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Abstract. In this work, we study shape and topology optimization problems for thermoelas-
ticity. A model based on linear thermoelasticity problem and a weak solution existence result
with a Neumann and Dirichlet constraints are first proposed, before presenting models for which
a mathematical analysis will be provided. Afterwards, we establish an optimal shape existence
result using the uniform cone property. And finally, we establish shape and topological derivative
results for the functional under consideration using the minmax method with constrained partial
differential equations of the model in the stationary case.

1 Introduction

In this paper, we deal with thermoelasticity problem by using shape and topological optimization
problem and their application in solar energy.

In the topological derivative section, we can consider the following assumptions: we recall the
notions of Minkowski content, d-rectifiability, and positive reach that are used to define the
topological derivative of an objective function with respect to perturbations by a d-dimensional
closed subset @ of RY. Given an open domain Q with boundary 9Q. Let us associate with ¢,
0 < ¢ < r, the perturbed domain Q. = Q \ @, is obtained by removing the e-dilatation @, of
the set . The boundary of €. is made up of two disjoint parts 0Q. = 0Q U 0w,. The notion of
positive reach for a closed nowhere dense set @ ensures that the boundary dw, of the hole is of
class C"! and that Q \ @ = Q.

Before tacking the theorem of the topological derivative, we also need the following hypotheses.
For the conception of these hypotheses, we relied on the works of of Novotny [1, 2, 3], and
Delfour [4, 5, 6, 7, 8].

Let Q™ denote the component of Q. for which 9Q is part of its boundary. Let Q° denote the
blind component of . whose boundary has no intersection with 9Q. The function uq, is di-
vided between the two components Q0 and Q™ as follows: ug. = ug, within Q?, and

%lj; = 0 on 9Q™ N 0w, as 0w, consists of the two disjoint boundaries Q0 and QY and

0Q" N 0w,.. We can construct an extension of Q by defining the solution as follows: u%e = uq,

on Q" N 0we, ugz‘ = ugq, on 892. For more information, the reader can refer to [4].

The main objective of this article is to determine the shape and topological derivative of the
functional J(Q.) = J(Q, uq, ), where the perturbed domain Q. of Q is defined by Q. = T.(Q)
or Q. = Q \ w, depending on the derivative to be calculated.

Therefore, it is important to study one of many efficiency criterion of the material: we want to
point out the geometrical and topological properties of the materials. The performance of the
used material is linked to its physical properties. Furthermore, there is a relationship between
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physical and mechanical aspects of the material. For studied solid materials, it is interesting to
get information on their deformation field.

In fact, the topology of the material may play a principal role for a selected efficiency criteria.
For instance the homogenization theory allows us to get good physical and topological proper-
ties for a given material. For thermal or photovoltaic solar energy, one of the efficiency criteria
is to know which deformation for the used material in order to get the best performance in the
outpout sense.

Topological optimization gives an opportunity to get important informations on the topology of
the considered domain in order to optimize at least a criteria. For our study it allows us to know
the optimal deformation in the geometrical and topological point of view in order to have the best
of the temperature distribution in the domain. Then, the expectation is to improve the output of
thermal and photo voltaic solar systems.

The geometry and topology of solid materials can be studied using the tools of partial differen-
tial equation (PDE) and topological optimization. And this can lead to good material selection
in physics and industrial applications.

In fact, domain optimization is used today in many industrial environments, for example in
Airbus to reduce structures, improve vibration resistance and in many other areas of physics
[9, 10, 11].

In [12], the authors address a shape optimization problem for a thermoelasticity model with un-
certainties in the Robin boundary condition. The problem was formulated as the minimization
of the body’s volume under an inequality constraint on the expectation of the combination of
the time-averaged L>—norm of the von Mises stress and taken at the final time . They derived
analytical expressions of the shape functional to obtain the shape derivative via second order
correlations. An efficient numerical method based on the low rank approximation was proposed.
The solution of the optimization problem was implemented numerically via the level method. In
[13], the authors have taken thermal residual stresses into account in the topological optimization
of structures built by additive manufacturing.

In [14] the authors have studied: Few results on fixed point theorems in two-dimensional mul-
tiplicative metric spaces. But in our work, the method of minimizing a functional allows us to
show the existence of weak solutions.

The isogeometric approach has been adopted in research areas where sophisticated geometric
representations are demanding, such as shell analysis [15], fluid-structure interaction [16], robust
mesh [17]and shape design optimization [18, 19]. With respect with thermoelastic behavior, the
thermomechanical contact of the mortar problem [20] and material distribution of functionally
graded structures [21, 22] were studied using the isogeometric approach. For more information
see [23].

In 1995, Rodrigues and Fernandes [24] attempted for the first time to solve the problem of op-
timizing the topology of the thermoelastic structure. By Focusing on the problem of minimum
conformity, they used the homogenization method and the augmented Lagrange method. Li et
al. [25] applied a scalable thickness design to the displacement minimization problem. Cho and
Choi [26] developed a design sensitivity analysis method for weakly coupled thermoelastic elas-
ticity problems and applied this method to solve the minimum conformance topology problem.
In the same year, a similar method was used by Zuo et al. [27] and was applied to the topological
design of thermally actuated folding micro-mechanisms. Xia and Wang [28] applied the method
of defining levels with the augmented Lagrange multiplier method to the problem of minimal
and comparative conformity results with other methods. Sun and Zhang [29] used independent
interpolation models in mechanics and thermal fields for better results in 2009. For more infor-
mations see [30].

Chung et al. [31] studied the topological optimization of structures subjected to large defor-
mations due to thermal and mechanical loads, which demonstrated how temperature changes
affected the optimized design of large deformation structures. Considering the effect of temper-
ature changes, Deng et al. [32] and Yan et al. [33] use simultaneous multi-scale formulations
to optimize macro-scale topology and micro-scale material configurations. Li et al. [34] stud-
ied multi-scale optimization based on the level set approach in thermomechanics. Environment
indicated that the porous material proves systematically favored for a coupled multi-physics
problem. Zhu et al. [35] proposed a temperature-constrained topology optimization for coupled
thermomechanical problems and revealed that temperature constraints play an important role in
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relevant issues. For more reviews on thermoelastic design optimization, readers can refer to Wu
et al. [36] and [37].

The document is organized as follows: In the first section, we present the introduction. In the
second section, we give a model of the linear thermoelastic problem and recall an existence result
for a solution of this problem. Section 3 is devoted to the existence of the optimal form of the
minimization problem. Section 4 deals with the shape and in section 5 we study the topological
derivatives. These sections gives theoretical results in asymptotic analysis. These results provide
insights and information on the topological variation of the domain. Finaly in Section 6, we give
the conclusion and some extensions.

2 Modeling and Existence of solution to (2.6)
2.1 Modeling

The model is essentially based on the principle of conservation of the mass and the momentum
and the general law of thermoelasticity.

Let Q be a domain included in big ball Dy at time ¢y which is in movement and becomes at
time ¢, Q; C D;. Let a = (a1,az,a3) be a point of Q which is x = (x1,22,x3) in Q. Let
@ = (uy,up,u3) the displacement vector ( the deformation).

