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Abstract. In this paper, we introduce the notion of screen transversal Cauchy-Riemann bi-
slant lightlike submanifolds of indefinite Kaehler manifolds. We not only present a compre-
hensive characterization theorem but also offer illuminating examples of these submanifolds,
showcasing their non-trivial nature. Furthermore, we rigorously establish integrability condi-
tions for the distributions Dy, D, and Rad(T M) within such submanifolds. Delving deeper, we
unveil the necessary and sufficient conditions for the foliations determined by these distributions
to emerge as totally geodesic - a crucial insight into the geometric properties of these intriguing
structures.

1 Introduction

In 1996, Duggal and Bejancu first introduced the theory concerning lightlike submanifolds
within a semi-Riemannian manifold ([5]). Described as submanifolds where the induced metric
g becomes degenerate, a lightlike submanifold M of a semi-Riemannian manifold M has been
pivotal in various applications, notably in general relativity, particularly within black hole the-
ory. This significance prompted geometers to delve into the exploration of lightlike submanifolds
within semi-Riemannian manifolds endowed with specific structures.

B. Y. Chen, in 1990, introduced the concept of slant immersions within complex geometry,
representing a natural extension encompassing both totally real immersions and holomorphic im-
mersions ([3], [4]). In ([1], [2]) A. Carriazo defined bi-slant submanifolds of almost Hermitian
and almost contact metric manifolds and introduced the notion of pseudo-slant submanifolds.
Additionally, in 1994, N. Papaghuic contributed by introducing the notion of semi-slant subman-
ifolds within Kaehler manifolds([9]). The concept of slant immersion of a Riemannian manifold
into an almost contact metric manifold was coined by A. Lotta ([8]). Further developments
unfolded as Sahin, in ([10], [11]), delved into the geometry of slant and screen-slant lightlike
submanifolds within indefinite Hermitian manifolds. Explorations into the theory of slant, CR
lightlike submanifolds, and SCR lightlike submanifolds within indefinite Kaehler manifolds and
indefinite Sasakian manifolds have been documented in ([6], [15]).

This paper introduces a novel concept termed screen transversal Cauchy-Riemann (STCR)
bi-slant lightlike submanifolds within indefinite Kaehler manifolds. The structure of the paper
unfolds as follows: Section 2 presents foundational results, while Section 3 delves into the explo-
ration of quasi-bi-slant lightlike submanifolds within an indefinite Kaehler manifold, accompa-
nied by an illustrative example. Section 4 is dedicated to investigating foliations determined by
distributions on screen transversal Cauchy-Riemann bi-slant lightlike submanifolds of indefinite
Kaehler manifolds.
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2 Preliminaries

A lightlike submanifold (M™, g) immersed in a semi-Riemannian manifold (M™% g) is a
submanifold in which induced metric ¢g from g is degenerate. There exists locally a lightlike
vector field £ € T'(T M), & # 0, such that g(&, X) = 0, for any X € I'(TM). Then, for each
tangent space 7, M we have

Ty Mt ={ueT,M: g(u,v) =0,VveT,M},

which is a degenerate n-dimension subspace of 7, M. The radical (null) subspace of T,M,
denoted by Rad (T, M), is defined by

Rad(T,M) = {¢, € T,M, g(&,,X) =0, X € T,M}.

The dimension of Rad(T,M) = T,M N T, M* depends on p € M. For an r-lightlike subman-
ifold, the mapping

Rad(TM) : p € M — Rad(T,M)

defines a smooth distribution on M of rank r, where 1 < r < m. Now suppose that S(T'M) be a
semi-Riemannian complementary distribution of Rad(T M) in T'M, called screen distribution,
ie.

TM =Rad(TM) Goren S(TM). 2.1
Let S(TM*1) be a semi-Riemannian complementary vector bundle of Rad(T M) in TM*,
called screen transversal vector bundle. Since for any local basis {&;} of Rad(T M) there exists
a local null frame {N;} of sections with values in the orthogonal complement of S(T M) in
[S(TM)]* such that §(&;,N;) = d;; and g(N;, ;) = 0, it follows that there exists a lightlike
transversal vector bundle it (7 M) locally spanned by {A/;}. Let

tr(TM) = ltr(TM) @opin, S(TM™). (2.2)
Then, tr(T M) is a complementary which is not orthogonal vector bundle to T M in T M|y, i.e.
TM|p=TMStr(TM) (2.3)

and therefore
TM|pm = S(TM) Gopen, [Rad(TM) @ ltr(TM)] Gorn S(TM™). 2.4)

Following this, we have the four possible cases for a lightlike submanifold:
Case 1: r-lightlike if r < min(m,n),

Case 2: co-isotropic if 7 = n < m, S(TM*) = {0},

Case 3: isotropic if r = m <n, S(TM) = {0},

Case 4: totally lightlike if r = m = n, S(TM) = S(TM*) = {0}.

