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Abstract. In this paper, we present some characterizations of f-biharmonic maps obtained by

conformally deforming either the domain metric or the codomain metric. We study, in particular,
the case of the identity map and construct new examples of f-biharmonic maps.

1 Introduction.

Let ¢ : (M™, g) — (N™, h) be a smooth map between Riemannian manifolds. The energy and
the bi-energy functional of ¢ are respectively defined by

1
B0)=3 [ 4ok,
and :
B2(¢) = 5 [ 17 (o) P,

The map ¢ is said to be harmonic (respectively biharmonic) if it is a critical point of the energy
functional (respectively of the bi-energy functional). Equivalently, ¢ is harmonic if and only if

7 (¢) = TryVde = 0,

and it is biharmonic if and only if

() = —Tr, (V9)* 7 (¢) — TryRY (7 (¢) , do) d = 0.

7 (¢) and 1, (¢) are respectively called the tension and the bi-tension field of the map ¢.

A natural generalization of harmonic and biharmonic maps is defined as follows : Let f €
O (M) be a positive function, the map ¢ is said to be f-harmonic if it is a critical point of the
f-energy functional :

1
B (@)= | fldofau,

with respect to compactly supported variations. Equivalently, ¢ is f-harmonic if it satisfies the
associated Euler-Lagrange equation :

71 (@) = f7(9) + do (gradf) = f (7 (¢) + d¢ (gradIn f)) =0,

7¢ (¢) is called the f-tension field of ¢. The map ¢ is said to be f-biharmonic if it is a critical
point of the f-bi-energy functional :

Bay ()= [ 117 ()P,
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Equivalently, ¢ is f-biharmonic if it satisfies the associated Euler-Lagrange equation :

T2, f (¢) = fTZ (¢) - (Af) T (¢) - zvgradfT (ﬁb) =0,

7, (¢) is called the f-bitension field of ¢. Then ¢ is f-biharmonic if and only if (see [6])

2 (¢) — (Alnf + |gradIn f|2) 7(¢) — 2Vgradn 7 (¢) = 0. (1.1)

It is clear that any harmonic map is f-biharmonic. If the map ¢ is biharmonic (7 (¢) = 0), then
¢ is f-biharmonic if and only if

(Alnf + |gradIn f\z) 7 (6) + 2Vgraam 7 (¢) = 0.

Biharmonic maps have been extensively studied in the literature, with various construction
methods leading to numerous examples of biharmonic but non-harmonic maps (see [1], [2],
[4], [11], [12], [13], [15]). In [5] and [7], the authors investigate a generalized class of f-
harmonic maps, presenting new properties that extend Fuglede-Ishihara’s characterization of
harmonic morphisms and they discuss the stability of L-harmonic maps. Meanwhile, [6] and
[15] explore properties of f-biharmonic maps, focusing on conformal maps between equidimen-
sional manifolds. These works provide new examples of f-biharmonic maps and characterize
p-biharmonicity in specific cases. Additionally, [8] establishes conditions for the f-harmonicity
of certain maps involving doubly warped product manifolds, while [9] introduces f-biharmonic
maps as a natural generalization of biharmonic maps and examines their properties. The author
in [10] presents a generalization of the global version of Chen’s biharmonic conjecture.

In this work, we present alternative constructions of f-biharmonic maps through conformal
deformations of either the domain or codomain metric. First, we characterize f-biharmonicity by
conformally deforming the domain metric, which yields new examples and allows us to analyze
special cases. Second, we investigate the f-biharmonicity of the identity map under conformal
deformations of the codomain metric.

2 The f-biharmonicity of ¢ : (M™,g = 0~2g) — (N", h).

In this section, we consider a smooth map ¢ : (M™,g) — (N™,h) and § = 0~2g be a metric
conformally equivalent to g. The relation between V and V is given by (see [3])

VxY =VxY —X(Ino)Y =Y (Ino) X 4+ g (X,Y) gradIno,

m

where V et V are respectively the connections on M associated with g and §. Let us choose{e; }

i=1
to be an orthonormal frame on (M™, g), then an orthonormal frame on (M mg =02 g) is given

by {€; = oe;};",. Using the expression for V, we have
Ve,ei = Ve,ei + (m—2) gradIno

and
Veéi =02 (Ve,ei+ (m—1)gradlng).

