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Abstract. This work offers a comprehensive exploration of results related to the frame set
properties of 2"? order B-spline B,. While frame expansions necessitate a dual frame, finding
the canonical dual frame for a Gabor frame can be challenging and computationally intensive.
Therefore, we focus on constructing non-canonical dual generators. We present methods for
constructing dual generators for B, for various shift parameters. We find a sequence of new
non-frame points. Determining the frame set of the second-order B-spline requires equal focus
on identifying both frame and non-frame points. The frame set is entirely contained within the
region defined by ab < 1, but a significant portion of this region must be rigorously examined
to confirm whether it belongs to the frame set or not. As part of this analysis, we identify a
sequence of new non-frame points for Bj.

1 Introduction

Frame is a powerful and flexible tool for analyzing and synthesizing data in Hilbert spaces.
They generalize the concept of an orthonormal basis but linear independence is not required.
Hence this redundant system has numerous applications in signal processing, image compres-
sion, and quantum mechanics. A major application of frame theory is in Gabor analysis, which
plays a central role in time-frequency analysis. For a,b > 0, the translation and modula-
tion operators 7, and Ej on the Hilbert space L?(R) are defined by T, f(z) = f(x — a) and
Eypf(x) = 2™ f(z), respectively. For g € L?(R), and parameters a,b > 0, the sequence of
functions G(g,a,b) = {EnmpThag}mnez is called a Gabor system generated by g. A Gabor
system enables simultaneous analysis of signals in both the time and frequency domains. Given
g € L? (R), and a,b > 0, the sequence of functions {Ey.T a9 }m nez is said to be a frame for
L*(R) if there exist constants 0 < A < B < oo such that

AHf”z < Z | < fa EnpThag > |2 < BHf||2 Vf € LZ(R)

m,ne”Z

The constants A and B are referred to as the lower and upper frame bounds, respectively.. When
at least the upper bound is true, we call the Gabor system G(g,a,b) as a Bessel sequence. It
is said to be a tight frame when A = B. For g € L*(R), suppose the Gabor system G(g, a, b)
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forms a frame for L?(R). Then, any function f € L?(R) can be analyzed by the sequence
{<f7 Emanag> }m,nEZ- The map Cg : L2 (R) — lz(Z) WhICh maps f — {<f7 Emanag>}m,n€Z iS
called the analysis operator. Its adjoint C} is called the synthesis operator. The synthesis operator

maps the sequence {(f, ErnpTnag) tmnez — Z (f, EvivTnag) EmpThnag. The composition of
m,n€EZ
the synthesis and analysis operators is the frame operator corresponding to the system G(g, a, b)
and is given by
Sf = C;;Cgf - Z <f> Emanag>Emanag'

m,neZ

The frame operator is always invertible and self-adjoint[3, 25]. Hence we can write

f = Z <f7 Emanag>S71Emanag'
m,ne”

Since the frame operator as well as its inverse operator commute with the operator F,,;, T, [3],
we get

f = Z <f7 Emanag>Emanasilg'
m,ne”

{EmpT1naS~ ' g}m ez is a frame for L*(R) for every frame {EmpThag}mnez. The function
S~1g is called the canonical dual of g and G(S~'g, a, b) is called the canonical dual frame of the
frame G(g, a, b). In addition if ab < 1 then there exists infinitely many functions h € L?(RR) such
that G(h, a, b) is a Bessel system and

f: Z <f; Emanag>Emanah~
m,ne’l

holds with unconditionally L?-convergence. The function  is called a dual window. If G(h, a, b)
itself is a frame for L?(RR), then we call G(g,a,b) and G(h, a, b) a pair of dual Gabor frames. As
we have seen, the three parameters that define a Gabor system are the window function g, the
shift parameter a and modulation parameter b. In Gabor analysis, a central problem is identifying
the specific sampling and modulation rates that ensure the time-frequency shifts of a chosen
generator function form a frame. The set of all positive values of ¢ and b in the plane for which a
Gabor system G(g, a, b) forms a frame for L*(RR) is said to be the frame set F,, for g. i.e., Frame
set for g is the set

F, :={(a,b) € R2|G(g,a,b) forms a frame for L*(R)}.

