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Abstract In this paper, we present a new sequence derived from the terms of the k-Jacobsthal
sequence and present its recurrence relation along with some of its properties. Moreover, we
investigate its properties using the matrix method and define some square lower Hessenberg
matrices to obtain the determinant and the permanent that give the odd and even terms of this
sequence.

1 Introduction

Special sequences of integers have been widely studied by many mathematicians in various ways,
o0

such as generalizations and properties of sequences. The Jacobsthal sequence J,,,_,, which is
well-known sequences, was newly presented by A.F. Horadam in 1996 [1] and is defined by

Jn—H = Jn+2']n—17 (11)

forn>1and Jy =0,J;, = 1.

In recent years, the Jacobsthal sequences and their generalizations have many interesting
properties and applications. For example, In [2] Koken and Bozkurt deduce some properties and
Binet like formula for the Jacobsthal sequence by matrix method. In 2022 [3], S. Vasanthi and
B. Sivakumar investigate some properties of these matrices formed by Jacobsthal sequence. In
the same year, Adegoke et al. [4] studied finite sums involving Jacobsthal sequence as a special
case of Horadam and generalized Tribonacci sequences.

More recently, the Jacobsthal sequence has been generalized for any positive real number &
namely k—Jacobsthal sequence {Jj ,}7° , which is defined by Falcon in 2014 [5], is defined by

Jent1 = Jen + EJkno1, n > 1 (1.2)

with initial conditions J; o = 0 and J;; = 1. It is obvious that if k¥ = 2, the k-Jacobsthal
sequence reduces to the Jacobsthal sequence. See more studies of generalizations and some
identities of Jacobsthal sequence in [6], [7], [8], [9] and [10].

Additionally, some authors have generalized a new sequence through a combination of se-
quences. For example, in 2006, Satana and Diaz-Barrero [11] introduced the sequence a,, =
Py, + Psy, 41, where P, is the Pell sequence, which is defined P,; = 2P, + P, forn > 1
with the initial conditions Py = 0 and P, = 1. They then generalized the sequence as a,; =
6a,, — a,,_1 with the initial conditions ay = 1 and a; = 7. And in 2018, Gozeri introduced
several sequences in the same way, such as V,, = P, + P, and Y,, = P, ;» — P, with more
details in [12].
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Table 1. The first 10 terms of the k—Jacobsthal sequence are as follows:

1+k

1+2k

1+ 3k + k2

1+ 4k + 3k?

1+ 5k +6k> + k3

1 + 6k + 10k + 4k3

1+ 7k + 15k + 10k3 + k*

OO0 Q| AN N[ R W~ O3

Recently, many authors have attempted to generalize the well-known sequences such as the
Pell sequence, the Lucas sequence and the Narayana sequence. In 2023, S.H.J. Petroudi et al.
[13] introduced and analyzed the Pell-Narayana sequence. In 2024, S. Kapoor and P. Kumar [14]
presented the Narayana-Lucas hybrinomial sequence, which is a generalization of the Narayana-
Lucas hybrid numbers.

In this paper, we introduce a new sequence that is a combination of terms from the k—Jacobsthal
sequence and present some identities of the sequence. Moreover, we explore some properties us-
ing the matrix method and provide the Hessenberg matrices to investigate the determinant and
the permanent, which are related to the odd and even terms of this sequence.

2 Preliminary

In this section, the definitions and lemmas for the determinants and the permanents of the lower
Hessenberg matrix, which are useful in this study, are presented as follows:

Definition 2.1. [15] A matrix A,, = [a, s|nxn is called a lower Hessenberg matrix if a, ;, = 0
when s —r > 1, i.e.,

[ ar, aip 0 0
a1 a2 a3 0
as, as as,;3 0
A, = 2.1)
An—1,1 An—1,2 an—1,3 An—1,n
L Gn,1 an 2 Qn,3 an,n |