The tension field of the map ¢ with respect to g is given by (see [2])
7(¢) = 0 (1 (¢) — (m —2)d¢ (gradIno)).

In a first result, we will determine the f-biharmonicity condition of the map ¢ : (M™, g = 07%g) —
(N". 1),
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Theorem 2.1. The map ¢ : (M™,§ = o~2g) — (N, h) is f-biharmonic if and only if
m(8) —2 (Alna ~(m—4) |grad1na|2) ()
- (Alnf + |gradin f* — (m — 6)dIn f (gradlna)) ()
(1= 6) Voo™ (6) = 292 0 7 (6) +2(m —2) V1, 1d6 (gradInc)
+(m—2) (Alnf — (m—6)dIn f (gradlno) + |grad In f\z) dé (gradin o) 2.1)
+(m—2) (Trg (V?)’ d¢ (gradInc) — (m — 6) V1. dé (gradIn o—))
+2(m—2) (Alno — (m—4) |gmdln0|2) dé (gradin o)
+ (m — 2) TryR (do (gradIn o) , do) dd = 0.

Proof. By equation (1.1), the map ¢ : (M™,g=0"%g) — (N™, h) is f-biharmonic if and

only if
gradln f

R 6) - (Ainf+ jgradin | ) 7(0) - 292, 7(0) =0

where
7(¢) =0 (1(¢) — (m —2) d¢ (gradIno)) .
A long calculation gives us
% (6) = 0*n: (6) — 20* (Blng — (m — 4) jgrad I ) 7(9) + (1m0 = 6) 0* Vg1, 7 (9)
+(m—2)a* (Trg (V¢)2 d¢ (gradlno) — (m — 6) Vgradlngdgﬁ (gradIn J))
+2(m—2)o (A]no — (m — 4) |grad In 0|2) d¢ (gradIn o)
+ (m —2) 6*Tr,R (d¢ (grad In o) , d¢) deb,

_ N 2
gradIn f = o’gradIn f, ’gradlnf‘ = ¢?|gradIn f\Q,

Alnf=0>(Alnf— (m—2)dIn f (gradIno))

and
V;j&nn f;((b) = J4V§radln s7(9) + 20*dIn f (gradIno) 7 (¢)
—2(m —2)o*dIn f (gradIno) d¢ (grad In o)
—(m-2) U4ngdlnfd¢> (gradlno).

Returning to the first equation in the proof of this theorem, we deduce that the map ¢ : (M mg=0"2 g) —
(N™,h) is f-biharmonic if and only if

™ (6) =2 (Alno — (m — 4)|gradIno ) 7 (9)

- (Alnf + |gradIn f|> — (m — 6) dIn f (gradlna)) ()

(= 6) Vg7 (6) = 2V 7 (6) +2(m = 2) V2,0 1d (gradIno)
+(m—2) (Alnf — (m —6)dIn f (gradIn o) + |grad In f\Q) d (gradIn o)
+(m =2) (Tr, (V*)"do (gradIn @) — (m = 6) Vgryq1,, 09 (gradIn o)
+2(m=2) (Alno — (m — 4)|grad Ino|*) do (grad In )

+ (m — 2) Tty R (dé (gradIn o) , do) d = 0.
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An immediate consequence of this theorem is given by the following corollary :
Corollary 2.2. Let ¢ : (M™,g) — (N™, h) be an harmonic map and let § = oc~2g. The map
¢ (M™g) — (N™, h) is f-biharmonic if and only if

gradln o

Tr, (V*) dé (gradno) — (m — 6) V2 ., dé (gradlne) +2V2 . -dé (gradlno)
+ (Alnf — (m—6)dIn f (gradlno) + |grad In f|2> d¢ (gradlno)

+2 (Alno — (m—4) |gmd1na\2) dé (gradin o)
+ TryR (d¢ (gradlno) ,d¢) d¢ = 0.

