1 d"||ab+B] laa+B]=0 (mod d") |ab+B]=0 (mod d")

_ 3 u(d) (; +o(d 1og3gg))2

dgm]/z’l‘ log—3/2r—s z

+ > u(d) > 1 > 1

z1/2r log—3/2r—e I<d§(a$+6>l/r a<lz R b<zx .
laa+B]=0 (mod d”) |ab+B]=0 (mod d")

= Z p(d) (5; + O(zlog’ ) + O(d*" log® x))

dSzl/z"' log—3/2r—e T

2
x
+ Z O(er) :
xl/2r 10g73/2r—e x<d§r1/"'

Using the same calculation as in the proof of (1.5), the equation (1.6) follows. O
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