Using conservation of mass and the momentum we have

2 —
pO% — divs + f 2.1)
and
divi = P2~ P in D, 2.2)
o

where pg (resp. p) the volume mass of Dy (resp D,).
The general law of thermoelasticity, combining with law conservation gives directly in the per-
manent case

—pAT — (A + p)grad(div(@)) + 3kagradd = f in Q. (2.3)

The equation (2.3) relates a thermoelasticity problem. We will add some boundary conditions.
The temperature 6 is solution of a boundary value problem (in our case it is solution of the Neu-
mann Laplacian problem) see the following section.

In the following section we will study these partial differential equations with boundary con-
ditions. In what follows, we consider the following optimization problem

min {J(Q),Q Cc RV} (2.4)
where J is the functional defined by
J(Q) = a/ lug — uo|>dz + 5/ |Vug|*da (2.5)
Q Q
with ug = (u1, uz, u3) is solution to:
~phug — (A + )V (diviig) + 3kaVlg = J in Q
7A9Q =g in Q

’ (2.6)
% = h on 0Q

Bug = U on 0Q.

? € L'(Q,RY), h € L?(0Q) and g € L*(Q). Bug is a boundary operator dQ denoting either a
Dirichlet condition Bug = ug on 9Q or a Neumann condition Bug = aa%f on 0Q.
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2.2 Existence of solution to (2.6)

‘We consider

—Alg = g in Q
) 2.7
%% = h on 0Q.

Therefore, this will therefore lead us to study two boundary value problems separately. Con-
sequently, We will seek a solution g of problem (2.7) that we will inject into the following
systems of equations to study the solution of the problem

g — (A + p)V(divig) + 3kaVeg = f in Q

(2.8)
66%? = U, on 0Q.
and the problem
—pAug — (A + p)V(diviug) + 3kaVhg = 7 in Q
(2.9)

uQ — U] on 0Q.

We seek 6 belonging to a Hilbert space solution of (2.7). We give the definition of what we mean
by classical solution of this problem.

Definition 2.1. Given a bounded open set Q of class C* of RY of boundary 0Q and h € C°(9Q).
We call a classical solution to problem (2.7) all function u of class C?(Q) verifying:

—Au = g in Q
(2.10)

%ulz) — p, ¥ 2 € OQ.

It is therefore clear that there is no uniqueness in the solution to this Neumann problem. in
fact, if u is a solution to this problem for any connected component £ of Q and any ¢ € R then
u + cxq, is still a classical solution.

We also see that there is no solution for any function h € C°(9Q) and g € C°(Q).
If the equation admits a classical solution then for any connected component Qg of Q, we have

hd0+/ gdx = 0. (2.11)
Q0 Q

We have the following theorem:

Theorem 2.2. Let Q be a bounded open set of RN and 0Q its boundary of class C*. h € C*(9Q)
and g € L*(Q).
Neumann’s problem (2.7) admits a solution if and only if,

/ hda—i—/gd:c:O. (2.12)
oQ Q

O

Proof. See [38, 39].

Theorem 2.3. Let Q be a bounded open set of RN of class C'. Then the following partial
differential equation has a solution

“pbug — (A + p)V(divig) + 3kaVeg = f in Q
2.13)
%LT? = U, on 0Q.

This solution is unique up to an additive constant.
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Proof. See [38, 39].
O

Theorem 2.4. Let Q be a bounded open set of RY of class C'. Then the following partial
differential equation has a unique solution

g — (A + p)V(divig) + 3kaVeg = f in Q
(2.14)
uQ = U] on 0Q.

Proof. See [38, 39].

3 Optimal shape results

Definition 3.1. O. We say that an open set satisfies the cone property if for all x € 0€ there
exists a unit vector (x) such that y € B(z,¢) NQ, C(y,&(x), ). We denote by O, the following
set:

O, ={Q open, Q C D, vol(Q) = ¢, Q check the ¢ — cone property} . (3.1

Theorem 3.2. : Let Q,, be an open sequence in the class O.. Then there exists an open Q € O,
and an sub-sequence ., which converges towards € both in the sense of Hausdorff, in the

sense of the characteristic functions and in the sense of compact. Additionally, Q,,, and 0Q,,
converge in the Hausdorf{f sense to Q and 0€2.

Proof. See [40]. m|

Theorem 3.3. : Let K be a compact and B a bounded open of RN. Let Q,, be a sequence of
open with Q,, C K C B, verifying the ownership of the e— cone.

Then there is an open Q verifying the ownership of the e— cone and an extracted sequence Q,,,
such as

Q.. _H Q xa, L'pp xoa

Q. H O 09, H 0O

It is a result which will allow us to characterize the existence of solution.

Proof. See [40]
O

In the next section, we deal with the existence of optimal forms using the Neumann edge
condition. We could also use the Dirichlet edge condition to show the optimal form result.

Theorem 3.4. Let O,q C O, be a set open bounded domain of R™. Then there exists on open set
Q € Oyq satisfying
J(Q) = min J(Q).
QeVq4

Proof. At first, we will find a lower bound for the functional JQ), Q € O,4. Because of the fact
that ug € LZ(Q) and ug is solution to the problem (2.6), there exists a constant M such that

0<J(Q) <M.
Then, the functional J is bounded and there exists a minimizing sequence Q,, € O,4 such that
J(Q,) — m =inf J(Q).

As Q,, € Oy and O,y is closed to O, then according to a compactness Theorem 3.3, there
exists an open set Q € 0,4 and a subsequence Q,,, of Q,, such that the following convergence
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Q, 0Q H 0Q.

Llp.p X and Q -

holds: Q,, H Q. xq,,
Now, from the variational formula, we get

u/ Vug.Vude — ()\—l-u)/ V(V - uq)vdx — Bka/ Vlqudr = / fvdz. (3.2)
Q Q Q Q

Hence in Q,,, we get :

u/ Vug, -Vudr— (A4 ,u)/ V(V - ugq, )vdx— 3k3a/ Vg, v= / fvdz. (3.3)
Qu, g Qu, " Quy " Quy
Taking v = ug,, in (3.3), we get

I / Vua,,
Q

L

2dx7(/\+u)/ |V~ugnk_\2dm—3ka/
Q

VGQ% uan = / f’UJQ% dx.
Q. Quy,

(3.4)

g

From (3.4), as Q,,, is bounded in D, we have
N/ XQWWUQW\zdwﬂLﬂ/ Xan|V-Uan|2d$§/ Xanqunkdiv-l-%Oé/ xe,, Vo, v,
D D D D

< 1fIPllug,, |I* + 3kal[Voa,, |I*[lua,, [I* 3.5)

The solution fg,,,of the Laplacian operator is also bounded in H '(D)/R, then the term | Vb, | |?
is also finite, so there exists a constant M depending on f, k,a and p such that

g, |1H4.,(p) < M.

