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Abstract. In this paper, we present some characterizations of f -biharmonic maps obtained by
conformally deforming either the domain metric or the codomain metric. We study, in particular,
the case of the identity map and construct new examples of f -biharmonic maps.

1 Introduction.

Let ϕ : (Mm, g) −→ (Nn, h) be a smooth map between Riemannian manifolds. The energy and
the bi-energy functional of ϕ are respectively defined by

E (ϕ) =
1
2

∫
M

|dϕ|2dvg

and
E2 (ϕ) =

1
2

∫
M

|τ (ϕ) |2dvg.

The map ϕ is said to be harmonic (respectively biharmonic) if it is a critical point of the energy
functional (respectively of the bi-energy functional). Equivalently, ϕ is harmonic if and only if

τ (ϕ) = Trg∇dϕ = 0,

and it is biharmonic if and only if

τ2 (ϕ) = −Trg
(
∇ϕ

)2
τ (ϕ)− TrgRN (τ (ϕ) , dϕ) dϕ = 0.

τ (ϕ) and τ2 (ϕ) are respectively called the tension and the bi-tension field of the map ϕ.
A natural generalization of harmonic and biharmonic maps is defined as follows : Let f ∈

C∞ (M) be a positive function, the map ϕ is said to be f -harmonic if it is a critical point of the
f -energy functional :

Ef (ϕ) =
1
2

∫
M

f |dϕ|2dvg

with respect to compactly supported variations. Equivalently, ϕ is f -harmonic if it satisfies the
associated Euler-Lagrange equation :

τf (ϕ) = fτ (ϕ) + dϕ (gradf) = f (τ (ϕ) + dϕ (grad ln f)) = 0,

τf (ϕ) is called the f -tension field of ϕ. The map ϕ is said to be f -biharmonic if it is a critical
point of the f -bi-energy functional :

E2,f (ϕ) =
1
2

∫
M

f |τ (ϕ) |2dvg.
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Equivalently, ϕ is f -biharmonic if it satisfies the associated Euler-Lagrange equation :

τ2,f (ϕ) = fτ2 (ϕ)− (∆f) τ (ϕ)− 2∇gradfτ (ϕ) = 0,

τ2,f (ϕ) is called the f -bitension field of ϕ. Then ϕ is f -biharmonic if and only if (see [6])

τ2 (ϕ)−
(

∆ ln f + |grad ln f |2
)
τ (ϕ)− 2∇grad ln fτ (ϕ) = 0. (1.1)

It is clear that any harmonic map is f -biharmonic. If the map ϕ is biharmonic (τ2 (ϕ) = 0), then
ϕ is f -biharmonic if and only if(

∆ ln f + |grad ln f |2
)
τ (ϕ) + 2∇grad ln fτ (ϕ) = 0.

Biharmonic maps have been extensively studied in the literature, with various construction
methods leading to numerous examples of biharmonic but non-harmonic maps (see [1], [2],
[4], [11], [12], [13], [15]). In [5] and [7], the authors investigate a generalized class of f -
harmonic maps, presenting new properties that extend Fuglede-Ishihara’s characterization of
harmonic morphisms and they discuss the stability of L-harmonic maps. Meanwhile, [6] and
[15] explore properties of f -biharmonic maps, focusing on conformal maps between equidimen-
sional manifolds. These works provide new examples of f -biharmonic maps and characterize
p-biharmonicity in specific cases. Additionally, [8] establishes conditions for the f -harmonicity
of certain maps involving doubly warped product manifolds, while [9] introduces f -biharmonic
maps as a natural generalization of biharmonic maps and examines their properties. The author
in [10] presents a generalization of the global version of Chen’s biharmonic conjecture.

In this work, we present alternative constructions of f -biharmonic maps through conformal
deformations of either the domain or codomain metric. First, we characterize f -biharmonicity by
conformally deforming the domain metric, which yields new examples and allows us to analyze
special cases. Second, we investigate the f -biharmonicity of the identity map under conformal
deformations of the codomain metric.

2 The f -biharmonicity of ϕ :
(
Mm, g̃ = σ−2g

)
−→ (Nn, h).

