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Abstract.In this article, we introduce the notions of (€, € V¢§)-fuzzy KU-subalgebras and
(€, € vgf)-fuzzy KU-ideals of KU-algebras. We investigate some of their properties and
provide several appropriate examples. We establish the characterizations of those fuzzy KU-
subalgebra (resp. KU-ideal) in KU-algebras. We prove that a family of (&, € vgf)-fuzzy
KU-ideals of KU-algebras is again an (€, € Vgy)-fuzzy KU-ideal of a KU-algebra. Fur-
thermore, we investigate how the image and pre-image of fuzzy KU-ideals in KU-algebras
become fuzzy KU-ideals by examining the image and pre-image of the aforementioned fuzzy
KU-ideals in KU-algebras. We discuss the relationships among the fuzzy KU-ideals of KU-
algebras with examples. Finally, we determine the concepts of the upper and lower parts of the
(8, k)-characteristic fuzzy subset of a KU-algebra and derive some related results. Moreover,
we establish the cartesian product of (G, € qu;“)-fuzzy KU-ideals of a KU-algebra.

1 Introduction

KU-algebra is a novel algebraic structure introduced by Prabpayak and Leerawat [11]. They
delved into several related characteristics and defined ideals and homomorphisms of KU alge-
bras. The notion of a fuzzy set was formulated by Zadeh[15], and since then there have been
wide-ranging applications of the theory of fuzzy sets, from the design of robots and computer
simulation to engineering and water resources planning, etc. The study of fuzzy K U-subalgebras
of KU-algebras was first initiated by Mostafa et al.[9]. Alshehri [1] presented the idea of an m-
polar fuzzy K U-ideal and investigates its characteristics. Gulistan et al. [5] defined («, 3)-fuzzy
KU-subalgebras of K U-algebras and provided some useful characterizations of them. Jun [7]
defined the notion of (€, € Vqy)-fuzzy subalgebra in BCK/BCl-algebras and investigated several
properties. Gulistan et al. [4] defined the notion of (€, € Vqy)-fuzzy KU-Subalgebras of KU-
algebras and provided some related results. Kang [8] introduced the notion of (€, € Vq¥)-fuzzy
subsemigroup in a semigroup and investigated some of its properties. Recently, Ramkumar and
Borumand Saeid [13] introduced some types of (€, € Vg )-fuzzy filters of BL-algebras and
investigated some interesting results.

In this work, we extend the concept of fuzzy KU-ideals of KU-algebras and provide useful
results in terms of (G, € \/q(’;“)-fuzzy KU-subalgebras (K U-ideals) of KU-algebras. We define
and study the notions of (4, k)-upper and lower parts of the (4, k)-characteristic fuzzy subset of
a KU-algebra and obtain some interesting results. Moreover, we present the Cartesian product
of (€, € Vg¥)-fuzzy KU-subalgebras (K U-ideals) of K U-algebras.

2 Preliminaries

Now, we recall some known concepts related to K U-algebra from the literature which will be
helpful in further study of this article.
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Definition 2.1. [11] By a KU-algebra we mean an algebra with a binary operation ” * ", satis-
fying the following conditions:

@) (Ixm)*[(m*n)x(xn)]=0

(i) Ix0=0,VIeK,

(iii) 0xl=1VIeK,

@iv) lxm=0=m=xlimplies] =m,VI,m,n € K.

We call it an algebra (K, *,0) of type (2,0). In further study of this article we denote a
KU-algebra by K. We define " < "in Kasif | <m if and only if m [ = 0.

Definition 2.2. [11] A subset S of K is called KU-subalgebra of K if [ *x m € S, whenever
I,mes.

Definition 2.3. [11] A non-empty subset A of K is called a KU-ideal of K if it satisfies the
following conditions:

1) 0€ A,
(ii) {* (m=+n) € A,m € Aimplieslxn € A, foralll,m,n € K.

Definition 2.4. [15] Let X be a set, a fuzzy subset £ in X is a function & : X = [0, 1].

t, ifz=
Definition 2.5. [12] Fuzzy point in a K is defined as E(z) = O’ ! tg ¥ s said to be a
,  otherwise

fuzzy point with support = and value ¢ and is denoted by x;. For a fuzzy point [z, t] and a fuzzy
subset X in a set X, we say that

() [z,t] € E (resp. [z,t]qE) if E(z) > ¢ (resp. E(x) +t > 1). In this case, [z,] is said to
belong (resp. quasi-coincident) to a fuzzy subset & (see [12]).
(i) [z,t]grE (resp. [z, t]gsE) if O(x) +t > 1 — k (resp. E(x) +t > 0), where k € [0, 1) (resp.
§ € (0,1]). In this case, [z,] is said to be k-quasi-coincident (resp. §-quasi-coincident
with a fuzzy subset & (see [3, 6]).
(iii) [z,t]¢}E if E(z) + ¢ > § — k, where k,§ € [0, 1] such that k& < . In this case, [z, ] is said
to be (4, k)-quasi-coincident with a fuzzy subset E (see [8]).
The notation [, t] € £ means that Z(z) > ¢ and [z, t|¢5Z means that E(x) +t > § — k, while
the notation [z,¢]EE and [z, {|¢fE = [z,t] € E and [z, t]g¥ E does not hold.