The sequence ug,, is bounded in Hgy,, (D), which is a reflexive space. Then there exists an
extracted sequence of (ug, ) still denoted by (ugq,, )x>1 and ug such that: if & — oo,

(uan)kZl — Ua S Lz(an), (VUan )kZI - VUE S Lz(Q), (dZ”U Uan>k21 — div UE € LZ(Q)

(3.6)
In the same way, as |[Vfq, ||* is also bounded in H'(Q)/R, there exists also a subsequence
(6, ) such that the following convergence holds

(Va, i1 — Voq € L*(Q). (3.7

From (3.3), we get

" / Ya., Vi, Vedi—(Au) / Yo, V(Veug, Ypde—3ka / Xe,, Voo, o= / xan, fode.
D D D D

(3.8)
Passing to the limit as k — oo and using weak convergence (3.7) and (3.8), we get the following
formulation

u/ xeVug.Vodr — (A + N)/ xaV(V - ug)pdr — 3k’a/ xaViap = / xafpdr (3.9)
D D D D
giving the following weak formulation
u/ Vuhy.-Vodr — (A + u)/ V(V - ud)pdr — 3ka/ Voap = / xofedz. (3.10)
Q Q Q Q

Using Green formula in the first term of (3.10), we get

/ —pAugdr — (X + u)/ V(V - uh)pdr — 3ka/ Vilap = / fodx Vo € Hyin(Q).
Q Q Q Q
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since we have:

gy, — (A + @)V (divig) + 3kaVlg = f in Q

oup _
W_Uz on 89

Finally by taking ¢ = uQ, 1n (3.8), and p = ug in (3.9) we have :

lim <,u/ Vug,,, Pdx — (A + p) / V(V - ug, Jug, dx— 3l<:a/ VGQ“kuan>
o Qn,

—hm/ fua, dx—/f

= ,u/ |V [*de — (A + ,u)/ V(V - ud)ugder — 3ka/ Vlqugde
Q Q Q

/ |Vug,, — Vug|*dz :/ [Vug,, Pdx —2 / Vug, VUQ+/ |Vug|*dz.

Qu, - -

Then taking the limit in the right hand side after equality, as k — oo

/ Vug, —VuQ|2dx:/ Vug, |dz—2 / Vug, qu+/ |Vug|*dx = 0.

@, Quy -

Since
/ \Vug, — Vug|*dz = 0.
Q. *
And we show

/Q |V(V . uan )UQ% — V(V . UQ)UQ|2d:C =0

g

/Q f (v, —ua) =0 and /Q ug,, (Voa,, —Vba) =0

We have :
ug,, (¢)_L* ug(z)
V(V - ug, Jua,, _>V(V UQ)UQ
Vb, Vibg.
Since :
J(Qy,,) — J(Q).
We prove that Q* is a minimiser of J. O

4 Shape Derivative

In this part, we give the main results of the paper. We first start with the theorem giving the shape
derivative. For this purpose, we rely on the work of the pioneers [4, 5, 6, 7, 8, 41] on the minmax
method.
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4.1 Preliminaries

We will need some notations. The reader can refer to [4, 40, 42, 43, 44] for further information.
Notations : For V € C°([0, 7] : €} (RY,R")) and the diffeomorphism T.(V) = T

d dT

jTE(X):V(e’T€<X))7 TO(X):Xv d ‘ :V(E)OTE, Ty =1,
€ €

where V(e)(X) =V(e,X) andTis the identity matrix on RY™. Moreover
d d

SDT.=DV()oT.DT,,  DIy=1I, ~Jo=divV()oTue Jo=1,
€ €

where DV (¢) and DT, are the Jacobian matrix of V(¢) and T.. For k > 1, C¥(R™,RY) is the
space of k times continuously differentiable functions from RY to RV going to zero at infinity;
for k = 0, C§(RY,RY) is the space of continuous functions from RY to R" going to zero at
infinity. We shall also use the notation

V(e):=V(e)oT.,, Ve(X)=V(e,T(X)), gle):=T.—1, gle)(X)=T(X))—X.

Lemma 4.1. Assume that V € C°, then fi € Cl.
For m > 0 sufficiently small, J. = det DT, = |det DT¢| = |J.|, 0 < e <, and there
exist constants 0 < « < ( such that

forall ¢ e RN, al¢)? < B(e)¢ - € < BIE)? et a < J. < B. Moreover, one has :
(i) When e goes to zero, V. — V(0) in C§(RN,RYN), DT, — I in C§(RN,RY),
J. = 1in CO(RN),

DT —1 ;¢ bounded in CS(RN, RY), % is bounded in Cg(RN).

€

(ii) When € goes to zero,

B(e) -1
B(e) = I in CJ(RN,RN), Blo-1 is bounded in  CJ(R™ ,RN),

€
B'(v) = div V.I-DV.—(DV,.)* — B'(0) = div V(0)-DV (0)—(DV(0))* in CJ(RN ,RM).
where DV, is the jacobian matrix of V. and DV is the transpose of DV..

(iii) Given h € ! (RN), as e goes to zero,

hoT,—h
hoT, — h in  L[*(Q), ——<—"

is bounded in  L*(Q), Vh-V.— VhV(0) in L*Q).
Proof. See [5, 6].
O

In this section, we recall the framework used in [44] and extended in [7] for the multivalued
case.

Definition 4.2. A Lagrangian is a function of the form:
(6,z,y) = L(e,z,y) : [0,7] x X xY =R, 7>0, 4.1

where Y is a vector space, X is a non-empty subset of a vector space, and y — L(e,x,y) is
affine. Associate with the parameter e the parametrized minimax:

I(e) = inf sup L(e,z,y) : [0,7] — R,
reX yeYy

DI(0) = tim {9 =10, 4.2)

e—0F €
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When the limits exist, we shall use the following compact notation:

4. L(0,z,y) = lim L&y = LO.z.y) (4.3)

L(€7x + 9907?}) B L(6,1‘7y)

dl L(67 :C? y; (,0) - 911>r8+ 6 ) (P S X7 (44)
. L(e,x,y+60v)— L(e, x,
dy L€z, ;) = lim GEL ﬁ) ©29) ey 4.5)

The notation € — 0" and # — 0" means that € and 6 go to 0 through strictly positive values.
Since L(e, z,y) is affine in y, for all (¢,z) € [0,7] x X,

Vy, v €Y, d,L(e,x,y;¢) = L(e,x,¢) — L(e,z,0) = dy L(e, x,0;9). 4.6)
We define the state equation as follows : for all e > 0
Find 2 € X such that for all ¢ € Y, d,, L(e,2%,0;¢) = 0. “4.7)
The set of solutions (states) x€ at € > 0 is denoted:
E(e) = {2° € X : V¢ € Y,dy L(e, 2¢,0; %)) = 0}. (4.8)
The adjoint state equation is defined as follows : for alle > O is :
Find p° € Y suchthatforall ¢ € X, d, L(e,z%p% ) =0, (4.9)

and the set of solutions is denoted Y (¢, z¢). Finally, the set of minimizers for the minimax is
given by:
X(e)={z*€ X : l(e) = inf sup L(e,z,y) = sup L(e,z% y)}. (4.10)
r€X yey yey

We need the following assumption for everything that follows:
Hypothesis (H0)
Let X be the vector space.

