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Abstract. This paper presents the horizontally deformed Sasaki metric on the tangent bundle
of a Riemannian manifold, extending the family of invariant metrics in this setting. We first
examine the geometric properties of the tangent bundle endowed with this metric, including its
Levi-Civita connection and various curvature characteristics, such as the curvature tensors, Ricci
curvature, sectional curvature, and scalar curvature. Additionally, we investigate a hypersurface
within the tangent bundle, analyzing its geometric structure along with the associated Levi-Civita
connection and curvature tensors in full detail.

1 Introduction

The study of Riemannian metrics on tangent bundles has long been a central topic in differ-
ential geometry, with the classical Sasaki metric serving as a foundational example [11]. While
this metric has been extensively studied (see [3, 4, 9, 13, 16]), recent developments have ex-
plored deformations that introduce richer geometric structures while preserving key invariance
properties (see [5, 7, 10, 14, 15, 17, 19]), for some related study see [6, 8, 18]. In addition to
these deformations, we introduce the horizontally deformed Sasaki metric as a deformation (in
the horizontal bundle), offering new avenues for investigating the interplay between the base
manifold and its tangent bundle.

In this paper, we introduce and systematically analyze the horizontally deformed Sasaki met-
ric, expanding the class of invariant metrics on tangent bundles of Riemannian manifolds. Our
work is motivated by the need to understand how such deformations influence curvature prop-
erties, connections, and induced geometric structures-questions with potential implications for
both theoretical and applied differential geometry.

We begin by deriving the Levi-Civita connection for the tangent bundle equipped with this
metric, followed by a comprehensive study of its curvature properties , including the Riemannian
curvature tensor, Ricci curvature, sectional curvature, and scalar curvature. These results reveal
how horizontal deformations alter the geometry of the tangent bundle compared to the classical
Sasaki case.

Furthermore, we investigate the geometry of hypersurfaces embedded in the tangent bundle,
characterizing their Levi-Civita connections. This analysis not only extends known results but
also provides a framework for future studies of submanifolds in deformed metric settings.

2 Preliminary results

Given a Riemannian manifold (M™, g), its tangent bundle 7'M and the natural projection
7 :TM — M of TM onto M. A local chart (U, 2"),_.._,, on M induces on T M a local chart

(7= (U), 2", 2" = v")p_1.. m, where h = 1 +m,...,2m and (v") is the Cartesian coordinates
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in each tangent space T,,M at x € M with respect to the natural base {%h}, x being an
arbitrary point in U whose coordinates are (z"). Denote by I’ fj the Christoffel symbols of g and
by V the Levi-Civita connection of g. Let C°°(M) be the ring of real-valued C*° functions on
M and S} (M) be the module over C> (M) of C°° vector fields on M.

The Levi Civita connection V defines a direct sum decomposition

T(w,v x,v)TMa (2.1)

\TM =V, TM @ H,
of the tangent bundle to TM at all (z,v) € T'M into the vertical subspace

Ve TM = ker(dm(yy) = {'05](z.0), ' €R},
and the horizontal subspace

H(z,v)TM = {aiai|(m,v) - aivjrfjalﬂ(m,v)a o € R}v

0 .
for all (z,v) € TM, where 9; = and 9; = —. The operators V' and H denote the vertical

and horizontal projections on 7'M induced by the connection V see [3].
Let Z = Z'0; be a vector field on M. The vertical and horizontal lifts of Z are defined by

%

Yz = Z'o,
Uz = ZY9; —v'T};0p).
We have 79, = 9, — v7 Ffj O and V9; = 95, then (H0;,V0;);-1,.. m is a local adapted frame on

TTM.
The vertical distribution Vv on T'M is defined by

Vo =00, = v'o;,

which is also known as the canonical or Liouville vector field on T'M see [12].
Let X, Y and Z be any vector fields on M, then we have

Z(g(X,v)) = g(VzX,v),
VZ(g(X,v)) =g(X,2),

(2.2)
A7 (9(X,Y)) = g(VzX,Y) + g(X,VzY),
VZ (9(X,Y)) =0,
for any smooth function f : R — R, we have
Hy =0
{ (f(r) =0, 03
VZ (f(r)) =2f'(r)g(Z,v),

where r = g(v,v) [1, 12].
The Lie bracket relations between horizontal and vertical vector fields are given by (see
o "z, %y =11z, Y] -V (R(Z,Y)v),
[HZ,YY] =V(V5Y), (2.4)
Vz,YY] =0,
for all vector fields Y and Z on M.

