
Palestine Journal of Mathematics

Vol 15(1)(2026) , 876–884 © Palestine Polytechnic University-PPU 2026

A New Combination of k-Jacobsthal Numbers
and Some of Its Properties

Jirawat Kantalo, Fongchan Ban A-Pai and Supunnee Sompong

Communicated by: Ayman Badawi

MSC 2010 Classifications: Primary 11B99; Secondary 11B57, 15A15.

Keywords and phrases: k-Jacobsthal number, Hessenberg matrix, Permanent.

The authors would like to thank the reviewers and editor for their constructive comments and valuable suggestions that
improved the quality of our paper.

The corresponding author was very thankful to Thailand Science Research and Innovation (TSRI) as allocated a budget
through National Science, Research, and Innovation Fund (NSRF), Sakon Nakhon Rajabhat University [Contact No. FF-
SNRU_9/2025] for their necessary support and facility.

Corresponding Author: Supunnee Sompong

Abstract In this paper, we present a new sequence derived from the terms of the k-Jacobsthal
sequence and present its recurrence relation along with some of its properties. Moreover, we
investigate its properties using the matrix method and define some square lower Hessenberg
matrices to obtain the determinant and the permanent that give the odd and even terms of this
sequence.

1 Introduction

Special sequences of integers have been widely studied by many mathematicians in various ways,
such as generalizations and properties of sequences. The Jacobsthal sequence Jn

∞
n=0, which is

well-known sequences, was newly presented by A.F. Horadam in 1996 [1] and is defined by

Jn+1 = Jn + 2Jn−1, (1.1)

for n ≥ 1 and J0 = 0, J1 = 1.
In recent years, the Jacobsthal sequences and their generalizations have many interesting

properties and applications. For example, In [2] Koken and Bozkurt deduce some properties and
Binet like formula for the Jacobsthal sequence by matrix method. In 2022 [3], S. Vasanthi and
B. Sivakumar investigate some properties of these matrices formed by Jacobsthal sequence. In
the same year, Adegoke et al. [4] studied finite sums involving Jacobsthal sequence as a special
case of Horadam and generalized Tribonacci sequences.

More recently, the Jacobsthal sequence has been generalized for any positive real number k
namely k−Jacobsthal sequence {Jk,n}∞n=0 which is defined by Falcon in 2014 [5], is defined by

Jk,n+1 = Jk,n + kJk,n−1, n ≥ 1 (1.2)

with initial conditions Jk,0 = 0 and Jk,1 = 1. It is obvious that if k = 2, the k-Jacobsthal
sequence reduces to the Jacobsthal sequence. See more studies of generalizations and some
identities of Jacobsthal sequence in [6], [7], [8], [9] and [10].

Additionally, some authors have generalized a new sequence through a combination of se-
quences. For example, in 2006, Satana and Diaz-Barrero [11] introduced the sequence an =
P2n + P2n+1, where Pn is the Pell sequence, which is defined Pn+1 = 2Pn + Pn−1 for n ≥ 1
with the initial conditions P0 = 0 and P1 = 1. They then generalized the sequence as an+1 =
6an − an−1 with the initial conditions a0 = 1 and a1 = 7. And in 2018, Gozeri introduced
several sequences in the same way, such as Vn = Pn+1 + Pn and Yn = Pn+2 − Pn with more
details in [12].
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Table 1. The first 10 terms of the k−Jacobsthal sequence are as follows:

n Jk,n

0 0
1 1
2 1
3 1 + k

4 1 + 2k
5 1 + 3k + k2

6 1 + 4k + 3k2

7 1 + 5k + 6k2 + k3

8 1 + 6k + 10k2 + 4k3

9 1 + 7k + 15k2 + 10k3 + k4

Recently, many authors have attempted to generalize the well-known sequences such as the
Pell sequence, the Lucas sequence and the Narayana sequence. In 2023, S.H.J. Petroudi et al.
[13] introduced and analyzed the Pell-Narayana sequence. In 2024, S. Kapoor and P. Kumar [14]
presented the Narayana-Lucas hybrinomial sequence, which is a generalization of the Narayana-
Lucas hybrid numbers.