Lemma 2.2. [16] Let A,, be a lower Hessenberg matrix. The following determinant formula for
A, is given by

n—1

n—1
det A, = anpndet A, 1+ Y | (=1)" ans | [] ajjer | detAi |, 2.2)

t=1 j=t
forn > 2, where det Ay = 1 and det A| = ay ;.
Definition 2.3. Let A,, be an n x n matrix, the permanent of A,, is defined by
per A, = > ] o) (2.3)
O'ESn i=1

where S,, denotes the set of permutations of {1,2,...,n}.
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Lemma 2.4. [17] Let A,, be a lower Hessenberg matrix. The following permanent formula for
A, is given by

n—I1

n—1
per A, = an nperA,_1 + Z At H ajjv1| perds_y |, (2.4)

t=1 j=t

forn > 2, where per Ag = 1 and per A; = ay 1.

3 Main Result

In this section, we introduce a new sequence Xy, ,,, along with the determinants and the perma-
nents of lower Hessenberg matrices associated with the sequence X, .

3.1 Some Identities of the Sequence X, ,,

Firstly, we provide a new sequence Xy, ,,, which is a combination of terms from the k-Jacobsthal
sequence.

Definition 3.1. For any non-negative integer n and positive real number &, define the sequence
Xk,n by
Xin = 2kJkn + Jins1, n 2> 0. (3.1

Table 2. The first 10 terms of the sequence Xy, ,,

Xk,
1

1 +2k

1+ 3k

1 + 4k + 2k?

1 + 5k + 5k?

1 + 6k + 9k? + 2k3

1+ 7k +14K2 + 73

1 + 8k + 20k? + 16k> + 2k*

1 + 9k + 27k? + 30%> + 9%*

1 + 10k + 35k? + 50k> + 25k* + 2k

O Q| AN N[ W~ O3

Theorem 3.2. For any positive integer n and real number k, we have the recurrence relation
Xin+1 = Xgn + kXp o1, (3.2)

with initial conditions Xy, 0 = 1 and X, | = 1 + 2k.

Proof.

Xint1 = 25T ng1 + Jine2
=2k(Jem + kg n—1) + Jknt1 + kg n
=2kJin + Jent1 + EQREJk -1+ Jin)
= X + kX1
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The characteristic equation of the recurrence relation Xy, ,+1 = Xg n + kXj n—1 has distinct

roots o = 1+V4k+ and oy = V‘””

follows:

. We derive the binet formula of the sequence X, ,, as

Theorem 3.3. (Binet formula) For any non-negative integer n and positive real number k,
Xpn = ot 4 op ! (3.3)
Proof. From Xy, ,, = 2kJy p, + Ji.n+1, We have

n n+1 n+1
Xp., —2k<02>+ (M>
o1 — 02 g1 — 02

n+l(2ko.l )+O.7L+]( 2]{10'2_] _ 1)
g]1 — 07
ot (Vak + 1) + oyt (VA +1)
Vék+1

n+l + UnJrl

Theorem 3.4. For any non-negative integer n,r and real number k, we have

Xtn-rXinir = Xip = (k)" HXE Ly — 4(=k)" (3.4)
Proof.

Xk,nerk,n-&-r_X]%,n = (o™~ r+1 +ol- r+1)(g?+r+1 F oty (o 4 g7 t2
= o rHlgnirtl gty on rHl_ pgntigntl

= (0102)" "o + 03" — 2(0102)"]
= (0102)" (o] + 03)* — 4(0102)"]
= (k)" TXR oy — A(R)]
(—k)"™ r+1X2 | —A(=k)mH!

Remark 3.5. In particular case,
() Ifr = 1, we have Xp 5,1 Xg i1 — X,in = (1 +4k)(—k)",
(ii) If r = n, we have X}, 2, = Xﬁ,n — k;X,%,n_] —4(—k)nt1,

Theorem 3.6. For any positive integer n and positive real number k.

142k kv1+4k X F2Xkn = Xpen—1)
If A= + V1+ 4k then A" = | ]i’x ) Tk
—/ 1+ 4k -2k % _ka +Xk,n71

Proof. We shall demonstrate that the statement holds true for all n > 1 by applying mathemati-
cal induction.
For n = 1, we can see that

142k kVT+4E | Xy, BN o)
~VI+4 -2k B0 Xl X+ X |
Thus the statement holds for n = 1.
Now, suppose that n = m is true. That is
k<2X :,'m*X ¢, M — )
A™ = Xkm k\/l+74kk ]
—2Xk,m—Xk,m—1) X X :
V4 T km + Xkm—1
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We will use this assumption to prove that n = m + 1 is true.