3 Horizontally deformed Sasaki metric

Definition 3.1. Given a Riemannian manifold (M™, g) and T'M be its tangent bundle. We define
the horizontally deformed Sasaki metric g/ on the tangent bundle TM by

gf(HXv HY) = f(T)g(X, Y)7
gf(VXv HY) = gf(HXa VY) =0,
gf(VX7 VY) = g(X, Y),
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for all vector fields X and Y on M, where f : R — R is a smooth positive function satisfying

f(r) #0and r = g(v,v).

In the following (7'M, g/) denotes the tangent bundle of (M™, g) equipped with the horizon-
tally deformed Sasaki metric g*

Lemma 3.2. Given a Riemannian manifold (M™, g) and its tangent bundle (T M, g7), we have
the following:

()12 (" ("X, 1Y) = g (A(V2X),"Y) + ¢! ("X, (V2Y)),
(2)VZ (7 ("X, 1Y) = 2f'(r)9(Z,v)9(X.Y),
for all vector fields X, Y and Z on M.

Let us derive the Levi-Civita connection V/ of the tangent bundle (7'M, g/). This connection
is defined by the Koszul formula, which expresses the metric compatibility of the connection:

+g (Z X, Y) + ¢/ (V.,[Z.X]) - g/ (X.[V. 2Z]), 3.1
for all vector fields X , Y and Z on TM.

Theorem 3.3. Given a Riemannian manifold (M™,g) and its tangent bundle (T M, g%). The
following results hold:

LVLY = H(TxY) — fr)g(X, V) 0 — SR Y )),

2.VIY = V(VXY)+J;((:))g(Y,v)HX—i—2]01(T)H(R(U,Y)X),
f H _ f'(r) ) Iy v

3.V Yy = o) g(X,v) Y+2f(r) (R(v, X)Y),

4.vi.Y = o,

for any vector fields X and'Y on M, where V is the Levi-Civita connection of (M™, g) and R is
its curvature tensor.

Proof. In the proof, we make use of formulas (2.4), the Koszul formula (3.1), and Lemma 3.2.
1. By performing direct calculations, we obtain:

207 (VI Y HZ) = BX(gf (Y, H2)) + Y (¢f (M2,1X)) — HZ(gf (X, HY))

+9' ("Z,["X, ")) + o/ (Y, [M2,7X]) — o' ("X, [Ty, 1'2))

= g ((VxY),"2) + ¢/ ("X, "(Vx 2)) + ¢/ ("(Vy 2),"X)
+9' ("2, M(Vy X)) — ¢ ("(V2X),"Y) — ¢/ ("X, H(V 2Y))
+97 ("2, 71X, Y)) + ¢/ ('Y, "2, X]) — o/ ("X, MY, 2))

= 29/ ("(VxY),"2),

and
gf(v{IXHY, VZ) _ ( (HY VZ)) + Hy( f(VZ HX)) _ VZ(gf(HX, Hy))
9’ (VZ,1"X, ")) + ¢/ (Y, [V2,7X])) — ¢ ("X, [Ty, V2))
= =2f(r)g(Z,v)9(X,Y) — ¢’ (VZ,"(R(X,Y)v))
= —g 2 (ng(X,Y)v+ (R(X,Y)v),VZ ,

from this, we derive

)

VLY = MV Y) — f(r)g(X,Y)Vo - %V(R(X Vo).
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2. Similar calculations as those provided above lead to:
2/ (V¥ 72) = X (g (Y, 2)) + VY (¢! (12.7X)) ~ 2 (g (X,'Y)
+g! ("2, [7X,YY]) + o (Y. [12,7X)) — ¢! ("X, [V, 7'2])
= 2f'(rg(Y,v)g(X, Z) — ¢! ("Y,"(R(Z, X)v))

