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Abstract. By incorporating principles from fuzzy theory, this study extends and refines
the main findings of the classical approximation theory. We define fuzzy Boas-Buck operators
and prove that they are fuzzy linear and positive. We give their moments and central moments
and thus using fuzzy Korovkin theorem, prove their convergence property. Further, we study
their rate of convergence using the fuzzy modulus of continuity and fuzzy weighted modulus of
continuity. Since, the fuzzy Boas-Buck operators are a very generalized form of operators, so
we also give two of its particular examples, namely Laguerre and Charlier operators, and further
talk about their convergence properties. This paper also presents special cases of the fuzzy Boas-
Buck operators which includes the fuzzy Brenke, Sheffer, Appell and Szasz operators for which
further studies are possible in fuzzy sense.

1 Introduction

In 1956, Ralph P. Boas and R. Creighton Buck [1, 2] considered the generalized Appell polyno-
mials by means of generating function of the type

W (t)P (xQ (t)) =
∞∑
k=0

ak(x)t
k, (1.1)

where W , P and Q are analytic functions

W(t) =
∞∑
k=0

wkt
k, w0 ̸= 0,

P(t) =
∞∑
k=0

pkt
k, pk ̸= 0,

Q(t) =
∞∑
k=1

qkt
k, q1 ̸= 0.

(1.2)

The generating function derived by Boas and Buck serves as a generalization of numerous
other generating functions. This offers a framework for defining different types of polynomials
as its special cases, listed in Table 1.

Our study will be confined to the Boas-Buck type polynomials that satisfy:

(i) W(1) ̸= 0, Q′(1) = 1, ak(x) ⩾ 0, k = 0, 1, 2, . . . ,

(ii) P : R → (0,∞), (1.3)

(iii) For |t| < ρ (where ρ > 1), the equations (1.1) and (1.2) are convergent.

With the constraints mentioned above in (1.3), Sucu et al. [3] presented the linear positive
operators using Boas-Buck type polynomials in the subsequent manner:

Bnf =
1

W (1)P (nxQ (1))

∞∑
k=0

ak (nx) f

(
k

n

)
, (1.4)
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where x ⩾ 0 and n ∈ N.

Table 1. Different generating functions obtained from Boas-Buck polynomials.

S.No. Analytic Functions Generating Function Explicit polynomial

1. P(t) = et
Sheffer polynomials [4]

W(t)exQ(t) =
∞∑
k=0

ak(x)tk
–

2. Q(t) = t
Brenke polynomials [5]

W(t)P(xt) =
∞∑
k=0

ak(x)tk
ak(x) =

k∑
r=0

wk−rprx
r

3.
P(t) = et

Q(t) = t

Appell polynomials [6]

W(t)etx =
∞∑
k=0

ak(x)tk
–

4.
W(t) = 1
P(t) = et

Q(t) = t

Exponential polynomials [7]

etx =
∞∑
k=0

ak(x)tk
ak(x) = xk/k!

Above defined is the classical approach to approximate real continuous function on real do-
main. While classical approximation theory has been successfully applied in numerous domains
and remains a valuable tool in many contexts (see [8, 9]), it may not always be the most suit-
able approach for dealing with uncertainty, complexity and qualitative information, where fuzzy
approximation theory offers distinct advantages.

Fuzzy approximation theory is a specialized branch of mathematics that deals with represent-
ing and approximating vague or uncertain information using fuzzy sets and fuzzy logic. Unlike
classical approximation theory, which focuses on precise mathematical representations, fuzzy
approximation theory acknowledges and accounts for the inherent uncertainty and imprecision
in real-world data and systems.

This field finds applications in various areas, including pattern recognition, control systems,
decision-making, and artificial intelligence, where precise mathematical models may not ade-
quately capture the complexity and variability of real-world phenomena. Fuzzy numbers have
found significant applications in the study of convergence methods and approximation theory,
particularly in the context of statistical convergence and related summability techniques for
fuzzy-valued sequences and functions [10, 11, 12]. Moreover, fuzzy structures have been uti-
lized in other mathematical frameworks, including fuzzy graph-based approaches to image seg-
mentation [13]. By leveraging fuzzy approximation theory, researchers can develop robust and
adaptable models and algorithms capable of handling uncertain and incomplete information ef-
fectively.

In this paper, we broaden the scope of previous research on real operators to fuzzy sense. Our
study begins by defining the fuzzy Boas-Buck operators, based on the generating function (1.1)
and assumptions (1.3), presented as follows:

B̃nf̃ :=
1

W (1)P (nxQ (1))

∞∑
k=0

∗ ak (nx)⊙ f̃

(
k

n

)
, (1.5)

where
∑ ∗ and ⊙ represent fuzzy addition and multiplication, respectively, and f̃ is a fuzzy-

valued function.
Distinct fuzzy operators emerge from different formulations of the defined fuzzy Boas-Buck

operators (1.5), as detailed in Table 2. Researchers can further investigate the moments and
convergence properties associated with these operators, employing analogous approaches within
the fuzzy domain.
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Table 2. Special cases of different fuzzy operators obtained from the fuzzy Boas-Buck operators.

