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Abstract. This article presents the introduction of a novel type of connection on Rieman-
nian manifolds, referred to as the semi-symmetric non-metric connection, which serves as a
generalization of the semi-symmetric recurrent-metric connection. The proposed connection is
constructed by modifying the Levi-Civita connection through the integration of a specific class
of tensor fields. A comprehensive literature review is undertaken to categorize various connec-
tions previously established within this theoretical framework by different researchers. The study
derives several curvature tensors associated with the semi-symmetric non-metric connection on
Riemannian manifolds and establishes the necessary conditions for the existence and validity of
the proposed structure. Furthermore, the geometric implications of this connection are exam-
ined, with particular emphasis on its application to group manifolds. Special attention is given to
group manifolds admitting Ricci soliton under the semi-symmetric non-metric connection. The
article concludes with a detailed example that illustrates the practical relevance and significance
of the proposed construction.

1 Introduction

A connection on a fibre bundle is a geometric tool that enables the comparison of fibres over
nearby points in a smooth and consistent manner. At its core, it provides a systematic way to
define parallel transport-the process of moving elements from one fibre to another along a curve
in the base manifold-while preserving the structure of the bundle. This notion is essential for
extending differential operations from the base manifold to the total space of the bundle.

In the context of differential geometry, connections allow for the definition of covariant
derivatives, which generalize the concept of directional derivatives to curved spaces and arbi-
trary bundles. This makes it possible to study how tensor fields, vector fields, or more general
sections of a bundle change from point to point in a geometrically meaningful way. A particu-
larly important case is that of a linear connection on a vector bundle. Here, each fibre is a vector
space, and the connection must respect the linear structure of these fibres. In other words, paral-
lel transport along a path must act linearly on the fibres, ensuring that vector addition and scalar
multiplication are preserved during the transport process. This linearity is crucial for maintaining
the vector space structure across the bundle and underpins many geometric and physical theories.

Connections are also foundational in gauge theory, where fibre bundles (typically principal
or vector bundles) represent fields or particles, and connections represent gauge fields. The cur-
vature of the connection, in this setting, corresponds to the field strength, and parallel transport
describes how internal degrees of freedom (like spin or charge) evolve as particles move through
space-time. Moreover, connections on fibre bundles are central to the study of holonomy, curva-
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ture, and the topological and geometric properties of manifolds. They are key to understanding
phenomena such as geodesics, conserved quantities in physics, and various types of curvature
(Riemannian, affine, etc.) that influence both local and global structure.

The notion of a semi-symmetric connection on an n-dimensional differentiable manifold
(M™, g) was introduced by [1], formulated as a modification of the Levi-Civita connection I
corresponding to a Riemannian metric g. The torsion tensor T of a linear connection I on
(M™, g) is defined as

T(%I,J{z) :F%lzz—l“mm — [%1,%2], (11)

for all vector fields i, 5 on (M", g) and [, | defines the Lie bracket. If the torsion tensor T
satisfies T'(311, 5r) = 0, then the linear connection I referred as symmetric connection. Also, if
there exists a 1-form 7 corresponding to a vector field £ defined as

n(sa) = g(3a,8). (1.2)

Then the linear connection I is termed as semi-symmetric [1] when the condition
T(521, 202) = n(302) 721 — (521 722 (1.3)

is satisfied for the vector fields s¢; and 35, on (M", g). A linear connection I is termed a metric
connection [5] if it preserves the metric, that is, fg = 0. If this condition is not satisfied, T’
is classified as a non-metric connection. Additionally, I is called a semi-symmetric non-metric
connection if it possesses both semi-symmetric and non-metric properties [18].