The Gauss and Weingarten formulae are given as

Vay =Vad +h(X,)), 2.5

ViV = —ApX + V4 V. (2.6)

for all X,y € I'(TM) and V € I'(tr(TM)), where {V+), Ay X} belong to I'(T'M) and
{h(X,¥), VL V} belong to I'(tr(TM)). Here, V and V* are linear connections on M and
on the vector bundle ¢r(T M) respectively. The second fundamental form A is a symmetric
F(M)-bilinear form on I'(T'M) with values in I'(¢tr(7M)) and the shape operator Ay is a
linear endomorphism of I'(T"M). From (2.5) and (2.6) we have

Vay =VaY+ 0 (X, V) +h*(X,Y), VX,V eT(TM), 2.7)
VN = —AyX + VAN + D (X, N), YN € T(itr(TM)), (2.8)
VaW = —ApwX + DX, W) + VW, YW € T(S(TM™Y)). (2.9)

where h!(X,Y) = L(h(X,))), h*(X,Y) = S(h(X,Y)), D{(X, W) = L(VLW), D*(X,N) =
S(VLN), L and S are the projection morphisms of tr(T M) on ltr(TM) and S(T M=) re-
spectively. Thus h! and h* are T'(Itr(TM))-valued and T'(S(TM=))-valued lightlike second
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fundamental form and screen second fundamental form of M respectively. On the other hand,
V! and V* are linear connections on ltr(TM) and S(T M) called the lightlike connection and
screen transversal connection on M respectively. Now by using (2.5), (2.7)-(2.9) and metric
connection V, we obtain

g(h* (X, ), W) + §(¥, D'(X, W)) = g(AwX), (2.10)

G(D*(X,N),W) = g(N, A X). .11)

Suppose P is the projection of TM on S(TM). Then from the decomposition of the tangent
bundle of a lightlike submanifold, we have

VxPY = V3L PY+h*(X,PY), VX,YcT(TM), (2.12)
Val = —A{X + V¢, € DN(Rad(TM)) (2.13)

where {V% PY, —A; X} and {h*(X, PY), V¥¢} belong to T(S(T'M)) and T(Rad(TM)) re-
spectively. It follows that V* and V*! are linear connections on S(7"M) and Rad(T M) respec-
tively. On the other hand, h* and A* are called the second fundamental forms of distributions
S(TM) and Rad(T M) respectively, which are I'(Rad(TM))-valued and I'(S(7M))-valued
F(M)-bilinear forms on I'(T M) x T'(S(T'M)) and T'(Rad(TM)) x I'(T’M). Now by using
the above equations, we obtain

g(hl(X, PY),€) = g(ALX, PY), (2.14)
g(h* (X, PY),N) = g(Ax X, PY), (2.15)
g(h'(X,€),6) =0, Az¢ =0. (2.16)

Here, it is important to note that the induced connection V on M is not a metric connection in
general. Since V is a metric connection, by using (2.7) we get

(ng)(y’Z) = g(hl(X,y),Z) +§(hl()(,Z),y). (2.17)

A 2m-dimensional semi-Riemannian manifold (M, g, J) with constant index g, where 0 < ¢ <
2m, and a (1, 1) tensor field J on M is called an indefinite almost Hermitian manifold if the
following conditions are satisfied:

TJ>X =-xX, (2.18)

g(JxX,JY)=3(X,Y), VX,V eT(TM). (2.19)

A_n indefinite almost Hermiti_an manifold (M, 7.7 ) is called an indefinite Kaehler manifold if
J 1is parallel with respect to V, i.e.,

(VaJ)y =0, (2.20)

forall X, € F(_TM) where V is the Levi-Civita connection with respect to . The fundamen-
tal 2-form Q of M is defined by

Q(X,Y) =g(x,JY), VX, Y e [(TM). @21

It is known that dQ = 0 for a Kaehler manifold M , where d is the operator of exterior derivative.
The Riemann curvature tensor field R satisfies

R(X,Y)J = JR(X,Y), R(JX,JV)=R(X,)). (2.22)

Suppose M (c) is an indefinite complex space form, with a constant holomorphic sectional cur-
vature c. The curvature tensor of M (c) is given by

R(X,¥)Z = g{g(y,z)x — (X, 2)y +3(JY, 2)JX - §(JX, 2)]Y

+2G(X,JY)JZ), VX, Y € T(TM). (2.23)
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However, it is important to note that V is a metric connection on S(7'M). The curvature tensor
of a lightlike submanifold is denoted by R and the Gauss equation for lightlike submanifolds is
given by

R(X,Y)Z = R(X,Y)Z + Apx,2)Y — Ap,z)X + Aps(x,2)Y — Aps(p,2) X
+ (thl)(y,Z) - (vyhs><sz> + Dl(ths(yvz)) - Dl(yvhs(X’Z))+
(Vah®) (Y, 2)(Vyh®) (X, 2) + D (X, (Y, 2))D* (Y, (X, Z)), (2.24)

forany X, Y, Z e I'(TM).

3 Screen Transversal Cauchy-Riemann Bi-slant Lightlike
Submanifolds

In this section, we introduce the notion of screen transversal Cauchy-Riemann bi-slant lightlike
submanifolds of indefinite Kaehler manifolds. At first, we state the following lemma which was
proved by Sahin. We shall use this lemma in defining the notion of screen transversal Cauchy-
Riemann bi-slant lightlike submanifolds of indefinite Kaehler manifolds.

Lemma 3.1. ([11]) Let M be a q-lightlike submanifold of an indefinite Kaehler manifold M
of index 2q. Suppose that there exists a screen distribution S(T M) such that JRad(TM) C
S(TM) and Jltr(TM) C S(TM). Then JRad(TM) N Jltr(TM) = {0} and any comple-
mentry distribution to JRad(TM) ® Jltr(TM) in S(T M) is Riemannian.