() : Forall e € [0,7],2° € X(0), 2 € X(¢) and y € Y, the function
0 — L(e,2° + 0(x¢ — 2°),y) : [0,1] — R is continuous. This implies that for almost all &
the derivative exists and is equal to d, L(e, 20 + 0(z¢ — 2°), y; 2¢ — 2°) and it is the integral
of its derivative. In particular

1
L(e,z*,y) = L(e,2°,y) + / dpL(e, 2% + 0(x¢ — 2°), y; 2° — 2°) db.
0

ii) : Forall e € [0,7], 2° € X(0), 2° € X(s) andy € Y, ¢ € X and for almost all § € [0, 1],
d.L(e, 2% + 0(x¢ — 2°), y; ¢) exists and the functions 6 + d,L(e, 2° + 0(z¢ — 2°),y; ¢)
belong to L'[0, 1].

Theorem 4.3. Consider the Lagrangian functional
L(e,z,y): [0,7] x X xY =R, 7>0,

where X and Y are vector spaces and the function y — L(e,z,y) is affine. Let (HO) and the
following hypotheses be satisfied.:

« (H1): Forall e € [0,7], l(¢) is finite, X (¢) = {2}, and Y (0,2°) = {p°} are singletons.
« (H2"): d. L(0,2°, %) exists.

» (H3"): The following limit exists:

1 € — .'L'O
R(2°,p°) = lim dy L (e,xo, 0(z¢ — 29, p°, ) do.
e—0F 0 €
Then, DI(0) exists and DI(0) = d. L(0,z°, p°) + R(z°, p°).
Proof. See [7, 44].
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4.2 Shape derivative for the functional

In what follows, we will apply the previous shape and topological derivative results to our model
problem and calculate the derivative associated with the functional (2.5). To do this, we’ve
established the existence of solutions to the model given by the partial differential equation
(2.6), and the differentiability of the Lagrangian associated with the form functional (2.5) is also
guaranteed. The following theorem gives the main result for the form derivative of the functional.

Theorem 4.4. The shape derivative exists if and only if lim.__,g R(¢) exists with

R(e) = /92/3 {B(E)_I}V(ua;ug>V(u§2—ug)+/Qu{B(G)G_I}V(ufz—u%)Vpde

€

el (452%)

2

_ € 0
dx+/2a [J(e) 1] [u9+u9 —uooTe] (ua—ug) dx
Q

€ 2
+—t/2 [uo o T, ](uaug)d /’uaugzd
Q|ug © Le — Uy EE— r — e xX.
Q € Q Ve
If R(e) — 0 the shape derivative is given by the expression:
DJ(Q,V(0)) = / [5|vug|2diw(0) + o |uQ — uo\zdw\/(()) —2(u — uo) Vg V(O)} dx
Q

+ / uB' (0)VuyVpdr — / [fp" + 3kaVigp®] divV (0) dz.
Q Q
Proof. The shape functional associated the perturbed domain is given by

2dx 4.11)

J(xe(x0) = T(Q) = o /Q luq, — o d + B /Q Vug,

where ug_ is solution of the variational problem
u/ Vug, .Vodr — (X + u)/ V(V - ugq, )vdx — 3ka/ Vg, v = / fudz. (4.12)
Q. Q. Q. Q.

and
/V(‘)Q€chdx=/ gedx (4.13)
Q. Qe

forall v € Hyj,qrs) strongly and ¢ € H ;o re) for some given functions ? € L'(Q,RY) and
g€ L*(Q)
In the case where div uq=0 in (4.12) is reduced to the following variational problem

u/ Vug, Vv dx :/ fv d:c+3ka/ Vg v dx 4.14)
Q Q. Qe

€

and fq solution to (4.13). Before starting the formal derivative, will first need to define the
following set.

Hyivia. gy = {001, ¢ € Hyppars)}-

We also introduce
ug = ug, o T, vg = v o Tk.

So, we aim to find ug € H g, (o r3) thus that

/ uV (ug o T ).V (vgo T ) — fugo T 1) = 3kaVhg(voo T, Ndz =0 Vv € H g (0,R3)-
Qe
(4.15)
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By applying the change of variable formula, we have
/ [uV(ua o TNV (vgo T — f(voo T:l) — 3kaVlg(vg o T;l)} oT.J.dr =0.
Q
And on the other hand, we also have

/ [f(voo T ") + 3kaVlg(vo o T, 1)]oT. Joda = / [f(voo T ' o T.) + 3kaVlq(vg o T, ' o T0)] Jeda.
Q Q

And thus, we obtain
/ [f(vo o TN 4 3kaVhg(vy o Te_l)} oT.J.dx = / [fvo + 3kaVlqu| Jdx.
Q Q
So, we have

/ [0V (ug o TZ1).V (vo 0 T )] o TeJeda = / uDT (DT ') Vug Vo J.dz,
Q

€

/ [V (u§y 0o T71).V (vg o T Y] 0 TeJeda = / uB(e)Vug Vugdz
Q. Q

with  B(e) = DT (DT Y)*J., J. = det DT.

DT, denotes the Jacobian matrix of 7T,. And we have
/ uB(e)VugVugdz — / [fvo + 3kaVlgqug] Jedz. (4.16)
Q Q

Let us recall that the shape functional is given by

J(Q) = 5/ |VUQE|2d$ + a/ lug, — uo\zdx
Q. Q.

J(Q) =5 /Q Vg,

And on the other hand, we also have

2 J.dz + a/ |ug, o Te — up o T.|*J.dx.
Q.

J(Q) = / BIVug|* J.dx + / alugy — ug o T, |* Jdz.
Q Q
We now define the Lagrangian in terms of e.

L(e, 6, ®) = /Q [BIVSPJ. + alé — ug o T.PJ.] dat /Q 1B(6) V6V ddr— /Q [ + 3kaV6od] J.dz.