In this section, we consider a smooth map ϕ : (Mm, g) −→ (Nn, h) and g̃ = σ−2g be a metric
conformally equivalent to g. The relation between ∇̃ and ∇ is given by (see [3])

∇̃XY = ∇XY −X (lnσ)Y − Y (lnσ)X + g (X,Y ) grad lnσ,

where ∇ et ∇̃ are respectively the connections on M associated with g and g̃. Let us choose{ei}mi=1
to be an orthonormal frame on (Mm, g), then an orthonormal frame on

(
Mm, g̃ = σ−2g

)
is given

by {ẽi = σei}mi=1. Using the expression for ∇̃, we have

∇̃eiei = ∇eiei + (m− 2) grad lnσ

and

∇̃ẽi ẽi = σ2 (∇eiei + (m− 1) grad lnσ) .

The tension field of the map ϕ with respect to g̃ is given by (see [2])

τ̃ (ϕ) = σ2 (τ (ϕ)− (m− 2) dϕ (grad lnσ)) .

In a first result, we will determine the f -biharmonicity condition of the map ϕ :
(
Mm, g̃ = σ−2g

)
−→

(Nn, h).
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Theorem 2.1. The map ϕ :
(
Mm, g̃ = σ−2g

)
−→ (Nn, h) is f -biharmonic if and only if

τ2 (ϕ)− 2
(

∆ lnσ − (m− 4) |grad lnσ|2
)
τ (ϕ)

−
(

∆ ln f + |grad ln f |2 − (m− 6) d ln f (grad lnσ)
)
τ (ϕ)

+ (m− 6)∇ϕ
grad ln στ (ϕ)− 2∇ϕ

grad ln fτ (ϕ) + 2 (m− 2)∇ϕ
grad ln fdϕ (grad lnσ)

+ (m− 2)
(

∆ ln f − (m− 6) d ln f (grad lnσ) + |grad ln f |2
)
dϕ (grad lnσ)

+ (m− 2)
(

Trg
(
∇ϕ

)2
dϕ (grad lnσ)− (m− 6)∇ϕ

grad ln σdϕ (grad lnσ)
)

+ 2 (m− 2)
(

∆ lnσ − (m− 4) |grad lnσ|2
)
dϕ (grad lnσ)

+ (m− 2)TrgR (dϕ (grad lnσ) , dϕ) dϕ = 0.

(2.1)

Proof. By equation (1.1), the map ϕ :
(
Mm, g̃ = σ−2g

)
−→ (Nn, h) is f -biharmonic if and

only if

τ̃2 (ϕ)−
(

∆̃ ln f +
∣∣∣g̃rad ln f

∣∣∣2) τ̃ (ϕ)− 2∇ϕ

g̃rad ln f
τ̃ (ϕ) = 0,

where
τ̃ (ϕ) = σ2 (τ (ϕ)− (m− 2) dϕ (grad lnσ)) .

A long calculation gives us

τ̃2 (ϕ) = σ4τ2 (ϕ)− 2σ4
(

∆ lnσ − (m− 4) |grad lnσ|2
)
τ (ϕ) + (m− 6)σ4∇ϕ

grad ln στ (ϕ)

+ (m− 2)σ4
(

Trg
(
∇ϕ

)2
dϕ (grad lnσ)− (m− 6)∇ϕ

grad ln σdϕ (grad lnσ)
)

+ 2 (m− 2)σ4
(

∆ lnσ − (m− 4) |grad lnσ|2
)
dϕ (grad lnσ)

+ (m− 2)σ4TrgR (dϕ (grad lnσ) , dϕ) dϕ,

g̃rad ln f = σ2grad ln f,
∣∣∣g̃rad ln f

∣∣∣2 = σ2 |grad ln f |2 ,

∆̃ ln f = σ2 (∆ ln f − (m− 2) d ln f (grad lnσ))

and
∇ϕ

g̃rad ln f
τ̃ (ϕ) = σ4∇ϕ

grad ln fτ (ϕ) + 2σ4d ln f (grad lnσ) τ (ϕ)

− 2 (m− 2)σ4d ln f (grad lnσ) dϕ (grad lnσ)

− (m− 2)σ4∇ϕ
grad ln fdϕ (grad lnσ) .