Finding the frame set for a given function g remains as one of the main issues in Gabor analysis.
This task is notably difficult, and no universal method currently exists to address it. However,
it is known that the different frame characteristics for G(g, a,b) are ensured by restricting the
choice of parameters a and b, irrespective of the generator g € L?(R) (Theorem 9.1.12, [3]).
i.e., The system G(g,a,b) has a frame structure only when ab < 1 and forms an orthonormal
basis if and only if ab = 1. A complete characterization of the frame set has been determined
for only a few specific functions., particularly in 1992, Lyubarski [23] and Seip [26] gave the
complete characterization about the frame set of Gaussian e~ Janssen and Strohmer [19]
reduced the case of the hyperbolic secant ﬁ to the case of the Gaussian. The two exponential
functions e~!*l and €~ "X[0,00) Were analyzed by Janssen [16, 17]. A function g € L*(R)is a
totally positive function of type M, with M € N, if the associated Fourier transform takes the
M

form (&) = H(l + 2mi6,€) " were 0y, # &, € R for k # 1. All the above mentioned window
k=1
functions g have the same frame set 7, = {(a,b) € RZ : ab < 1}.
In this work, we provide an in-depth analysis of the frame set for the second order B-spline
B;. B-splines are piecewise polynomials, meaning that they are composed of polynomial seg-
ments that are smoothly connected across their domain. The B-splines are defined inductively
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as
and BN+1 = BN * Bl.

Thus for any N € N, we have that

BN+1($) = [7 BN(Z‘—t)dt.

1

2
The first three B-splines are shown in figure 1. By’s are supported on [#, %], and are sym-
metric about zero [3]. For N > 2, all By’s have the partition of unity property. i.e.,

> By(z—k) =1, forall z€R.
keZ
The B-spline B, is given by
1+ if z€[-1,0]
By(z) =< 1—=z if z €]0,1]
0 otherwise .

1 2

X

Figure 1: Plots of B-splines: B (green), B; (blue), and B; (red).

B-spline generators are frequently employed in applications and have a number of beneficial
characteristics, such as being piecewise polynomial and having good time-frequency localiza-
tion. Since B-splines are nonzero only over a finite interval, they exhibit strong time localization,
which enables efficient computation and minimizes overlap between shifted copies. This prop-
erty is crucial for constructing localized bases in time-frequency representations such as Gabor
frames. Moreover, B-splines of order greater than two yield smoother window functions, lead-
ing to more regular and continuous time-frequency representations while maintaining a balanced
trade-off between time and frequency localization. Their recursive definition further enhances
computational efficiency, allowing straightforward implementation in both continuous and dis-
crete settings, which is particularly advantageous for real-time signal analysis and processing.
In addition, B-splines are highly flexible, capable of approximating various window shapes and
adapting to different signal characteristics. Owing to these properties, they find broad applica-
tions in denoising, feature extraction, and time-frequency-based signal reconstruction.

Despite their wide applicability and desirable mathematical properties, the theoretical under-
standing of the frame sets associated with B-splines remains incomplete. Apart from the first
B-spline, there is limited information available about the frame sets for other B-splines. Dai and
Sun [6] conducted an in-depth study and provided a complete description of the frame set specif-
ically for the first B-spline B;. The following theorem, established by Dai and Sun, precisely
characterizes the frame set for the first-order B-spline B; and provides necessary and sufficient
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conditions under which the corresponding Gabor system forms a frame.

Theorem 1.1. [6] Let a,b > 0. Then the following statements hold.
(i) If a > 1, then G(xo,1), a, 1) does not form a frame.

(ii) If a = 1, then G(xo,1), a, 1) forms a frame if and only if b > 1.

(iii) If a < 1 and b < a, then G(xo,1), 1)) does not form a frame.

(iv) Ifa < 1and b > 1, then G(xo,1), +) forms a frame.

The studies about Fp, for N > 2 were first started in [7, 8, 15]. A key finding was that
(a,b) ¢ Fp, for any integer b > 2. In [3] while identifying a class of functions a new frame
region is found for By. In [12] Grochenig conjectured that F,, = {(a,b) € R% :ab < 1,a <
N,b#2,3,..} for N > 2. This B-spline conjecture is later disproved by Kamilla Haahr Nielsen
and Jakob Lemvig [21] by showing counter examples.

The remaining of this article is structured as follows: A brief review of the existing results
concerning the frame and non-frame points of B, is given in section 2. The methods currently
in use for locating non-frame points using the Zak transorm and Zibulski-Zeevi matrix are de-
scribed in Section 3. This allowed us to identify a few new known-frame points, which are
described in Section 4.

2 Finding frame points by dual function construction

If we can construct a dual generator h € L?*(R) for B, corresponding to a given pair (a,b) € R%
then we can say that (a,b) € Fp,. So we will focus on the area in the plane in which we
can construct dual generators for B;. The key idea of dual generator construction lies in the
well-known duality condition for Gabor frames [Theorem 9.3.5, [3]]. This states that two Bessel
sequences G(g, a,b) and G(h, a, b) form dual frames if and only if

Zg(ac — % — ka)h(x — ka) = b, 0, a.e.z € [0,al. 2.1
keZ

where 4 is the delta function ¢; ; = 1 for ¢ = j and 6; ; = O for ¢ # j. Itis well known that for a
bounded compactly supported function g € L?(R), the corresponding Gabor system G(g, a, b) is
a Bessel sequence for any choice of a and b. Using this fact a compactly supported dual generator
can be constructed for B, [21] in the region