In this paper, we introduce a new sequence that is a combination of terms from the k−Jacobsthal
sequence and present some identities of the sequence. Moreover, we explore some properties us-
ing the matrix method and provide the Hessenberg matrices to investigate the determinant and
the permanent, which are related to the odd and even terms of this sequence.

2 Preliminary

In this section, the definitions and lemmas for the determinants and the permanents of the lower
Hessenberg matrix, which are useful in this study, are presented as follows:

Definition 2.1. [15] A matrix An = [ar,s]n×n is called a lower Hessenberg matrix if ar,s = 0
when s− r > 1, i.e.,

An =



a1,1 a1,2 0 · · · 0
a2,1 a2,2 a2,3 · · · 0
a3,1 a3,2 a3,3 · · · 0

...
...

... · · ·
...

an−1,1 an−1,2 an−1,3 · · · an−1,n

an,1 an,2 an,3 · · · an,n


. (2.1)

Lemma 2.2. [16] Let An be a lower Hessenberg matrix. The following determinant formula for
An is given by

detAn = an,n detAn−1 +
n−1∑
t=1

(−1)n−t
an,t

n−1∏
j=t

aj,j+1

 detAt−1

 , (2.2)

for n ≥ 2, where detA0 = 1 and detA1 = a1,1.

Definition 2.3. Let An be an n× n matrix, the permanent of An is defined by

perAn =
∑
σ∈Sn

n∏
i=1

ai,σ(i), (2.3)

where Sn denotes the set of permutations of {1, 2, . . . , n}.
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Lemma 2.4. [17] Let An be a lower Hessenberg matrix. The following permanent formula for
An is given by

perAn = an,n perAn−1 +
n−1∑
t=1

an,t

n−1∏
j=t

aj,j+1

 perAt−1

 , (2.4)

for n ≥ 2, where perA0 = 1 and perA1 = a1,1.

3 Main Result

In this section, we introduce a new sequence Xk,n, along with the determinants and the perma-
nents of lower Hessenberg matrices associated with the sequence Xk,n.

3.1 Some Identities of the Sequence Xk,n

Firstly, we provide a new sequence Xk,n, which is a combination of terms from the k-Jacobsthal
sequence.

Definition 3.1. For any non-negative integer n and positive real number k, define the sequence
Xk,n by

Xk,n = 2kJk,n + Jk,n+1, n ≥ 0. (3.1)

Table 2. The first 10 terms of the sequence Xk,n

n Xk,n

0 1
1 1 + 2k
2 1 + 3k
3 1 + 4k + 2k2

4 1 + 5k + 5k2

5 1 + 6k + 9k2 + 2k3

6 1 + 7k + 14k2 + 7k3

7 1 + 8k + 20k2 + 16k3 + 2k4

8 1 + 9k + 27k2 + 30k3 + 9k4

9 1 + 10k + 35k2 + 50k3 + 25k4 + 2k5

Theorem 3.2. For any positive integer n and real number k, we have the recurrence relation

Xk,n+1 = Xk,n + kXk,n−1, (3.2)

with initial conditions Xk,0 = 1 and Xk,1 = 1 + 2k.

Proof.

Xk,n+1 = 2kJk,n+1 + Jk,n+2

= 2k(Jk,n + kJk,n−1) + Jk,n+1 + kJk,n

= 2kJk,n + Jk,n+1 + k(2kJk,n−1 + Jk,n)

= Xk,n + kXk,n−1
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The characteristic equation of the recurrence relation Xk,n+1 = Xk,n + kXk,n−1 has distinct
roots σ1 = 1+

√
4k+1
2 and σ2 = 1−

√
4k+1
2 . We derive the binet formula of the sequence Xk,n as

follows:

Theorem 3.3. (Binet formula) For any non-negative integer n and positive real number k,

Xk,n = σn+1
1 + σn+1

2 (3.3)