S.No. Analytic Functions Fuzzy Operators

1. P(t) = et
Fuzzy Sheffer operators

T̃nf̃ = e−nxQ(1)

W(1)

∞∑
k=0

∗ak(nx)⊙ f̃
(
k
n

)
2. Q(t) = t

Fuzzy Brenke operators

L̃nf̃ = 1
W(1)P(nx)

∞∑
k=0

∗ak(nx)⊙ f̃
(
k
n

)
3.

P(t) = et

Q(t) = t

Fuzzy Appell operators

P̃nf̃ = e−nx

W(1)

∞∑
k=0

∗ak(nx)⊙ f̃
(
k
n

)
4.

W(t) = 1
P(t) = et

Q(t) = t

Fuzzy Szasz operators

S̃nf̃ = e−nx
∞∑
k=0

∗ (nx)k

k! ⊙ f̃
(
k
n

)

Clearly, the Boas-Buck fuzzy operators represent the most general form among the operators
mentioned above, thus we shall primarily focus on exploring the approximation properties of
these operators. While the previously mentioned fuzzy analogs also warrant individual in-depth
study, our discussion in this paper centers only on operators (1.5). The foundational concepts of
fuzzy theory necessary for progressing through this paper are provided in Section 2. Section 3
is dedicated to examining the moments, approximation and convergence properties of the fuzzy
Boas-Buck operators. By assigning particular values to the analytic functions W(t), P(t) and
Q(t), several new linear positive fuzzy operators can be derived. This paper delves into two such
instances in Section 4. And finally, the paper concludes in Section 5.

2 Preliminaries

The concept of fuzzy sets was first introduced by Zadeh [14] to model uncertainty and vagueness
in mathematical structures. Since then, fuzzy theory has been extensively developed and applied
in various branches of mathematics, including approximation theory. In this paper, we adopt the
standard notions of fuzzy numbers, fuzzy-valued functions, fuzzy continuity and fuzzy conver-
gence as commonly used in the literature. Thus, in order to proceed with our paper, we must first
lay the groundwork by introducing some basic definitions and concepts in fuzzy theory.

Definition 2.1. Let p̃ denote a fuzzy set with membership function p̃(u) : R → [0, 1] such that:

(i) Normality: There exists u0 ∈ R such that p̃(u0) = 1,

(ii) Convexity: ∀ s, t ∈ R and ∀ γ ∈ [0, 1], p̃ (γs+ (1 − γ) t) ⩾ min {p̃ (s) , p̃ (t)},

(iii) Upper semi-continuity: ∀ u0 ∈ R and ∀ ε > 0, ∃ a neighourhood of u0 such that p̃(u) ⩽
p̃(u0) + ε, for all u in the neighourhood of u0,

(iv) Boundedness of supp (p̃): Define supp (p̃) = {u ∈ R : p̃ (x) > 0} as the support of p̃. Then
the closure of the support of p̃, i.e. supp (p̃) is bounded in R,

then p̃ is called a fuzzy real number.

Let F represent the set of all fuzzy numbers p̃. Firstly, let us recall the ℓ-level cut of p̃, denoted
by [p̃]

ℓ. For 0 ⩽ ℓ ⩽ 1 and p̃ ∈ F with membership function p̃(u), the ℓ-level cut or simply ℓ-cut
of p̃ is defined as

[p̃]
ℓ
=

 {u : p̃ (u) ⩾ ℓ} , if 0 < ℓ ⩽ 1

{u : p̃ (u) > 0}, if ℓ = 0

where A denotes the closure of set A.
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For each ℓ ∈ [0, 1], the ℓ-cut of any fuzzy number is always a compact subset of R which can
be denoted as [p̃]ℓ = [p

(ℓ)
− , p

(ℓ)
+ ]. It is apparent that, if p(ℓ)− = p

(ℓ)
+ then p̃ will reduce to a crisp real

number.

Definition 2.2. [15] For any p̃ and q̃ belonging to the set F, and for any α in R, we uniquely
define the sum p̃⊕ q̃ and the product with real scalars α⊙ p̃ in F by ⊕ : F× F → F,

(p̃⊕ q̃) (u) = sup
v+w=u

min {p̃ (v) , q̃ (w)}

and by ⊙ : R× F → F,

(α⊙ p̃) (u) =

{
õ if α = 0
p̃
(
u
α

)
if α ̸= 0

where õ : R → [0, 1] is the characteristic function of {0}.