2
Y, = R? : 2 1,b< .
2 {(a,b)e 1:0<a<2,ab< ,b_2+a}

Since By (x) > 0 for z € [—%, §], we can define the function,

b : a a
hz) = BEy T TE [*z; 5] 22

0, otherwise.
Clearly, this function is bounded and has compact support. Therefore, G(h,a,b) is a Bessel
sequence. Since supp h = [-9,%], h(z — ka) = O for z € [-%,5] and £ # 0. Hence in

equation 2.1, only the term corresponding to £ = 0 becomes non-zero. i.e., equation 2.1 reduces
to

n a a
hz)Ba(z — g) =0n0b, z€ [_E’E]’ n €z
For n = 0, we get
h@)Ba(e) = ——Ba(a) =b, z e[~
VPR = B )P T e
Forn =1, we get
a a
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Since supp h = [—%, 4], supp Bo(- — 1) = [+ — 1,7 + 1] and & <

Bz(~ - %) = @
Hence the equations are satisfied. Thus the function h is a dual generator for B;. Dual function

% — 1, we get supp h - supp

1.27

0.4
021
2 1 0 1 2 ) -1 0 1 2
X X
(a) (b)

Figure 2: B-spline B, (blue) and its dual window h (red) for different parameter choices: (a)

_ _ 3. 3 1
a = l,b— 5,(b)a—§,b—§
in equation (2.2) witha =1, b = % and a = %, b= % is shown in figure 2. It is an interesting
fact that dual function is not unique. For 0 < b < 1, we can find another dual for B, using
the technique presented by Jakob Lemvig and Kamilla Haahr Nielsen [22] for a specific class
of functions. For each n € N, the class V}* consists of all f € C"(IR) which are supported on
[-1,1] and |f| > 0in (—1,1). Clearly B, € V+1. This approach can be applied to B;, to obtain
a different dual generator in the region 0 < b < 1 and @ = 1. Since supp B, = [-1, 1], we can
simplify the system of equations 2.1. For n = 0,

By(z — 1)h(x — 1) 4+ Ba(x)h(z) =b, x € [—5, 5], (2.3)
Forn € Z\ {0},
Bz — % — Dh(z — 1) + By(z — %)h(z) =0, ze [%, % +1] 2.4)

To solve these equations, we start by solving the equation for n = 0. Define h as follows on
the interval [—1, 1]

b
(o) = By(xz+ 1)z(z+ 1)+ Ba(@) g—Bz(I-i- ik

N —By(z — 1)2(x) +

x € [-1,0]

Ba-N+he °€0l

where z denotes a real valued measurable function on [0, 1]. Since h depends on the function
z, we will denote &, in the remaining discussion. Now consider the equation corresponding to
n=1,1.e.,

11

1 1
By(x — 7 h(x — 1) + By(xz — g)hz(w) =0, z¢€ [57 7 1] (2.5)

This equation shows that we need to define ., on [; — 1,1 + 1]. Since 0 < b < 1, we know
that § — 1 > 0, hence [; — 1,4 +1] C [0, + 1]. We have 1 < | — 1, if and only if b < }

then [; — 1,7 + 1] N [0, 1] = () and the equation 2.5 is satisfied. Similar argument shows that
the equation 2.4 is satisfied for n = —1. For |n| > 1, [} — 1, % + 1] N [~1,1] = (. Hence, the
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characterizing equations for |n| > 1 are satisfied. Since all characterizing equations are satisfied,
h. is a dual function if and only if G(h,,a,b) is a Bessel sequence. Now consider b > %, since

supp h. = [—1,1], the equation 2.4 is trivially satisfied for z € [2, + 4 1]. Forz € [}, 2],
Balo— 5 = 1) |~Bale = D2(o — 1) + ' + Balo = )ha(a) =0
2Ty 2T T 2)RE Bo(z —2) + Ba(z — 1) AT T e =1

Since B (z — 1) # 0 for z € (3,2), we get

By(z—1-1) [ b }
hy(z)=——"b 2 By(z—2)z(x— 1)+ ,
N P A A N YRS N e
Using a similar approach for the equation corresponding to n = —1 we can define i, on

[~2, —3]. Hence k. can be defined as follows

By(z+ 3 +1) b
7?@ {BZ(IE+2>Z(Z+2> " By(z + 1) +Bz(x+2)} ’ Te [727*%]
ha(a) = By(z + 1)z(z+ 1) + Bz(xg + By(z+ 1) ze[—1,0]
By(z - 1)j(x)+ I CES WA R reo]
IR Gk Sall ) IR b L
B 1) [ By(z —2)z( 1)+Bz(IZ)+B2(I1)}’ € [1,2]