= o007 (X 12) 4 1ol (R (1)), 2)
- f(lr)gf (2F (M)g(V,0)X + H(R(v, V) X), 7Z).
Also it follows that
207 (Vh Y VZ) = BX (g (V. VZ)) + VY (¢f (VZ2,5X)) - VZ(g! (X, VY))

+9' (VZ,1"X, YY) + ¢/ (Y, [V2, X)) — o/ ("X, Y,V 2))

TVxY),YZ) + ¢! (V.Y (Vx2)) + ¢/ (V2,V(VxY))
-9’ (", (Vx2))

= 2¢/("(VxY),VZ2).

|
Q

So, we see that

!
1
Vi VY =Y(VyY +f(7")g Y, 0)EX + — HR(v,Y)X).
HY ( X ) f(?") ( ) 2f(r) ( ( ) )
The remaining formulas can be derived through similar calculations. O

From Theorem 3.3, we obtain

Lemma 3.4. Given a Riemannian manifold (M™, g) and its tangent bundle (T M, g7). The fol-
lowing results hold:

! _ rf(n)
() Voo = Ty
2) v Hx = rf(r)u ’
2 Vi 70
(3) VéXVv = VX,
4) vi,"x = o
(5) V{ivvv = VYo,

for any vector field X on M.

Definition 3.5. Given a Riemannian manifold (M™, g) and its tangent bundle (7'M, g¥), let F
be a (1, 1)-tensor field on M. We define the horizontal and vertical vector fields /F and VF of
F, on TM as follows:

Hp.TM — TTM
(z,v) — HF(z,v) = #(F,(v)),

VF.TM — TTM
(:U,’U) = VF(:CaU):V(FI(U))a

locally we have

AFw)) = v"H(F(5))), (3.2)
V(F(v) = oY(F(9))). (3.3)
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Proposition 3.6. Given a Riemannian manifold (M™, g), its tangent bundle (TM,g?) and a
(1,1)-tensor field F on M, the following holds:

D)V (F) = "(VxF)(©) = f/(r)g(X, F(v) v - %V(R(Xv F(v))v),
i) Vi F(F (v = f r'tr) v)H(F(v L v v
)VEEW) = M)+ F X0 (P0) + 5 R X)F)),
)V F@) = (T + E D G(F 0,0+ 5 MR F(0)X),
w) Vi (F(v)) = Y(F(X)),
for any vector field X on M.

Proof. The proof of Proposition 3.6 follows directly from Theorem 3.3, formulas (3.2) and (3.3).
O

4 The Riemannian curvature tensors of the horizontally deformed Sasaki
metric

We will compute the Riemannian curvature tensor Rf of (T'M, gf).

Theorem 4.1. Given a Riemannian manifold (M™, g) and its tangent bundle (T M, g%). The
Sfollowing formulas hold:
1

R/ (fx By iz = H(R(X,Y)Z)+T(T)H(R(U,R(X,Y)W)Z)

1 H — v [
370 RER 2)0)Y R@R(Y, 2)0)X)

S o (x, 2y — g(v: 2)x)

+%V((VZR)(X, Y)v), 4.1)

1 1
4f(r)

1y f'(r) v
) (R(X,Z)Y)*zf(r)g(va) (R(X, Z)v)

: 70
H (X2 ~ 75 0R.Y)Z.X)"

L2 (;zr; O v m)a(x, 2)%e, 4.2)

V(R(X,R(v,Y)Z)v)

R/(Hx By\Vz = ZfI(T)H((VXR)(v,Z)Y—(VyR)(v,Z)X) +V(R(X,Y)Z)
1

i V(R(Y,R(v, Z)X)v — R(X,R(v, Z)Y )v)

4f(r)

- J;I((:)) 9(Z,v)"(R(X,Y)v) + J;I((:)) gR(X, V), 2)"v,  (43)
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Rf(HX, VY)VZ _ ((f/(T))z(;(f)J;/;(T)f(T)g(Y’ w)g(Z, U) _ §1(<:)) Q(K Z))HX

s (V.0 R0, 2)X) = 6(Z,0) (R 0, ))
370 ROZ)X) — s RO YVR@.2)X). @
R/ VX, 'Yz = 4(f(lr)2H(R(’U,X)R(’U,Y)Z—R(U,Y)R(U,X)Z)
L (000) R0, 02) - o6 0) (R0, Y)2)
5 (IT)H(R(X,Y)Z), (4.5)
R'VX,'V)Vz = o, (4.6)

for all vector fields X,Y and Z on M.