Definition 3.2. Let M be a g-lightlike submanifold of an indefinite Kaehler manifold M of
index 2q such that 2¢ < dim(M). Then we say that M is a screen transversal Cauchy-Riemann
bi-slant lightlike submanifold of M if the following conditions are satisfied:

(i) Rad(T M) is a distribution on M such that

Rad(TM) = Dy & D,

where D, C S(I'M) and D, C S(TM™*). Furthermore, we have itr(TM) = Ly & L,
where JL; C S(TM) and JL, C S(TM?),
(ii) there exist non-degenerate orthogonal distributions D} and D) on M such that

S(ITM) = (ID1 ® JL1) Bortr, D} Boren D5,

where L; is a distribution of Itr(T'M),
(iii) the distribution D] exhibits slant behaviour with an angle 6}, i.e. for each x € M and each
non-zero vector X € (Dj).,, the angle 6; between J X and the vector subspace (D}), is a non-
zero constant, which is independent of the choice of z € M and X € (D}),,
(iv) the distribution D) is slant with angle 6,, i.e. for each x € M and each non-zero vector
X € (D)), the angle 6, between JX and the vector subspace (D}), is a non-zero constant,
which is independent of the choice of z € M and X € (D)),.

These constant angles 6; and 6, are called the slant angles of distributions D; and D, re-
spectively. A generalized quasi-bi-slant lightlike submanifold is said to be proper if D; # {0};
Dz 7& {0} and91 75 71'/2; 02 75 7T/2

From the above definition, we have the following decomposition:
TM = Rad(TM) Dorth (jDI ©® le) Dorth Dl] Dorth ,Dé

Let (R%Z]”, g, J ) denote the manifold R%;” with its usual Caehler structure given by

g= (=Xl de' @da’ +dy' @dy’ + 377" do’ @ dx’ + dy @ dy'),

Bl —

T2 (Xidzs 4+ Vidy:)) = Y0 (Vidx; — Xidys),

where the Cartesian coordinates on R%;” are (z*,y*). Now we give an example of screen transver-
sal Cauchy-Riemann bi-slant lightlike submanifolds of an indefinite Kaehler manifold.
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Example 3.3. Suppose (R}‘S, g, J) is an indefinite Kaehler manifold, where § is of signature
(= — + + + + + + + +, — +, — +, +, +, +, +, +, +) withrespect to the canon-
ical basis {8'1:1; 8%‘2, 61'3, 61‘4’ axs, 83:‘67 81‘77 6378’ 6.1'9, 8191’83/2; 82/& 8y4a aySa ay67 6y77
dys, Oyo}. Suppose M is a submanifold of ]R}tg given by z! = sinu,, y' = —cosuy, 22 = uy,
y? = uz — 74, 23 = us, y3 = 0, 2% = wy, vt = uz + 74 2 = uscosug, Y0 = us Sin ug,
2® = kj cosus, = kisinus, 7 = u7, ¥y’ = ug, 8 = ky sin ug, y = kp cos ug, where k; and
k, are constants. Here the local frame of T M is given by {2, 2Z,, 23, Z4, 25, Z6, Z7, 23},

where

= 2(0xy + O14), Z; =2(cosupdzy + sinuydy; + Ox3),
33 2(0y2 + Oya), Z4 = (—0y2 + Oua),
Zs = 2(cosugdxs + sinugdys — ki sinusdxe + ki cos usdys),
Z6 = 2(—us sinugdxs + us o8 ucdys ),
(

2
2

(3'1'7), Zg = 2(8:1/7 + kp cosugdxg — ko sinusayg).

Hence Rad(TM) = span{Zi,2,}. Also it is easy to see that D; = span{Z;} and D, =
span{Z,}, where J2Z, = —2;3 € [(S(TM)) and T2, = W, € [(S(TM1)). Moreover
S(TM) = span{Z3, Z4, Zs5, Z¢, 27, Z3}. Also D] = span{Zs, Z¢} and D = span{Z7, Zg}
are slant distributions with slant angles §; = cos~!(1/4/1 + k?) and 6, = cos~!(1/4/1 + k3)
respectively. On the other hand the lightlike transversal bundle ltr(T'M) is spanned by

N] = (*6.%2 + 8£E4), ./\/'2 = (7 COS UQaaf] — SiIlUQayl + 31‘3)

From this we have ltr(TM) = span{Ni, N2}, where L1 = span{N;} and L, = span{\}.
Here JN| = —Z24 € T(S(TM)) and JN> = W, € T(S(TM™)). Also S(T ML) is spanned
by

Wy = 2(—sinupdz; + cosuxdyy — dys), Whr = 2(sinudxy — cos uxdyy — dy3),

Wiz = 2(k? cos ugdxs + ki sinugdys + ki sinusdxg — ki cos usdys),

Wy = 2(us cos usOxe + us sin usye ),

Ws = 2(ky sinugdxg + ky cosugdyg), We = 2(k30y7 — ka cos ugdxg + ky sinugdyg).