() = inf sup L(e,,®), DI(0) = lim M:DJ(Q,V(O)).
GEH giv P Hyin e—0 €

Let evaluate the derivative of the Lagrangian by first setting

Ve=V(e)oT.,, V(X)=V(e,T(X)), gle)=T.—1I.
dL(e,,®) = / [BIV$|*divV (€) o T. Je + a|p — ug o Te*divV (€) o T..J.] dx
Q
- / 2(6 — wo 0 T.) Vo V(€) o T, J.] da
Q

+ / uB' (€)VpVddr — / [f® + 3kaVlo®] divV (€) o T. J. dx.
Q Q
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By taking ¢ = u) and ® = p” we have

deL(e,ud,p”) = / [mvug\zdiw(e) oT. Jo + a|ud —uo oT€|2divV(e) oT.J.| dx
Q
— / [2(ug — uo 0 T)Vaug V(e) o Te. J.] da
Q

+ / uB' (e)Vu{Vpdr — / [f1° + 3kaViep®] divV (€) o T. J. dz.
o Q
So, we obtain

dcL(0,ud, p°) = / {B\Vugﬂzdivvo + o fug — uo|2 divV (0) — 2(u, — uo) Vo V(O)] dx
Q

+ / pB' (0)Vud Vplds — / (1" + 3kaVoep®] divV (0) dz. (4.17)
Q Q

For the derivative of the Lagrangian with respect to ¢ we have

doL(e, 6D, ¢) = / RBB(VOVE +2a(d — uo o T.)¢J] do + / LB(e) V' V.
Q Q
(4.18)
And on the other hand, the derivative of the Lagrangian with respect to @ is given by
doL(e, ¢, D, P") = / uB(e)VoV P dx — / [f®' + 3kaVoed'] J. dx. (4.19)
Q Q
So, we have the state equation for € > 0 is given by
u§y € Hyin, V®' € Hyy, / [WB(e)Vuu V' — (fD 4 3kaVe®') J|dz =0.  (4.20)
Q

And the adjoint state equation for ¢ = 0 is also given by

" € Hyp V' € Ha, / 26VUY V' + 20(ul — ug)d' + pVe'Vp®| de =0.  (4.21)
Q

1 us — UO
R(e) = / dyL <€,UQ“ + ¥ (ufz - u%) . D0, < Q Q)) .
0

€

€ 0 e _ .0 € 0 e _ .0
R(e) = /QZBB(e)V (“9;“9) \V <”9 : “9) +2a K“QJZF%) uooTE} (“9 : “9> J.dz

e _ .0
+ /,uB(e)V (“9“9> V0 da.
Q €

By substituting ¢’ = @ into the adjoint equation for p°, we obtain:
e .0 e .0 e .0
/ ALY (“9 : “9> + 20 (ud — ) (“9 : “9> +uv (“9 : “Q) Vplda = 0.
Q

So, we have
/ 28|V M v/ M v M + uVv ug — u% A
Q 2 2 € €

€ 0 e _ .0 e _ 0
—|—/2a |:ug+ug_ug UQ—uOOTg—I-UoOTe—UO} (uQuQ> —0.
Q €
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As a result, we have

/zgv (M> v <M) +/ v (M> Vpoda:fa/
Q 2 € Q € Q
uly — ul 2 u + ul uly — u2

Jorlw ()| + f2e [ -woor] (25)
Q 2 €
u 7u0
/20& [’LL()O’T6 —’LL()] <H> =0.
Q €

We can now rewrite the expression of R(e) as follows.

R(e) :‘AZQF%i_I}V(%ﬁ?%>V@@—u@4béu{mifl}v@a—@ngm
Lo

e _ .0
+ /Za[u()OTe—uo] (uQuQ) dz.
Q €

From this, we have the following estimate

€ 0|2

Ug — Ug

N

0 2

2

_ € 0
+/2a |:J(6) 1] [UQ;UQ _uOOTE:| (UEZ_U?Z) dx
Q

€

rol < 2| " v (“Q”")HHV o —ud)|
[ | 2L 19 - )l 1195°] o
[ Lol (38
A A
o el [P e e -

us 7,“0
+ /ZQHHUOOTE_U()mH(Qe Q)Hdm
Q

B(e)—1I

By Lemma 4.1 the terms and ‘](66)71 are uniformy bounded. To conclude that the limit of
R(e) exists and is zero, it remains to show that u§, — u® in Hg;,-strong and that the L? norm

€ 0
of “2—"2 js bounded. From the state equation (4.20) of u§, and uQ, for ' € Hy;,,:

/ V (u — ud) V' = / 3ka(J(e) — 1) VQQCD’dx—i—/ fq)'dx—/ w(B(e) — I) Vug VP dx.
Q Q Q Q
Substitute D' = ug, — u, to obtain the following estimate

19 (s = )|
< 3lkal I(7(e) = DIHVOall ] (ug = ug) || + 1/ || (ug — ug)|]

+ ull1(B(e) = Dl [|ug — ug| IV (ug)] -
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So Q is a bounded open lipschitzian domain, there exists a constant such that

[ (u = ua)[| < C(Q)[|V (ug — o)

and we have

|V (ug — ug)|| < 3lkal [I(7(e) = DII[VOall C(Q)+IFI| C(Q)+|ul [|(B(e) = DIIC(Q) IV (u

but the right-hand side of this enequality goes to zero as € goes to zero. Therefore ug, — u?z in

H ;.. Finally, going back to the inaquality and dividing by ¢ > 0 and we have

o (v
€

(290 st @) + ||| eren

|| (B0 [ @y o

Since the right hand of the above inequality is bounded, V (M) is bounded. This means

< 3lkal

that % is bounded in Hyg;, and hence uﬂeiuﬂ is bounded in L. And the term R(e) is zero.

The shape derivative is given by

DJ(Q,V(0)) = / [6|Vu?2|2divvo +a|ug — uo‘2 divV (0) — 2(u® — ug) Vug V(O)} dx
Q

+ / uB'(0)Vud Vplde — / (1" + 3kaViap®] divV (0) da.
Q Q

5 Topological derivative

In this part we give the fundamental results of the topological derivative of the functional. Before
tackling this main result, we will need the following preliminary results.. For more informations,
the reader can refer to Delfour papers [3, 4, 7, 44, 45, 46, 47].

5.1 Preliminaries

Definition 5.1. Given d, 0 < d < N, the d-dimensional upper and lower Minkowski contents of
a set F are defined through an r—dilatation of the set E as follows:

* . mN(ET) d N(Er)
M*(F) =1 ——, M =1 f——————.
(&) IT\%JP an—grN=4’ (B) = 191\151 pgrN =4

where my is the Lebesgue measure in R and ay_4 is the volume of the ball of radius one
in R¥~=¢. When the two limits exist and are equal, we say that E admits a d-dimensional
Minkowski content, and their common value will be denoted M4 (E).

Definition 5.2. Let I be a subset of a metric space X. We say that E is d-rectifiable if it is the
image of a compact subset K of R? by a Lipschitz continuous function f : R¢ — X.

Definition 5.3. Let £ C R" be H%measurable. We say that F is
1) countably d-rectifiable if there exist countably many Lipschitzian functions f; : R¢ — RN
such that E C | J;2, fi(R?).

o)l
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2) countably H%rectifiable if there exist countably many Lipschitz functions f; : R — RV
such that E\ |J;2, fi(R?) is H%-negligible : H? (E \ ;2 f:(R%)) = 0.

3) Hd-rectifiable if it is countably H%-rectifiable and H¢(E) < oo.
Definition 5.4. Let F be a closed subset of RY.
1) The set of points of R which have a unique projection on E.
Unp(E) = {y € R" : 3 an unique = € E such that dg(y) = ||y — =||},
where dg(y) is the distance function from a point y to E.

2) The reach of a point z € E and the reach of E are respectively defined as follows :

reach(E,z) = sup{r > 0: B(z,r) C Unp(E)}, reach(E)= nenfEreach(E x).

