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Abstract. Here we have investigated modified f(R,T) gravity for a Bianchi type-V model
in Lyra’s Geometry. To acquire the deterministic solution of the field equations within f(R,T),
we consider that f(R,T) = R™ +T™2, R is the Ricci scalar, T is the energy momentum tensor
& mj,my are constants. The equation of state is p = wp, where p is the pressure, p is the
energy density and w is the equation of state parameter that depends on the type of matter. Some
physical and geometrical features of the model are also be discussed.

1 Introduction

Cosmology is the mathematical study of the universe (or cosmos) as a whole. Cosmology is
the study of structure, origin and development of the universe. The word “cosmology” is de-
rived from the combination of two Greek words, Kosmos (meaning harmony or order) and logia
(means words or disclosures) and cosmology deals with very large distances, objects that are
very big and timescales that are very long. In addition, cosmology also deals with very small
things. A cosmological model describes the origin, structure and evolution of the universe. By
introducing or modifying the theory of gravity from general relativity, we can explain certain
phenomena better than the standard cosmological model. In cosmology, f(R,T) gravity is a
modified theory of gravity which is an extension of general relativity, whose action depends on
the Ricci scalar R and the trace T of the stress energy tensor. Modified gravity explains certain
issues, like the accelerated expansion of the universe, dark energy and dark matter. f(R,T)
gravity explains the late time accelerated expansion of the universe, the effect of dark energy and
is also used to study inflationary scenarios and other early-universe phenomena.

Lyra’s geometry (which is a modified version of Riemannian geometry) used to study cos-
mology. It is also an important theory in modified theories of gravity, in which displacement
field can be deemed a building block of the total energy that can play the role of dark energy.
Lyra geometry was introduced by Lyra [1]. by introducing a gauge function ¢; into the geom-
etry. Various researchers constructed cosmological models in the context of Lyra’s geometry
[2,3,4,5,6,7,8,9]. The behavior of cosmological models with variable deceleration param-
eter, the scenario of two-fluid dark energy models in the Bianchi type-III universe and FLRW
cosmological models with dynamic cosmological term in modified gravity are all discussed by
Tiwari, Beesham, and Shukla [10, 11, 12, 13]. The hyperbolic scenario of the accelerating uni-
verse was covered by Khan et al. [14]. We have also studied the various deceleration parameter
forms proposed by various researchers [15, 16, 17, 18]. By changing the geometrical compo-
nents of Einstein’s equation of motion, Starobinsky [19] and Kerner [20] proposed an alternative
modified gravity theory, f(R) gravity [21, 22]. Other modified theories are f(7T) gravity, where
T is the torsion scalar [23, 24, 25], f(G) gravity, where G is the Gauss Bonnet invariant [26, 27],
scalar-tensor theories [28, 29] and higher-dimensional theories [30], Anisotropic model [31, 32].
In this paper, we have discussed the Bianchi type-V cosmological model in modified f(R,T)
gravity in Lyra’s geometry with certain forms of a varying deceleration parameter.
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2 Bianchi Type V Metric, Field Equations & Physical and Geometrical
Properties

The Bianchi type-V metric is
ds? = —dt* + M?da® + N**® (dy* + d2?) 2.1)

where M and N are functions of cosmic time ¢ only. The action S of f(R,T) gravity is

1
5= /«ﬁ—g{mf(RT)—i-Lm}d“x 2.2)
where L,, is the Lagrangian density of matter. The value of the stress-energy tensor of the matter
is defined as
2 V—gL
1, = -2 9V=9Lm) (2.3)
V=5 ogl
The effective energy-momentum tensor 77" in f(R,T) gravity is given by
of of
ff _
Ty = (p +p+ aT) uju; + (p + 8T> 9ij (24)

where p is the energy density, p is the pressure of the matter and u* = (1,0,0,0) is the four
velocity vector in comoving coordinates satisfying the condition

wut = —1 (2.5)

The field equations obtained by varying the action S in equation (2.2) in f(R,T') gravity with
respect to the metric tensor g;; are

Ir(R, T)Rij_lf(Ra T)gi;+(9:;V'V; = ViV;) fr(R,T) = 87T;;— fr(R,T)T;;— fr(R,T)0;;

2
(2.6)
where X
0°L

= 0T y _94lm m

@z] = 2Tz7 + gijLm 29 Bgii gl 2.7)
f (R, T) of(R,T)

T)=——F5— T)= %7 2.8
fR(Ra ) R ) fT(Rv ) oT ( )
and V; is the covariant derivative. Here, we are using L,, = —p, since there is no unique

definition of the matter Lagrangian. Using this definition of L,, in equation (2.7), we get the
value of ®;;, on which the physical nature of the matter field depends

0;; = —2T3; — pgi; (2.9
Harko et al. [33] have considered three possible forms for f(R,T'), which are

R+2£(T)
f(R,T) =< fi(R) + fo(T) (2.10)
fi(R) + f2(R) f5(T)

In this discussion, we are going to consider the second condition of equation (2.9), i.e.,
f(R,T) = fi(R) + fo(T) = R™ +T™ 2.11)

where m and m, are constants.
Now from equation(2.6), we get

1
Rij — 5 Rgij = (87 +3)Tij + Alt)gis (2.12)
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where A(t) = p + % is the cosmological constant and depends upon the trace of the energy-
momentum tensor 7". This was proposed by Poplawski [34], where the cosmological constant in
the gravitational Lagrangian is a function of the trace 7" of the energy-momentum tensor. Ahmed
and Pradhan [35] studied the Bianchi type-V model in f(R,T') gravity with A(t). If the pressure
of matter is neglected, A(¢) gravity, which is more general than Palatini f(R), might be reduced
to it [36, 37]. For the sake of simplicity, here we will take m; = my = 1.