Hence M is a proper screen transversal Cauchy-Riemann bi-slant 2-lightlike submanifold of
RIS,

Example 3.4. Suppose (R}®, g, ) is an indefinite Kaehler manifold, where § is of signature
(= — +, + + + + + + + — +, — +, +, +, +, +, +, +) withrespect to the canon-
ical basis {a$1, 8.’E2, 8:53, (’9x4, 61'5, ax()» 8:577 81'87 81'9, 5y173y2a 8y3a 8y4a aySv ayév 3y7>
dys, Oyo}. Suppose M is a submanifold of Rj® given by 2! = —cosuy, y' = sinuy, 2% = uy,

Us
2_ _ _ 4 5
Yy uz — f,xa—Uz,ya—Ox =u,Ly =u+ -,

2 2

7

= ussinug, y° = us COS Ug,

2% = kysinus, y® = kycosus, 7 = u7, y’ = ug, 28 = kycosug, y® = k, sinug, where k; and
k, are constants. Here the local frame of T'M is given by {2, Z,, Z3, Z4, Zs5, Z6, Z7, Z3},
where

Oxy + 81‘4) Zy = 2(sin up0x1 + cos UQayl + 8ZE3),

Oyp + 0uya), Z4 = (—0y2 + Oya),

=2(

=2(

s = 2(sinugdzs + cos ugdys + ki cosusdzeg — ki sinusdyg),
(
(

Z3

NI

6 — =2 us CoS u66x5 — Us sin u68y5)

Z7 =2(0x7), Zg=2(0y7 — ko sinugdxg + kz cos ugdys).

Hence Rad(TM) = span{Z,,2Z,}. Also it is easy to see that D; = span{Z,} and D, =
span{2,}, where 72, = —2; € ['(S(TM)) and J2, = W, € I'(S(TM1)). Moreover
S(TM) = span{ 23, 24, Zs, Z6, Z7, Zg}. Also D] = span{Zs, Z¢} and D} = span{Z;, Zg}
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are slant distributions with slant angles 6; = cos™!(1/4/1 + k?) and 6, = cos~'(1/4/1 + k3)
respectively. On the other hand the lightlike transversal bundle /¢t (T M) is spanned by
Ny = (=0z3 + dz4), Na = (—sinuydx; — cosuady; + 0z3).

From this we have ltr(TM) = span{Ni, N2}, where L; = span{N,} and L, = span{N,}.
Here JN| = —Z4 € T(S(TM)) and JN> = W, € T(S(TM™)). Also S(T ML) is spanned
by

Wy = 2(—cosupdzy + sinupdy; — dys), Wh = 2(cosuydxy — sinupdy; — dy3),

W3 = Z(k:]2 sinugOxs + k% cos ugdys — ky cos usOxe + ki sinusdys),

Wy = 2(us sinusdxe + us cos usdys ),

Ws = 2(ky cos ugdxg + k sinugdys), We = 2(k30y7 — ka sinugdag + k cos ugdys).

Hence M is a proper screen transversal Cauchy-Riemann bi-slant 2-lightlike submanifold of
RIS,

Now, for any vector field X’ tangent to M, we put
JX =PX +FX, (3.1

where PX and FX are the tangential and transversal parts of X respectively. We denote the
projections on Dy, Dy, JDy, JLi, D} and D} in TM by Py, P>, P3, Py, Ps, and Ps respec-
tively. Similarly, we denote the projections of ¢tr(TM) on ltr(T M) and S(TM*) by Q and R
respectively. Thus, for any X € I'(TM), we get

X = PX 4 PX + P3X + P,X + PsX + P X, (3.2)
Now applying 7 to (3.2), we have
TJX=TPX+TPX +TPX + JTPX + TP X + TP X, (3.3)
which gives
TJX =TPX+TPX 4+ TPX + TPX + fPsX + FPsX + fPsX + FPsX,  (3.4)

where fPsX and F PsX (resp. fPsX and F PsX) denotes the tangential and transversal com-
ponent of JPsX (resp. JPsX). Thus we get JPX € ['(S(TM)), TPRX € T'(JD,) C
L(S(TM1Y)), TPsXx € T(Dy), TPiX € T(Ly) C T(itr(TM)), fPsX € I(Dy), FPsX €
[(CR3W) C T(S(TM™*Y), fPsX € I'(D)) and FPsX € T'(CRy W) C r(S(TM*4).

Also, for any W € I'(tr(T'M)), we have

W =QW+ RW, 3.5)
Applying J to (3.5), we obtain
IW =TQW + JRW, (3.6)
which gives
IW =TQW +TQW + TRW + TRoW + BRsW + CR3W + BROW + CRWV, (3.7)

where, BR3;W and CR3;W (resp. BR4W and C'R4)V) denotes the tangential and transversal
component of JR3W (resp. J R4W). Thus we get JQiW € I['(Dy), JQ.W € ['(S(TM1)),
TRW € T(D,), TRoW € I'(L,), BRsW € I(D}), CR3W € T'(S(TM™1)), BRW € (D))
and CRyW € T(S(TM1)).