If the characteristic equations for n = 42 are satisfied, then we are done. Otherwise, we extend
the definition of k. on [~3,—2] and [2, 3] such that the characterizing equations for n = +2 are
satisfied. This process continues as long as

n l<n < n< L

; n n< 1
Let nyax be the largest such n. i.e., nyx = max {n €Z>p:n < I—Eb} It is clear that ny.x > 1
when 1/2 < b < 1. Foreachn € {1,...,nm.x}, we get the following auxiliary functions:

n

na(z) = (=" ]

Bz +n+1+j(;-1)
Ba(z+n+j(1—1))

[-By(z+n+1)z(z+n+1)+1],

forz € [-n—1,—%] and
Vo) = (=1)" Bzg(;f ;:({(S);)) [Ba(w —n— 1)z(z —n) +b]
j=1 b

for z € [%,n + 1]. Then we define 7. : R — R,

(), re[-n—1,-2], n=12. Nna
—By(z 4+ 1)z(x + 1) + b, z € [-1,0),
h:(z) = ¢ Ba(z — 1)z(z) + b, x € [0, 1],
Y (T), re[g,n+1], n=12. %mnux
0, otherwise.

Example 2.1. For b = %, we have nm,x = 1. We take z as a linear polynomial z(z) = ¢y + ¢,
and we solve for ¢y and ¢; (Lemma 3.6 in [22]) and obtain as follows:

2(0) =band 2(1) = —b
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Thus z(z) = 22 — £. The dual function A is then obtained as follows:

Balw+143) ooy oy el a1
XCESY [B2(a +2)2(z +2) — 8], € [-2,—3l
—By(z+1)z(x+1)+b, z e [-1,0),
h.(z) =< Ba(z — 1)z(z) + b, x €[0,1],
Bale—1-3) z— Nalx — rell
e LTSGR € l}.2)
0, otherwise.

If we take b = %, then nmax = 3, z(z) = % - %x and h, will be

Biw+ 1+ 3)B(@+2+3)Ba(w+3+4) s
TRG B B2y et e )
Bz +1+3)Ba(x+2+5) . S el 2

Bz(m-l—%)Bz(.T—i—]-’-%) [=Ba(w+3)z(e +3) 41, €3 b]’

By(z+ 1+ 1) .
,m[fBz(m+2)z(m+2)+b], x € [-2,—3],
—By(z+ 1)z(z+ 1)+ b, x € [—1,0),

ho(z) = { Ba(z — 1)z(z) + b, z € [0,1],
7132(“_71_15) [By(z — 2)z(z — 1) + ], z€(},2],
B (BZ(:i_ g))B (x—2—-1)

By(z — %)sz(:v —-1- %)b [Bel = )2tz =2) +4], e [§’3]7

By(x —1—=3)By(x—2—2)Ba(x —3— ) R
B - DB 1-DBha-2-1) PRIl el )
0, otherwise.

0.14

3% o 1 \4

%)

Figure 3: Dual window h, of the B-spline B, for a fixed parameter a = 1 and different values of
b: (@)b=2and (b)b= 1.

This construction gives us a method to find alternate duals in the regiona = 1and 0 < b < 1.
Next we will look into the extension of the frame region ), . This region is found in [5], for
a certain class of functions Vi, . For each N € N and a > 0, the class Vi , consists of
all real valued continuous functions f on R with support [—%, %] such that f is symmetric
about the origin, f is strictly increasing on [—%, 0] and satisfies the condition: If a < %, then
Af(x) >0, z € [-5, -2 43 ifq > ¥ then A2f(x) > 0, z € [-5, 00U {-& + 3a},
where

Auf(w) = f(z) = f(z —a) and A7 f(z) = f(2) = 2f (2 — a) + f(z — 2a).

Proposition 3.1 of [5] ensures that all symmetric splines By belong to the class Vi ,. Hence,
B, € V,,. Based on these properties, the following result, established in [5], identifies an
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extended frame region for B, and provides precise conditions under which the corresponding
Gabor system forms a frame along with a compactly supported dual window.

Theorem 2.2. [5] Let 0 < a < 2, and 5~ < b < 2+3a Then G(By, a,b) constitutes a frame for

3a 3a
L*(R) and a unique dual function h € LZ(R) can be found such that supp h C [—3, 3.

Here also we use equation 2.1 to prove the existence of the dual in the mentioned region.
Since we have set supp h C [~32,32] h(z + ka) = O for k # +1,0 in equation 2.1. Thus it

272
reduces to
1

Z By(z — % — ka)h(z — ka) = bd, 0, a.e. z€]0,a].
k=—1

Thus we can represent this system of equations in terms of the matrix equation

~1
h(z —a) By(z+1t—a) Ba(z+1) (z+ 4 +a) 0 0 a
h(z) = By(z —a) By (z) By(z + a) b|, aexze [—5, 5}
h(z + a) By(x—3—a) Bi(z—13) Baz—3+a) 0
(2.6)
For 0 < a < 2 and 2%1 <b< ﬁ, the determinant of the matrix in the right hand side is

non-zero. So the dual function h can be constructed from solving the above matrix equation and
hence this method allows us to say that

{(a,b)e(R) tab<1,0<a <2, —— C Fg,.