Proof. In the proof, we will use the formulas (2.2), (2.3), (2.4), Theorem 3.3, Lemma 3.4 and
Proposition 3.6 we have:

(1) RF(IX, 1Y) Z = N Vo 12— V17 = Vi 2.
Let F': TM — TM be bundle endomorphism given by F'(v) = R(Y, Z)v, then
1
Vi Vi 2 = Vi (Vv Z)— f'(r)g(Y,2) v - 5 F(v)
1
= VxVyZ) - f'(r)g(X,VvZ)v - EV(R(X, VyZ)v)

P )e(TxY, )Y — F gy, V2o — TE O L gy

f(r)

1 1

S Tx R, 2)0)) + 5 Y (R(Y, 2)V x0)
I g

——(R(v,R(Y, Z)v)X). 4.7

170 ROR(Y. 2)0)X) @7)

From which, with permutation of X by Y in the formula (4.7) we get
1
Vi Vin"2 = (Vv Vx2) = ['(g(V.Vx2)"v = 5V (R(Y. Vx Z)v)

P g(Vy X, Z) o — £ (1)g(X, Ty Z) Vo — T(J}/((:)))z (X, 2)1y

IV R(X,2)0) + 2Y(R(X, 2)Ty0)

2 2
1 H
— R(v,R(X, Z)v)Y). 4.8)
o7 RERCEZ)0)Y)
Also, we find
f _ f f
Vi 2 = Vixy] 2= Vigxyy 2

= (Ve 2) — )X, V], 2)% - JVR(X, Y], Z)0)

1 u
30 (R(v,R(X,Y)v)Z). (4.9)
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From the formulas (4.7), (4.8) and (4.9) we get
1

2f(r)

HR(v,R(X, Z)v)Y) —

R/(HX, Tyz = HR(X,Y)Z)+ HR(v,R(X,Y)v)Z)

4f(r) 4f(r)
T({Cf/((:)))zg(x, Z)HY _ T(él((:)))zg(y, Z)HX

fév((va)(Y, Z)) + %V((VyR)(X, Z)v). (4.10)

H(R (v, R(Y, Z)v)X)

+

Using the second Bianchi identity, we obtain the formula (4.1).

(2) R/ ("X, "Y)1Z = V{IXV{’YHZ - VéyvéxHZ - V{HX,VY]HZ'

Let F': TM — TM be bundle endomorphism given by F'(v) = R(v,Y)Z, then

foof 1y oo (P v, L
VixVoy 2 = Vax Cgrpyse) ™2+ 550,
= L g@xviz + L 095 2)

() 7r)
—Wg(ya v)g(X, Z)VU - 2f(r)g(y’ U)V(R(Xa Z)v)
7 (X R.)2) - o
S0 !
27(7) 370

Let F : TM — T'M be bundle endomorphism given by F(v) = R(X, Z)v, then

R (v))

57 (T)H(R(VXU,Y)Z)

g(X,R(v,Y)Z)"v — V(R(X,R(v,Y)Z)v). (4.11)

Vi Viiz = Vi, ((VxZ) — f'(r)g(X. 2Z)"v — %VF(’U))
= J;((:))g(Y, ) (VxZ) + 20

=2f"(r)g(Y,v)g(X, 2) v = f'(r)g(X, 2)"Y

HR(v,Y)VxZ)

—%V(R(X, Z)Y). (4.12)

Direct calculations give

f H _ f H
V[HX,VY] Z = VV(VXY) Z

PO 02+ RO VA)Z) @)

From the formulas (4.11), (4.12) and (4.13), we obtain the formula (4.2).