Now, by using (2.20), (3.4), (3.7) and (2.7)-(2.9) and identifying the components on Dy, D,,
JIDy, JLy, D}, D5, Ly, Ly and S(TM*), we obtain
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P(VxTPY)+ P(VNxTPY)+ Pi(VxfPsY) + Pi(Vx fP:Y) = Pil(AzpyX)
—+ Pl(AjP4yX) + PI(AFP531X) + PI(AFpéyX) + jP3VXy, (38)

Py(VxJTPY)+ Py (VxTPsY) + Py(Vx fPsY) + P3y(Va fPsY) = P3(AzpyX)
+ P3(A7pyX) + P3(ArpyX) + Ps(AppyX) + TPIVxY, (3.9)

Py(VxTPY) + Ps(Nx T P3Y) + Py(Nx fPsY) + PA(Vx fPsY) = Po(A7p,yX)
+ Py(AzpyX) + Py(ArpyX) + Po(AppyX) + TQ1RH(X,Y), (3.10)

Ps(VxJP1Y) + Ps(VNxTP3Y) + Ps(VNx fPsY) + P(Vx fPsY) = fPsVx Y+
PS(AjPZyX) + P5(Ajp4y.)() + PS(AFP531X) + PS(AFPGJ)X) + BR3hS(X,y), (3.11)

Ps(VaTPY) + Ps(VaTP3Y) + Ps(VafPsY) + Ps(VafPeY) = fPV Y+
Ps(AjPZyX) + P6(Ajp4yX) + P6(AFp5yX) + P6(AFP631X) + BR4hS(X,y), (3.12)

QiR (X, TPY) + QiDHX, TPY) + Qih (X, T P3Y) + Q1h (X, fPsY)+
QA (X, fPsY) = TPV xY + jP4hl(X,y) —QVLITPY — QIDZ(X,FP5)))
- QDY(X,FFRsY), (3.13)

Qb (X, TP1Y) + QDY (X, TPY) + Qb (X, T P3Y) + Qahl (X, fP5Y)
+ Qb (X, fPY) = QuVY T PyY — QDY (X, FP5Y) — QDY (X, FPsY)+
TRk (X)), (3.14)

Rip*(X,TP1Y) + Rih*(X,TPY) + RiD*(X, TRY) + Rih* (X, fP5Y)
+ Rih* (X, fPsY) = TPaVxY — RV T PY — RV FPsY — RV, FRY, (3.15)

Ryh® (X, TPY) + Rah®(X, T P3Y) + RoD* (X, T PyY) + Roh® (X, fPs))
+ Roh®(X, fPsY) = TQoh' (X,Y) — RoVE, T PY — RyVS,FPsY — RyVS,FPsY, (3.16)

R3h*(X, T P1Y) + R3h*(X, T P;Y) + RyD*(X, T RY) + Rsh® (X, fP5Y)
+ R3h* (X, fPsY) = FPsNxY — RV T PY — RV FPsY — RV, FPY, (3.17)

Rsh*(X,TP\Y) + Ryh® (X, T P3Y) + RyD* (X, T P4Y) + Rsh*(X, [ P5Y)
+ Ryh* (X, fPsY) = FPsNVxY — RyV T P,Y — RyV FPsY — RyV5 F P Y+
CR4h*(X,Y). (3.18)
Theorem 3.5. Let M be a q-lightlike submanifold of an indefinite Kaehler manifold M of index

2q. Then M is a STCR bi-slant lightlike submanifold if and only if
(i) Rad(T M) is a distribution on M such that
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Rad(TM) =Dy & D,,

where JD; C S(TM) and D, C S(TM™). Furthermore, we have ltr(TM) = L & L,
where JLy C S(TM) and JL, C S(TM™).
(ii) the screen distribution S(T' M) can be split as a direct sum

S(TM) == (jDI 3] le) Dorth Dl] Dorth Dé;
(iii) there exists a constant \y € [0,1) such that P2X = —\ X, for all X € T(D}), where
A1 = cos*0y and 0, is the slant angle of D',

(iv) there exists a constant Ny € [0,1) such that P°X = —\X, for all X € T(D}), where
Xy = cos*0, and 0, is the slant angle of D).

Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
Then the distribution D’ is invariant with respect to J and Rad(T M) is a distribution on M
such that Rad(TM) = D, @ D,, where JD; C S(TM) and JD, C S(TM*). Now, for any
X € T'(D}) we have |PX| = | T X|cos by, i.e.

cosf = |I?X| (3.19)
T X|
2 2
In view of (3.20), we get cos” §; = |}jX|2 = g(]fX’ JTX) = 9( X, ]—jzX) , which gives
TX?2 g(JX,JX)  g(X,J?X)
g(X, P2X) = cos® 0,g(X, T*X). (3.20)

Since M is a STCR bi-slant lightlike submanifold, cos? §; = \;(constant) € [0, 1) and therefore
from (3.21) we get g(X, P2X) = \g(X,J*X) = g(X,\J>X), for all X € I'(D}), which
implies

g(X, (PP =X\ THX) =0 (3.21)
Since (P? — A\1J?)X € T'(D}) and the induced metric g = g|p;p; is non-degenerate (positive
definite). From (3.22) we have (P? — X\ J?)X = 0, which implies

P2X =\T’X = -\X, VX eI(D)). (3.22)
This proves (iii). Suppose for any X € I'(D}) we have |[PX| = |JX|cos 6y, i.e.

|PX|
|Tx]

cost, = (3.23)

Now the proof follows by using similar steps above of proof of (iii), which gives cos?6, =
Az(constant). This proves (iv).

Conversely, suppose that conditions (i), (ii), (iii) and (iv) are satisfied. From (iii), we have
P2X =\ J?X, VX € (D)), where \; € [0,1).

7 7 2 72
Now cosg, — IWTXLX) - g(X.JPX)  g(X,P*X) | g(X.J°X) _
o |TX||[PX]| |TX||PX| |TX||PX]| |TX||PX|
g(JX, JX)
V7x|pal

From the above equation, we obtain

[T X|

1z (3.24)

cosf =\

Therefore (3.20) and (3.21) give cos? §; = Aj(constant).