The study of connections generalizing the classical Levi-Civita connection has been a fertile
area of research in differential geometry. The notion of a semi-symmetric metric connection
was first introduced by [13] in 1970, marking a foundational contribution to the field. This
work initiated a sustained research program aimed at generalizing and refining the properties
of such connections. Subsequent developments saw significant expansions of this concept. In
1992, [18] conducted a systematic investigation of semi-symmetric non-metric connections on
Riemannian manifolds, elucidating their fundamental properties and establishing key theoretical
results. This was followed in 1994 by the work of [30], who introduced and analyzed a distinct
type of semi-symmetric non-metric connection, further broadening the scope of the theory.

The subject has since attracted considerable attention from numerous geometers. Promi-
nent among them are [10] and [19], whose contributions have substantially advanced the struc-
tural and curvature properties of these connections. The exploration was extended to almost
contact metric manifolds by [25], who examined the role of non-symmetric non-metric con-
nections within this specialized geometric setting. A substantial body of research has been
dedicated to the study of semi-symmetric non-metric connections on Riemannian manifolds,
with notable contributions from [6, 12, 17, 23]. In addition, pivotal research efforts have ex-
plored various aspects, such as a special class of semi-symmetric non-metric 7-connection on a
Para-Sasakian manifolds by [29], the investigation of Lorentzian «-Sasakian manifolds admit-
ting semi-symmetric non-metric connection by [7] and recently, the analysis of semi-symmetric
recurrent-metric conjugate connection has been studied by [22]. Furthermore, the theory has
been successfully applied to more complex geometric structures. For instance, [27] explored
these connections in the context of Kenmotsu manifolds, while [28] investigated their proper-
ties on hyperbolic Kenmotsu manifolds, demonstrating the versatility and applicability of the
framework.

For a more comprehensive overview of the existing literature and recent advancements in the
study of generalized connections, readers are encouraged to consult the foundational and con-
temporary works of [4, 16, 20], among others. These contributions collectively provide a broad
spectrum of perspectives, ranging from the theoretical foundations and classification of various
types of connections to their applications in diverse geometric settings. The referenced studies
delve into intricate properties of generalized connections, including their curvature, torsion, and
compatibility conditions, as well as their roles in specialized manifolds such as Sasakian, para-
Sasakian, and Lorentzian structures. Together, this rich body of research continues to deepen our
understanding of the geometric and topological implications of generalized connections, foster-
ing further exploration and inspiring novel directions in both pure and applied mathematics.

In this paper, we present several results concerning Bianchi’s first and second identities [2]
in the context of a semi-symmetric non-metric connection. These identities play a fundamental
role in differential geometry and have numerous applications across various related fields.
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The projective curvature tensor [15], conformal curvature tensor [9], concircular curvature
tensor [11] and conharmonic curvature tensor [26], each associated with the Levi-Civita connec-
tion I" on the Riemannian manifold (M™, g) are defined as follow:

P(J{l, %2)%3 == R(%l,%g)%3 — ﬁ[S(%z, %3)%1 — S(%h%g,)%z}, (14)
C(5¢1,30)3 = R(51, 30) 53 — %2 [S(%g, w3) 301 — S(501, 93) 702
+ 9(50, 553) Q301 — g(511, 53) Q2 (1.5)
r
+ m—Dn=2) (902, 553) 301 — 9501, 53) 52]
W (s, 50) = R(s0,50)7 — m (9032, 323) 201 — g(501, 363) 322 (1.6)
and
1

L(5¢1,30)53 = R(3¢1,0) — — [S(%z, 33) 301 — S(501, 53) 702 wn

+ g(30, 353) Q01 — g(501, 353) Q)

for all 51, 302, 313 on (M™, g), where R, S and @ are the Riemannian curvature tensor, the Ricci
tensor and the Ricci-operator defined by g(Qs11, 72) = S(5¢1, 552, respectively.