Remark 5.5. We say that F is a positive reach if reach(F) > 0.
The definition of Unp(E) implies the existence of a projection on F, a function pg : Unp(E) —
E which associates = € Unp(F) such that dg(z) = ||z — pg(x)||.

Definition 5.6. Let E be a closed subset of R such that E, C Q for some » > 0, and f be
a continuous function on a bounded open subset Q of RY. The d — dimensional topological
derivative of the volume functional

Viw = [ fade= [ fao

with respect to E is defined as follows :

9

_ (XQ \ Er) — V(XQ)
(XQ’ 6E) l@) OZN—drNid

whenever the limit exists.

Theorem 5.7. Let E be a compact subset of RN and 0 < d < N an integer.

Let oy, denote the volume of the unit ball in R*. We assume that the following properties hold.:
1) E is a d-rectifiable subset of RN such that )F = E and 0 < H(E) < oc;

2) E has positive reach; that is, there exists R > 0 such that d3, € C''(ERg);

3) f is continuous in Eg.

d_ _
/E‘de lli%(N d)an - dTNd/ fav= l1m( —d)an- dTNd/ forndy.

1
dH? = 1 HNL
/f 1m (N d)OéN arN—d= 1/(9Ede

In the following theorem N > 2 is a natural number, d the dimension of a subset £ of RN, r
the radius of the ball and oy _4 is the volume of the unit ball in RV <.

5.2 Topological derivative for the functional

In the following, we establish the main result of the topological derivative. To perform this, we
first consider the PDE with a Neumann edge condition, then with a Dirichlet edge condition. It
is considered that there will be no major change in the two results obtained for the two edge
conditions. Except that the spaces we’re working with will change from one condition to the
other.
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Neumann condition

Theorem 5.8. Let 0 < d < N, E = W and s = an_qrN =% The topological derivative exists if
and only if the following limit :

L = lim (Ly(e) + Li(e)),
e—0
exists with
uQ, — uQ ? uQ, — uQ :
b = [ afp () o
@ = ) 7 7

and

1 1
Li(e) = - / Vug,-Vdw py dHN do — f/ uV (ug, — ugq,) -Vpe d.
0QmNow, s

S

€

Moreover; the topological derivative of the function is given by the expression :

o J@) - @)
DIQ) =l T

L— [/5|Vugo|2 + alug, — u0|2 + uVug,. Voo — fpo — 3kaVéapo dH?.
w

where py, ug, are solutions of systems

/ 2BVug,. V¢ dr +/ 2a(ug, — up)¢'dx +/ uVe' .Vpy doz = 0.
Q Q Q

Proof. Let us associate with ¢, 0 < ¢ < r, the perturbed domain Q. = Q\w,, where by assump-
tion,

Q. = 0Q U dw;, and 9Q N 0w, = ) and dw; € C11.

In the following, consider also the functional defined in Q., by

J(QE)=B/ | Vug, 2da:+a/ | ug, — ug |? dz (5.1)
Q. Q.

where ug_ is the solution to the following problem

“phug, — (At @)V (divig’) + 3kaVég, = f in Q.

uo, = 0 in OO (5.2)
8752( =, on 0w;.

We can be extended to Q by introducing the solution @ — R of the problem
—pAug, — (A + @)V (diviig!) + 3kaVg, = f in? and u)) = uq. on d@..  (5.3)

We suppose that Q. has two components Q™ and Q0. Q™ is the component of Q. for which
0Q is part of its boundary. Q is the blind component of Q. whose boundary has an empty
intersection with 9Q. The function ug, is distributed between the two components Q0 and Q™
as

phug, — (A + p)V(divig’) + 3kaVlg, = f in QM (5.4)
ug, = 0onoQ,

ug, = 0onoQ" N Jw,.
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Since Jw, is made up of two disjoint boundary 0Q° and Q™ N Jw,, we can construct an exten-
sion to Q by defining the solution @ — R

—pAug, — (M) V(divag ) +3kaVeg, = ? inw? and ug_ = ug, on IQ'NIW. uy = ug, on OQ.
5.5

Considering a shape function J defined by (5.1), where uq € H;,(q r) is solution to the varia-
tional problem

,u/ Vug.Vudr — (A + u)/ V(V - ug)vdx — 3ka/ Vlqudr = / fudz (5.6)
Q Q Q Q

and
/VGngpd:v:/gcpdx (5.7)
Q Q

for all v € Hy;,ors) and ¢ € H ;o gs) for some given functions f € H'(R%), g € H~'(Q).
In the case where divug = 0 in Q, (5.6) is reduced to the following variational problem

u/ VuQ.Vvdx:/fvdx+3ka/V&gvdx (5.8)
Q Q Q

and Og solution to (5.7). The shape functional associated the perforated domain is given by

2dx (5.9)

J(xe(z0)) = J(Q2) = o /Q lug, — uo*dz + B /Q Vun,

where ugq_ is solution of the variational problem

,u/ Vug,.Vodr — (X + ,u)/ V(V - ugq, )vdx — Ska/ Vg, vdx = / fvdz.  (5.10)
Q. Q. Q. Q

€

We aim to compute the topological derivative of the functional .J(Q.)

J(Qe) — J(Q)

DJ(Q) = lim N—d

e—0 Qn_gq
And for this purpose, we define the following set:

Vi = {UQe € (L*(Q))4, div(ug,) € L*(Q),uq, =0 on 0L, 8;2

= on awe} . (5.1
Our variational formulation (5.2) consists of finding ug,_ € Vi such that

,u/ Vug, . Vodx — ()\—l-,u)/ V(V - ugq, )vdx — 3ka/ Vg, vdx :/ fvdz.  (5.12)
Q. Q. Q. Q.

In the case where div(ug,) = 0in Q. we have

u/ VuQE.Vvda?—?)ka/ Vg, vdz :/ fvdx, Vv e Vy. (5.13)
Q. Q. Q.

Thus, the Lagrangian dependent on e will be written in the form :

L(e, ¢, D) :B/ \V¢|2dx—|—a/ \¢—uo|2dx+u/ V¢.V<I>dm—3ka/ V(‘)gf@dx—/ fPdx
Q. Q. Q. Q. Q.

(5.14)

Q.) = inf L D).
@) = of, sup L6 ®)



924 Fall et al.

From this, we can now evaluate the derivative of the Lagrangian, dependent on €, with respect to

&,
d¢L(67 ¢7 (I)a (b/) = /

26V¢.V¢’dw+/ 2a(¢p — uo)¢’dac+/ uVe' .Vodz.
Q. Q. Q.

Subsequently, we obtain the variational formulation of the adjoint state equation given by
dyL(0, ug,, po, ¢') = 0, where ugq, = ugq_ for e = 0. Find py € H} () such that

/ 2BVug, V¢ dr —l—/ 2a(ug, — up)¢'dz +/ uVe' .Vpy dz = 0. (5.15)
Q Q Q

Next, we derive the Lagrangian with respect to ®.

dq;L(e,QS,tb,q)’):/ ,quzS.VCI)’dm—/ f(b’dx—3ka/ Vo, @' dx.
Q. Q. Q.