In the interval form, we can think of fuzzy addition and product as

[p̃⊕ q̃]
ℓ
= [p̃]

ℓ
+ [q̃]

ℓ
, ∀ℓ ∈ [0, 1]

[α⊙ p̃]
ℓ
= α[p̃]

ℓ
, ∀ℓ ∈ [0, 1]

Here, [p̃]ℓ+[q̃]
ℓ represents the standard addition of intervals considered as real subsets, while

α[p̃]
ℓ denotes the standard multiplication between a scalar and a real subset.

Definition 2.3 (Distance between fuzzy numbers). [15] The distance between two fuzzy numbers
p̃ and q̃ is given by D : F× F → R+ ∪ {0} as

D (p̃, q̃) := sup
ℓ∈[0,1]

max
{∣∣∣p(ℓ)− − q

(ℓ)
−

∣∣∣ , ∣∣∣p(ℓ)+ − q
(ℓ)
+

∣∣∣} ,

where p
(ℓ)
− , q

(ℓ)
− , p

(ℓ)
+ and q

(ℓ)
+ are the lower and upper bounds of [p̃]ℓ and [q̃]

ℓ.

The following properties hold for the distance between two fuzzy numbers:

(i) D (p̃⊕ q̃, r̃ ⊕ s̃) ⩽ D (p̃, r̃) +D (q̃, s̃) , ∀ p̃, q̃, r̃, s̃ ∈ F

(ii) D (a⊙ p̃, a⊙ q̃) = |a|D (p̃, q̃) , ∀ p̃, q̃ ∈ F, a ∈ R

(iii) D (r̃ ⊕ p̃, r̃ ⊕ q̃) = D (p̃, q̃) , ∀ r̃, p̃, q̃ ∈ F

Define the usual norm on F as ∥p̃∥F = D (õ, p̃). Then we have the following properties:

(i) ∥η ⊙ p̃∥F = |η| ∥p̃∥F
(ii) ∥p̃⊕ q̃∥F ⩽ ∥p̃∥F + ∥q̃∥F

(iii) ∥p̃∥F + ∥q̃∥F ⩽ D (p̃, q̃)

(iv) p̃ = õ iff ∥p̃∥F = 0

The symbol ≾ represents a partial order on F and is defined as follows:

p̃ ≾ q̃ iff p
(ℓ)
− ⩽ q

(ℓ)
− , p

(ℓ)
+ ⩽ q

(ℓ)
+ ,

for all fuzzy numbers p̃ and q̃ and ℓ ∈ [0, 1]. Herein, ⩽ represents the partial order on the real
number set.

Definition 2.4 (Fuzzy-Valued Function). A fuzzy-valued function, or simply a fuzzy function, h̃
from A to B is defined as a mapping that maps each element a in A to a fuzzy set H(a) in B.
That is,

h̃ : A → H(B),

where A is the domain, B is the output space, and H(B) denotes the set of all fuzzy subsets of
B acting as the co-domain of h̃.
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A fuzzy function h̃ that takes inputs from the real interval [0,∞) and maps them to the fuzzy
field F, can be represented as [

h̃ (u)
]ℓ

=
[
h
(ℓ)
− (u) , h

(ℓ)
+ (u)

]
,

for every u ∈ [0,∞] and ℓ within the range [0, 1], where h(ℓ)− (u) and h
(ℓ)
+ (u) represent the greatest

lower bound and least upper bound of the interval
[
h̃ (u)

]ℓ
, respectively. Furthermore, h(ℓ)− and

h
(ℓ)
+ are real-valued functions defined over the interval [0,∞).

For each a in A, the function h̃ assigns a fuzzy set H(a) in B. To represent the fuzziness,
each H(a) is typically described by a membership function, denoted as µH(a)(b), which gives
the degree of membership of each element b in B to the fuzzy set H(a).

Example 2.5. To better understand the concept of a fuzzy valued function, let us take an example.
Let h̃ : [0, 1] → RF such that

h̃ (x) = −x sin 3πx− cos24x,

where each h̃(x) is a triangular fuzzy number with the membership function:

µh

(
t; h̃(x)− 2, h̃(x), h̃(x) + 2

)
= max

(
min

(
t− h̃(x) + 2

2
,
h̃(x) + 2 − t

2

)
, 0
)
.

Figure 1. Graph of fuzzy number-valued function h̃ (x) = −x sin 3πx− cos24x with triangular
membership function.

The graph of a fuzzy valued function is a 3-dimensional graph, as the Z-axis corresponds to
the membership value corresponding to each h̃(x). Figure 1 represents a function whose range
is the triangular fuzzy number. Let us change this membership function and see what changes
we get in our graph. Suppose each point in the range is a trapezoidal fuzzy number. Then the
membership value corresponding to each h̃(x) will be,

µh

(
t; h̃(x)− 1.5, h̃(x)− 0.5, h̃(x) +

1
2
, h̃(x) + 1.5

)
= max

(
min

(
t− h̃(x) + 1.5, 1, h̃(x) + 1.5 − t

)
, 0
)
.
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(a) Aerial
view of fuzzy-valued function

0.2 0.4 0.6 0.8 1.0
x

-1.5

-1.0

-0.5

h

(b) Crisp
function

Figure 2. Association of a fuzzy-valued function with its corresponding crisp function.