Definition 2.6. [11] A map E from a KU-algebra (K, *,0) to a KU-algebra (L, +’,0’) is said to
be KU-homomorphism if E(z; * z,) = E(z1) ' E(x2), for all 1,2, € X.

3 (€, € vgk)-fuzzy KU -subalgebras and (€, € Vg¥)-fuzzy KU -ideals

This section presents the concepts of (€, € Vg¥)-fuzzy KU-subalgebras and (€, € Vgf)-fuzzy
KU-ideals within the context of K U-algebras. We examine various fundamental properties that
are associated with them.

Definition 3.1. A fuzzy subset E of K is said to be an (6, € Vq§)-fuzzy KU-subalgebra of K if
it satisfy the following conditions:

() [z,t] € 2= [0,1] € VgkE,

(i) [z, t1] € B, [y,t2) EE = [z *y,t1 Ata] € VEEE Vz,y € K.
Example 3.2. Consider the KU-algebra (X, *,0) in which * is defined in Table 1 : Define
Z(0) = 09,E(1) = 0.8,E(m) = 0.7,E(n) = 0.6,E(p) = 0.5. Lett = 04,5 = 0.9 and

k = 0.2. Then, by routine calculation, it is clear that & is an (€, € Vq}) fuzzy KU-subalgebra
of K.
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Table 1
*x |0 I m n p
010 I m n p
l 0 0 m n p
m|0 I 0 n n
n |0 0 m 0 m
p |0 0O O 0 O

Definition 3.3. A fuzzy subset E of K is an (E, € Vq§)-fuzzy KU-ideal of K if it satisfy the
following conditions:

() [z,t] € E=[0,t] € VgiE,
(i) [z (y*2),t] €E [y, ta] EE= [z 52,81 Aty] € VEEE V,y,z € K. .

Theorem 3.4. A fuzzy subset = of K is said to be an (€, € Vq})-fuzzy KU-ideal of X if and only

if it satisfy:
(i) E(0) > min {E(x), 25},
* (y =

(ii) E(z * z) > min {E( 2)),E(y), 555} Va,y,2 € K.

Proof. Let E of K be an (€, € Vq§)-fuzzy KU-ideal of K. Let there exist some z, y, z in K such
that

(i) 2(0) < min {E(z), 555},
(i) E(z*z) < min {E(z * (y * )),H( ),‘52’“}.

Now consider (z) and if E(z) < (0) < E(z) and E(0) < ¢t < E(x) for some t €
(0,1) = [z,t] € E but [0,{]€E. Moreover E( )+t < 2t < & — k which implies that [0, ¢]¢*Z.
Hence [0,t]€ VgFE, which contradicts the given hypothesis. Now if E(z) > o5& k then it will

[I]

imply that [x, Tk] E and then £(0) < 5% = [0 9E] €. Moreover if & (0) + S <
5—k = [0, 5] ¢%Z and consequently [0, °5%] € Vg¥E, which contradicts the given hypothesis
and thus H(O) > min {E(z), 555 }.

Now consider (i7) and if min{E(z * (z % z) < min{E(z *
(y * 2)),E(y)} and for some ¢ € (0,1) we have E(z in{E(z x (y * 2)),2(y)},
which implies that [z * (y * z),t] € E and [y,t] € E but [z * z,t]€E. And if E(z x 2)+ t <
2t < § — k and thus [z * 2, t]¢¥E. Consequently [z * z, {]€ VgkE which is contradiction and if

min{Z(z = (y * 2)),E(y)} > 5, we get [z % 2 t]e Vqéu, which again contradicts the given

hypothesis and thus E(z * z) > min {E(z = (y * 2)), E(y), 52 } .
Conversely, assume that (¢) and (i¢) are valid and we have to prove that £ of K is an
(€, € Vq§)-fuzzy KU-ideal of K. For this let [x t] € Eforz € Kand ¢ € [0,1]. This

@
*
x
®
=
—
A
g |
)

implies that &(z) > t. But £(0) > min{E(z), %5%} > min{¢,%5%}. Now if ¢t > 55k,
then £(0) > 5%, = E(O)—i—t >0—k = [0 t] Ea dif ¢ > 5Tthenltlsobkusthat
[0,¢] € E, thus [O, t] € VgkE. Hence [z,t] € [O t] € VgkE. Similarly, we can show that
[z*(y=*2z),t] €&, [y,tg]eu [x*z,tl/\tz]e\/ng o

Theorem 3.5. A fuzzy subset E of K is said to be an (6, € \/q?)-fuzzy KU-subalgebra of X if
and only if it satisfy:

(i) £(0) > min {E(x), °5%},
(ii) E(x *y) > min {E(x),E(y), 555} Va,y,2 € K.

By taking 6 = 1 (resp. £k = 0, (§ = 1 and £ = 0)) in Theorems 3.4 and 3.5, we can get the
below corollary.
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Corollary 3.6. A fuzzy subset E of K is an ( €, € \/qff) -fuzzy KU-ideal (resp. KU-subalgebra) of
X ifand only if E of Kis an (€, € Vi, )-fuzzy (resp. (€, € Vqs)-fuzzy, (€, € Vq)-fuzzy) KU-ideal
(resp. KU-subalgebra) of X.