2
b< —nr
2+a = _2—1—3&}

By using similar technique new frame regions I's U A were found in [2], where

2 21 4 2
_ 2. o £ 2
I; = {(a,b)eR+.ae(0,9}U(7,2),be<2+3a,1+a”
14 21 4 6
_ 2. -z i B
Ay = {(a,b)e]&.ae{z,s}we<7,2),be<2+3a,2+5a],b>1}
Form >4

Am =<(a,b) ER2 :a € m—372(m—1) be Am =1 2m ,i b>1
+ m—2" 2m—1 24+ (2m—=3)a’ e \2+(2m—1)a 1+a

and A 1= UY_Ap,.

The authors’ approach is constructive and hinges on demonstrating the existence of a dual win-
dow for the Gabor system generated by the B-spline. They leverage the fact that, for a compactly
supported function, the duality condition between two Gabor systems simplifies to a finite set of
linear equations. This system is then analyzed through a matrix formulation. The core of their
method involves proving that for all parameters (a, b) within the newly defined regions I'5 and
A, the associated matrix is always invertible. They achieve this by meticulously showing that
the determinant of this matrix remains strictly positive across the entire parameter range. This is
done through a sophisticated induction argument for the A regions and a detailed case-by-case
analysis of the matrix’s structure for the I'5 region, ultimately guaranteeing the existence of a
suitable dual window.

The remaining sections need some knowledge about Zak transform and Zibulski-Zeevi matrix:
For a fixed parameter \ > 0, the Zak transform of a function g € L?(R) is defined as a function
of two real variables:

(Zxg)(z,t) \FZg e ae., z,t € R.
keZ

It is clear that Zak transform is 1-periodic in v and it is quasi-periodic in z.

Zag(x + 1,t) = ¥ Zyg(x,t), Zxg(x,t +1) = > Zyg(x,t) fora.e. z,t €R
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Z, is a unitary map of L?(R) onto L*([0,1)?). The Zak transform plays a crucial role in sim-
plifying the analysis of Gabor systems, especially when the lattice parameters satisfy ab = 1.
By transforming the problem into a quasi-periodic and compact domain, it allows one to study
frame properties through the behavior of Z,g(z,t). In particular, the completeness and frame
conditions of a Gabor system can be characterized directly in terms of the Zak transform, as
stated in the following proposition.

Proposition 2.3. /5] Let g € L*(R) and a,b > 0 with ab = 1. The following statement is true:
(i) G(g,a,b) is complete in L*(R) if and only if Z,g # 0, a.e.,
(ii) G(g,a,b) is a frame for L*(R) with frame bounds A, B if and only if A < |Z,g|*> < B

For f € W(R), the Zak transform of f is bounded on R?. Here, W (R), known as the Wiener
space, consists of functions in L°°(IR) that have a finite W-norm defined by

1fllw =) ess sup|f(z + k)|.

keN zeR

If f € W(R) U C°R), then according to [3, Lemma 8.2.1(c)], the Zak transform Z) f remains
continuous. Since all B-splines belong to the Wiener space, Z, B, is continuous.
For rational values of ab, a connection of the Zak transform Z,g with the frame bounds of
the Gabor system G(g, a,b) was given by Zibulski and Zeevi [27]. Using the definition of Zak
transform, we can define the Zibulski-Zeevi matrix as follows:
Consider Gabor system G(g, a, b) with rational oversampling ab € Q, ab = %, with p and ¢ being
relatively prime. For g € R, we consider the column vectors ¢ (z, t) € C? forl € {0, 1,...,¢g—1}
by
_1 P k!
oY (x,t) = (p Z(Zlg)(xl,t—i—)) ae. xz,t €R (2.7)
b q P /=0

and column vectors ¢} (z,t) € C? forl € {0,1,...,¢ — 1} by

p—1

k .

Vi (x,t) = <b_; Z g(x +agn + al + b)e_zm‘lq"t> ae w,tcR (2.8)
ne’L k=0

The p x ¢ matrix defined by ®9(x,t) = [¢7(x, )], is known as Zibulski-Zeevi matrix and
the p x ¢ matrix W9 (z,t) = [ (x,1)]¢=, is a variant of the Zibulski-Zeevi matrix. This matrix
has transformed the infinite dimensional Gabor system G(g, a, b) into a finite dimensional vector
system. These matrices can be used to determine the frame properties of the corresponding
Gabor system.