Figure 3. Graph of fuzzy number-valued function h̃ (x) = −x sin 3πx−cos24x with trapezoidal
membership function.

The aerial view will remain the same; only the degree of uncertainty, given by the member-
ship function µh, changes along the z axis.

Definition 2.6 (Distance between fuzzy valued functions). Consider two fuzzy-valued functions,
h̃ and g̃, defined on a real interval U ⊆ R. We define the distance between h̃ and g̃ as,

D∗ (h̃, g̃) := sup
u∈U

D
(
h̃ (u) , g̃ (u)

)
.
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We say h̃ is crisp when h̃(u) assumes crisp values for all u in its domain. We define h̃ to be a
fuzzy continuous function when,

lim
u→u0

D
(
h̃(u), h̃(u0)

)
= 0,

holds for any u0 ∈ U .
Represented by C [0,∞) and CF [0,∞) are the sets of continuous and fuzzy continuous

functions on the interval [0,∞). If h̃ is a fuzzy continuous function over [0,∞), then the corre-
sponding functions h

(r)
− and h

(r)
+ become real-valued continuous functions defined on the same

interval. The operations of addition and scalar multiplication in CF [0,∞) are defined as follows:

(a⊙ g̃) (u) = a⊙ g̃ (u)(
h̃⊕ g̃

)
(u) = h̃ (u)⊕ g̃ (u) ,

for every u ∈ [0,∞), a ∈ R and h̃, g̃ ∈ CF [0,∞). Moreover, a fuzzy-valued function 0̃ exists,
defined on the interval [0,∞), satisfying the condition 0̃(u) = õ for every u ∈ [0,∞) where õ
represents the neutral element with respect to the operation ⊕ in F. We can also define the norm
of h̃ as, ∥∥h̃∥∥F = sup

0⩽u<∞
D
(
õ, h̃ (u)

)
.

Definition 2.7 (Fuzzy weighted modulus of continuity). Consider a continuous fuzzy-valued
function h̃. We can define the weighted fuzzy modulus of continuity for h̃ as:

Ω
F (h̃; δ

)
:= sup

u,v⩾0
|u−v|⩽δ

1(
1 + (u− v)

2
)
(1 + u2)

D
(
h̃ (u) , h̃ (v)

)
.

Definition 2.8 (Fuzzy modulus of continuity). For a continuous fuzzy-valued function h̃ mapping
from the interval [0,∞) to F, the first modulus of continuity is defined as follows:

ωF
1
(
h̃; δ
)

:= sup
u,v∈[0,∞)
|u−v|⩽δ

D
(
h̃ (u) , h̃ (v)

)
.

In the case of operators L̃ from CF [0,∞) to itself, their representation takes the form,[
L̃(h̃) (u)

]ℓ
=
[(
L̃(h̃) (u)

)(ℓ)
− ,
(
L̃(h̃) (u)

)(ℓ)
+

]
.

Suppose L̃ is an operator mapping the space of all continuous fuzzy-valued functions CF [0,∞)
to itself, with the condition

L̃
(
a⊙ h̃⊕ b⊙ g̃

)
= a⊙ L̃(h̃)⊕ b⊙ L̃(g̃), (2.1)

for any a, b ∈ R and h̃, g̃ ∈ CF [0,∞). In this case, L̃ is identified as a fuzzy linear operator.
Consider L̃ mapping CF [0,∞) to itself such that for any h̃, g̃ ∈ CF [0,∞), L̃ is linear and

h̃ ≾ g̃ ⇒ L̃(h̃) ≾ L̃(g̃).

Then L̃ termed as a linear positive fuzzy operator.

3 Fuzzy Boas-Buck Operators

In this section, first we relate the fuzzy Boas-Buck operators to the classical ones as defined by
Sucu et al. [3] and then prove that the proposed operators are fuzzy positive linear operators.
Further, the approximation properties of the fuzzy Boas-Buck operators are proved using the
fuzzy Korovkin theorem and fuzzy weighted modulus of continuity.
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Lemma 3.1. For the fuzzy operators B̃n, we have(
B̃nh̃

)(ℓ)
± = Bn

(
h̃
(ℓ)
±

)
,

where Bn are the classical Boas-Buck operators in real sense as defined by (1.4).