Furthermore, from (iv) we have P2X = M J2X, VX € [(D)), where \, € [0,1). Now by
using the similar steps above we get cos? #; = \(constant). This completes the proof. Hence
M is a STCR bi-slant lightlike submanifold. O

Theorem 3.6. Let M be a q-lightlike submanifold of an indefinite Kaehler manifold M of index
2q. Then M is a STCR bi-slant lightlike submanifold if and only if
(i) Rad(T M) is a distribution on M such that
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Rad(TM) =Dy & D,,
where JD; C S(TM) and JDy C S(TM*1). Furthermore, we have ltr(TM) = Ly & Ly

where JLy C S(TM) and JL, C S(TM*L),
(ii) the screen distribution S(T M) can be split as a direct sum

S(TM) = (jD] S2) le> Dorth Dl] Dorth ’Déx

(iii) there exists a constant py € [0,1) such that BFX = — X, VX € I'(D}), where i =
sin’0; and 0, is the slant angle of D',
(iv) there exists a constant ji, € [0,1) such that BFX = —up,X, VX € I'(D}), where p, =
sin®0, and 0 is the slant angle of D).

Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
Then the distribution D’ is invariant with respect to J and Rad(T M) is a distribution on M
such that Rad(T M) = Dy & D,, where Dy C S(TM) and D, C S(TM™).

Now, for any vector field X € I'(D}), we have

JX = PX + FAX, (3.25)

where PX and FX are the tangential and transversal parts of 7 X respectively. Applying J to
(3.26) and taking the tangential component, we get

~X = P’X + BFX, VX cT(D}). (3.26)

Since M is a STCR bi-slant lightlike submanifold, P?X = -\ X, VX € I'(D}), where \; €
[0, 1) and therefore from (3.27) we get

BFX = — X, VX € T(D}), (3.27)

where 1 — A\; = pj(constant) € (0, 1]. Now, in view of Theorem 3.5, we have \; = cos2 ;. This
proves (iii).
Suppose for any vector field X € I'(D), we have

JX =PX +FAX, (3.28)

where PX and F X are the tangential and transversal parts of 7 X respectively. Now the proof
follows by using similar steps above of proof of (iii), which gives 1 — X\, = up(constant) € [0, 1),
where \» = cos? 6. This proves (iv).

Conversely, assume that conditions (i), (ii), (iii) and (iv) are satisfied. From (3.27) we get

—X = P*X — X, VX e (D)), (3.29)

which implies
P2X = -\ X, Y X (D)), (3.30)
where 1 — yi; = Aj(constant) € [0,1). Furthermore, for any X € I'(D}), by using the similar

steps above we have 1 — up = Ay(constant) € [0, 1). Now the proof follows from Theorem 3.5.
Therefore, M is a STCR bi-slant lightlike submanifold. O

Corollary 3.7. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold
M. Then for any slant distribution D of M with slant angle 0, we have

g(PX,PY) = cos?0g(X,)),
g(FX,FY) =sin? 0g(X,)),

forall X,y € T(D).

The proof of the above corollary follows by using similar steps as in the proof of Corollary
3.1 of [15].

Theorem 3.8. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold
M. Then the distribution D, C Rad(T M) is integrable if and only if

(i) Pi(VaJY) = PI(VyJ X) and Qi1 (X, TY) = Q1h (Y, T X),

(i) Ps(VaJY) = P5(VyJ X) and Ps(Vx TY) = Ps(Vy T X),

(iii) R3h* (Y, TX) = Rsh*(X, JY) and Ryh* (Y, TX) = Ryh*(X, TY),

forall X,y € I'(Dy).
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Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
Suppose X, € T'(D;). From (3.8), we have P; (VxJY) = J PV xY, which gives P (VxJY)—
P(VyJX) = JPB[X,Y]. Now from (3.14), Q1h'(X,JY) = JP4VyY, which implies
QX TY) ~ QN (Y. TX) = TR[X. D) _ _

From (3.12), Ps(VxJY) = [PsVxY, which gives Ps(VaJY)—P5(VyJ X) = fP5[X,))].
From (3.13), we have Ps(VxJY) = fPsVxY, which gives Ps(VxJTY) — Ps(VyJX) =
fPs[X, Y.

From (3.16), we have R3h*(X, JY) = J PsV x )Y, which implies R3h* (X, JY)—R3h* (Y, T X)
= JPs[X,))]. Now from (3.17), we have R4h*(X, JY) = FPsV x)), which gives Ryh* (X, TY)—
R4h*(Y, JX) = FPg[X,Y)], which completes the proof. i

Theorem 3.9. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold
M. Then the distribution Dy C Rad(T M) is integrable if and only if

(i) PL(AgpyX) = Pr(Azp,xY) and Ps(Azp,yX) = Ps(Azp,2 ),

(i) QDY X, T PY) = QD' (Y, ThX), B

(iii) R3V5J P,Y = R3V35,J P, X and RyV5 T P,Y = RyV35,J P X,

forall X,y € T(D,).

Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
Let X,y € I'(Dy). From (3.8), we have Py (A 7 p,yX) = J P3V xY, which implies Py (A 7 p, X )—
Pi(Azp,xY) = JP5[X,Y]. From (3.10), we have P3(A;p,X) = JPVaY, which gives
Py(AzpyX) — Ps(Azpxd) = TRI[X, V.