Moreover if ¢ = Id, we conclude that the identity map Id : (M™, g =o0"2g) — (M™,g) is
f-biharmonic if and only if

gradAlno — w(gmd (|gradln 0|2) + 2V graain f8radIn o
+ (Aln f—(m—6)dInf(gradinc) + |grad In f|2) gradinc

+2 (Alna ~(m—4) |gradlna|2) gradlno
+ 2Ricci (gradln o) = 0.

As a first application, we construct an example of a f-biharmonic map where the initial map
is harmonic.

Example 2.3. Let ¢ : (R?™, ggan ) — (R™™!, gga-1) be the Hopf map defined by
¢ (z,y) = (Jz|* — ly]*,227) e Re@ K = R"",

where n = 2,4 or 8 and z,y € K ~ R" with K = C (complex numbers), H (quaternions), or O
(octonions), respectively. Let us write a point (z,y) € R*" in the form

(z,y) =7 (cosf.p,sinf.q), (re€[0,+00), 0 € {0, g} , D,q€E S”_l)

and those of R™*! in the form
s(cost,sint.w), (s€[0,+00), 0€[0,7], weS").
The map ¢ takes the form
¢(rcosf.p,rsinf.q) = (scost, ssint.pg),

where s = r? and ¢t = 26. It is well known that this map is harmonic. The metrics on R?" and
R™*! have respectively the expressions :

gron = dr® 4+ 12d0% + 12 cos® 0.ggn—1 + 12 sin’ 0.gsn—1

and
grno = ds + s2dt* + sin’ t.gsn—1,

An orthonormal basis of R?" is given by :

SRS S B S B
YT or P T 000 T reos0 R T sing™™
with
& =r(cosd.X;,0), j=3,..,n+1
and

& =71(0,8in0.Xy), k=n+2,..,2n,
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where the vectors {X;}3<j<n+1 et {Xj}ni2<k<2n are unit vectors tangent to the sphere S"~'.

‘We have Lo o . 5
—2n n—
veiei - , E + 1”2 (tan9 — Cote)%

We consider gpon = 0~ 2ggen conformal to the Euclidean metric gg2., where we suppose that the
functions o and f depend only on r. A straightforward calculation gives us

d¢ (gradIno) = Zrag, V? iinodd (gradine) = (2raa’ + 2a?) 0

Os gradln o %,
2n —1

Tr, (V%) do (gradIno) =2 (ro/’ +(@2n+1)a + (”T)a) %’
Alnoza’—%—@a, Alnf:ﬁ’—i-Mﬂ,

lgradIno|* = o2, |gradIn f|* =

and 5
vgradln d¢ (gradIno) = (2rBa’ +208) 35

where
a=(Ino) and 8= (Inf)".

Then the f-biharmonicity of the Hopf map is equivalent to the following ordinary differential
equation of second order :

ra’ —=2(n—4)raa’ + 2n+1)a’ +2rBa’ + raf’
2n —1

+wa+2(n+2)a2—2r(2n—4)a3

+ (2n— 1) aB +2a8 +raf® — (2n — 6) ra?p = 0.

We deduce the special solutions of the form o =  and 8 = % where a,b € R. Eliminating the
trivial solutions ¢ = 0 and b = 0, we obtain

b=—-2aandb=2(n—-2)a—2(n—1).
(i) When n = 2, we obtain b = —2a. Then

o(r)=Cir%and f (r) = Cor~ 2 where a € R*.

(ii) Forn =4, we find b = —2a or b = 2 (2a — 3). It follows that
o(r)=Cyr%and f (r) = Cor™2*, acR*

or
o(r)=Cyr@and f (r) = Cor*?273) | g e R*.

(iii) In the case where n = 8, we obtain b = —2a or b = 2 (6a — 7). Which gives
o(r)=Cir*and f (r) = Cyr~2%, acR*

or
o(r)=Cyr%and f (r) = Cor?0e=7) ¢ e R*.