Aerl = A™A
[ kX g m+2k2 X 5 m—1
Xk m + ka m—1 ko o
_ ) m= T+ak
- 7(Xk,m+2ka,m,|) k’X
i V1+4k Ak m-1
i Xk 11 ka‘7n+2k<Xk,'m,+l7X1€,77L)
— T V1+4k
- —(Xre,m +2(Xe,mi1 =Xk, m))
I ey . —Xpm+1 + Xieym
i EQXk mi1—Xk,m)
Xk,m+1 V4 ty -
_ . Vi+ak
- _(zxk,m,+]_Xk,m) X X
L 114k —Ak,m+l + k,m

The proof of this theorem is now completed by the method of mathematical induction.

Note. Based on the properties of the determinant of a matrix, it follows that
X1 Xin + kX oy — X = (1+4k) (—k)".
From the properties of matrix products and Theorem 3.6, we have
Theorem 3.7. For any positive integer n, m and positive real number k, we get
(1 4+4k) Xpman = (1 +4k) X m Xien — k(Xim—1 — 2Xk,m ) (Xkn—1 — 2Xp n)
Proof. From A™™" = A™ A", we obtain

k(sz,7rL+'rL_Xk,m+n—l)

Am+n _ Xk,m,+n 114k
=Xk, min—Xk,min—1) X X
1+4k —Akmin T Akmin—1
and
aip a2
AMA" = , Where
azl a
k(X m—1=2Xk,m) Xpn—1—2Xgk.n)
an = Tk =+ XbmXk,n,
a1y — E(XkmXen1=Xkm—1(Xen—1—Xg,n))
12 T+4k ’
_ _Xk,7nXk,nfl+Xk,m7](Xk,nfl_Xk',n)
a1 = 14k ’

NiEes
Ay = X, (—(1428) X g 14+Xk )+ X m—1 (1438) X n—1 —(142k) X n)
= : .

T4k
Consider the element in the first row and the first column, we have

(1 4+ 45) Xpomin = (1 +48) X Xnom — E(Xime1 — 2Xpm) (X1 — 2X5n)-

Remark 3.8. From (3.5), if m = n, we have
(1+4k) Xy 00 = (1 +4k) X7, — k(X1 — 2Xp0)?

or
(14 4k) Xy 20 = X7 — kXGo oy + 46 X5 o1 X

Note. From Remark 3.5 and Remark 3.8 we have the following identity:

Xien—1Xkn — Xion = (—k)".

(3.5)
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3.2 Determinants and Permanents of Hessenberg Matrices with the Sequence Xy ,,

We define a new n x n lower Hessenberg matrices and present the determinants and the perma-
nents of their matrices which are the sequence Xy .

Theorem 3.9. Let A, = [a; ;] be an n x n lower Hessenberg matrix, is defined by
142k ifi=j=1;
I+k  ifi=jfor i,j =2

aij =41 ifi=j—-1 G0
(=k)= izt 1
0 otherwise.
Then
det An = Xk,2n—la (37)

for any positive integer n and positive real number k.

Proof. We prove by mathematical induction on n. By hypothesis, the result holds for all n < 2.
Then, we suppose that the result is true for all positive integer m such that m > 3. We will prove
it for m + 1. Firstly, we use elementary row operations on the matrix A,,,;. We multiply in m

th th 2
row by k then add to (m + 1) row. So, we get the (m + 1)" row as [0 0 0 k* 142k
(m—1)®
That is ) )
142k 1 0o .- 0
—k 1+k 1 0 0
k? -k 1+k 1
Am+1 =
: - ) T ) 0
(_k)m—l 1+k 1
.0 0 0 k2 1+ k]