Returning to the first equation in the proof of this theorem, we deduce that the map ϕ :
(
Mm, g̃ = σ−2g

)
−→

(Nn, h) is f -biharmonic if and only if

τ2 (ϕ)− 2
(

∆ lnσ − (m− 4) |grad lnσ|2
)
τ (ϕ)

−
(

∆ ln f + |grad ln f |2 − (m− 6) d ln f (grad lnσ)
)
τ (ϕ)

+ (m− 6)∇ϕ
grad ln στ (ϕ)− 2∇ϕ

grad ln fτ (ϕ) + 2 (m− 2)∇ϕ
grad ln fdϕ (grad lnσ)

+ (m− 2)
(

∆ ln f − (m− 6) d ln f (grad lnσ) + |grad ln f |2
)
dϕ (grad lnσ)

+ (m− 2)
(

Trg
(
∇ϕ

)2
dϕ (grad lnσ)− (m− 6)∇ϕ

grad ln σdϕ (grad lnσ)
)

+ 2 (m− 2)
(

∆ lnσ − (m− 4) |grad lnσ|2
)
dϕ (grad lnσ)

+ (m− 2)TrgR (dϕ (grad lnσ) , dϕ) dϕ = 0.
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An immediate consequence of this theorem is given by the following corollary :

Corollary 2.2. Let ϕ : (Mm, g) −→ (Nn, h) be an harmonic map and let g̃ = σ−2g. The map
ϕ : (Mm, g̃) −→ (Nn, h) is f -biharmonic if and only if

Trg
(
∇ϕ

)2
dϕ (grad lnσ)− (m− 6)∇ϕ

grad ln σdϕ (grad lnσ) + 2∇ϕ
grad ln fdϕ (grad lnσ)

+
(

∆ ln f − (m− 6) d ln f (grad lnσ) + |grad ln f |2
)
dϕ (grad lnσ)

+ 2
(

∆ lnσ − (m− 4) |grad lnσ|2
)
dϕ (grad lnσ)

+ TrgR (dϕ (grad lnσ) , dϕ) dϕ = 0.

Moreover if ϕ = Id, we conclude that the identity map Id :
(
Mm, g̃ = σ−2g

)
−→ (Mm, g) is

f -biharmonic if and only if

grad∆ lnσ − (m− 6)
2

grad
(
|grad lnσ|2

)
+ 2∇grad ln fgrad lnσ

+
(

∆ ln f − (m− 6) d ln f (grad lnσ) + |grad ln f |2
)

grad lnσ

+ 2
(

∆ lnσ − (m− 4) |grad lnσ|2
)

grad lnσ

+ 2Ricci (grad lnσ) = 0.

As a first application, we construct an example of a f -biharmonic map where the initial map
is harmonic.

Example 2.3. Let ϕ :
(
R2n, gR2n

)
→

(
Rn+1, gRn+1

)
be the Hopf map defined by

ϕ (x, y) =
(
|x|2 − |y|2, 2xy

)
∈ R⊕K = Rn+1,

where n = 2, 4 or 8 and x, y ∈ K ≃ Rn with K = C (complex numbers), H (quaternions), or O
(octonions), respectively. Let us write a point (x, y) ∈ R2n in the form

(x, y) = r (cos θ.p, sin θ.q) , (r ∈ [0,+∞) , θ ∈
[
0,

π

2

]
, p, q ∈ Sn−1)

and those of Rn+1 in the form

s(cos t, sin t.w), (s ∈ [0,+∞) , θ ∈ [0, π] , w ∈ Sn−1).