Example 3.7. Consider the KU-algebra (K, *,0) in which = is defined in Table 2:

Table 2
* |0 I m n p
010 I m n p
010 I m n p
l 0 0 m n p
m|0 I 0 n n
n |0 0 m 0 m
p |0 0O O 0 O

Define a fuzzy subset Z as in Table 3. We can easily verify that Z is an (€, € Vg})-fuzzy

Table 3

T ‘ 0 l m n P
Y(z) [ 091 072 081 030 0.60

KU-ideal of K for § = 0.9 and £ = 0.1. But

(i) Eis not a fuzzy KU-ideal of K, since

0.30 = E(n) = E(l*n) # min{E(I = (p*n),E(p)} = E(p) = 0.60.
(ii) Eisnotan (€, € Vq)-fuzzy KU-ideal of K, since

0.30 = E(n) = E(m * p) # min{E(m * (p*p),E(p),0.5} = 0.5.

(iii) Eis notan (€, € Vg)-fuzzy KU-ideal of K, since
m* (pxp),0.68] € E, [p,0.45] € E = [m * p,0.68 A 0.45] € Vg 15E.

1]

(iv) ZEisnotan (€, € Vgs)-fuzzy KU-ideal of K, since
[m = (p*p),0.68] € &, [p,0.45] € E = [m xp,0.68 A 0.45] € Vgp.95Z.

Remark 3.8. In the above example, we showed that every fuzzy KU-ideal, (€, € Vq)-fuzzy KU-
ideal, (€, € Vqy,)-fuzzy KU-ideal and (€, € Vgs)-fuzzy KU-ideal of K is an (€, € Vq¥)-fuzzy
ideal of K, but the converses are not necessarily true.

Next, we characterize (€, € Vg¥)-fuzzy KU-subalgebras (resp. KU-ideals) of K in terms of
level sets.

Theorem 3.9. A fuzzy subset £ of K is an (6, € \/q(’;)—fuzzy KU-ideal of K if and only if the set
U[E,t] = {z € K| E(z) >t} is a KU-ideal of K where t € (0, °5%].

Proof. Assume that E of K is an (€, € Vg})-fuzzy KU-ideal of K and let € U[E,t] which
implies that E(z) > ¢ for some ¢ € (0, 25%]. But £(0) > min {&(z), 255} > min {t, 5%} = ¢,
which implies that 0 € U[E, ¢]. Again, let (x * (y * z)) € U[E, ] and y € U[Z, t], then by defini-
tion, we get E(z * (y * z)) > t and E(y) > ¢ but E(z * 2) > min {E(z * (y x 2)), E(y), 52} >
min {t,t, 255} = ¢, which implies that z  z € U[E, ¢]. Hence U[E,t] is a KU-ideal of K where
te (0,5

Conversely, let U[Z,t] be a KU-ideal of K where t € (0, %5%] and we show that E of
K is an (€, € vg¥)-fuzzy KU-ideal of K. For this let there exist some ¢t € (0,°5%] such
that £(0) < ¢ < min{Z(z), 255} which implies that z € U[Z, ] but 0U|[E,t], which is a
contradiction and hence £(0) > min {Z(z), 25%}. Similarly, we can prove that E(z * z) >

min {E(z = (y * 2)), E(y), 5E }. O
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Table 4
* |0 I m n p gq
0[O0 I m n p gq
I 10 0 m m p gq
m|0 0 0 [ p gq
n|0 0 0 0 p ¢
pl0O0 0 O [ 0 ¢
g0 0 O O O O

Example 3.10. Consider the KU-algebra (K, ,0) in which = is defined in Table 4 :
Define a fuzzy subset E of K as £(0) = 0.9,E(]) = 0.8,E(m) = 0.75,E(n) = 0.7, E(p) =
0.65,E(q) = 0.3. Then
U[E, 1] = K ift € (0,0.3] ford = 0.9,k =0.3,
" 1{0,1,m,n,p} ift e (0.3,0.4] for d = 0.8,k = 0.4.

As K and {0,1,m,n,p} are KU-ideals of K, so by Theorem 3.9, E of K is an (€, € Vq¢§) fuzzy
KU-ideal of K.

Corollary 3.11. A fuzzy subset & of K is an (e, € \/q(’;) -fuzzy KU-subalgebra of K if and only if
U[E,t] = {z € K| E(z) > t} is a KU-subalgebra of K where t € (0, °5%].

Theorem 3.12. Let M be a KU-subalgebra (resp. KU-ideal) of K and let & be a fuzzy subset
in K such that, E(x) = p if v € A and E(z) = 0 otherwise, where p € [0,1]. Then E is an
(€, € vgf)-fuzzy KU-subalgebra (resp. KU-ideal) of K.

Proof. Letz,y,z € X suchthatz % (y*2) € M,y € M. Then (z* z) € M andso E(z x z) =
p =min{E(z % (y * 2)),E(y), 55} Andif zx (yx2) ¢ M,y ¢ M = E(z*(yx2z)) =0or
E(y) = 0. Thus E(z*z) > 0 = min{E(zx(y*z)), E(y), 5% }. Therefore Zisa (€, € Vg¥)-fuzzy
KU-ideal of K. o

Theorem 3.13. Every (€, €)-fuzzy KU-subalgebra (resp., ideal) of K is also an (€, € Vqf)-fuzzy
KU-subalgebra (resp., ideal) of K.

In the following definitions, we define the notions of an (€, ¢§)-fuzzy KU-subalgebra and
(€, ¢¥)-fuzzy KU-ideal of a KU-algebra.