Proof. For fuzzy operators (1.5) and fuzzy function h̃, we have

(
B̃nh̃

)(ℓ)
± =

(
1

W (1)P (nxQ (1))

∞∑
k=0

∗ak (nx)⊙ h̃

(
k

n

))(ℓ)

±

=
1

W (1)P (nxQ (1))

∞∑
k=0

ak (nx)

(
h̃

(
k

n

))(ℓ)

±

= Bn

(
h̃
(ℓ)
±

)
.

Lemma 3.2. The fuzzy Boas-Buck operators are characterized as linear positive fuzzy operators.

Proof. Consider fuzzy continuous functions h̃ and g̃ defined on the interval [0,∞). Using the
linearity of the real Boas-Buck operators and Lemma 3.1 we have,(

B̃n

(
a⊙ h̃⊕ b⊙ g̃

))(ℓ)
± = Bn

((
a⊙ h̃⊕ b⊙ g̃

)(ℓ)
±

)
= Bn

(
(a⊙ h̃)

(ℓ)
± + (b⊙ g̃)

(ℓ)
±

)
= Bn

(
ah̃

(ℓ)
± + bg̃

(ℓ)
±

)
= aBn

(
h̃
(ℓ)
±

)
+ bBn

(
g̃
(ℓ)
±

)
= a

(
B̃n(h̃)

)(ℓ)
± + b

(
B̃n(g̃)

)(ℓ)
± (3.1)

for every x ∈ [0,∞) and ℓ ∈ [0, 1].
Using the above equation (3.1), we obtain[

B̃n

(
a⊙ h̃⊕ b⊙ g̃

)]ℓ
=
[(
B̃n

(
a⊙ h̃⊕ b⊙ g̃

))(ℓ)
− ,
(
B̃n

(
a⊙ h̃⊕ b⊙ g̃

))(ℓ)
+

]
=
[
a
(
B̃n(h̃)

)(ℓ)
− + b

(
B̃n(g̃)

)(ℓ)
− , a

(
B̃n(h̃)

)(ℓ)
+

+ b
(
B̃n(g̃)

)(ℓ)
+

]
=
[
a
(
B̃n(h̃)

)(ℓ)
− , a

(
B̃n(h̃)

)(ℓ)
+

]
+
[
b
(
B̃n (g̃)

)(ℓ)
− , b

(
B̃n (g̃)

)(ℓ)
+

]
= a

[
B̃n(h̃)

]ℓ
+ b
[
B̃n (g̃)

]ℓ
=
[
a⊙ B̃n(h̃)

]ℓ
+
[
b⊙ B̃n (g̃)

]ℓ
=
[
a⊙ B̃n(h̃)⊕ b⊙ B̃n (g̃)

]ℓ
; ∀ x ∈ [0,∞), ℓ ∈ [0, 1].

This implies that for h̃, g̃ ∈ CF [0,∞),

B̃n

(
a⊙ h̃⊕ b⊙ g̃

)
= a⊙ B̃n(h̃)⊕ b⊙ B̃n (g̃) .

Thus, the fuzzy Boas-Buck operators are fuzzy linear operators. Consider fuzzy continuous
functions h̃ and g̃ defined on the interval [0,∞) with h̃ ≾ g̃. Then, h̃(ℓ)− ⩽ g̃

(ℓ)
− and h̃

(ℓ)
+ ⩽ g̃

(ℓ)
+ ,

where ⩽ is a partial order on C[0,∞).
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Since h̃
(ℓ)
− , h̃

(ℓ)
+ , g̃

(ℓ)
− and g̃

(ℓ)
+ are continuous real functions on [0,∞) then by the positivity

of Bn, we have

Bn

(
h̃
(ℓ)
±

)
⩽ Bn

(
g̃
(ℓ)
±

)
, ℓ ∈ [0, 1]

⇒
(
B̃n(h̃)

)(ℓ)
± ⩽

(
B̃n (g̃)

)(ℓ)
± , ℓ ∈ [0, 1]

⇒ B̃n(h̃) ≾ B̃n (g̃) , ℓ ∈ [0, 1], x ∈ [0,∞).

This gives the positivity of B̃n.

Theorem 3.3. [3] The moments of the classical sequence of operators (1.4) are given as follows:

(i) Bn (1) = 1

(ii) Bn (t) =
P′(nxQ(1))
P(nxQ(1)) x+ W′(1)

nW(1)

(iii) Bn

(
t2
)
= P′′(nxQ(1))

P(nxQ(1)) x
2 +

2W′(1)+(1+Q′(1))W(1)
nW(1)P(nxQ(1)) P ′ (nxQ (1))x+ W′′(1)+W′(1)

n2W(1)

Assume that lim
y→∞

P′(y)
P(y) = 1 and lim

y→∞
P′′(y)
P(y) = 1. Then, using fuzzy Korovkin theorem given

by G. A. Anastassiou in 2010 (see [16]), D∗ (B̃nh̃, h̃ (x)
)
→ 0, as n → ∞. Thus, B̃nh̃ are a

sequence of fuzzy positive linear operators converging to h̃ as n → ∞.