The initial state ug, = ugq is a solution of de L (0, ug,,0,P') =0V &' € H& and in this case, we
have:

/ puVug, VP dx — / f®'dx — 3ka/ Vio®'dx = 0.
Q Q Q

Then, we have:
/ [WVug, V&' — f®' — 3kaVid'|dx = 0.
Q

The state ug,_ for all € > O satisfies
/ [WVug, VY — f® —3kaVodD'|dr =0, V&' € Vy.
Q.

In the following, we aim to find the derivative of the Lagrangian, with respect to €. To perform
this, let us first compute the quotient

L(e, ¢, ®) — L(0, ¢, P)

S

L<67 (bv q)) - L(07 ¢7 (I))

ﬂ/ \V¢|2dx+a/ 16 — uol2dz
Q. Q.

+ u/ ng).VCIDdx—Ska/ V@ngDdfﬁ—/ fPdx
Q. Q. Q.

[,8 [ ot a [ 16 U0|2d4

— [M/V¢.Vq>dx—3ka/veg<bdx—/ f@dw}
Q Q Q

- { | BIVo]* + alp — ug|* + uVo. VP — f& — 3ko¢VGQCD} da.

L(e,¢,®) — L(0, ¢, P)

Ford=0,w = {z0},w. = {x € RN : |2 — 29| < €} = B(o, €).

1
s—0 |B(;v0, 6)|

d,L(0,6,®) = lim ———— V BIVO* 4+ alé — ug)* + uVe. VP — f® — 3kaVhed
B(zo,¢€)

= —BIVe(xo)]® — ald(xo) — uo(zo)|* — pVd(x0). V(o)

+ fq)(a?()) + 3]€O¢V99<I)(ajo).

dx



Coupling Shape and Topological Derivatives 925

By evaluating the last equation at the point uq,, pp, We obtain:
d;L(0,ugypo) = —B|Vug,(20)]* — alug,(x0) — uo(wo)|> — pVug,(2o).Vpo(o)
+  fpo(zo) + 3kaVlapo(zo).
Hence, if 0 < d < N — 1, we have:

L(67 ¢>(I)) — L(O7 (ba (b)

S

1
o [/ BIVP + alp — ugl> + uVo. VP — fd — BkaVGQCID} dx

1
= [ | BIVOL +alg — uol* + uVe.V® — fP — 3kav99q>} da

— - [/5v¢|2 +alé — | + pVo.VP — fo — 3lmvegq>} dH.

Therefore, taking the last result at the point uq,, po becomes:

dsL(0,uq,,po) = — |:/IB|V’LLQO|2 + alug, — uo|* + pVua,.-Vpo — fpo — 3kaVHQpO} dHA.

(5.16)
We will now define R(¢) by
! U — U,
R(e) = / d, L (e,ugo + ¥ (ug, — ug,), po, <QSQO>> d¥.
0
By substituting ¢/ = “*—"% and ¥ = “<"% into the adjoint equation for py, we obtain:

Rle) — / 25V (UQ;”LQ) v (M) i
Q. s

+ / 200 Kug * UQO) — uo} (uﬂé — UQO) dx +/ uV (uge — uQ”) Vpo dz
1) 2 s Q. S

€

1
= = / 28V <UQE—Z’_UQO) V (ug, — ug,) dz + 2« KUQE;UQO) — uo} (ug, — ugo)} dx
Q.

+ - / wV (uq, — ug,) -Vpo } dx
Q.

1
R(e) = - /Q 23 (V (W) — Vug, + VUQ0> -V (ug, — 'U,QU):| dz

(e
Q.

; 3 ) — ug, + ug, — ug] (ug, — ug,) dz

1
+ - {/ uV (uq, — ug,) -Vpo } dx
S Q.
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R = 1 /Q 28 (v (“52;”90) + Vugo) V (uo, — UQO)] dx
+ /Q 200 |:<UQEEUQO> + ug, — U():| (uQe - UQ()):| dx

,U/C (’LLQ6 —UQO) Vp() :| dzr
U — U 2
Q. Q) > l,’E

mo = [ (o ()l ol

{ 2B8Vuq,V (ug, — ug,) + 2a(ug, — ug,)(ug, — uo)} dx

w | —

+
w | —
5

W | —

+

w | -

/ uV (ug, —ug,) Voo } dx.
Q.

Thus, for all ug, € Hyj,(q), equation (5.13) becomes:

/ (uVug, Vv — fv—3kaVov)dz = -— [/ (uVugq, . Vv — fv —3kaVov) dz
Q.

We

= / %UdHN_l, Yo S Hdiv(Q)'
aw‘ an

Now, considering the assumption about @, 0w, € C!*! and

Q9% _ G, nQ. = —Vug, Vi on .
on

And in this case, we have:

/ (uVug, Vv — fode — 3kaVov) dx = —/ Vug, - VdwvdHN ", (5.17)

Q. Owe
By taking the difference between equation (5.13) and equation (5.17), we obtain:
/ uV (ug, — ugq,) Vo = Vug, VdwvdHY "
QE awe
The adjoint equation for € > 0 yields:
/ 28Vug,.V¢'dr +/ 2a(ug, — uo)¢'dz +/ uVe' .V, dv = 0. (5.18)
Q. Q. Q.

By taking ¢’ = ug_. — ug, in equation (5.18), we have:
y g . 0

/ 28V ug,.V (ug, — ug,) d:zr—i—/ 2a(ug,—up) (uq, — ug,) d:z:—i—/ uV (ug, — ug,) -Vp. dz = 0.
Q Q. Q.

/ 2BVug,.V (ug, — ug,) + 2a(ug, — uo) (ug. — ug,) dz = —/ 1V (ug, — ug,) .-Vpe dz.
Q. Q.

The final equation for R(¢) becomes:

U, — U 2
w0 = [ Pl ()
1

- f/ uV (ug, — ug,) -Vpe d.
Q.

uQ. — uQ 2 1
2he %0 d _
TS

S

/ Vug,.Vdw py dHN ' dz
oQ™m oW,
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Dirichlet condition

In this section, we consider the case of a Dirichlet condition, and the perturbed problem thus
becomes:
phug, — (A + p)V(diviig’) + 3kaVig, = f in Q.

ug, = 01in 0Q (5.19)
ug, = 0 on Jwe.