The following theorem shows that the frame property of G(g,a,b) is equivalent to the frame
property of the corresponding finite-dimensional vector sets derived from the Zibulski-Zeevi
matrices.

Theorem 2.4. [2]1] Let A,B > 0 and let g € L*(R). Let a,b > 0 such that ab € Q. Then the
following statements are equivalent:

(i) G(g,a,b) is a Gabor frame for L*(R) with bounds A and B,
(ii) {¢](z,t)}]_, is a frame for CP with uniform bounds A and B for a.e. (z,t) € [0, 1) x [0, 1).

' p
(iii) {f (z,t)}_ is a frame for CP with uniform bounds A and B for a.e. (z,t) € [0, %) x [0, ol
The theorem says that the Gabor system G(g, a, b) is a frame with (optimal) bounds A and B
for L?(R) if and only if v/A is the infimum over a.e. (x,t) € R? of the smallest singular value
of ®9(z,t) (or W9(z,t)) and v/B is the supremum over a.e. (z,t) € R? of the largest singular
value of ®9(z,t) (or W9(z,t)). In other words a rationally oversampled system G(g, a, b) forms
a frame for L?(R) with frame bounds A, B > 0 if and only if

Al < @y(2,t)(P}(x,t)* < BI a.e.(z,t) €[0,1] (2.9)
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The finite system will have a dimension of p and we aim to determine whether the ¢ columns
of the Zibulski-Zeevi matrix form a frame for C?. We can determine this by checking whether
equation 2.9 holds for some A, B > 0. If we assume that the singular values are given as oy >
oy > --- > o, then this is equivalent to verifying that 0, > VA and 01 < VB for a.e. (x,t) €
[0,1]%.

3 Non- frame points of B,

In this section we give an overview of some results regarding non frame points of B;. For
N > 2, we can see that G(By, a,b) is not a frame if a > 2 [24]. Consider f = x|;,2] € L*(R).
Then (f, EnTnaB2) = [ f(2) EpipTra Ba(x)dz = [, e27mb% By (z —na)da = 0. Thus the
lower frame bound in the frame inequality will be violated and G(By, a, b) with @ > 2 cannot be
a frame. In [7] it is shown that G(B,, a, b) is not a frame when b = 2,3,4 .. .. To establish this

result rigorously, we make use of the following general property that relates a Gabor system’s
frame bounds to the energy distribution of the generator and its Fourier transform.

Proposition 3.1 (Proposition 9.1.2, [14]). Let g € L*(R) and a,b > 0 be given. Suppose that
G(g,a,b) is a frame with frame bounds A and B, then

bA < Z lg(x —na)]* <bB, ae xR
nez

and
aA < Z |9(y = nb)|*> < aB, ae zcR
nez

A , 2
Now, for b € N\ {1}, and n € Z, By(1 — nb) = (“’:(r’(rl(l%;)b))) = 0. So, the lower bound is

not satisfied. Since no other non-frame (a, b)— values for the B-spline of order N > 2 are known,
Grochenig conjectured that [12]: Fp, = {(a,b) € R2/ab < 1,a < N,b # 2,3,4,...}. But this
conjecture disproved in [21] by showing the following counter example. Consider ab = % and
be [3,8]. Since ab = 2, the Zibulski-Zeevi matrix is of size 2. At (z,t) = (0,0),

PB52(0,0) = [b‘é 3" By(6an +al + %), 3.1)

nez

k=0,..,4;1=0,..,5

ab = 2 and b € [, 3] can be equivalently expressed as § = % for a € [, 2]. We interpret
the entries in W52(0,0) as 6a— periodizations of B, at sampling locations al + %, specifically,
atal + $ak mod 6a. The 2"¢ and 5" row of W52(0, 0) are sampled at locations

6 11 14 9 4

—?a, —ga, ~3 a, mod 6a

a, g
and 6 1 4 9 14 11

R L
By definition of B,, we directly see that

a, mod 6a

R, — Rs = [0 —2a 72a02a2a]
where R; denotes the i*" row of ¥52(0,0). Similarly, we observe that,

R;—R4=[0 —a —a0aad]

for a € [, 2. This implies that ¥72(0,0) does not have full rank, indicates that the smallest

singular values is zero. Hence the lower frame bound of G(By, a, %) is zero for a € [%, 2]

% <b< % and a = %. At the point a = % and b = %, we observe that the Zibulski-Zeevi
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matrix does not have full rank, leading to a violation of the lower frame bound in the equation
2.9. Since ab = 2, the Zibulski-Zeevi type matrix W52 (z,) is of size 5 x 6. At (z,t) = (0,0).
It is noted that the lower frame condition must be satisfied for almost every point (z,t) € [0, 1]2.
Given that the Zak transform of B, is continuous, each entry of the Zibulski-Zeevi matrix will
also be continuous. Consequently, the singular values of the matrix depend continuously on
these entries. Hence, if we prove that the rank is not complete in one point, then o, = 0, and
will violate the lower frame bound. Here the Zibulski-Zeevi matrix is