Proof. From Xk,n = 2kJk,n + Jk,n+1, we have

Xk,n = 2k
(
σn

1 − σn
2

σ1 − σ2

)
+

(
σn+1

1 − σn+1
2

σ1 − σ2

)

=
σn+1

1 (2kσ−1
1 + 1) + σn+1

2 (−2kσ−1
2 − 1)

σ1 − σ2

=
σn+1

1

(√
4k + 1

)
+ σn+1

2

(√
4k + 1

)
√

4k + 1

= σn+1
1 + σn+1

2

Theorem 3.4. For any non-negative integer n, r and real number k, we have

Xk,n−rXk,n+r −X2
k,n = (−k)n−r+1X2

k,r−1 − 4(−k)n+1 (3.4)

Proof.

Xk,n−rXk,n+r −X2
k,n = (σn−r+1

1 + σn−r+1
2 )(σn+r+1

1 + σn+r+1
2 )− (σn+1

1 + σn+1
2 )2

= σn−r+1
1 σn+r+1

2 + σn+r+1
1 σn−r+1

2 − 2σn+1
1 σn+1

2

= (σ1σ2)
n−r+1[σ2r

1 + σ2r
2 − 2(σ1σ2)

r]

= (σ1σ2)
n−r+1[(σr

1 + σr
2)

2 − 4(σ1σ2)
r]

= (−k)n−r+1[X2
k,r−1 − 4(−k)r]

= (−k)n−r+1X2
k,r−1 − 4(−k)n+1

Remark 3.5. In particular case,

(i) If r = 1, we have Xk,n−1Xk,n+1 −X2
k,n = (1 + 4k)(−k)n,

(ii) If r = n, we have Xk,2n = X2
k,n − kX2

k,n−1 − 4(−k)n+1.

Theorem 3.6. For any positive integer n and positive real number k.

If A =

[
1 + 2k k

√
1 + 4k

−
√

1 + 4k −2k

]
, then An =

[
Xk,n

k(2Xk,n−Xk,n−1)√
1+4k

−(2Xk,n−Xk,n−1)√
1+4k

−Xk,n +Xk,n−1

]
.

Proof. We shall demonstrate that the statement holds true for all n ≥ 1 by applying mathemati-
cal induction.
For n = 1, we can see that[

1 + 2k k
√

1 + 4k
−
√

1 + 4k −2k

]
=

[
Xk,1

k(2Xk,1−Xk,0)√
1+4k

−(2Xk,1−Xk,0)√
1+4k

−Xk,1 +Xk,0

]
.

Thus the statement holds for n = 1.
Now, suppose that n = m is true. That is

Am =

[
Xk,m

k(2Xk,m−Xk,m−1)√
1+4k

−(2Xk,m−Xk,m−1)√
1+4k

−Xk,m +Xk,m−1

]
.
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We will use this assumption to prove that n = m+ 1 is true.

Am+1 = AmA

=

 Xk,m + kXk,m−1
kXk,m+2k2Xk,m−1√

1+4k
−(Xk,m+2kXk,m−1)√

1+4k
−kXk,m−1


=

[
Xk,m+1

kXk,m+2k(Xk,m+1−Xk,m)√
1+4k

−(Xk,m+2(Xk,m+1−Xk,m))√
1+4k

−Xk,m+1 +Xk,m

]

=

[
Xk,m+1

k(2Xk,m+1−Xk,m)√
1+4k

−(2Xk,m+1−Xk,m)√
1+4k

−Xk,m+1 +Xk,m

]

The proof of this theorem is now completed by the method of mathematical induction.

Note. Based on the properties of the determinant of a matrix, it follows that

Xk,n−1Xk,n + kX2
k,n−1 −X2

k,n = (1 + 4k)(−k)n.