Lemma 3.4. Let us denote bn,k(x) =
ak(nx)

W(1)P(nxQ(1)) . Then by Theorem 3.3, we have

(i)
∞∑
k=0

bn,k(x) = 1,

(ii)
∞∑
k=0

(t− x)
2
bn,k(x) =

W′′(1)+W′(1)
n2W(1) + P′′(nxQ(1))−2P′(nxQ(1))+P(nxQ(1))

P(nxQ(1)) x2

+
W(1)(1+Q′′(1))P′(nxQ(1))+2W′(1)(P′(nxQ(1))−P(nxQ(1)))

nW(1)P(nxQ(1)) .

Theorem 3.5. If h̃ ∈ CF [0,∞), then for n ⩾ 1

D∗ (B̃nh̃, h̃ (x)
)
⩽ 2ωF

1

(
h̃;
√
φ2,n (x)

)
,

where ωF
1 is the fuzzy first order modulus of continuity and φm,n (x) = Bn ((t− x)

m;x).

Proof. Let bn,k(x) =
ak(nx)

W(1)P(nxQ(1)) , then we can write,

h̃ (x) =

[ ∞∑
k=0

bn,k(x)

]
⊙ h̃ (x) =

∞∑
k=0

∗ (bn,k(x)⊙ h̃ (x)
)
.

Thus,

D∗ (B̃nh̃, h̃ (x)
)
= D∗

( ∞∑
k=0

∗bn,k (x)⊙ h̃

(
k

n

)
,

∞∑
k=0

∗bn,k (x)⊙ h̃ (x)

)

⩽
∞∑
k=0

bn,k (x)D
∗
(
h̃

(
k

n

)
, h̃ (x)

)

⩽
∞∑
k=0

bn,k (x)ω
F
1
(
h̃;
∣∣k/n− x

∣∣)
⩽

∞∑
k=0

bn,k (x)

[
1 +

|k/n− x|
δ

]
ωF

1
(
h̃; δ
)

⩽ ωF
1
(
h̃; δ
)
+

√
φ2,n (x)

δ
ωF

1
(
h̃; δ
)
.

Substituting δ =
√
φ2,n (x), we achieve our result.
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Lemma 3.6. For fuzzy valued function h̃ and weighted modulus of continuity ΩF ,

D
(
h̃ (t) , h̃ (x)

)
⩽ 4

[
1 +

(t− x)
4

δ4

] (
1 + δ2)2 (

1 + x2)
Ω

F (h̃; δ
)
.

Proof. For a fuzzy-valued function h̃, taking values from the real line, we can say that

D
(
h̃ (t) , h̃ (x)

)
⩽
(

1 + (t− x)
2
) (

1 + x2)
Ω

F (h̃; |t− x|
)

⩽ 2
(

1 +
|t− x|

δ

)(
1 + (t− x)

2
) (

1 + x2) (1 + δ2)
Ω

F (h̃; δ
)

⩽ 4

[
1 +

(t− x)
4

δ4

] (
1 + δ2)2 (

1 + x2)
Ω

F (h̃; δ
)
.

Theorem 3.7. Let h̃(x) is a continuous, bounded and twice differential fuzzy function, defined
for all x ∈ [0,∞). Then for the fuzzy Boas-Buck type operators, we have the following result:

D∗
(
B̃nh̃, h̃ (x)

)
⩽ φ1,n

∥∥h̃′∥∥+ 1
2
φ2,n

∥∥h̃′′∥∥+ 16φ2,n
(
1 + x2)

Ω
F
(
h̃′′, 4

√
φ6,n

φ2,n

)
Proof. Consider,

D∗
(
B̃nh̃

(
k

n

)
, h̃ (x)

)
⩽

∞∑
k=0

bn,k (x)D

(
h̃

(
k

n

)
, h̃ (x)

)
.

Now,

D

(
h̃

(
k

n

)
, h̃ (x)

)
= sup

α∈[0,1]
max

{∣∣∣∣∣h̃
(
k

n

)(α)

−
− h̃ (x)

(α)
−

∣∣∣∣∣ ,
∣∣∣∣∣h̃
(
k

n

)(α)

+

− h̃ (x)
(α)
+

∣∣∣∣∣
}
.