(3) Applying the formula (4.2) and the first Bianchi identity,
R/(BX, Bz =R/ (HX,VZz)Hy — R/ (Hy,VZ)HX,

we find the formula (4.3).
The other formulas are obtained by a similar calculation. O

Proposition 4.2. Given a Riemannian manifold (M™, g) and its tangent bundle (T M, g7). The
following assertions hold:
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(1) If M is flat and f = const then, T M is flat.
(i) If TM is flat then, M is flat.

Proof.
(i) Tt is a direct consequence of Theorem 4.1 that if R/ = 0.

(ii) We assume that R/ = 0, we calculate the Riemann curvature tensor R/ at (z,0), from the
formula (4.3), we obtain, R = 0. O

Corollary 4.3. Given a Riemannian manifold (M™, g) and its tangent bundle (T M, g7).
If f # const, then T M cannot be flat.

Let {e;};=1....m be alocal orthonormal frame, then

(4.14)

{ Hei, Vey }
\/7’]2]1 ,,,,,

is a local orthonormal frame on (T'M, gf).

Theorem 4.4. Given a Riemannian manifold (M™, g) and its tangent bundle (T M, g'). If Ric
(resp. Ric’) denote the Ricci curvature of (M™, g) (resp. (T*M, g7)), then we have

Ric/ (X, 7y) = Ric(X,Y) zmjg R(e;, X)v,R(e;, Y)v)
_2Tf”(r)f(’l“) + (m — i)(:gf/(r)) + mf/(r)f(r)g(X’ Y)7 (415)
Ric/(x,VY) = 5 fl(r) ig((velR)(u, V)X, e), (4.16)
Ric/ (VX,"Y) = Zg o, X)eo, R(0, V)er) — "0 0x vy
’ f 4(f(r)? T ) T
*m((f P 2O o x g(v,0), @17)

for all vector fields X and'Y on M.

Proof. Using the local orthonormal frame defined by the formula (4.14) on TM. From the
formulas (4.1) and (4.2), we have

s Sf(Hy H :mff 1 Hyr\H 1 H, .
Ric/ (Ix, y) ;g (R(m es, X)) Hy, e:)

1 m m
B WZ (R (Fe;, X)) Hy, He,) Z (RY (X, Ve, )1y, Ve,)
= Ric(X, Z (es, X)v,R(e;, Y)v)

Dyx,y). (418
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On the other hand, we have

m

Z g(R(e;, X)v,R(e;, YIv) = Z g(R(ej,v)X,R(e;,v)Y). (4.19)
i=1 j=1
Using the formulas (4.18) and (4.19) , we obtain the formula (4.15).

The other formulas (4.16) and (4.17) are obtained by a similar calculation. O

We will now compute the sectional curvature on tangent bundle (7'M, g/), we know that

¢ R/ (X, Y)Y, X)

KON = R D (7.7 - o X7

(4.20)

is the sectional curvature on (T'M, g/) for the plane P spanned by {)} ) }7}, where X and Y are
linearly independent tangent vectors on 7M.

Let K/ (fX, Hy"), K/ (#X,VY) and K/ (VX,"VY") denote the sectional curvature of the plane
spanned by {#X, 7Y}, {#X,VY'} and {VX,YY} on (TM,g') respectively, for all X,Y or-
thonormal vector fields on M.

Theorem 4.5. Given a Riemannian manifold (M™, g) and its tangent bundle (T M, g'). Then
the sectional curvature K/ satisfies the following:

U TP WO 1)
HRECET) = R = g RO Ty

f(Hy V- _ 1 v 2 (f'(r))* =2f"(r) f(r) vz_f/(r)
PO = g RO g O ey
3K (YX, YY) = 0,

where K denote the sectional curvature tensor of (M™, g).
Proof. Using Theorem 4.1, formula (4.20) and direct calculations, we have
o/ (RY (Fx, My )My, )
g7 ("X, HX)g! (FY, HY') — g/ (HX, HY')?
|

_ U@ygmamxmeHéﬁmuMKYMKX)

+79R@.RXY)0)Y.X) — T(f’(?"))z)

1.K/ (X, Hy)

[a—

p—

SIR(X,Y)of? — ()

1 B 3
= T 5y ()

f(r)