This research article is organized as follows: Following the introduction in Section 1, Sec-
tion 2 is devoted to the formulation of a new class of semi-symmetric non-metric connections
on a Riemannian manifold. In this section, we rigorously define the connection and establish its
existence. In Section 3, we focus on the relationship between the curvature tensors correspond-
ing to the Levi-Civita connection and the newly defined semi-symmetric non-metric connection.
We derive transformation formulas linking the respective curvature tensors and investigate key
properties of the curvature tensor associated with a semi-symmetric non-metric connection. This
section also establishes necessary and sufficient conditions for a curvature tensor to be projec-
tively invariant under the new connection. Moreover, we explore the interconnections among
various curvature tensors-namely, the Riemannian curvature, conformal curvature, concircular
curvature and conharmonic curvature tensors and identify the geometric conditions under which
they coincide or differ in this new framework. Section 4 extends the study to group manifolds
equipped with a semi-symmetric non-metric connection. We examine how the algebraic and
geometric structure of group manifolds interacts with this type of connection. Particular empha-
sis is placed on group manifolds that admit Ricci solitons in the context of the semi-symmetric
non-metric connection, shedding light on the role of such solitons in geometric evolution and
curvature flows. Finally, in Section 5, we construct a nontrivial example of a 3-dimensional
Riemannian manifold endowed with the proposed semi-symmetric non-metric connection. This
example illustrates the applicability of the theory developed in earlier sections and is used to
demonstrate and verify several theoretical results. Through explicit calculations, we highlight
the distinctive features of the connection and its influence on the manifold’s curvature proper-
ties.

2 A new class of a semi-symmetric non-metric connection

The present discussion focuses on introducing a new class of semi-symmetric non-metric con-
nections, abbreviated as SSNMC, within the context of a Riemannian manifold (M", g). More
specifically, a linear connection on (M™, g) represented by I is introduced with the following
definition

[, 00 =T, 0 + wn(a)x + (k — 1)n(a) s, 2.1)
where  is a real number. Note that ' on (M", g) is categorized as an SSNMC if it agrees with
equations (1.2) and (1.3) and also satisfies the following condition that the Riemannian metric g
holds

(Coa9) (52, 53) = =2(k = D)n(301)g (522, 363) — km(502)9 (301, 263) — Kim(303)g (541, 52)

2.2
# 0, e
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for all 5¢1, 502, 33 on (M™, g). Consequently, the theorem can be stated as follows:

Theorem 2.1. Let (M™, g) be an n-dimensional Riemannian manifold endowed with the LCCT.
Then there exists a distinct linear connection T on the manifold (M™, g), called a semi-symmetric
non-metric connection, defined by equation (2.1) and satisfies the conditions given in equations
(1.3) and (2.2).

Proof. Itis known that a connection I can be written as the linear combination of the Levi-Civita
connection I" (abbreviated as LCC) and a (1,2) type tensor field H as

f%] My = F%l 0 + H(%l, %2). 2.3)
Using equation (2.3) in (1.1), we get
T(s01,50) = H (s, 0) — H(x, 7). 24

Taking the inner product of (2.4) with respect to 53 becomes

9(T(501,20), 553) = g(H (501, 20), 553) — g(H (302, 521), 223). (2.5)
From (1.3) and (2.5), we have
9(H (501, 50), 73) — g(H (302, 501), 253) = n(302)g(501, 353) — n(50)9(522,553).  (2.6)

Equation (2.1) reduces to

(Ts,9) 502, 553) = —g(Tsy 500 — Uiy 52, 53) — g(502, Tsy 53 — sy 523)

2.7
== _H/(%h 2, %3)5
where
H'(501,50,5) = g(H (521, 302), 353) + g(H (321, 323), 502).
By utilizing equations (2.4), (2.5) and (2.7), we arrive at
9(T (301, 50),353) + g(T (553, 211), 202) + g(T (353, 32), 21
=29(H (51, 0),13) — H' (301, 300, 33) + H' (353, 301, 500) — H' (500, 501, 253).
Combining equations (2.2) and (2.7), we obtain
29(H (501, 202), 353) = 20m(322) g (3¢1, 333) + 2(k — 1)n(321)g(502, 553). (2.8)
From (2.8), we get
H(%l, %2) = 577(%2)%1 + (H‘, — 1)77(%1)%2. 2.9)

Using (2.9) in (2.3), it gives
le =100 + H?’](%z)%l + (H — 1)’[7(%1)%2.