Definition 3.14. A fuzzy subset Z of K is said to be an (€, ¢¥)-fuzzy KU-subalgebra of K if it
satisfy the following conditions:

@) [z,1] € E=1[0,1] € ¢}E,
(i1) [l‘ * y,tl] €E, [y,tz} €E=> [I,tl A\ tz] € q(];gE.

Definition 3.15. A fuzzy subset Z of K is said to be an (&, ¢§)-fuzzy KU-ideal of K if it satisfy
the following conditions:

() [z,t] € E=[0,t] € ¢}E,
(i) [z (y*2),t] € E [y, ta) EE = [z *2,t1 Ata] € ¢FE.

Theorem 3.16. Every (6, q§) -fuzzy KU-subalgebra (resp., KU-ideal) of K is also an (6, € \/qf;“) -
fuzzy KU-subalgebra (resp., KU-ideal) of K.

Theorem 3.17. Any (€ Vq§, € Vq§)-fuzzy KU-ideal is an (€, € Vq¥)-fuzzy KU-ideal of K.
The converses of the above theorems are not true, as shown in the following example.

Example 3.18. Consider the KU-algebra (K, *,0) in which * is defined in Table 5 : Define a
fuzzy subset Z as in Table 6, then Z is an (€, € Vgy)-fuzzy KU-ideal of K for § = 0.9 k = 0.5,
but Z is not an (€, ¢¥)-fuzzy KU-ideal of K because lo.; € E but 0y 7 ¢ Z.
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Table 5
* |0 I m n p
00 I m n »p
I 10 0 m n p
m|0 I 0 n n
n|0 0 m 0 m
p|l0 0 O 0 O
Table 6
T ‘ 0 l m n P

Y(z) | 068 071 059 059 0.30

Theorem 3.19. Let () # A C K. Then the characteristic function 4 of A is an (€, € Vq¥) fuzzy
KU-subalgebra (resp., KU-ideal) of K if and only if A is a KU-subalgebra (resp., KU-ideal)
of K.

Proof. Let A be a KU-ideal of K. Then it is obviously an (€, €)-fuzzy KU-ideal of K which
implies that A is an (€, € V¢¥)-fuzzy KU-ideal of K.

Conversely, assume that A is an (€, € Vg})-fuzzy KU-ideal of K and we show that A is a
KU-ideal of K. For thislet z x (y x z) € A,y € A then by definition E4(z * (y * z)) =
and Z4(y) = 1 = [(z * (y * z)) 1] € E4 and [y7 _A But by hypothesis .:.A( )
min {E4(z * (y *2)),Ea(y), 52} =min {1, 1, %5 } ok andas0<k<6<lso ko
and hence Z4(xx2z) > 1 = xx2 € A. Moreover in the same way Z 4 (0) > min {&4(z), } =
1 = 0 € A. Hence A is a KU-ideal of K. The other cases can be seen similarly. O

1
>
0

In the next theorem, we proved that the union of the family of (€, € Vq¥)-fuzzy KU-subalgebras
(resp. KU-ideals) is again an (€, € Vg})-fuzzy KU-subalgebra (resp. KU-ideal) of a KU-
algebra.

Theorem 3.20. Let {E; : i € A} be a family of an (€, € Vq¥)-fuzzy KU-subalgebra (resp., KU-
ideal) of K. Then so is their intersection & = N;cpAZ;.

Proof. Let {Z; : i € A} be a family of (€, € Vg¥)-fuzzy KU-ideal of K and we have to show
that E = 0 ) Z; is an (€, € Vq§)-fuzzy KU-ideal of K. For this let [z,t] € E and we have to

show that [0 t] € \/q Assume that [0,t] € VghE = E(0) < t and Z(0) + ¢ < § — k. Which
implies that £(0) < . Now let A; = {i € A | [0 ] €&} and Ay = {i e A|[0,t]gfE;} N
{i € N [0,t]EE;} then we have A = Aj UA; and Ay N Ay = (). Let us suppose that if Ay = 0,
then [0,t] € E;Vie A= E;(0) >, Vie A= E(0) = () E;(0) > ¢t which contradicts the
1EN
assumption and so A, # (. Thus for each i € Ay we have [0,¢] +¢ > 6 — k and [0,¢] < ¢, it
implies that t > 25%. Now since [z,t] € £ = E(z) >t and we can write it as E(z) > .
Vi € A. Next assume that £;(0) < 5% = ¢; and lett; < r < °5* which implies [z,7] € &, but
[0,t] € qxE;, which contradicts the fact that E; is given to be an (e € \/qé) -fuzzy KU-ideal of
K. Thus E;(0) > %% Vi € A and hence E(0) > 52 = [0,¢] € vglE Slmllarly we can show
that if [z  (y * z) tl] € &, [y,ta] € E, then it 1mphes that [z * z,¢; A tz] € VgFE. Which shows
that E = ;o5 Zi s (€, € Vgf)-fuzzy KU-ideal of K. The other cases can be seen similarly. O

By taking £k = 0 (resp. § = 1, (6 = 1 and k£ = 0)) in Theorem 3.20, we have the following
corollary.

Corollary 3.21. If {E; : i € A} is a family of an (€, € Vqf)-fuzzy (resp. (€, € Vai)-fuzzy, (€, €
Vq)-fuzzy) KU-ideal of K, then so is their intersection & = N;cpE;.