From the properties of matrix products and Theorem 3.6, we have

Theorem 3.7. For any positive integer n,m and positive real number k, we get

(1 + 4k)Xk,m+n = (1 + 4k)Xk,mXk,n − k(Xk,m−1 − 2Xk,m)(Xk,n−1 − 2Xk,n) (3.5)

Proof. From Am+n = AmAn, we obtain

Am+n =

[
Xk,m+n

k(2Xk,m+n−Xk,m+n−1)√
1+4k

−(2Xk,m+n−Xk,m+n−1)√
1+4k

−Xk,m+n +Xk,m+n−1

]

and

AmAn =

[
a11 a12

a21 a22

]
, where

a11 =
−k(Xk,m−1−2Xk,m)(Xk,n−1−2Xk,n)

1+4k +Xk,mXk,n,

a12 =
k(Xk,mXk,n−1−Xk,m−1(Xk,n−1−Xk,n))√

1+4k
,

a21 =
−Xk,mXk,n−1+Xk,m−1(Xk,n−1−Xk,n)√

1+4k
,

a22 =
Xk,m(−(1+2k)Xk,n−1+Xk,n)+Xk,m−1((1+3k)Xk,n−1−(1+2k)Xk,n)

1+4k .
Consider the element in the first row and the first column, we have

(1 + 4k)Xk,m+n = (1 + 4k)Xk,mXk,n − k(Xk,m−1 − 2Xk,m)(Xk,n−1 − 2Xk,n).

Remark 3.8. From (3.5), if m = n, we have

(1 + 4k)Xk,2n = (1 + 4k)X2
k,n − k(Xk,n−1 − 2Xk,n)

2

or
(1 + 4k)Xk,2n = X2

k,n − kX2
k,n−1 + 4kXk,n−1Xk,n.

Note. From Remark 3.5 and Remark 3.8 we have the following identity:

Xk,n−1Xk,n −Xk,2n = (−k)n.
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3.2 Determinants and Permanents of Hessenberg Matrices with the Sequence Xk,n

We define a new n× n lower Hessenberg matrices and present the determinants and the perma-
nents of their matrices which are the sequence Xk,n.

Theorem 3.9. Let An = [ai,j ] be an n× n lower Hessenberg matrix, is defined by

ai,j =



1 + 2k if i = j = 1;
1 + k if i = j for i, j ≥ 2;
1 if i = j − 1;
(−k)i−j if i ≥ j + 1;
0 otherwise.

(3.6)

Then
detAn = Xk,2n−1, (3.7)

for any positive integer n and positive real number k.

Proof. We prove by mathematical induction on n. By hypothesis, the result holds for all n ≤ 2.
Then, we suppose that the result is true for all positive integer m such that m ≥ 3. We will prove
it for m+ 1. Firstly, we use elementary row operations on the matrix Am+1. We multiply in mth

row by k then add to (m+ 1)th row. So, we get the (m+ 1)th row as [0 0 · · · 0︸ ︷︷ ︸
(m−1)th

k2 1+ 2k].

That is

Am+1 =



1 + 2k 1 0 · · · · · · 0
−k 1 + k 1 0 · · · 0

k2 −k 1 + k 1
. . .

...
...

. . . . . . . . . . . . . . .
...

...
. . . . . . . . . . . . . . . . . .

...
...

. . . . . . . . . . . . . . . . . . 0
(−k)m−1 1 + k 1

0 0 · · · · · · · · · 0 k2 1 + k


.

Now, using Lemma 2.2, we have

detAm+1 = (1 + 2k) detAm +
m∑
t=1

(−1)m+1−t
am+1,t

 m∏
j=t

aj,j+1

 detAt−1


= (1 + 2k) detAm +

m−1∑
t=1

(−1)m+1−t
am+1,t

 m∏
j=t

aj,j+1

 detAt−1


+
∑
t=m

(−1)m+1−t
am+1,t

 m∏
j=t

aj,j+1

 detAt−1


= (1 + 2k) detAm + (−1)am+1,mam,m+1 detAm−1

= (1 + 2k) detAm − k2 detAm−1

= (1 + 2k)Xk,2m−1 − k2Xk,2(m−1)−1

= Xk,2m−1 + 2kXk,2m−1 − k (Xk,2m−1 −Xk,2m−2)

= Xk,2m + kXk,2m−1

= Xk,2m+1

= Xk,2(m+1)−1

Then, detAn = Xk,2n−1 for all n ≥ 1.
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Theorem 3.10. Let Bn = [bi,j ] be an n× n lower Hessenberg matrix, is defined by

bi,j =



1 + 3k if i = j = 1;
1 + 2k if i = j for i, j ≥ 2;
1 if i = j − 1;
k2 if i = j + 1;
0 otherwise.