In these cases, the Hopf map ¢ : (R*", ggzn = 0~ %ggen) — (R™*!, ggn+1) is f-biharmonic.

For the identity map, we find the following results and examples.
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Corollary 2.4. If we consider x = (t,22,....,2,) € R} x R™™! and we suppose that the
functions o and f depend only on t. The identity map Id : (Ri x Rm=1 g = J_Zg()) —
(R x R™=1 go) (m # 2) is f-biharmonic if and only if the functions o = (Inc)" and B =
(In f )/ are solutions of the following differential equation

o — (m—8)ad + 26 +af — (m —6)a’B
+af*—2(m—4)a® =0.

One method for solving this differential equation is to determine particular solutions, which
we will discuss in the following example :

Example 2.5. Let us look for the solutions which are written in the form o = ¢ and 3 = % where
a,b € R*. We deduce that the identity map Id : (R% x R™~!, g =0"2gy) — (R7 x R™~1,g)
(m # 2) is f-biharmonic if and only if @ and b are solutions of the following algebraic equation

(2a+b—-1)(4a+b—am—2)=0.
This equation has two solutions given by
b=-2a+1, b=(m—4)a+2.
It follows that for all « € R*, we obtain
f@) =it o (t) = Cat?,

or
f(t) =Cplm=4et2 5 (1) = Oyt

For this two cases, the identity map Id : (R} x R™~',g) — (R} x R™~!, go) is f-biharmonic.
Remark 2.6. We can look for other solutions by setting
a=(Ino) =aand 8 = (In f)’ = b where a,b € R,

we obtain
V2 — (m—6)ab—2(m—4)a* =0,
which gives
(i) For m = 4, we find b = —2a, then o (t) = C1e® and f (t) = Cre 27,
(ii) For m # 4, we obtain b = —2a or b = (m — 4) a. It follows that
o (t) = Cre® and f (t) = Cre**
or

o (t) = Ce™ and f (t) = Chelm 4!,

Remark 2.7. Considering the case where o = f, i.e. « = /3, we have the following possibilities

(i) fa=aeR*, wefindm=>5and o (t) = f (t) = Ce™.
(i) If « = ¢,a € R*, we obtain :

1

« Form =5, wefinda = }ando (t) = f (t) = Ct5.

-1 _ 2
e For m # 5, we obtain a = 30ra= —m,then
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Corollary 2.8. Now we will study the f-biharmonicity of the identity map Id : (R™\ {0} ,§ = 0=2g0) —

(R™\ {0}, go) (m # 2) where we suppose that the functions o and [ depend only onr = |z| =
\/x% + a3 + .... + 22,. The identity map is f-biharmonic if and only if the functions o = (In O’)/

and B = (In f )/ are solutions of the following differential equation :
-1
o — (m—8)o¢o/+(m7r>

B (m;l)a+(m—1)

o +2Ba’ +af’
2(m—1)
r

af + o? + aB?
—(m—6)a?8—-2(m—4)a®=0.

By looking for solutions of the form o = 3 and 3 = % where a,b € R*, we find

b:2<(m—6)a—(m—4)i\/(m—2)2a2—2(m—2)2a+m2).

Then we obtain

o(r)=Cyr®and f (r) = Cyr®.
For example if we consider m = 6 and a = 2, we obtain b = —4 or b = 2, it follows that the
identity map Id : (R%\ {0}, = Cir~*go) — (R®\ {0}, go) is f-biharmonic where f (r) =
Cor~*or f(r) = Cor?.

The case of a non-biharmonic map is discussed in the following example :
Example 2.9. Let the map ¢ : (R?, ggs) — (R?, gg2) defined by

¢(l‘1,$2,$3) = (\/af% +JI%,$3> .

On using the cylindrical coordinates (r, 6, z3) in R® and standard Euclidean coordinates in R?,
the map ¢ takes the form
@(rcosf,rsinb, x3) = (y1,42),

Y1 :7‘:\/33%4-%%, Yo = 3.