From Taylor’s theorem,

h (u) = h (x) + (u− x)h′ (x) +
(u− x)

2

2!
h′′ (x) +

(u− x)
2

2!
ε (u, x) ,

where ε (u, x) = h′′ (ξ)− h′′ (x) → 0 as u → x. Then, we can say that

h̃ (u)
(ℓ)
± = h̃ (x)

(ℓ)
± + (u− x) h̃′ (x)

(ℓ)
± +

(u− x)
2

2!
h̃′′ (x)

(ℓ)
± +

(u− x)
2

2!
ε (u, x) ,

where ε (u, x) = D
(
h̃′′ (ξ) , h̃′′ (x)

)
→ 0 as u → x, with x < ξ < u. Thus,[

h̃ (u)
]ℓ − [h̃ (x)]ℓ

= (u− x)
[
h̃′ (x)

]ℓ
+

(u− x)
2

2!
[
h̃′′ (x)

]ℓ
+

(u− x)
2

2!
ε (u, x)

⇒
[
h̃ (u)

(ℓ)
− − h̃ (x)

(ℓ)
− , h̃ (u)

(ℓ)
+ − h̃ (x)

(ℓ)
+

]
=

[
(u− x) h̃′ (x)

(ℓ)
− +

(u− x)
2

2!
h̃′′ (x)

(ℓ)
− +

(u− x)
2

2!
ε (u, x)

(ℓ)
− ,

(u− x) h̃′ (x)
(ℓ)
+ +

(u− x)
2

2!
h̃′′ (x)

(ℓ)
+ +

(u− x)
2

2!
ε (u, x)

(ℓ)
+

]
= [A,B] .
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Since ε (u, x) is crisp, using Lemma 3.6,

ε (u, x) = D
(
h̃′′ (ξ) , h̃′′ (x)

)
with x < ξ < u

⩽ 4

[
1 +

(u− x)
4

δ4

] (
1 + δ2)2 (

1 + x2)
Ω

F
(
h̃; δ
)
.

Considering δ ≤ 1,

(u− x)
2
ε (u, x) ⩽ 16

(
1 + x2) [(u− x)

2
+

(u− x)
6

δ4

]
Ω

F
(
h̃; δ
)
.

Thus, we have

D∗ (B̃nh̃, h̃ (x)
)
⩽

∞∑
k=0

bn,k (x)D

(
h̃

(
k

n

)
, h̃ (x)

)

=
n∑

k=0

bn,k(x) sup
ℓ∈[0,1]

max {A,B}

= sup
ℓ∈[0,1]

max

{
n∑

k=0

Abn,k(x),
n∑

k=0

Bbn,k(x)

}

⩽ sup
ℓ∈[0,1]

max
{
φ1,n(x)h̃

′ (x)
(ℓ)
− +

1
2
φ2,n(x)h̃

′′ (x)
(ℓ)
−

+ 16
(
1 + x2)φ2,n(x)Ω

F

(
h̃′′; 4

√
φ6,n(x)

φ2,n(x)

)
, φ1,n(x)h̃

′ (x)
(ℓ)
+

+
1
2
φ2,n(x)h̃

′′ (x)
(ℓ)
+ + 16

(
1 + x2)φ2,n(x)Ω

F

(
h̃′′; 4

√
φ6,n(x)

φ2,n(x)

)}

⩽ sup
ℓ∈[0,1]

[
φ1,n(x)max

{
h̃′ (x)

(ℓ)
− , h̃′ (x)

(ℓ)
+

}
+

1
2
φ2,n(x)max

{
h̃′′ (x)

(ℓ)
− , h̃′′ (x)

(ℓ)
+

}]

+ 16
(
1 + x2)φ2,n(x)Ω

F

(
h̃′′; 4

√
φ6,n(x)

φ2,n(x)

)

= φ1,n(x)
∥∥h̃′ (x)

∥∥
F +

1
2
φ2,n(x)

∥∥h̃′′ (x)
∥∥
F

+ 16
(
1 + x2)φ2,n(x)Ω

F
(
h̃′′, 4

√
φ6,n

φ2,n

)
,

where õ is the zero element. And thus, we arrive at our desired result.

4 Particular examples

The Boas-Buck polynomials are a very general form of a special class of operators formed using
the generating function (1.1). For particular values of W(t),P(t) and Q(t) one can get different
fuzzy linear operators. Mentioned below are two particular examples of the Boas-Buck fuzzy
operators.

4.1 Fuzzy Laguerre Operators

The Laguerre polynomials were first introduced in 1960 by Rainville [17] by means of its gen-
erating function. Later, these polynomials were explored by Gurland et al. [18] and Gupta [19]
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where the moments of these operators were found using the moment generating function and
some direct convergence results were proved. Here, we consider the fuzzy analog of the La-
guerre operators. Taking W(t) = (1 − t)

−α−1
,P(t) = et and Q(t) = −t

1−t , for α > −1 we
get (

G̃α
nh̃
)
(x) = e−nx/22−α−1

∞∑
k=0

∗2−kLα
k

(
−nx

2

)
⊙ h̃

(
k

n

)
,

where Lα
k (−x) =

(α+ 1)k
k! 1F1 (−k;α+ 1;−x)

=
k∑

s=0

(α+ k)!
(k − s)!(α+ s)!s!

xs.