Theorem 3.22. Let A be a KU-subalgebra (resp. KU-ideal) of K and )\ be a fuzzy subset of K

such that
- n if xz€A,
E(z) = .
0 otherwise,
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where 1 > 5 . Then X is an (€, € Vq§)-fuzzy KU-subalgebra (resp. KU-ideal) of K.

Proof. Let z € Kand ¢t € (0, 1] be such that [z,t] € E. Then E(z) > ¢t > 0. But £(0) > E(z).
This implies that £(0) > E(x) = n. So 0 € A. Therefore [0,¢] € Z and so £(0) = 7. Ift < Tk,
then E(0) = n > 5% > t. Hence [0,t] € E. If t > 5%, then E(0) +t > 452 +¢ > 52}“—0-6

§ — k and so [0,t]g¥ E. Therefore [0,t] € Vgi E. Letz,y,2 € Kand t,7 € (0,1] be such that
yr € Zand [(z* (y*z)),r] € E. Then E(y) >t > 0and E(x = (y * z)) > r > 0. This implies

thaty € Aandz % (y*x2) € A, and so z x z € A. Thus'?(:c*z) = n. If min{t, r} < 5Ek,

then E(z * z) = n > 5% > min{t,r}. Hence [(z * z), {t/\r}] € E. If min{t,r} > %%, then
E(x * z) + min{¢,r} > =k + min{t,r} > 5% + 55 = § — k and so (z * z)mln{t7r}q5 =
Therefore [(z * 2), {t Ar}] E Vgl . Hence & is an (€, E Vgk)-fuzzy KU-ideal of K. o

Definition 3.23. Let S C K. Then the fuzzy subset Zg in K defined by

=g () 0—k ifzesS,
Eg(z) =
s 0 otherwise,

where z € K, is called a (9, k)-characteristic fuzzy subset of S in K.

Theorem 3.24. A non-empty subset S of K is a KU-subalgebra (resp. KU-ideal) of K if and
only if the (6, k)-characteristic fuzzy subset Zg of S is an (€, € Vq¥ )-fuzzy KU-subalgebra (resp.
KU-ideal) of K.

Proof. Let S be a KU-ideal of K. Then by Theorem 3.22, Eg is an (€, € Vq¥)-fuzzy KU-ideal
of K.

Conversely, assume that Eg is an (€, € \/q§)-fuzzy KU-ideal of K. Let a,b,c € S. Then
Es(a*c) > min{Eg(ax (bxc)),Es(b), 252} = min{d — k, 6 — k, 5%} = 5% This implies
that a « ¢ € S. Hence A is a KU-ideal of K. O

For any fuzzy subset Z in K and ¢ € (0,1], we denote &, = {z € K | [z,t]¢fE} and [E], =
{z € K| [z,t] € Vg}E} then it is clear that [E], = Ulz,t] U &,

Theorem 3.25. Let = be a fuzzy subset of K. Then E is an ( € \/q(g) -fuzzy KU-subalgebra
(resp KU-ideal) of K if and only if [E]; is a KU-subalgebra (resp KU-ideal) of K for all
€ (0, 1].

Proof. Let us assume that E is an (E, € Vgk )—fuzzy KU-ideal of K. We aim to prove that [E],
is a KU-ideal of K, for all ¢ € (0, 1]. For this let z € [E]; = U[z,t] U E;, which implies that
[x,t] € V@FE = E(x) > tor E(z) +t > 6 — k. As £(0) > min {E(z), 25%}, so we have the
following cases.

() If E(z) > tand t > 25%, then Z(0) > 3£ :>E(0)+t> 9k 4 82k — § — k, which
implies that [0, t]¢¥Z and if ¢ g 5ok =% then £(0) > ¢ =

() IfE(x) +t>6—kandt > 9=k | then Z(0) >
which implies that [0, t]gk= and if ¢ < 9=E then £(0) > (5 —k—t)A Sk
implies that [0,¢] € E. Hence [0,t] € \/q’CT Thus form both cases we get 0 €

Again let (zx (y*2)) € [E;and y € [E]; = [z (y* 2),t] € VgrE and [y,t] € V@EE =
[z % (y* 2),t] € Eor[zx*(y*2),t]¢rE and [y,t] € E or [y, t]¢kE = E(z * (
E(x*(y*xz))+t+k>1and E(y) > torE(y)+t+k > 1. So we discuss the following cases.

() IfE(z*(y*2z)) > tand E(y) > t. So E(z*2z) > min {¢t,¢, 5%} and if t > 25E = E(z) >
9=k and hence E(z#2)+t > 6—k = [z*2,t]q,E and ift < 25 then E(zx2) > t = [zx2,1] € E.
Hence [z * 2,t] € VgiE.

Similarly, we get [z * z,t] € Vg¥E. Which shows that [Z]; is a KU-ideal of K for all ¢ € (0, 1]
from all other cases.

Conversely, assume that [E]; is a KU-ideal of K for all ¢ € (0, 1] and we have to show
that = is an (e € \/q5) -fuzzy KU-ideal of K. Suppose there exist some ¢ € (0, 1] such that
E(0) <t <min{&(z), 55} | E(xx2) <t <min{E(z * (y *2)),E(y), 5} = 2 € U[E, 1] C
[E]: = 0 € [E]: by hypothesis. E(0) > tor E(0) + ¢+ k > 1, this is a contradiction. Similarly,
E(z*z) <t <min{E(x * (y*2)),E(y), 5% } leads to a contradiction. Thus V z,y, 2 € K we
have £(0) > min {&(z), 25%} and E(z * 2) > min {E(z * y) = 2, E(y), 25% } which shows that
Zisan (€, € Vg§)-fuzzy KU-ideal of K. The other case can be seen in a similar way. o
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By taking £ = 0 (resp. 6 = 1, (0 = 1 and k£ = 0)) in Theorem 3.25, we have the following
corollary.