10 1 0

T((b) ;871 andT2 (¢):_7T387y1

The metrics on R? and R? have respectively the expressions

gps = dr?* 4+ r2do* + dx%.

where

A simple calculation give

gr2 = dyi + dy3.
Let ggs = 0~ 2grs where we suppose that the functions o and f depend only on r. By a simple
calculation, note that ¢ : (R3, ggs) — (R?, gg) is f-harmonic if and only if f (r) = €. Using
Theorem 2.1 , we deduce that ¢ : (R? gps) — (R?, gge) is f-biharmonic if and only if o =
(Ino)" and B = (In f)' satisfy the following differential equation

1 1 1
o’ +5aa — ;o/ +2Ba’ +af — ;B’ - zat _a

1 1 1
+20° - —af+3a’B+apf - -p°— = =0.
T T T

We will look for special solutions of the form a(r) = ¢ and 3(r) = 2, where a,b € R*, we
distinguish two cases :

(i) Fora = 1, we obtain o (r) = Cyr and f (r) = Cyr® for all b € R*.
(ii) If a ¢ ]—1,3[, we obtain b = 1 ( 30414+ \/ﬁ) Then o (r) = C;r® and
f(r) = Cyrb.
In these cases, the map ¢ : (R?, ggs) — (R?, gr2) is f-biharmonic.
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3 The f-biharmonicity of Id : (M™,g) — (M™,g = o~ 1g).

For the conformal deformation of the codomain metric, we only consider the case of the identity
map.

Theorem 3.1. The identity map Id : (M™, g) — (M™,§ = 0=2g) (m # 2) is f-biharmonic if
and only if

gradAlno + (m; 6) grad <|gradln a|2> +2(Alno) gradlno

— (m —2) |gradIno|* gradln o + 2Ricci (gradln o) G.1)

+ 2V graa1n s8radIn o — |gradln a|2 gradln f
+ (Alnf + |gradlnf|2) gradlno = 0.
Proof. The tension field of Id : (M™,g) — (M™, g = o~2g) is given by (see [13])
7 (Id) = (m —2) gradIno.

Using the f-biharmonicity equation and the fact that m # 2, we deduce that the identity map
Id: (M™,g) — (M™,g = 0"2g) is f-biharmonic if and only if

Trgﬁzgradlna + (Alnf + |grad In f|2> gradlno
+ zﬁgrad msgradlno + Trgﬁ (gradlno,-)- =0.
After a long calculation, we obtain the following formulas
Trgﬁzgrad Ino = gradAlno — 2grad (\grad In 0\2) + (Alno) gradlno

— (m —2)|gradIno|* grad In o + Ricci (gradIn o) ,

TryR (gradlno, -) - = Ricci(gradIno) + (Alno) gradlno
(m - 2) 2
+ Tgrad (\gradlno| )

and
ﬁgmdlnfgrad Ino = Vgrdm sgradIno — [gradIn <7|2 gradln f.

Then we conclude that the identity map Id : (M™, g) — (M™,§ = 0~2g) is f-biharmonic if
and only if

gradAlno + (mz— 6) grad (|grad In a|2> +2(Alno)gradlno

— (m —2)|gradIno|* grad In o 4 2Ricci (grad In o)
+ 2V gradn rgrad Ino — |grad In U|2 gradln f
+ (Alnf + Igradlnf\z) gradlno = 0.
o

Corollary 3.2. If we consider x = (t, 2, ....,xm) € R% x R™~! and we suppose that the func-
tions o and f depend only on t. The identity map Id : (R} x R™7! go) — (R% x R™~1 g =072g)
(m # 2) is f-biharmonic if and only if the functions o = (Ino) and 8 = (In f)" are solutions of
the following differential equation

o+ (m—4)ad +2Bd +apf' — (m—2)a® —a*f+ap*=0.