The map ϕ takes the form

ϕ(r cos θ.p, r sin θ.q) = (s cos t, s sin t.pq),

where s = r2 and t = 2θ. It is well known that this map is harmonic. The metrics on R2n and
Rn+1 have respectively the expressions :

gR2n = dr2 + r2dθ2 + r2 cos2 θ.gSn−1 + r2 sin2 θ.gSn−1

and
gRn+1 = ds2 + s2dt2 + s2 sin2 t.gSn−1 ,

An orthonormal basis of R2n is given by :

e1 =
∂

∂r
, e2 =

1
r

∂

∂θ
, ej =

1
r cos θ

ξj , ek =
1

r sin θ
ξk,

with
ξj = r(cos θ.Xj , 0), j = 3, ..., n+ 1

and
ξk = r(0, sin θ.Xk), k = n+ 2, ..., 2n,
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where the vectors {Xj}3≤j≤n+1 et {Xk}n+2≤k≤2n are unit vectors tangent to the sphere Sn−1.
We have

∇eiei =
1 − 2n

r

∂

∂r
+

n− 1
r2 (tan θ − cot θ)

∂

∂θ
.

We consider g̃R2n = σ−2gR2n conformal to the Euclidean metric gR2n , where we suppose that the
functions σ and f depend only on r. A straightforward calculation gives us

dϕ (grad lnσ) = 2rα
∂

∂s
, ∇ϕ

grad ln σdϕ (grad lnσ) =
(
2rαα′ + 2α2) ∂

∂s
,

Trg
(
∇ϕ

)2
dϕ (grad lnσ) = 2

(
rα′′ + (2n+ 1)α′ +

(2n− 1)
r

α

)
∂

∂s
,

∆ lnσ = α′ +
(2n− 1)

r
α, ∆ ln f = β′ +

(2n− 1)
r

β,

|grad lnσ|2 = α2, |grad ln f |2 = β2

and

∇ϕ
grad ln fdϕ (grad lnσ) = (2rβα′ + 2αβ)

∂

∂s
,

where
α = (lnσ)′ and β = (ln f)′ .

Then the f -biharmonicity of the Hopf map is equivalent to the following ordinary differential
equation of second order :

rα′′ − 2 (n− 4) rαα′ + (2n+ 1)α′ + 2rβα′ + rαβ′

+
(2n− 1)

r
α+ 2 (n+ 2)α2 − 2r (2n− 4)α3

+ (2n− 1)αβ + 2αβ + rαβ2 − (2n− 6) rα2β = 0.

We deduce the special solutions of the form α = a
r and β = b

r where a, b ∈ R. Eliminating the
trivial solutions a = 0 and b = 0, we obtain

b = −2a and b = 2 (n− 2) a− 2 (n− 1) .

(i) When n = 2, we obtain b = −2a. Then

σ (r) = C1r
a and f (r) = C2r

−2a where a ∈ R∗.

(ii) For n = 4, we find b = −2a or b = 2 (2a− 3). It follows that

σ (r) = C1r
a and f (r) = C2r

−2a, a ∈ R∗

or
σ (r) = C1r

a and f (r) = C2r
2(2a−3), a ∈ R∗.

(iii) In the case where n = 8, we obtain b = −2a or b = 2 (6a− 7). Which gives

σ (r) = C1r
a and f (r) = C2r

−2a, a ∈ R∗

or
σ (r) = C1r

a and f (r) = C2r
2(6a−7), a ∈ R∗.

In these cases, the Hopf map ϕ :
(
R2n, g̃R2n = σ−2gR2n

)
→

(
Rn+1, gRn+1

)
is f -biharmonic.

For the identity map, we find the following results and examples.
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Corollary 2.4. If we consider x = (t, x2, ...., xm) ∈ R∗
+ × Rm−1 and we suppose that the

functions σ and f depend only on t. The identity map Id :
(
R∗

+ ×Rm−1, g̃ = σ−2g0
)

→(
R∗

+ ×Rm−1, g0
)

(m ̸= 2) is f -biharmonic if and only if the functions α = (lnσ)′ and β =

(ln f)′ are solutions of the following differential equation

α′′ − (m− 8)αα′ + 2βα′ + αβ′ − (m− 6)α2β

+ αβ2 − 2 (m− 4)α3 = 0.

One method for solving this differential equation is to determine particular solutions, which
we will discuss in the following example :

Example 2.5. Let us look for the solutions which are written in the form α = a
t and β = b

t where
a, b ∈ R∗. We deduce that the identity map Id :

(
R∗

+ ×Rm−1, g̃ = σ−2g0
)
→

(
R∗

+ ×Rm−1, g0
)

(m ̸= 2) is f -biharmonic if and only if a and b are solutions of the following algebraic equation

(2a+ b− 1) (4a+ b− am− 2) = 0.