Corollary 3.26. Let E be a fuzzy subset of K. Then Z is an (67 € \/q(’;“)—fuzzy (resp. (€,€ Vqi)-
fuzzy, (€, € Vq)-fuzzy) KU-ideal of K if and only if [E]; is a KU-ideal of K for all t € (0, 1].

Theorem 3.27. Let there be an (€, € \Vq¥)-fuzzy KU-subalgebra (resp., KU-ideal) of K such
that {E(z)|E(z) < 55E} > 2. Then E can be expressed as the union of two proper non-
equivalent (€, € Vq¥)-fuzzy KU-subalgebra (KU-ideal) of K.

Proof. Define the fuzzy sets as

(z) = ty .if;n € [E],\[E]:,
trifz €[], \[E],
and
E(x) ifw e [Ess
o) - b ife e [E],\[Elss

tr ifz € [E];, \[E,_,

for [E]s-x C [E]y, € ... € [E;, = Kand {E(z)|E(z) < 5E} = {t1,t2,... .8, } for
ti >t > ... > t, with r > 2. Then, by level cut theorem 1 and X are (€, € Vq§)-fuzzy
KU-ideal of K and the chain of (€, € Vg})-level KU-ideals 1 and X are given by respectively
as [E];, C [E]y, € ... C [E]s, and [E]é—Tk C [E]s, € ... C [E];,. They are non-equivalent and
& = p U A. This completes the proof. The other cases can be seen in a similar way. O

Definition 3.28. [14] Let g be a mapping from a set X into a set Y. If n is a fuzzy subset of X,
then the image of n under g, denoted by g(n), is a fuzzy subset of Y defined by

sup n(x) if g7 '(y) #0,
a(n)(y) = ¢ =€a'lv)
0 otherwise,

for every y € Y, where g~ ! (y) = {z € X|g(x) = y}.

Definition 3.29. [14] A fuzzy subset n of a set X is said to have sup property if, for any subset
A of X, there exists ap € A such that n(ag) = sup n(a).
acA

In the next theorem, we proved that the homomorphic image of (€,€ Vg¥)-fuzzy KU-
subalgebra (resp., KU-ideal) of KU-algebra is also an (€, € Vg¥)-fuzzy KU-subalgebra (resp.,
KU-ideal) of KU-algebra.

Theorem 3.30. Let g be a KU-homomorphism between KU -algebra K to KU-algebra L. Then,
for every (€, € Vq¥)-fuzzy KU-subalgebra (resp., KU-ideal) 1 of K, the image of n under g is
also an (€, € Vq¥)-fuzzy KU-subalgebra (resp., KU-ideal) of L.

Proof. By definition 7 (c1) = g(n) (c1) = sup,eq_(.,)n(2), for all ¢; € L and sup® = 0.
Since g : K — L is a homomorphism and since 7 is an (€, € Vg¥)-fuzzy KU -ideal of K
so n(0) > min{n(x), 252} V 2 € K. Let the image of i under g is equal to ¢ (say). In or-
der to prove the theorem we have to show that ¢ (01) > inf{¢ (b1),25%} and ¢ (by xd;) >
min {¢ (by * (c1 *d1)), ¢ (c1), >3 }. Consider ¢ (0;) = SUp; cq-1(0) () = n(0) > inf{n(z), kY
V z € K Which implies that ¢ (01) > sup;cq-10,)1(t) = ¢ (b1) A o=k for any b € L.
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Now for any by,c,d; € Kand let by € g~ (b1),co € g7'(c1),do € g~' (dy) be such that
1 (b0 o) = SUByes 1y 7(E):1 (€0) = SUPscg 11y 1(E) a0

7 (bo * (co * do)) = @ {g (bo * (co * do))} = @ (by * (c; xdy))

= sup 1 (bo * (co * do))
(box(coxdp))€g—1 (b1 *(c1*dy))

= sup n(t).
teg—!(by*(ci*d;))

Then
@(byxdi) = sup  n(t) =n(bo*do)
teg=!(by*d;)

> min {n (bo * (co * do)) , 7 (co) , 5= }

:min{ sup n(t), SUP n(t )12k}
teg™!(

—1(by*(ci*d))) teg—(c1)

=min {¢ (b * (c1 xd1)) ¢ (c1), 555}

Hence g(n) is (€, € Vg¥)-fuzzy KU-ideal of L. O

Definition 3.31. [14] Let g be a mapping from a set X into a set Y. If n is a fuzzy subset
of Y, then the pre-image of n under g, denoted by g=!(n), is a fuzzy subset of X defined by

g '(n)(z) = n(g(x)) forall v € X.

Theorem 3.32. Let g : K — L be a KU-homomorphism and E be an (€,€ Vq¥)-fuzzy KU-
subalgebra (resp., KU-ideal) of L. Then g~'(E) which we call it as the pre-image of Z is an
(€, € Vg¥)-fuzzy KU-subalgebra (resp., KU-ideal) of K.