Now, using Lemma 2.2, we have

m

det Apyr = (1+2k)det Ay, + > [ (=)™ apmere [[[asie | det Ay
t=1 j=t
m—1 m

= (14 2k)det A,, + (=)™ a1y [T e | det A,y
t=1 j=t

+Z (—1)m+]_tam+1,t Hamﬂ detAt_l
t=m

=t
(14 2k)det Ay, + (—1)@m+1,m@m,m+1 det A,y
(1+2k)det A, — k*det A,
= (14 2k)Xp2m—1 — k" Xg 2(m—1)—1
= Xpom—1+2kXkom—1 —k (Xg2m—1 — Xk2m—2)
Xiom + kX 2m—1

= Xk 2m+1
= Xk 2(m+1)—1

Then, det A,, = X}, o,— foralln > 1. O



882 Jirawat Kantalo, Fongchan Ban A-Pai and Supunnee Sompong

Theorem 3.10. Let B,, = [b; ;| be an n x n lower Hessenberg matrix, is defined by

143k ifi=5=1,
142k ifi=jfor i,j >2;
bij =41 ifi=j—1 (3.8)
k2 ifi=j4+1;
0 otherwise.
Then
det B,, = Xk on, 3.9

for any positive integer n and positive real number k.

Proof. We prove by mathematical induction on n. By hypothesis, the result holds for all n < 2.
Then, we suppose that the result is true for all positive integer m such that m > 3. We will prove

it for m + 1. So, we get the matrix B,,,;, that is

1+ 3k 1 0
k2 1+ 2k 1 0
0 k2 1+2k 1
Bm+1 =
0 0
| 0 0

Now, using Lemma 2.2, we have

NE

det Byi1 = (1+2k)det B, +
1

~
Il

—1

3

(1 + 2k) det B,, +

t=1

m

0

0

1+2k
k2

Jj=t

J=t

+Z (=)™ b1t Hbj,j+1 det B;_,
t=m

Jj=t

= (1 + Zk‘) det B,, + (—l)bm+1)mbm7m+1 det B,,,—1

(1+2k)det B, — k*det B,,
(14 2k) Xy 2m — K Xg 2(m—1)

= Xiom +2kXk0m — k (Xk2m — Xk 2m—1)

= Xkoms1 +kXgom
= X 2m+2

= Xk,2(7rL+])

Then, det B,, = X}, 2, foralln > 1.

0
1

1+ 2k]

(_l)erlit b1t H bj_,j+1 det B;_;

(=)™ bor ([ bsg1 | det Bioy

O

Now, we will present the permanents of matrices that are sequence X}, ,,. Kenan, [18] gave
the relationship the determinant and the permanent of a Hessenberg matrix by using Lemmas 2.2

and 2.4.
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Then, let A,, be an n x n lower Hessenberg matrix A = [a, 5| is given in (2.1) and also let E,,
be an n x n lower Hessenberg matrix which is defined by e, 11 = —a, 41 forall r, e, s = a, s
for r > s and 0 otherwise. So, we have det F,, = perA,, and det A,, = perE,,. Then, we have the
following Corollary without proof.

Let H,, be n x n matrix, is defined by

1 -1 1 1
11 -1 1

H.= |1 1 1 1 (3.10)
Do —1
! 11

Corollary 3.11. Let V,, and W, be n x n matrices and define V,, = H,, 0 A,, and W,, = H,, 0 By,
where o denotes the operator of Hadamard product of matrix. Then,

perV,, = Xion—1 and perW, = Xy 2p. (3.11)

4 Conclusion

In this paper, we introduced a new sequence X}, ,,, defined as a combination of terms from the
k-Jacobsthal sequence, given by Xy, = 2kJj », + Jir nt1. The various properties of the se-
quence, including a Binet formula and several algebraic identities, have been studied. Moreover,
using matrix methods, we defined a matrix whose powers contain elements corresponding to the
sequence Xy, . Additionally, we introduced lower Hessenberg matrices whose determinants and
permanents correspond to the odd and even terms of the sequence X} ,,. For future work, one
may consider extending this construction by combining it with other sequences. Furthermore,
the matrix methods associated with sequences could be applied to problems in cryptography and
related areas.
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