Conversely, we can show that if I satisfies equation (2.1), then equations (1.3) and (2.2) are
also satisfied. Hence, the proof is complete. O

We deduce equation (1.2) as follows

(Toan) (522) = (L) (522) = (26 — Dn(5a1)n(522). (2.10)
From (2.10), we have

(Coan) (502) = (Tom) (321) = (Do) (522) = (Toa) (391).- (2.1D)

The extensive study of different types of connections by various researchers provides the
motivation for introducing a new class of semi-symmetric non-metric connection (SSNMC) on
Riemannian manifolds. The connection defined in equation (2.1) admits the following special
cases:
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1. If kK = 0, then (2.1) reduces to ', 70 = [, 30 — 1(30)20, which is known as a semi-
symmetric recurrent metric connection (in short, SSRMC) defined by Andonie and Smaranda
[21] and Liang [30],

2. If k = 1, then (2.1) reduces to [, 50 = T, 30 + 1(362) ¢, said to be a SSNMC defined by
Agashe and Chafle [18],

3. If K = 1, then (2.1) reduces to [, 30, = T 50 + 5 [1(302) 501 — 1(501) 3], known as a new
type of SSNMC defined by Chaubey and Yildiz [14],

4. De et al. [8] defined a special type of SSNMC on a Riemannian manifold as follows:

V.30 = V., 30 + aw(se ) s + bw(30) s,

where a and b are non-zero real numbers and w(s;) = g(s¢,p). If we set a = k # 0 and
b= r — 1 # 0, then we recover a special type of SSNMC. Since no restriction is imposed on &,
the connection I" defined in (2.1) thus generalizes this special class of SSNMC.

Remark 2.2. Remark that in [8], authors have considered that x is non-zero scalar and defined
the notion of special type of SSNMC. In this manuscript, we are not imposing any restriction on
k. Thus, our connection defined in (2.1) is generalization of semi-symmetric recurrent metric
connection (Andonie and Smaranda [21] and Liang [30]), SSNMC (Agashe and Chafle [18]), a
new type of SSNMC (Chaubey and Yildiz [14]) and a special type of SSNMC (De et al. [8]).

Proposition 2.3. On a Riemannian manifold (M™, g), the 1-form n linked to the connection T is
closed precisely when it is closed with respect to the LCC I associated with the metric g. This
equivalence provides a necessary and sufficient condition for 1 to be closed under T

Definition 2.4. [8] The vector field £ is irrotational if g(5¢1, I,.,€) = g(502, 5, €) and the integral
curves of the vector field £ are geodesic if I':{ = 0.

Putting 50, = £ in (2.1), we get

F%|€ - F;r]é- + ’in(g)%l + (KJ - 1)77(%1)5

Taking the inner product with ¢ in the latest equation and gives

g(%2af%1£) - g(%17f%z§) = g(%27F%1§) - g(%laF%2€)7

which shows that the vector field ¢ is irrotational relative to I if and only if it is irrotational
relative to I'.

Again, plugging »; = 3 = £ in equation (2.1), we get

Feé =Tl + (26— 1)n(9)E. (2.12)

Given that T'¢¢ = —(2x — 1)n(€)¢ and k # 1, it follows from the above equation that ['¢¢ = 0.
If & = § in (2.12), then we have

Fee =Tt
We therefore establish the following theorem:

Theorem 2.5. If a Riemannian manifold (M™, g) admitting an SSNMC T, then

(i) the unit vector field ¢ is irrotational under SSNMC T precisely when it is irrotational under
the LCCT,

(ii) the integral curves of the unit vector field & are geodesic with respect to SSNMC T if T'¢& =
—(2x = D)n(&)&, provided that k # 1,

(iii) for the real number k = %, the integral curves of the unit vector & are geodesic with SSNMC

[ if and only if the integral curves of the unit vector field ¢ are also geodesic with respect
to the LCCT.