Proof. Let g~'(E)(0) = E(g(0)) > E(g(1)) A 552 = g7} (E)(I) A 55E. Now consider for
z,y,z €K, 9‘1(3)( ) E(g(w+2)) > E(g(w (y*Z))) E(a(y) A5t =g (E(rx (y *
2))) Ag~ (E(y)) A 55%. Hence proved. O

4 Cartesian product of (€, € Vq(’sc -fuzzy KU -ideal

This section presents results concerning (€, € Vq¥)-fuzzy relations in KU-algebras and the (€
, € Vq¥)-fuzzy KU-ideals associated with KU-algebras.

Definition 4.1. Let K be a KU-algebra and g is a fuzzy subset of K. Then g is said to be fuzzy
KU-relation on K if o : K x K — [0, 1].

Definition 4.2. Let g be a fuzzy KU-relation on the set K and £ be a fuzzy subset of K. Then o
is said to be (€, € VgF)-fuzzy KU-relation on { if 4, € €, 54, € £ = (7, $)min{a, a0} € Vo

Definition 4.3. Let ¢ and £ be the fuzzy subset of the K U-algebra K. Then the cartesian product
of these fuzzy subsets is defined by (¢ x &)(r, s) = min{s(r),&(s)}, Vr,s € K.

Definition 4.4. Let £ be the fuzzy subset of the K U-algebra K. Then we define strongest (v, 3)-
fuzzy KU-relation as g¢ [called as (€, € Vg¥)-fuzzy KU-relation on £] given by 74, € &, 84, €
6 = (Tvs)min{al,az} € \/q(];g

Proposition 4.5. Let o, be the strongest (€,€ Vq¥)-fuzzy KU-relation on the KU-algebra K
for a given fuzzy subset < of K. If o is the (€,€ Vq¥)-fuzzy KU-ideal on K x K then ¢(0) >
min{s(r), 555} Vr € K.

Proof. Let g, is the (€, € \/q§)-fuzzy KU-ideal on K x K. Then, by definition
oc(r,r) = min{<(r),<(r)} < {0,0, °5*} = min{c(0),<(0), °5*},

where (0,0) € K x K. Which implies that ¢(0) > min{s(r), 5%} Vr € K. u]
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Theorem 4.6. Let o and s be two (€, € Vq¥)-fuzzy KU-ideal of K. Then the cartesian product
o x cisan (€,€ Vqk)-fuzzy KU-ideal of K x K.

Proof. Let for any (¢,t) € K x K, we have

(¢ % ¢)(0,0) = min{e(0),<(0)}
> min{o(t), (1)}
= min{(g x ¢)(t, 1), 5%}
Again let (¢,v), (u,w), (s,0) € K x K.

(0 x<)(t*s,v*0) =min{o(t * s),s(t *0)}
> min{min{o(t * (u * s)), o(u), 5%},
min{c(v * (w * 0)), (w), 25 }}
—min{min{e(t ¢ (u 5)), (v + (w o)) min{o(u), (1)}, 5)
k

=min{(g x §)(t (uxs), (vx (w0))), (o x ), w), 2%},
O

Theorem 4.7. Let o, be the strongest (€, € Vq¥)-fuzzy KU-relation on the KU-algebra K for a
given fuzzy subset ¢ of K. Then < is an (€,€ Vq¥)-fuzzy KU-ideal of K if and only if o. is an
(€, € Vgk)-fuzzy KU-ideal of K x K.

Proof. Let us assume that s is an (&, € Vq¥)-fuzzy KU-ideal of K. Consider,
04(0,0) = min{<(0), <(0)} > min{<(t),c(m), *5*}

)
= min{min{<(¢), <(m)}, 5% } = min{o, (t,v), °5*}
Now consider

oc(t*s,v*x0) =min{c(t *s),c(t x0)}
> min{min{s(t (u 5 5)),o(u), 55}, minfo(v s (1 % 0)), s (w), 55}
= min{min{(t- (1), (0 + (0 <)) minf(0) ), 653
= min { o, (t * (ux s), (v (w*0))), o (u, w), 5=} .

Hence o, is an (€, € Vg¥)-fuzzy KU-ideal of K x K.
Conversely assume that o is an (€, € V¥ )-fuzzy KU-ideal of K x K. Let for all (¢,¢) € K x K.
Now consider

min{(0),¢(0)} = ec(t,) = min{s(t),<(¢), °5*} = <(0) > min{c(t), °5*}
Now let (¢,v), (u,w), (s,0) € K x K and consider
min{c(t * s),s(t x0)} = o.(t * s,v *0)
> min{oq (t,v) * ((u, w) * (5, 0)), oc (v, w), ¥}
= min{oc(t * (u* s)), 0c (v * (w * 0)), 0c (u, w), 5=}
— min { min{{c(t * (u* s)), g(v * ( }
min{c(u),¢(w)},
— min { min{min{¢(¢ * (u * s)) }, }
min{s(v * (w * 0)), s(w), Tk
If we choose v = w = 0 = 0, then
s(t*s) > min{(t * (u=s)),s(u), 5%}

which shows that < is an (&, € Vq¥)-fuzzy KU-ideal of K. O
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5 (4, k)-upper and lower parts of (€, € Vq¥)-fuzzy KU -ideals
In this section, we define the notions of (4, k)-upper and lower parts of the (4, k)-characteristic
fuzzy subset of a KU-algebra and obtain some related results.