5 k

®52(0,0) =52 ((Zng)(l, ))
> 6 5") 20, 41-0,.5

1 0 0 0 1 1
o1 0 0 -1 O
The reduced row echelon form of ®22(0,0)is [0 0 1 0 0 -1
00 0 1 1 1
00 0 0 O 0

We observe that the Zibulski-Zeevi matrix does not have full rank at the point (x,¢) = (0,0).
Therefore, the lower frame bound is violated, indicating that the Gabor system G (B, %, %) is not
a frame. These computations suggest that the frame property of G(B,, a, b) fails for certain ra-
tional values of the lattice parameters. Motivated by such observations, the following conjecture

was proposed in [21].
Conjecture 3.2. [21] The Gabor system G(g, a, b) is not a frame for

1 2k 1

= = 1.
2m+1,bo 3 ,k‘,mEN,k‘>m, apby <

ao

Furthermore, the Gabor system G(B,, a, b) is not a frame along the hyperbolas

2k+1 k— k—
abzi_._, forb € bofaoim,b()#—ao m

22m+1) 2

The first part of the conjecture is later proved by Riya Ghosh and Antony Selvan [10]. This
result provides a deeper understanding of the structure of non-frame regions for B,. It highlights
that the failure of the frame property is not arbitrary but follows specific geometric patterns in the
(a, b)-plane, particularly along certain hyperbolic curves. These insights have guided subsequent
investigations into identifying new non-frame points and determining the exact boundary of the
frame set for B;.

4 New non-frame points

Building upon the non-frame points identified in [21], we employ a similar analytical approach
to investigate additional non-frame points for B;. The points presented in this section lie outside
the set described in the previous conjecture, thereby extending the known regions where the
Gabor system generated by B; fails to form a frame.

Theorem 4.1. The Gabor system G(Ba, 5, %) is not a frame.

Proof. We will show that the Zibulski-Zeevi matrix does not have full rank and thus the lower
frame bound in equation 2.9 is violated. It is stated that the lower frame condition needs to
hold for points (z,t) € [0,1]> a.e. Since B, € W(R) U C°(R), each entry of the Zibulski-
Zeevi matrix will be continuous and the singular values of the matrix depend continuously on
the entries. Hence, if we prove that the rank is not full in at least one point, then we can conclude
that the lower frame bound will be zero. Now, consider the Zibulski-Zeevi matrix for the Gabor

system G(B, 1, %) at the point (0,0). Since ab =1 - % = § we get

wE:(0,0) = [(2)‘ Y 5, (9an +al + 98%)1 . A.1)

nez k=0, ,7;1=0,---8
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Using Gauss-Jordan elimination, the reduced row echelon form of ®52(0,0) is:

1000000 1 1
0100000 —1 0
0010000 0 -—I
0001000 1 1
0000100 —1 0
0000010 0 -—I
00000O0T1 1 1
00 0000O0O 0 O]

Thus the Zibulski-Zeevi matrix does not have full rank at the point (0
1
3

0). Hence by equation
2.9, the lower frame bound will be zero and the Gabor system G(B,, 3, 5)

b
%) is not a frame. o

This result shows that the Gabor system with B, loses its frame property at certain specific
values of (a,b) and not by chance. The point (a,b) = (3, %) is an example of a new non-frame
point that does not belong to the earlier conjectured set. Finding such points helps us better
understand where the frame property fails and contributes to a more precise characterization of
the frame set for B;. In figure 4(a) we have plotted the value of the smallest singular value for

_ 8 1
b—gand0<a<g

M,N=100, b=8/3 M,N=100, b=11/4

0.3 0.2

0.15
0.2

N T o1
0.1

0.05

0 NSl 0 | TATAVIN
0 0.1 02 03 04 0 0.1 02 03 04
a a
@b=} ()b= 1
M,N=100, b=14/5 M,N=100, b=17/6

0.15 0.1

0.08
0.1

0.06

< N

0.04
0.05

. 0.02

0 | | WM 0

0 0.1 02 03 04 0 0.4
a a
©b=1% b=

Figure 4: Plots of the value of v/A based on the Zibulski-Zeevi matrix for b = § 11 14,