In this paper, at the beginning, standard f(R,T') gravity is formulated in Riemannian geom-
etry. We now wish to look at f(R,T) gravity within the framework of Lyra’s geometry. To
modify the connection and curvature tensors, Lyra’s displacement vector ¢; is introduced, i.e.,
in this work, the standard Levi-Civita connection is replaced by the Lyra connection containing
a displacement vector as follows. The action of f(R,T) in Lyra’s geometry is given by (Singh
and Singh [38])

S:/H{I;T*R+Lm}d4x (2.13)

where *R = R+3¢°, + %qﬁ,»d)i so to incorporate f(R,T') gravity into Lyra geometry we just have
to add

1 i 3, s
[ i {3+ 300 o 2.14)

to the right side of the action (2.2).

Thus the subsequent field equations belong to the Lyra-geometric generalization of f(R,T)
gravity [39]. With this change in the gravitational field equations, curvature terms are changed
and an extra contribution from ¢; is added. The resulting model is therefore a Lyra geometric
extension of f(R,T) gravity where ¢; includes novel geometric effects that could affect matter
coupling and gravitational dynamics, which also enables accelerated expansion without the need
for dark energy as in the ACDM model.

The field equations in Lyra’s manifold with 87G = 1 and ¢ = 1 are given by Sen [40] as

1 3 3. .
Rij — 5 Rgij + §¢i¢j - Z@dfgij = (87 +3)T;; + A(t)gs; (2.15)
where ¢; is the displacement vector field in Lyra’s manifold defined as

For the metric (2.1), Einstein field equations obtained by taking 8w + 3 = b are

MN N*> 3 3

—_— e —_— — — 2— =
29 T 3= 7 Al =bp+1) (2.17)
N N 1 3,
M N MN 1 3, _

Here an overhead dot indicates differentiation with respect to cosmic time ¢. Equations(2.17) —
—(2.19) are three equations in the five unknowns M, N, 8, p, p. Therefore, to find a solution, two
more conditions are required. The two conditions that we choose are

(i) Since the behavior of a power law solution is common in expanding or collapsing systems
in cosmological models, we assume a solution of the system of equations of the form
M N a
el 2.2
M N (2:20)
where a,n are constants. We note that this assumption is equivalent to assuming M = N
in the metric(1.1). The form (2.20) suggests that the growth or decay rates of M and N
follow a power law dependence on time. Integrating equation (2.20), we get

M_N_Mlexp{latl_"} 2.21)
—n
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(ii) Since the power assumption (2.20) does not fully close the system, one more equation is
needed to fully close the system. Therefore, we assume the equation of state

p=wp (2.22)
For the equation of state of dark energy,
w=-1, ie, p=-—p (2.23)
The volume V is given by
V = Mjexp {“tln} (2.24)
1—n

The deceleration parameter ¢ is given by

g=—1 (2.25)

Since the deceleration parameter g is negative, this denotes an accelerating expanding universe.
The shear scalar o is given by

ot = %aiﬂ‘gij =0 (2.26)

g=22 (2.27)

Also,
Iim — =0 (2.28)

Therefore, our model describes a non-shearing, non-rotating, continuously expanding universe.
For the sake of simplicity, taking n = 1, we get

p= t%(l —3a)
a (2.29)
pP= ﬁ(3a— 1)

The cosmological parameter, which is a variable in this model, is given by

A:3{;—:2(3a—1)}

The displacement vector (5 has the value

}3 T {a(1=30)(b+3) + (2~ a)} + b4 3

We now plot the volume V/, pressure p, energy density p, expansion scalar # and cosmological
parameter A in the figures below:

In the graphical representation, the current epoch is represented by ¢ = 1 and we have used
dimensionless time ¢ normalized by the Hubble time H ! to remove the dependence on specific
units, to make the results more general and to maintain the physical meaning of cosmological
expressions. In all the above figures, the transition from deceleration (¢ < 2) to acceleration
(t > 2) is depicted. The ¢ = 10 endpoint of our figures represents a future de-Sitter state of the
cosmological model, after which there is never-ending acceleration. The unit of time that we are
using is that ¢ = 1 corresponds to 13.7 Gyr, the current time.

6:
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Figure 1. Variation of Spatial volume V' against cosmic time ¢ taking M} = 1,a =1
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Figure 2. Variation of Pressure of matter and energy density against cosmic time ¢ taking a = 1
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Figure 3. Variation of expansion scalar # against cosmic time ¢ taking n = 1
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Graph of A as a function of t

Figure 4. Variation of Cosmological constant A against cosmic time ¢ taking a = 1

3 Conclusions

Here we discussed the Bianchi type-V cosmological model in f(R,T’) theory of gravity. It is
observed that the shear scalar o is zero, i.e., there is no shear scalar in the model.
Hence

The model describes a non-shearing, non-rotating, continuously expanding universe. Also it is
observed that, as time ¢ increases, the expansion scalar ¢ decreases.

The energy density of the vacuum is linked to the cosmological parameter A, which affects
the pace of expansion of the universe. When the cosmic time ¢ > 2, the cosmological parameter
A > 0, and the universe experiences accelerated expansion similar to the dark energy model.
When t < 2, A < 0, and our model experiences deceleration. The negative value of the cosmo-
logical parameter reflects an attractive force. This contributes to the deceleration of the universe
in the past. At the point ¢ = 2, we get A = 0. This point is known as the transition point where
the universe shifts from deceleration to acceleration.
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