This equation has two solutions given by

b = −2a+ 1, b = (m− 4) a+ 2.

It follows that for all a ∈ R∗, we obtain

f (t) = C1t
−2a+1, σ (t) = C2t

a,

or
f (t) = C1t

(m−4)a+2, σ (t) = C2t
a.

For this two cases, the identity map Id :
(
R∗

+ ×Rm−1, g̃
)
→

(
R∗

+ ×Rm−1, g0
)

is f -biharmonic.

Remark 2.6. We can look for other solutions by setting

α = (lnσ)′ = a and β = (ln f)′ = b where a, b ∈ R∗,

we obtain
b2 − (m− 6) ab− 2 (m− 4) a2 = 0,

which gives

(i) For m = 4, we find b = −2a, then σ (t) = C1e
at and f (t) = C2e

−2at.

(ii) For m ̸= 4, we obtain b = −2a or b = (m− 4) a. It follows that

σ (t) = C1e
at and f (t) = C2e

−2at

or
σ (t) = C1e

at and f (t) = C2e
(m−4)at.

Remark 2.7. Considering the case where σ = f , i.e. α = β, we have the following possibilities
:

(i) If α = a ∈ R∗, we find m = 5 and σ (t) = f (t) = Ceat.

(ii) If α = a
t , a ∈ R∗, we obtain :

• For m = 5, we find a = 1
3 and σ (t) = f (t) = Ct

1
3 .

• For m ̸= 5, we obtain a = 1
3 or a = − 2

m−5 , then

σ (t) = f (t) = Ct
1
3 or σ (t) = f (t) = Ct−

2
m−5 .
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Corollary 2.8. Now we will study the f -biharmonicity of the identity map Id :
(
Rm\ {0} , g̃ = σ−2g0

)
−→

(Rm\ {0} , g0) (m ̸= 2) where we suppose that the functions σ and f depend only on r = |x| =√
x2

1 + x2
2 + ....+ x2

m. The identity map is f -biharmonic if and only if the functions α = (lnσ)′

and β = (ln f)′ are solutions of the following differential equation :

α′′ − (m− 8)αα′ +
(m− 1)

r
α′ + 2βα′ + αβ′

− (m− 1)
r2 α+

(m− 1)
r

αβ +
2 (m− 1)

r
α2 + αβ2

− (m− 6)α2β − 2 (m− 4)α3 = 0.

By looking for solutions of the form α = a
r and β = b

r where a, b ∈ R∗, we find

b =
1
2

(
(m− 6) a− (m− 4)±

√
(m− 2)2

a2 − 2 (m− 2)2
a+m2

)
.

Then we obtain
σ (r) = C1r

a and f (r) = C2r
b.

For example if we consider m = 6 and a = 2, we obtain b = −4 or b = 2, it follows that the
identity map Id :

(
R6\ {0} , g̃ = C1r

−4g0
)
−→

(
R6\ {0} , g0

)
is f -biharmonic where f (r) =

C2r
−4 or f (r) = C2r

2.

The case of a non-biharmonic map is discussed in the following example :

Example 2.9. Let the map ϕ : (R3, gR3) → (R2, gR2) defined by

ϕ(x1, x2, x3) =

(√
x2

1 + x2
2, x3

)
.

On using the cylindrical coordinates (r, θ, x3) in R3 and standard Euclidean coordinates in R2,
the map ϕ takes the form

ϕ(r cos θ, r sin θ, x3) = (y1, y2),

where
y1 = r =

√
x2

1 + x2
2, y2 = x3.

A simple calculation give

τ(ϕ) =
1
r

∂

∂y1
and τ2 (ϕ) = − 1

r3
∂

∂y1
.

The metrics on R3 and R2 have respectively the expressions

gR3 = dr2 + r2dθ2 + dx2
3.

gR2 = dy2
1 + dy2

2 .