oI5

We have fixed the (z,t) grid sizes as 100 x 100. The smallest singular value of the ®52 at
each grid point is extracted, and the global minimum for each rational value of ab is stored. The
relationship between these rational numbers and the lower bounds of the singular values is plot-
ted, indicating how the smallest singular value changes with different values. As we approach the
point a = %, we note that the minimum singular value o, on the (x,¢) grid declines in a smooth
manner and approaches zero. Similar plots are drawn for b = % and b = % in figure 4(b), (c)
and (d) respectively. In each case we see that v/A goes to zero as a = % Numerical computations
show that G(B,, a, b) is not a frame for a = % andb =k — n%r], k=34,...andn=1,2,....
We can not say that the Gabor system G (B, a, b) is not a frame along the corresponding hyper-
bolas, in contrast to the case in Conjecture 3.2. In figure 5 it seems like v/A goes to zero for
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b € [2.64,2.7]. To check the exact situation, consider the Zibulski-Zeevi matrix in 4.1,

w52(0,0) =

By(0)  Bxa) Bx(2a) B
B(%) B:('F) BA(E) B
Ba(%) Ba(4) Ba() Baf
By(%) Ba(%Y) Ba(=2) Baof
Bay(%) Ba(7) Ba(5*) Baf
Bay(=F%) Ba(=52) Ba(=52) Baf
By(5%) Ba(3%) Bu(F) B

| Bx(%) Ba(50) Ba§) B

1 1—a 1 —2a 1 —3a
1—% |- 1 0 0
1— 2 0 0 0

0 0 0 1— e

0 0 -2 1-3

0 1—Be Mo j_3a
1—2 j-22 -2 ]_3
1—2% 1-2¢ 1Tz ]_1Ba

—
[SS)

w

—

—
w

—

a) By(4a) Bx(—4a) Bx(3a) B(2a) Bs(a)
B) Ba(=34) Bo(=52) Bao(=%) Ba(%) Ba(%)
24) Bay(—) Bo(F%) B(=%) Ba(§)  Ba(3%)
+4) Bo(=§%) Ba(52) Ba(R) B(RY) Ba(RY)
=4 B(F) Bi(g) B(¥) B(F) BB
=) B(3%) B(3Y) B(3Y) Ba(RY) Bo(=2)
) Bi(%) B(5) Ba(BY) Ba() Ba(EY)
B Bi(EY) Ba(EF) Ba(=3%) Ba(=32) Bo(—2) |

0 0 1—3a 1 —2a 1—a

0 1—%Z2 L& 1_T2 j_¢g

j—Ue j_Za j_3a j_a |_5a

-5 11— 1-% 1-L4 1 lLe

-3 -3 -3 1-3 0

1—3%¢ 1—LBa j_2Za 0 0

1-Z -1 0 0 0

1—Ze 0 0 0 1— L=

The rank of this matrix was found to be 8. Consequently, this result does not allow us to
conclude that G(Bs, a, b) fails to form a frame for b € [2.64,2.7] and ab = §. We attempted the
same by decreasing the length of [2.64,2.7]. We plot the same for ab = % in Figure 5(b) and do
the similar computations, but no conclusion can be made from this. The same situation occurs
when ab is 17 with even n. Odd n leads to the parameter values mentioned in Conjecture 3.2.

ab=8/9, M=N=100

o - N © » o o ~

<10

(2)

ab=8/9, M=N=100

X 2.64

Y 2.67039¢-17 Y 3.95401e-17

26 262 264 266 268 27 272 274 276 278

(©

Figure 5: Plots of the value of v'A for ab = §,

0.018
0.016
0.014
0.012
S oo
0.008
0.006
0.004

0.002

ab=14/15, M=N=100

28 3

(b)

ab=14/15, M=N=100

\ |x277 X 2.83
\ | Y 1.0823¢-16 |.16173¢-16

(d)

14
15

Figure 6 shows the known frame set for B, including non-frame areas. The new non-frame
points are also included.

5 Conclusion

We present a comprehensive study on the construction of dual frames for the second-order B-
spline B, corresponding to various values of the time and frequency parameters a and b, which
naturally leads to an exploration of its frame set. In this work, both known frame and non-
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a15 \

Figure 6: The red region denotes the non-frame region in which the red dots show the newly
found points. All other colours indicate the frame property. The grey region is from [9], and the
yellow region is the result from [4]. The blue region is from [21].

frame points are examined, and new non-frame points are identified through the analysis of the
Zak transform and the singular value behavior of the Zibulski-Zeevi matrix. In particular, we
establish that (a,b) = (%,1) is a new non-frame point that does not belong to the set of non-
frame points predicted by Grochenig’s conjecture [21]. Furthermore, our computations indicate
that G(By, a, b) fails to form a frame for parameters of the form a = % and b = k — #1, k=
3,4,...and n = 1,2,.... However, numerical evidence suggests that, unlike the prediction
in Grochenig’s conjecture [21], the system G(B,,a,b) cannot be conclusively said to be non-
frame along the hyperbola ab = ;5 for even values of n. These observations motivate further
investigation into the regions illustrated in Figure 5(c) and (d), to determine whether they belong
to the frame set 7 (B;) or not.
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