—~

g/ (RF(HX, VY)Y, HX)
g7 ("X, 1X)g! (VY YY) — g/ (MX, VYY)
— f(lr) ((f/(r))z ;(i{ll(r)f(r)g(y’ ’U)2 _ f/(’l“)

+4fl(r)|R(v,Y)X|2>
= R Y)XP + () — 2100 oy - £0)

4(f(r))? (f(r))? fr)”

2.K (X, YY)

of (RI (X, Y)Y, VX) o
g X VX)g (V. Y) =g (XY

3.K/(VX,'Y)
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Proposition 4.6. Given a Riemannian manifold (M™, g) of constant sectional curvature r and
its tangent bundle (T M, g7). Then the sectional curvature K/ satisfies the following:

Kf (x, 1Y) = Z) 4(;82))2(9()(7@)2 +9(Y,v)?) - W
KIXY) = g fi))zg(x o+ Y /(r))z(;(f{;(r)f ) gy, )2 - *;/((:)),
K'(Vx,Y) = o.
Proof. M has constant curvature x then, we have
R(X,Y)Z = 5(g(Y, Z2)X — g(X, Z)Y),
for all vector fields X, Y and Z on M, direct calculations we get
R(X,Y)o]> = r*(g(X,v)* +g(Y,0)?),
R(v, V)X = #*g(X,v)?
This completes the proof. o

Theorem 4.7. Given a Riemannian manifold (M™, g) and its tangent bundle (TM,g”). If o
(resp., o) denote the scalar curvature of (M™, g) (resp., (T M, g%)), then we have

1
= i i e

i,5=1

A f7(r)f(r) +m(m = 3)r(f'(r))® + 2m?f'(r) f(r)

(f(r))?
Proof. Let { FHel’ Vei}._, . be alocal orthonormal frame on (7'M, g/) defined by the
formula (4.14). We will compute the scalar curvature of (7'M, g/), as follows:
(e;, Pe;) + ZRIC Ve, Ve;). 4.21)
Using the formula (4.15), we have
1 & 1 1
- He,; H, = o— R(ei, e;)v)?
7y 2 R’ (s " IR 2 R
2mr " (r) f(r) +m(m = 2)r(f'(r))* + m*f'(r) f(r)
(f(r))?
(4.22)

Using the formula (4.17), we have

ZRIC ej, 6‘ = B 2 Z IR(v,e; ez\
72m7“f"(7“)f(7") —mr(f'(r))> +m*f'(r)f(r)

()2 (*+23)

On the other hand, from the formula (4.19), we find

m

Z R(v,e;)e)* = Z R(es,e)v). 4.24)

i,j=1 i,7=1
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Substituting the formulas (4.22), (4.23) and (4.24) into the formula (4.21), we find

1 1 = )

OO Zgl R(ei, ej)v]

_Amrf(r) f(r) 4+ m(m = 3)r(f'(r))* + 2m> ' (r) f(r)
(f(r))? '

ol =

From Theorem 4.7, we obtain

Proposition 4.8. Given a Riemannian manifold (M™, g) of constant sectional curvature r and
its tangent bundle (T M, g'). Then scalar curvature o of (T M, g¥) is given by:

m(m — Dk K*(m — 1)r
f(r) 2(f(r))?

_Amrf () f(r) 4 m(m = 3)r(f'(r))* + 2m* ' (r) f(r)
(f(r))? '

of =

5 Horizontally deformed Sasaki metric on hypersurface

Let us denote by 7'M, the tangent bundle of a manifold M, excluding the zero section.
Consider a smooth positive function f : R — R satisfying f(r) # 0 and f'(r) # 1, where

r=g(v,v).
We cosider the hypersurface of the tangent bundle 7'M, defined by

M = {(z,v) € TMy, f(r)=r}.
We define the smooth function ¢ by
¢o:TMy — R
(z,v) = o(z,v)=f(r)—r
then the hypersurface 7/(") M is given by
T/OM = {(z,v) € TMy, ¢(z,v) =0},

and the gradient grade of ¢ with respect to g/ is a normal vector field to 77(") M. From the
formula (2.3), we get