From (3.14), we have QD' (X, T P,Y) = JP V1Y + J Pyht (X, ), which implies
QiDYX,TPY) — QDY (Y, TPX) = JR[X,Y]. From (3.16), we have R3VS,JPY =
jP5VX_y, which gives R3V5, T PY — R3V§,jP_2X = jPS[X,_y]. From (3.17), we have
R4V TP,y = FPsVxY, which implies RyV5, T P,Y — RyV3,TP,X = FFs[X, Y], which
completes the proof. O

Theorem 3.10. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. Then the distribution D} is integrable if and only if

(l) Pl(AjP_gyX) = P](Ajpsxy) and P3(AjP§yX) = P3(AszXy),

(i) QDY (X, T PsY) = QiDNY, T PsX) and RyV5J PsY = RyV5,J Ps X,

forall X,y € T'(D)).

Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
Let X,V € I'(Dy). From (3.8), we have Py (A 7 p,yX) = J P3V 1Y, which implies Py (A 7 pyX)—
Pi(AzpxY) = JP5[X,Y]. From (3.10), we have P3(A;py,X) = JP1VaY, which gives
P3(A.7'P5yX) - P3(AjP5Xy) =Jh [va]'

From (3.14), we have QD' (X, T PsY) = JP,V 1Y + J Pyht (Y, X), which implies
QiDYX,TPsY) — QDY (Y, TPsX) = JPR[X,Y]. From (3.17), we have RyV5,JP5) =
FPgVxY, which gives RyV%.J PsY — RyV5,J PsX = FPg[X, )], which completes the proof.

O

Theorem 3.11. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. Then the distribution D) is integrable if and only if

(i) PA(Vx fPsY) — Pi(Vy fPsX) = Pi(App,yX) — Pi(App,xY) and P3(Vx fPsY)

— P5(Vy fPeX) = Ps(AppyX) — P3(AppxY),

(ii) Ps(Va fPeY) — Ps(Vy fPeX) = Ps(AppyX) — Ps(AppaY) and

QDL(X, [PsY) — QD' (Y, fPsX) = Q1D (Y, FPsX) — Q1D (X, FFsY),

(iii) R3h* (X, fPsY) — R3h*(Y, fPsX) = R3V5,F PsX — R3V 5, F Ps) and

R4h* (X, fPsY) — Ryh* (Y, fPsX) = R4V FPsX — RyV5 FPs),

forall X,y € T'(D)).

Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
Suppose X, € I'(D;). From (3.8), we have P|(VxfPsY) = Pi(ArpyX) + TPV,
which giVCS Pl (VXfP(,y) — Pl (Vny6X> = P] (AFpﬁ_yX> — P] (AFPSXy) —‘rij,[X, y] From
(3.10), we have P3(VxfFs)) = P3(ArpyX) + JPIVxY, which gives P3(VxfPsY) —
P3(Vy[PsX) = P3(AppyX) — Py(AppxY) + T Pi[X, ).
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From (3.12), we have P5(vaP6y) = fPVxY + PS(AFpﬁyX) + jR3hS(X, y), which
gives Ps(VXfP6y) — Ps(Vny6X) = deX,y] + Ps(AFpﬁyX) — P5(AFPGXJ)). Now from
(3.14), we have Q1 DH(X, fPsY) = TP,V xY — QDY (X, FPsY) + J P4hl (X, ), which shows
that QDN (X, fPsY) — Q1D (Y, fPsX) = T Pa[X, V] — Q1D (X, FPsY) + QiD(Y, FPsX).

Now from (3.16), we have R3h* (X, fPs)) = JPsVxY — R3V5, F Ps)), which gives
Rsh(X, fPeY) — Rsh™(Y, fPeX) = JP5|X, Y] — RsV5 FPsY + RyVS,F PsX. Further from
(3.17), we have R4h*(X, fPsY) = FPsVx) — RyV5 FPsY, which gives Ryh®(X, fP:Y) —
Ryh* (Y, fPsX) = FPs[X,Y]| — RuV5FP:Y + R4V35,F PsX, which completes the proof. O

Theorem 3.12. There exist no totally umbilical proper STCR bi-slant lightlike submanifold of an
indefinite complex space form M(c), c # 0.

Proof. Let assume that M be a totally umbilial proper STCR bi-slant lightlike submanifold of
an indefinite complex space form M (c), ¢ # 0. Then from (2.23) and (2.24) we obtain

C

R(Xx,JX)Z = )

g(X,x)JZ (3.31)
and
R(X,JX)Z = (Vxh®)(JX,Z)(Virh*) (X, 2)
= Xh¥(JX,2)h*(VxJX, Z)h*(JX, V1 Z)
— JXRY (X, 2) + h* (Vi X, 2) + h* (X, V iy Z)
=Xg(JX,2)H*g(VaJX, Z2)H*g(JX,Vx2Z)H*
—JXg(X, Z)H* + g(V X, Z2)H + g(X,V ;4 Z)H®
=0

for X € T(Dy), Z € T(J9), respectively. Thus, from (3.32) and above equation we have ¢ = 0,
which is a contraction and the proof is completed. O

4 Foliations Determined By Distributions

In this section, we obtain necessary and sufficient conditions for foliations determined by dis-
tributions on a screen transversal Cauchy-Riemann bi-slant lightlike submanifolds lightlike sub-
manifold of an indefinite Kaehler manifold to be totally geodesic.