Example 3.3. As solutions of the differential equation obtained, we distinguish the following
cases :
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(i) Let’s look for solutions which are written in the form o = ¢ and 8 = % where a,b € R*, we
deduce Id : (Rt x R™™! gg) — (RT x R™~!, g =0"2g) is f-biharmonic if and only if
a and b are solutions to the following algebraic equation :

(m—2)a> —b* +ab+(m—4)a+3b—2=0.

Solving this last equation gives us

1 3,1
—Caa 24 —7) a2 _
b 2a+2j:2\/(4m Ta*>+202m—-5)a+1,

which gives
o (t)=Cit* and f (t) = Cat’.

For example, if m =4, wefindb=2(a+ 1) orb = —a + 1.

(i) If we assume that « and [ are non-zero constant functions (o = a, 3 = b,a,b € R*), we
find

bz%(l:l:\/m)a,mZ?).

Then we obtain |
g (t) = (] e™ and f (t) — Cgef(li\/‘m)at'

In all these cases the identity Id : (R% x R™~!, go) — (Rt x R™~!, g = 072gp) is f-biharmonic.

Corollary 3.4. By imposing the fact that the functions o and f depend only onr = |z|, we deduce
that the identity map Id : (R™\ {0}, go) — (R™\{0},9 =0"2g0) (m # 2) is f-biharmonic
if and only if the functions o = (In o)/ and B = (In f )' are solutions of the following differential
equation :

o + Lnr_ l)o/—i—(m—4)ao/—|—2ﬁo/+a6’— Llr; 1)a+a52
+ (mr— l)aﬂ—i- 2(mr— 1)a27(m—2)a3—a2[320.

a

Example 3.5. By looking for solutions of the form o = % and 3 = 2 where a,b € R*, we
conclude that Id : (R™\ {0},g0) — (R™\{0},g=0"2go) (m # 2) is f-biharmonic if and
only if a and b are solutions of the following algebraic equation

V+(m—4—a)b—(m—-2)a*>+(m+2)a—2(m—-2)=0.

We obtain o (t) = Ct® and f (t) = Ct* where

b:;(a—m+4j:\/(4m—7)a2—6ma+m2>, a€R".

Remark 3.6. Treating the case where 0 = f,ie. « = 5 = %, a € R*, we obtain the following
algebraic equation :
(m—2)a*=2(m—1)a+2(m—-2)=0.

This algebraic equation has real solutions if m € {3,4}.
(i) Form =3, we obtaina =2 —v2ora = v2 + 2.

(ii)) For m =4, we obtaina = 1 or a = 2.

4 Other examples.

In this case we consider a biharmonic non-harmonic maps and we give two examples of f-
biharmonic maps.
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(i) Let the inversion ¢ : R™\ {0} — R™\ {0} (m > 2) defined by ¢ (z) = # where we

suppose that the function f depends only on r = |z|, after a long calculation, we distinguish
two cases :

« For m = 4 the inversion ¢ : R*\ {0} — R*\ {0} is biharmonic non-harmonic and
we prove that the inversion is f-biharmonic if and only if f (r) = ar* 4 b.

 If m # 4, the inversion ¢ : R™\ {0} — R™\ {0} is not biharmonic. In this case, we
deduce that the inversion is f-biharmonic if and only if f (r) = ar* + -2

pm—4-

(ii) We consider the map ¢ : R™\ {0} — R x S™~! (m > 2), given in polar coordinates by
¢ (rf) = (Inr,0), forr > 0,0 € S™~! C R™. We suppose that function f depends only on
r = |z|, we obtain :

« For m = 4, this map is biharmonic non-harmonic. We conclude that the map ¢ is
f-biharmonic if and only if f (r) = ar? + b.

« In the case where m # 4, this map is not biharmonic. We prove that the map ¢ is
f-biharmonic if and only if f (r) = ar® + (m—2)

pm—4

5 Conclusion

This paper aims to develop new methods for constructing f-biharmonic maps via conformal
deformations of the domain or codomain metric. Our results provide several examples and enable
the study of special cases. Future research may explore additional construction techniques to
further advance this field.
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