9! ("7, gradg) = TZ(¢) ="Z(f(r) =) =0,
9/ ("Z,gradg) = VZ(¢) ="VZ(f(r) —r) =2(f(r) = Dg(Z,v) = 2(f'(r) = g’ (VZ, ")
for all vector fields Z on M, hence
gradg = 2(f'(r) — 1)"v.
Then the unit normal vector field to 7(") M is given by

grad¢ Vv _ Ly,

- V9 (gradg, gradg) N Voo, Vo) VT

The tangential lift 7Z with respect to g/ of a vector Z € T, M to (z,v) € T/")M as the
tangential projection of the vertical lift of Z to (x,v) with respect to A, that is

1
TZ = VZ - gf )(VZP/\/‘({E,U))'/\[(CE,’U) = VZ - ;gz(Z,U)V’U.

(z,v
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Using the formula (2.1), then for all Ze T(p)T'M, there exist X, Y € T, M such that

Z = "x+4+V%

= "X+ + gl (Y Naw) Naw

1
= Hx 4Ty 4 ;gx(X, U)VU,

where (z,v) € T/(") M. From this, we get the direct sum decomposition
Ty TM = T T'"M @ span{N,..}, (5.1

From the above decomposition (5.1), it is evident that the tangent space T(m,,))Tf "M of
T7(") M at the point (x,v) is expressed as

T TTM = {"X + 7V / X,Y € T,M,Y € v"}.
where v+ = {Y € T, M, g(Y,v) = 0}.
Given a vector field Z on M, the tangential lift 7Z of Z is given by

1

TZ(ac,'u) = (VZ - gf<VZ’N)N) = VZ('%’U) - ;gT(Zf’ U)Vv'

(2,v)
For any vector field Z on M, we have the followings

(1) ¢/ ("Z,N') =0,

2) ¢/ ("Z,N) =0,

(3) TZ =VZ if and only if g(Z,v) = 0,

@) v =0,

(5) Weput Z =7 — lg(Z, v)v, then 7Z =VZ and g(Z,v) = 0.
r

Definition 5.1. Given a Riemannian manifold (M™, g) and its tangent bundle (7'M, g7). The
Riemannian metric §/ on 7/(") M, induced by g7, is completely determined by the identities

XYY = rg(XY),

XMy = ("X, Tv) =0,

R - 1

7 ('x, ) = g(X,Y)=g(X,Y)—;g(X,v)g(Y>v),

We will compute the Levi-Civita connection V7 of (T/(")M, §/). This connection is de-
scribed by Gauss’s formula, which is given by

I
V)ZY = V)ZY g (V)?Y,/\/')J\/'. 5.2)
for all vector fields X and Y on 7" M.

Theorem 5.2. Given a Riemannian manifold (M™, g) and its hypersurface (T/") M, §7), then
we have the following

N 1

VLY = H(VXY)—ET(R(X,Y)U),
N 1

2.V Y = T(VXY)+ZH(R(U,Y)X),
o 1

ViAY = —HR(w, X)Y

3. Vg 5 (R, X)Y),
o ~1

4. vif"XTY = T\g(K U)TXa

for all vector fields X,Y on M.
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Proof. In the proof, we will use the Theorem 3.3, Lemma 3.4 and the formula (5.2).
1. By direct calculation, we have

Vi = VI Y - ¢! (VI Y, NN
= VRY) [ ()XY e - SR Y )
/ I9% L rv
+H(r)g(X.Y)g! (v, NN + 597 ((R(X, Y)v), NN
_ (YY) - %T(R(X, ¥)o).
2. We have §£,XTY = V{,XTY - gf(V;f,XTY, NN, by direct calculation, we get

1
Vi Y =T(VxY) + ZH(R(U, Y)X) and g (Vi Y, N)N = 0.

Hence
~ 1
ViV = T(VxY)+ ZH(R(U, Y)X).
The other formulas are obtained by a similar calculation. O

We will now compute the Riemannian curvature tensor of (T M, §7). Let R/ denote the
Riemannian curvature tensor of (7/(") A1, §/). Using the Gauss equation for hypersurfaces, we

deduce that R/ ()Z' , }7)2 satisfies the following
RI(X,Y)Z ='(R/(X,Y)Z) — B(X,Z).AxY + B(Y,Z).Ax X, (5.3)

for all X,Y and Z vector fields on T/(") M. where {(R/(X,Y)Z) is the tangential component
of R (X,Y)Z with respect to the direct sum decomposition (5.1), A, is the shape operator of
T/)M in (T M, g') derived from N, and B is the second fundamental form of 7/(") M (as a
hypersurface immersed in 7'M), associated to A on T7(") M.