Remark 4.1.
(
G̃α

nh̃
)
(x) are fuzzy positive linear operators with

(
G̃α

n(h̃)
)(ℓ)
± = Gα

n

(
h̃
(ℓ)
±

)
, where

Gα
n are the real classical Laguerre operators [17].

Theorem 4.2. If h̃ ∈ CF [0,∞), then for n ⩾ 1

D∗ (G̃α
nh̃, h̃ (x)

)
≤
(

1 +
√
α2 + 4α+ 3

)
ωF

1

(
h̃;

1
n

)
,

where ωF
1 is the fuzzy modulus of continuity.

Proof. Let gn,k(x) = e−nx/22−α−k−1Lα
k

(−nx
2

)
. Then, we have

D∗ (G̃α
nh̃, h̃ (x)

)
≤

∞∑
k=0

gn,k(x)D
∗
(
h̃

(
k

n

)
, h̃ (x)

)

≤
∞∑
k=0

gn,k(x)ω
F
1

(
h̃;
∣∣∣∣kn − x

∣∣∣∣)

≤
∞∑
k=0

gn,k(x)

[
1 +

|k/n− x|
δ

]
ωF

1
(
h̃; δ
)

= ωF
1
(
h̃; δ
)
+

ωF
1

(
h̃; δ
)

δ

∞∑
k=0

∣∣∣∣kn − x

∣∣∣∣ gn,k(x),
and,

∞∑
k=0

(
k

n
− x

)2

gn,k(x) =
α2 + 4α+ 3

n2 +
3x
n

≤ α2 + 4α+ 3
n2 .

Thus,
∞∑
k=0

∣∣∣∣kn − x

∣∣∣∣ gn,k(x) ≤
√
α2 + 4α+ 3

n
.

Choosing δ = 1/n, we arrive at the required result.

4.2 Fuzzy Charlier Operators

Charlier polynomials [20] represent a significant family of orthogonal polynomials defined on
the set of non-negative real numbers. They arise as a particular instance of the Boas-Buck opera-
tors characterized by W(t) = et, P(t) = et and Q(t) = ln

(
1 − t

a

)
. Extensive research has been

dedicated to explore the properties and applications of real classical Charlier operators. One can
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refer to [21, 22, 23, 24, 25, 26, 27, 28, 29] for the various mathematical contexts of these oper-
ators. We have extended these notations of Charlier operators into fuzzy approximation theory
by defining the fuzzy analog of Charlier operators as follows:

T̃ a
n h̃ = e−1

(
1 − 1

a

)(a−1)nx ∞∑
k=0

∗C
(a)
k (−(a− 1)nx)

k!
⊙ h̃

(
k

n

)
,

where C
(a)
k (−u) =

k∑
r=0

(
k

r

)
(u)r

(
1
a

)r

=
k∑

r=0

(
k

r

)
Γ(u+ r)

Γ(u)

(
1
a

)r

.

Remark 4.3.
(
T̃ a
n h̃
)
(x) are fuzzy positive linear operators with

(
T̃ a
n (h̃)

)(ℓ)
± = T a

n h̃
(
h̃
(ℓ)
±

)
, where

T a
n are the real classical Charlier operators [20].

Theorem 4.4. If h̃ ∈ CF [0,∞), then for n ⩾ 1

D∗ (T̃ a
n h̃, h̃ (x)

)
≤

(
1 +

√
x

(
1 +

1
a− 1

)
+

2
n

)
ωF

1

(
h̃;

1√
n

)
,

where ωF
1 is the fuzzy modulus of continuity.

Proof. The proof of this theorem follows from the moments of Charlier operators and the prop-
erties of fuzzy modulus of continuity.

5 Conclusion

In conclusion, this study contributes significantly to the field of approximation by incorporating
the fundamentals from fuzzy theory. We introduced the fuzzy Boas-Buck operators and sub-
sequently proved their fuzzy linearity and positivity. Through the derivation of their moments
and central moments, along with the application of fuzzy Korovkin theorem, we established the
convergence properties of operators (1.5) to any continuous fuzzy-valued function. We also ex-
amined the convergence rate using fuzzy modulus of continuity and fuzzy weighted modulus of
continuity. Moreover, this paper includes particular examples of fuzzy Boas-Buck operators by
employing particular values to the analytic functions (1.2), namely fuzzy Laguerre and Charlier
operators. This enhances the understanding of fuzzy Boas-Buck operators and provides a flex-
ible framework that can be extended to other families of fuzzy approximation operators, such
as Baskakov, Jain and Kantorovich-type operators. The approach presented here may also be
adapted to study convergence, multivariate generalizations and approximation in weighted func-
tion spaces. Furthermore, the proposed operators may find potential applications in the numerical
schemes of fuzzy differential and integral equations.
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