Definition 5.1. Let = be a fuzzy subset of K. Define the (8, k)-upper part =+ and the (8, k)-lower
part 2~ of X as follows:

ET = max{Z(z), 5%} and E~ = min{E(z), 5%} forall z € X.

In Example 3.7, we have shown that an (€, € Vg¥)-fuzzy KU-ideal of K is not a fuzzy KU-
ideal of K. In the following theorem, we show that the lower part 2~ of an (&, € Vg¥)-fuzzy
KU-ideal & is a fuzzy KU-ideal of K.

Theorem 5.2. If E is an (€, € Vq¥)-fuzzy KU-subalgebra (resp., KU-ideal) of K, then the lower
part = of & is a fuzzy KU-subalgebra (resp., KU-ideal) of K.

Proof. Let E be an (€, € Vg¥)-fuzzy KU-ideal of K and x,y, 2 € N. Then

E7 (2% 2) = min{E(z * 2), 5_—’“}
> min{min{E(z * (y *
= min{min{E(x * (y *
=min{E (z * (y * z))7 E’(y .

Therefore E~ is a fuzzy KU-ideal of K. O

Combining Theorem 5.2 and Remark 3.8, we have the following theorem.

Theorem 5.3. If E is an (€, € Vq¥)-fuzzy KU-subalgebra (resp., KU-ideal) of K, then the lower
part 2= of Eisan (€, € \/q(’;)-fuzzy KU-subalgebra (resp., KU-ideal) of K.
Combining Theorem 5.3 and Theorem 3.25, we have the following corollary.

Corollary 5.4. Let = be an (€, € Vq¥)-fuzzy KU-subalgebra (resp., KU-ideal) of K. Then the
non-empty level subset [E; ]g ={z € NIE (z)+¢ > — k} of E is a KU-subalgebra (resp.,
KU-ideal) of K for all t € (5%, 1].

Theorem 5.5. Let {&;}icr be afamily of (€,€ Vq¥)-fuzzy KU-subalgebra (resp., KU-ideal)

of K. Then &~ = _ﬂIEi_ is an (€, € Vq¥)-fuzzy KU-subalgebra (resp., KU-ideal) of K where
1€

(0,E)(@) = inf{=; (@)}

Remark 5.6. We proved that the converse of Figure 1 is true for the lower part E~ of an (€, €

Vgk)-fuzzy KU-ideal of K.

Definition 5.7. Let A be a non-empty subset of K. Then the (8, k)-upper part £ and the (8, k)-
lower part 7 of the (0, k)-characteristic fuzzy subset Z 4 of A are defined by

n ) o—k if ze€A, _ - ‘sz’“ if x€A,
A(x)_{ Sk if a ¢ A and A(x)_{ 0 if z¢A.

(]
(]

In the above definition, if we take Z% (z) = 1 when = € A, we obtain the (8, k)-upper part
Xy and the (8, k)-lower part x; of the characteristic function x 4 of A.

Lemma 5.8. Let A and B be any two non-empty subsets of K. Then the following statements are
hold: (EaNER)” =845 (EAUER) =8, gand (E408p)” =E 5.

Theorem 5.9. Let A be a non-empty subset of K. Then the (0, k)-lower part E of the (9, k)-
characteristic fuzzy subset E 4 of A is an (€, € Vq¥)-fuzzy KU-ideal of K if and only if A is an
KU-ideal of K.

Corollary 5.10. Let A be a non-empty subset of K. Then the (0, k)-lower part x, of the charac-
teristic function x 4 of A is an (€, € Vq¥)-fuzzy KU-ideal of K if and only if A is an KU-ideal
of K.

Corollary 5.11. Let o and < be two (€, € Vq¥)-fuzzy KU-ideal of K. Then the cartesian product
of the lower part of p and s, o= x <~ is also an (€, € Vq¥)-fuzzy KU-ideal of K x K.
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(€.ev q)-fuzzy
KU-ideal

Fuzzy KU-ideal > ’/(E gV Q?J_'f-':;‘\?\ # 7 (£.€V q;)-Tuzzy
. k J-ideal KU-ideal

F 3

L4
(e ev qg)-fuzzy
KU-ideal

Figure 1: Relation between all types of fuzzy KU-ideals

6 Conclusions

In this article, the notions of (€, € Vq})-fuzzy KU-subalgebra and (€, € Vq¥)-fuzzy KU-ideals
of KU-algebras were introduced. Some characterizations of (6, € Vq§)-fuzzy KU-ideals of
KU-algebras with suitable examples were discussed. Also, we discussed a few results of those
fuzzy KU-ideals in KU-algebras under homomorphism, the image and the pre-image of fuzzy
KU-ideal under homomorphism of KU-algebras are defined. Finally, the notions of (4, k)-
upper and lower parts of the (4, k)-characteristic fuzzy subset of a KU-algebra was discussed.
We discussed the relationships among the fuzzy KU-ideals of KU-algebras with examples and
proved that the converses are true for the lower part of those fuzzy K U-subalgebras (K U-ideals)
of KU-algebras. In the future, one can apply this article’s notions to other ideals of K U-algebras
such as implicative ideal, positive implicative ideal, complete ideal, E-ideal and complete E-
ideal, etc.
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