AnX is described by Weingarten’s formula, which states that

Foar— Y LN
VXN_ —AnX +V VN,
where V'V is the normal connection of 7/(") M. Thus, we have
AnX = J(v_f;;(N). (5.4)
B()?, 17) is defined by Gauss’s formula as
v _9fv Y Vv
VY =VLY + B(X,Y)N.
Therefore, we can express B(X,Y) as
B(X,Y) =g/ (VLY N). (5.5)

Lemma 5.3. Given a Riemannian manifold (M™, g) and its hypersurface (T?") M, §7), then we
have the following

Ax = _‘C;T)HX’

ANTX = ;TX,
B(HXvHY) = —\/;f/(T’)g(X,Y),
B("x,y) = B('Xx,%y) =0,
BOX.Y) = —Lg(%.7)

for all vector fields X,Y on M.
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Proof. Using Theorem 3.3, Lemma 3.4, the formulas (5.4) and (5.5) we get the following:

: | 1 1 _; 1'(r)
b — b — b —
VHXN == VHX(WV'U) —HX(ir)V'U‘i_WvHXV'U— 7HX
then
_ ! _ —f'(n)
AVIX = Vi N) 7 ¢
B<HX’ HY) = gf(v{JXHYaN)
1
= g (N(VxY),N) = f(r)g(X,Y)g’ (v, va)
1 1
——g¢"(Y(R(X,Y)v), —="
39’ (REXY)0), —=")
= —Vrfi(r)g(X,Y),
The other formulas are obtained by a similar calculation. O

Theorem 5.4. Let (M™, g) be a Riemannian manifold and its hypersurface (T1 ") M, /), then
we have the following formulas

1. RI(IX, iy = H(R(X7Y)Z)+%H(R(UaR(XvY)”)Z)
- (R0, ROX, 2)0)Y) — (R (0, R(Y, Z)0)X)
5T (T2R)(X Y )e),

2. RI(AX,TY)iz = ZiTH((vXR)(u,Y)Z)—%T(R(X,R(v,Y)Z)w
+%T(R(X, 2)7),

3 RI(IX YT — %H((VXR)(U’Z)Y)_%H((VYR)(U,Z)X)

4r 4r
+'(R(X,Y)Z),
4. RI(IX,TYVTZ = —%H(R(Y,Z)X) — 47:12[1'(R(1;,Y)R(v,Z)X),
5 RI(XTY)Z = LARE XOR@.Y)Z) - R0 YIRW.X)2)
FIR(R,V)Z),
6. RI(VX,VY)Vz = %g(sz)TX*%Q(XvZ)TYa

- 1
for all vector fields X,Y and Z on M, where X = X — ;g(X, v)v.

Proof. The proof follows directly from Theorem 4.1, Gauss’s equation (5.3) and Lemma 5.3. O

6 Conclusion remarks

In this paper, we have introduced and studied the horizontally deformed Sasaki metric on
the tangent bundle of a Riemannian manifold, expanding the class of invariant metrics in this
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context. Through a detailed geometric analysis, we derived the Levi-Civita connection and ex-
amined curvature properties including the Riemann, Ricci, and scalar curvatures, as well as
sectional curvature revealing how horizontal deformations distinguish this metric from classi-
cal Sasaki-type structures. Furthermore, we investigated the geometry of hypersurfaces in the
tangent bundle, providing explicit descriptions of their connections and curvature tensors.

Our results offer new insights into the interplay between base manifolds and their tangent
bundles under deformed metrics.The findings advance the understanding of these structures and
have potential implications for future research in differential geometry, where tangent bundles
play a key role.
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