First of all, the calculations remain the same. The changes are simply in the considered

spaces . The techniques for calculating the derivative of the Lagrangian with respect to the
variables remain the same. And for this, we don’t need to go into all the details, as we did in
the case of a Neumann condition. And We can be extended to Q by introducing the solution
@Y — R of the problem

—pAug, — (A + )V (divug!) + 3kaVeg, = 7 in@? and uy =ug, on 0w..  (5.20)

€

We suppose that . has two components Q7 and Q0. Q™ is the component of Q. for which
0Q is part of its boundary. Q is the blind component of Q. whose boundary has an empty
intersection with 9Q. The function ug,_ is distributed between the two components QY and Q™
as

phug, — (A + p)V(divig’) + 3kaVlg, = f in QM (5.21)
ug, = 0onoQ,
ug, = 0onoQ" N Jw,

Since dw. is made up of two disjoint boundary 9Q? and Q™ N dw., we can construct an exten-

sion to Q by defining the solution @ — R

pihug, —(A )V (diviig) ) +3kaVg, = f in? and uy = ug, on OQ"NIw,. uf = ug, on 9Q.
(5.22)

Considering a shape function J defined by (5.1), where uq € H g, (q k) 18 solution to the varia-
tional problem

u/ Vug.Vodz — (A + ,u)/ V(V - uq)vdz — 3ka/ Vlgudr = / fudx (5.23)
o Q Q Q

and
/VGthpdx:/ggodx (5.24)
Q Q

for all v € Hy;, o) and ¢ € H ;o rs) for some given functions f € H'(R%), g € H~'(Q).
In the case where divug = 0 in Q, (5.23) is reduced to the following variational problem

u/ Vug.Vudr = / fudx + 3ka/ Vlqudz (5.25)
o Q Q
and O solution to (5.24). The shape functional associated the perforated domain is given by
J(Q) = a/ lug, — uo|*dz + ﬁ/ \Vug, |*dz (5.26)
Q. Q.
where ug_ is solution of the variational problem

,u/ Vug, Vvdr — (A + u)/ V(V - ug, )vdx — 3ka/ Vo, vdx = / fvdz.  (5.27)
Q. Q. Q. Q.

We aim to compute the topological derivative of the functional .J(€2.)

DJ(Q) = lim JQ) - J(Q)

e—0 aN_dTN_d
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And for this purpose, we define the following set:
Ve = {ug € (L*(Q))?, div(ug) € L*(Q),uq = 0 on 9Q,ug, = 0 on Jw } . (5.28)

Our variational formulation (5.19) consists of finding uq, € V; such that

,u/ Vug, . Vudz — ()\+,u)/ V(V - uq, )vdx — 3k‘a/ Vo, vdx :/ fvdz.  (5.29)
Q. Q. Q. Q.

In the case where div(ug,) = 0 in Q. we have

u/ VUQF.V?}dx*SkOZ\/ Vg vdx :/ fvdx, Vv eV, (5.30)
Q Q Q.

€ €

Thus, the Lagrangian dependent on e will be written in the form :

L(e, ¢, D) :ﬂ/ \V¢|2das+a/ \¢7u0|2dx+u/ ng.VCDdfoka/ v0Q€q>dl'7/ fddx
Q. Q. Q. Q. Q.

(5.31)
From this, we can now evaluate the derivative of the Lagrangian, dependent on €, with respect to

o.
d¢L(67 ¢7 (I)a (b/) = /

26V¢.V¢’dw+/ 2a(¢p — uo)¢’dac+/ uVe' .Vodz.
Q. Q. Q.

Subsequently, we obtain the variational formulation of the adjoint state equation given by
dyL(0, ug,, po, ¢') = 0, where ugq, = ugq_ for e = 0. Find py € H} () such that

/ 2Vug,. V¢ dx +/ 2a(ug, — ug)¢'dz +/ uVe¢' Npy dr = 0. (5.32)
Q Q Q

Next, we derive the Lagrangian with respect to ®.
doL(e, ¢, D, P") = / uVop. V&' dr — / fo'dx — 3ka/ Voo, @ dr.
Qe Qe QS

The initial state ug, = ug is a solution of de L (0, ug,,0,®’) =0V &' € H} and in this case, we
have:

/ uVug, VO dr — / f®'dx — 3ka/ Vlo®'dx = 0.
Q Q Q

Then, we have:
/ [1Vug, V&' — f®" —3kaVed'| dx = 0.
Q

The state ug_ for all € > O satisfies

/ [1Vug, VO — [ —3kaVod|dz =0, V' € V..

€

In the following, we aim to find the derivative of the Lagrangian, with respect to ¢. To achieve
this, let us first compute the quotient

L(€, ¢7 (I)) — L(O’ ¢a CD)
5 .

L(e,,®) — L(0,6,®) = — { [ BIVO +alg — uol* + uV.V® — f@ — 3kaVio®| da.

Ford=0,w = {z0},w. = {x € RN : |2 — 29| < €} = B(zo,¢€).

dsL(0,0,®) = —B|Vo(xo)]* — a|d(wo) — uo(wo)|* — nVe(wo). V(o)

+ fq)(l‘()) + 3kaVHQ<I>(a:0).
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By evaluating the last equation at the point uq,, pp, We obtain:

dsL(0,uq,,po) = —B|Vug,(x0)|* — alug,(z0) — uo(xo)|* — 1V ug,(20).Vpo(wo)

+  fpo(zo) + 3kaVlapo(zo).
Hence, if 0 < d < N — 1, we have:
L(Ea 9, CI)) — L(O, b, CD)
s

- [/ﬁ%lz + al¢ —ul* + pVo.VP — fd — 3ko¢VHQd>} dH".
Therefore, taking the last result at the point uq,, po becomes:

dsL(0,ug,, po) = — [L6|VUQO|2 + alug, — uo|* + uVug,-Vpo — fpo — 3kavegp0} dH?.
We define R(¢) by

] —
B(e) = [ L (comy+ W (a0, ) o (2212 ) )
0

The final expression of R(¢) is geven by:

w0 = [ (o) -
1

— f/ pV (ug, — ug,) -Vpe dr.
Q.

uQ,. — uQ, 2 1
e 0 d -
VN R

/ Vg, .VdapydHN | dx
QT NIw,

S

Theorem 5.9. Let 0 < d < N, E = W and s = an_qrN "% The topological derivative exists if
and only if the following limit :

L = 1lim (Ly(e) + Li(¢)),
e—0
exists with
uQ. — uQ, 2 uQ. — uUQ 2
Lo(e) = /6‘V( 0)‘ +a|———2
@ = J 75 N

and

1
Li(e) = = mema Vug,.Vdw po dHNI] dr — ;/ 1V (ug, — ug,) -Vpe dz.

Moreover, the topological derivative of the function is given by the expression :

J(Q) — J(Q)

DJ(Q) = lim e

e—0 QN_q

= L-— [/5|Vugo|2 + alug, — uol® + uVug,.Vpo — fpo — 3kaVlapo dH?.
w
where py, uq, are solutions of systems

/ 2Vuq,. V¢ dx +/ 2a(ug, — ug)¢'dz +/ uVe¢' Npy dr = 0.
Q Q Q

6 Conclusion remarks

In this work, we studied a linear thermoelasticity problem using optimization methods. After
giving a thermoelasticity model and recalling the existence of a weak solution to this problem,
we established the existence of an optimal shape of the minimization problem. Finally, the shape
and topological derivatives have also been established using the minmax method.

As future work, we intend to study the regularity problems and numerical methods of the pro-
posed problem.
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