(3.8)

Then
detBn = Xk,2n, (3.9)

for any positive integer n and positive real number k.

Proof. We prove by mathematical induction on n. By hypothesis, the result holds for all n ≤ 2.
Then, we suppose that the result is true for all positive integer m such that m ≥ 3. We will prove
it for m+ 1. So, we get the matrix Bm+1, that is

Bm+1 =



1 + 3k 1 0 · · · · · · 0
k2 1 + 2k 1 0 · · · 0

0 k2 1 + 2k 1
. . .

...
...

. . . . . . . . . . . . . . .
...

...
. . . . . . . . . . . . . . . . . .

...
...

. . . . . . . . . . . . . . . . . . 0
0 0 · · · 0 1 + 2k 1
0 0 · · · · · · · · · 0 k2 1 + 2k


.

Now, using Lemma 2.2, we have

detBm+1 = (1 + 2k) detBm +
m∑
t=1

(−1)m+1−t
bm+1,t

 m∏
j=t

bj,j+1

 detBt−1


= (1 + 2k) detBm +

m−1∑
t=1

(−1)m+1−t
bm+1,t

 m∏
j=t

bj,j+1

 detBt−1


+
∑
t=m

(−1)m+1−t
bm+1,t

 m∏
j=t

bj,j+1

 detBt−1


= (1 + 2k) detBm + (−1)bm+1,mbm,m+1 detBm−1

= (1 + 2k) detBm − k2 detBm−1

= (1 + 2k)Xk,2m − k2Xk,2(m−1)

= Xk,2m + 2kXk,2m − k (Xk,2m −Xk,2m−1)

= Xk,2m+1 + kXk,2m

= Xk,2m+2

= Xk,2(m+1)

Then, detBn = Xk,2n for all n ≥ 1.

Now, we will present the permanents of matrices that are sequence Xk,n. Kenan, [18] gave
the relationship the determinant and the permanent of a Hessenberg matrix by using Lemmas 2.2
and 2.4.
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Then, let An be an n×n lower Hessenberg matrix A = [ar,s] is given in (2.1) and also let En

be an n× n lower Hessenberg matrix which is defined by er,r+1 = −ar,r+1 for all r, er,s = ar,s
for r ≥ s and 0 otherwise. So, we have detEn = perAn and detAn = perEn. Then, we have the
following Corollary without proof.

Let Hn be n× n matrix, is defined by

Hn =



1 −1 1 · · · 1

1 1 −1
. . . 1

1 1 1
. . . 1

...
...

. . . . . . −1
1 1 · · · 1 1


. (3.10)

Corollary 3.11. Let Vn and Wn be n×n matrices and define Vn = Hn ◦An and Wn = Hn ◦Bn

where ◦ denotes the operator of Hadamard product of matrix. Then,

perVn = Xk,2n−1 and perWn = Xk,2n. (3.11)

4 Conclusion

In this paper, we introduced a new sequence Xk,n, defined as a combination of terms from the
k-Jacobsthal sequence, given by Xk,n = 2kJk,n + Jk,n+1. The various properties of the se-
quence, including a Binet formula and several algebraic identities, have been studied. Moreover,
using matrix methods, we defined a matrix whose powers contain elements corresponding to the
sequence Xk,n. Additionally, we introduced lower Hessenberg matrices whose determinants and
permanents correspond to the odd and even terms of the sequence Xk,n. For future work, one
may consider extending this construction by combining it with other sequences. Furthermore,
the matrix methods associated with sequences could be applied to problems in cryptography and
related areas.
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