Let g̃R3 = σ−2gR3 where we suppose that the functions σ and f depend only on r. By a simple
calculation, note that ϕ : (R3, gR3) → (R2, gR2) is f -harmonic if and only if f (r) = C

r . Using
Theorem 2.1 , we deduce that ϕ : (R3, g̃R3) → (R2, gR2) is f -biharmonic if and only if α =
(lnσ)′ and β = (ln f)′ satisfy the following differential equation

α′′ + 5αα′ − 1
r
α′ + 2βα′ + αβ′ − 1

r
β′ − 1

r2α+
2
r
α2

+ 2α3 − 1
r
αβ + 3α2β + αβ2 − 1

r
β2 − 1

r3 = 0.

We will look for special solutions of the form α(r) = a
r and β(r) = b

r , where a, b ∈ R∗, we
distinguish two cases :

(i) For a = 1, we obtain σ (r) = C1r and f (r) = C2r
b for all b ∈ R∗.

(ii) If a /∈ ]−1, 3[, we obtain b = 1
2

(
−3a+ 1 ±

√
(a+ 1) (a− 3)

)
. Then σ (r) = C1r

a and

f (r) = C2r
b.

In these cases, the map ϕ : (R3, g̃R3) → (R2, gR2) is f -biharmonic.
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3 The f -biharmonicity of Id : (Mm, g) −→
(
Mm, g̃ = σ−2g

)
.

For the conformal deformation of the codomain metric, we only consider the case of the identity
map.

Theorem 3.1. The identity map Id : (Mm, g) −→
(
Mm, g̃ = σ−2g

)
(m ̸= 2) is f -biharmonic if

and only if

grad∆ lnσ +
(m− 6)

2
grad

(
|grad lnσ|2

)
+ 2 (∆ lnσ) grad lnσ

− (m− 2) |grad lnσ|2 grad lnσ + 2Ricci (grad lnσ)

+ 2∇grad ln fgrad lnσ − |grad lnσ|2 grad ln f

+
(

∆ ln f + |grad ln f |2
)

grad lnσ = 0.

(3.1)

Proof. The tension field of Id : (Mm, g) −→
(
Mm, g̃ = σ−2g

)
is given by (see [13])

τ̃ (Id) = (m− 2) grad lnσ.

Using the f -biharmonicity equation and the fact that m ̸= 2, we deduce that the identity map
Id : (Mm, g) −→

(
Mm, g̃ = σ−2g

)
is f -biharmonic if and only if

Trg∇̃2grad lnσ +
(

∆ ln f + |grad ln f |2
)

grad lnσ

+ 2∇̃grad ln fgrad lnσ + TrgR̃ (grad lnσ, ·) · = 0.

After a long calculation, we obtain the following formulas

Trg∇̃2grad lnσ = grad∆ lnσ − 2grad
(
|grad lnσ|2

)
+ (∆ lnσ) grad lnσ

− (m− 2) |grad lnσ|2 grad lnσ + Ricci (grad lnσ) ,

TrgR̃ (grad lnσ, ·) · = Ricci (grad lnσ) + (∆ lnσ) grad lnσ

+
(m− 2)

2
grad

(
|grad lnσ|2

)
and

∇̃grad ln fgrad lnσ = ∇grad ln fgrad lnσ − |grad lnσ|2 grad ln f.

Then we conclude that the identity map Id : (Mm, g) −→
(
Mm, g̃ = σ−2g

)
is f -biharmonic if

and only if

grad∆ lnσ +
(m− 6)

2
grad

(
|grad lnσ|2

)
+ 2 (∆ lnσ) grad lnσ

− (m− 2) |grad lnσ|2 grad lnσ + 2Ricci (grad lnσ)

+ 2∇grad ln fgrad lnσ − |grad lnσ|2 grad ln f

+
(

∆ ln f + |grad ln f |2
)

grad lnσ = 0.

Corollary 3.2. If we consider x = (t, x2, ...., xm) ∈ R∗
+ × Rm−1 and we suppose that the func-

tions σ and f depend only on t. The identity map Id :
(
R∗

+ ×Rm−1, g0
)
→

(
R∗

+ ×Rm−1, g̃ = σ−2g0
)

(m ̸= 2) is f -biharmonic if and only if the functions α = (lnσ)′ and β = (ln f)′ are solutions of
the following differential equation

α′′ + (m− 4)αα′ + 2βα′ + αβ′ − (m− 2)α3 − α2β + αβ2 = 0.