Definition 4.1. ([5]) A STCR bi-slant lightlike submanifold M of an indefinite Kaehler manifold
M is said to be mixed geodesic if its second fundamental form h satisfies h(X,Y) = 0, for all
X € I'(Dy) and Y € I'(D,). Thus M is a mixed geodesic STCR bi-slant lightlike submanifold
if W'(X,Y) =0and h*(X,Y) =0, VX € I'(D;) and Y € ['(D,).

Theorem 4.2. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold
M. Then Dy C Rad(T M) defines a totally geodesic foliation if and only if

G(VaIPZ+VafPsZ4+VaxfPZ,JPY)=§(AspzX + AppzX + AppzX, TPY),
forall X e T(Dy) and Z € T(S(TM)).

Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
To prove that D; C Rad(T M) defines a totally geodesic foliation, it is sufficient to show that
VxY € Dy, forall X,V € I'(Dy). Since V is a metric connection, using (2.7) and (2.19), for
any X,Y € (D) and Z € I'(S(TM)), we get

IVaV, 2)=g(VxT)Z-VxITZ,TY). 4.1)
Now from (2.20), (3.4) and (4.1) we get

g(va,Z) = —g(VXjP3Z -+ VXjP4Z =+ VXszz + Vijﬁz,jply). (42)
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In view of (2.7)-(2.9) and (4.2), for any X',y € I'(D;) and Z € I'(S(T'M)) we obtain

G(VaxV,2) = —G(VaIPZ — Ajp X +VaIPsZ+VxfPsZ — AppzX+
VafPeZ — AppzX,TPY), (4.3)
which completes the proof. O

Theorem 4.3. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold
M. Then D, C Rad(T M) defines a totally geodesic foliation if and only if

g (X, TPsZ) + h*(X, fPsZ) + h* (X, fPeZ), T P2Y) =
~§(D*(X,TPy2) + V5 FPsZ + V3, FPs 2, T PY),

forall X e T(D,) and Z € T'(S(TM)).

Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold M.
To prove that D, C Rad(T M) defines a totally geodesic foliation, it is sufficient to show that
VxY € Dy, forall X,V € I'(D,). Since V is a metric connection, using (2.7) and (2.19), for
any X,Y € I'(D,) and Z € T'(S(TM)), we get

i(Vad, 2)=g((VaI)Z -VxTZ,TY). 4.4)
Now from (2.20), (3.4) and (4.1) we get
I(VaV, 2) = -g(VaIPsZ+Vx TP Z+VxIPsZ+Vx TP Z,TPY). 4.5)
In view of (2.7)-(2.9) and (4.2), for any X',y € I'(D,) and Z € I'(S(T'M)) we obtain
G(Vad, 2) = —§(h* (X, TPsZ) + D*(X,TP,Z) + h*(X, f 5 Z)
FhS(X, fPZ) + VS FPsZ + V4 FP 2, TPBY), (4.6)
which completes the proof. O

Theorem 4.4. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold
M. Then D), defines a totally geodesic foliation if and only if

() §(VafZ — ApzX, fY) = §(h*(X, T 2), FY),

(ii) 9( [V, VxTN) = ~5(FY.10* (X, TN),

(iii) g(fV, A g X) = §(FY, D (X, TW)),

forall X,y e (D)), Z e (D)), W e I(Jltr(TM)) and N € T'(itr(TM)).

Proof. Let M be a STCR bi-slant lightlike submanifold of an indefinite Kaehler manifold. The
distribution D} defines a totally geodesic foliation iff VY € I'(D}), V X,Y € I'(D}). Since V
is a metric connection for any X, € I'(D}) and Z € I'(D}) we get

GV, 2)=g(VaIV,TZ2) = -g(VxTZ2.TY). (4.7)
From (2.7), (3.1) and (4.7) we get
§J(Vad,2) = -g(Va(fZ+ FZ) + (X, T 2), fY + FY). (4.8)
In view of (2.8) and (4.8) we obtain
G(VaV,2) = —§(VafZ — Apz X, fY) — §(h* (X, T Z), FY). (4.9)
Now by (4.9) we get the required result
GJ(VafZ = ApzX, f¥) = §(h*(X,T 2), FY). (4.10)
Now for any X',V € I'(D,) and N € T'(Itr(TM)) we have
(VY. N) = §(Va TV, TN) = —G(Va TN, TY). (4.11)
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From (2.7), (3.1) and (4.11) we get

G(VaY,N) = =g(VaIN +b°(X,IN), fY + FY). (4.12)

In view of (4.12) we obtain

G(VaV,N) = —g(VaIN, f¥) = g(h*(X,TN), FY). (4.13)

Now from (4.13) we get the required result

GV, VaIN) = =g(FY,h*(X, TN)). (4.14)

Now for any X, Y € T'(D;) and W € T(Jitr(TM)) we have

(VY W) =G(Vx TV, IW) = =g(VaIW, TY). (4.15)

From (2.9), (3.1) and (4.15) we get

G(VaV W) = —G(—Azp&X + DX, TW), fY + FY). (4.16)

In view of (4.16) we obtain

G(VxY W) = G(AznX, fY) — §(FY, D (X, TW)). (4.17)

Now from (4.17) we get the required result

g(fyvAjWX):g(Fy>Ds(XajW))7 (4.18)

which completes the proof. O
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