Example 3.3. As solutions of the differential equation obtained, we distinguish the following
cases :
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(i) Let’s look for solutions which are written in the form α = a
t and β = b

t where a, b ∈ R∗, we
deduce Id :

(
R∗

+ ×Rm−1, g0
)
→

(
R∗

+ ×Rm−1, g̃ = σ−2g0
)

is f -biharmonic if and only if
a and b are solutions to the following algebraic equation :

(m− 2) a2 − b2 + ab+ (m− 4) a+ 3b− 2 = 0.

Solving this last equation gives us

b =
1
2
a+

3
2
± 1

2

√
(4m− 7) a2 + 2 (2m− 5) a+ 1,

which gives
σ (t) = C1t

a and f (t) = C2t
b.

For example, if m = 4, we find b = 2 (a+ 1) or b = −a+ 1.

(ii) If we assume that α and β are non-zero constant functions (α = a, β = b, a, b ∈ R∗), we
find

b =
1
2

(
1 ±

√
4m− 7

)
a,m ≥ 3.

Then we obtain
σ (t) = C1e

at and f (t) = C2e
1
2(1±

√
4m−7)at.

In all these cases the identity Id :
(
R∗

+ ×Rm−1, g0
)
→

(
R∗

+ ×Rm−1, g̃ = σ−2g0
)

is f -biharmonic.

Corollary 3.4. By imposing the fact that the functions σ and f depend only on r = |x|, we deduce
that the identity map Id : (Rm\ {0} , g0) −→

(
Rm\ {0} , g̃ = σ−2g0

)
(m ̸= 2) is f -biharmonic

if and only if the functions α = (lnσ)′ and β = (ln f)′ are solutions of the following differential
equation :

α′′ +
(m− 1)

r
α′ + (m− 4)αα′ + 2βα′ + αβ′ − (m− 1)

r2 α+ αβ2

+
(m− 1)

r
αβ +

2 (m− 1)
r

α2 − (m− 2)α3 − α2β = 0.

Example 3.5. By looking for solutions of the form α = a
r and β = b

r where a, b ∈ R∗, we
conclude that Id : (Rm\ {0} , g0) −→

(
Rm\ {0} , g̃ = σ−2g0

)
(m ̸= 2) is f -biharmonic if and

only if a and b are solutions of the following algebraic equation

b2 + (m− 4 − a) b− (m− 2) a2 + (m+ 2) a− 2 (m− 2) = 0.

We obtain σ (t) = Cta and f (t) = Ctb where

b =
1
2

(
a−m+ 4 ±

√
(4m− 7) a2 − 6ma+m2

)
, a ∈ R∗.

Remark 3.6. Treating the case where σ = f , i.e. α = β = a
r , a ∈ R∗, we obtain the following

algebraic equation :
(m− 2) a2 − 2 (m− 1) a+ 2 (m− 2) = 0.

This algebraic equation has real solutions if m ∈ {3, 4}.

(i) For m = 3, we obtain a = 2 −
√

2 or a =
√

2 + 2.

(ii) For m = 4, we obtain a = 1 or a = 2.

4 Other examples.

In this case we consider a biharmonic non-harmonic maps and we give two examples of f -
biharmonic maps.
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(i) Let the inversion ϕ : Rm\ {0} −→ Rm\ {0} (m > 2) defined by ϕ (x) = x
|x|2 where we

suppose that the function f depends only on r = |x|, after a long calculation, we distinguish
two cases :

• For m = 4 the inversion ϕ : R4\ {0} −→ R4\ {0} is biharmonic non-harmonic and
we prove that the inversion is f -biharmonic if and only if f (r) = ar4 + b.

• If m ̸= 4, the inversion ϕ : Rm\ {0} −→ Rm\ {0} is not biharmonic. In this case, we
deduce that the inversion is f -biharmonic if and only if f (r) = ar4 + mb

rm−4 .

(ii) We consider the map ϕ : Rm\ {0} −→ R × Sm−1 (m > 2), given in polar coordinates by
ϕ (rθ) = (ln r, θ), for r > 0, θ ∈ Sm−1 ⊂ Rm. We suppose that function f depends only on
r = |x|, we obtain :

• For m = 4, this map is biharmonic non-harmonic. We conclude that the map ϕ is
f -biharmonic if and only if f (r) = ar2 + b.

• In the case where m ̸= 4, this map is not biharmonic. We prove that the map ϕ is
f -biharmonic if and only if f (r) = ar2 + (m−2)b

rm−4 .

5 Conclusion

This paper aims to develop new methods for constructing f -biharmonic maps via conformal
deformations of the domain or codomain metric. Our results provide several examples and enable
the study of special cases. Future research may explore additional construction techniques to
further advance this field.

References
[1] P. Baird, A. Fardoun and S. Ouakkas, Conformal and semi-conformal biharmonic maps, Ann. Glob Anal

Geom., 34 , 403–414, (2008).

[2] P. Baird et D. Kamissoko, On constructing biharmonic maps and metrics, Annals of Global Analysis and
Geometry., 23, 65–75, (2003).

[3] P. Baird ans J.C. Wood, Harmonic morphisms between Riemannain manifolds, Oxford Sciences Publica-
tions (2003).

[4] A. Balmus, Biharmonic properties and conformal changes, An. Stiint. Univ. Al.I. Cuza Iasi Mat. (N.S.),
50, 367–372, (2004).

[5] N.E.H. Djaa and A. M. Cherif, General f -harmonic morphisms, Arab J Math Sci., 24 (1), 70–81, (2018).

[6] D. Djebbouri and S. Ouakkas, Some results of the f -biharmonic maps and applications, Arab J Math Sci.,
22, 275–284, (2016).

[7] F. Gherib, E. Remli and A. Mohammed Cherif, Some results on L-harmonic maps, Palest. J. Math., 14
(1), 312–321, (2025).

[8] W.J. Lu, f -Harmonic maps of doubly warped product manifolds, Appl. Math. J. Chinese Univ., 28 (2),
240–252, (2013).

[9] W.J. Lu, On f -bi-harmonic maps and bi-f -harmonic maps between Riemannian manifolds, Sci. China
Math., 58, no. 7, 1483–1498, (2015).

[10] A. Mohammed Cherif, On the generalized of global version of Chen’s biharmonic conjecture, Palest. J.
Math., 13 (4), 210–213, (2024).

[11] C. Oniciuc, New examples of biharmonic maps in spheres, Colloq. Math., 97, 131–139, (2003).

[12] S. Ouakkas, Conformal maps, biharmonic maps and the warped product, Palest. J. Math., 6 (Special Issue:
I), 80–94, (2017).

[13] S. Ouakkas, Biharmonic maps, conformal deformations and the Hopf maps Diff. Geom. Appl., 26, 495–
502, (2008).

[14] Y.-L. Ou, p-harmonic morphisms, biharmonic morphisms, and non-harmonic biharmonic maps, J. Geom.
Phys., Volume 56 (3), 358–374, (2006).

[15] Z.-P. Wang, Y.-L. Ou and H.-C. Yanga, Biharmonic and f -biharmonic maps from a 2-sphere, J. Geom.
Phys., 104, 137–147, (2016).



856 A. HALIMI and S. OUAKKAS

Author information
A. HALIMI, Laboratory of Geometry, Analysis, Control and Applications, University of Saida, Dr Moulay
Tahar, Algeria.
E-mail: abderrazak.halimi@univ-saida.dz

S. OUAKKAS, Higher Normal School of Saida, Algeria.
E-mail: seddik.ouakkas@gmail.com

Received: 2025-05-21

Accepted: 2025-08-26


	1 Introduction.
	2 The f-biharmonicity of :( Mm,g"0365g=-2g) -3mu( Nn,h) .
	3 The f-biharmonicity of Id:( Mm,g) -3mu( Mm,g"0365g=-2g) .
	4 Other examples.
	5 Conclusion