Theorem 2.6. On a Riemannian manifold (M™, g), an SSNMC T defined in (2.1) has the follow-
ing properties:
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(l) /T(%l,}fz, %3) + /T(%z, %1,%3) =0,
(ii) "T (501,30, 553) + 'T (30,353, 501) + 'T(563, 301, 302) = 0.

Proof. We define 'T (521, 302, 353) = g(T (501, 322), 363) on (M™, g). Therefore, (1.3) yields

"T (501,30, 73) = n(50)g(501, 353) — 1(30)9 (302, 523). (2.13)
The result is obtained from equation (2.13), which completes the proof of the theorem. O

Theorem 2.7. If (M™, g) is an n-dimensional Riemannian manifold equipped with an SSNMC
I, then T is cyclic parallel if and only if the corresponding 1-form 7 is closed.

Proof. The covariant derivative of equation (1.3) yields

(Lo T) (522, 553) = (T) (563) 522 — (L) (32) 33 — (3K — 2)n (321 )0 (353) 222

(2.14)
+ (3K = 2)n(3e1)n(302) 33 + kn(§){g (301, 722) 363 — (321, 553) 22}

From (2.14), the cyclic sum for all 3¢, 355, 33 on (M™, g) gives

(T T) (522, 53) + (D50, T) (323, 301) + (D5, T) (521, 522)
= {(Toan) (553) = (Do) (521) Y22 + {(Ton) (522) (2.15)

— (Do) (513) }or1 4+ {(Taey) (501) — (T ) (522) } 555

Also, the equation

(Do, T) (522, 223) + (D5, T) (523, 201) + (Do, T) (521, 522) = 0

can be deduced from Proposition 2.3 and equation (2.15), noted that the 1-form n associated with
I"is closed. Hence, verified. m|

Proposition 2.8. If a Riemannian manifold (M™, g) admits an SSNMC T, then the Lie derivatives
of a Riemannian metric g holds the following relation

(£eg) (31, 50) = (£eg) (501, 302) + 20(8) g (501, 222) — 20(301)1(322), (2.16)

where L¢ and £L¢ denote the Lie derivatives along the vector field & corresponding to an SSNMC
I" and the LCCT, respectively.

Proof. We know that

(££9) (1, 50) = g(T &, 20) + 9 (30, T,6). (2.17)

From equations (2.1), (2.17) and with the help of Lie derivative’s definition, we obtain

(Leg) (501, 30) = (Leg) (301, 222) + 20(€) g (301, 222) — 231 )0 (322).

Thus, the proposition has been demonstrated. O

If the vector field € is a Killing vector field on the Riemannian manifold (M™, g), this means
that the metric tensor g is preserved along the flow generated by £. As a result, the Lie derivative
of g with respect to &, i.e., £¢g vanishes. According to Proposition 2.8, we have the following
result:

Corollary 2.9. If € is a Killing vector field on a Riemannian manifold (M™, g) that admits an
SSNMC'T,, then

(£Leg)(5n1,32) = 2[n(§)g (341, 222) — n(31)n(32)]. (2.18)
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3 Curvature tensor associated with a semi-symmetric non-metric connection

Let (M™", g) be an n-dimensional Riemannian manifold admitting a semi-symmetric non-metric

connection I'. Then the curvature tensor R of an SSNMC I on (M™, g) is defined by the equation

R(%l, %2)%3 = f%] f%2%3 — szf%] M3 — F[%I,%Z] 3.

Using (2.1) in the above equation, we get

R(301,50)33 = R(301, 30) 363 + k{a(321, 353) 300 — (50, 23) 501 } 3.0)
+ (k= D{a(s0,20) — a(sa, 1)}, '

where R(31,50)3 =, U3 — 1, uy 503 — U )53 is a Riemannian curvature tensor with
respect to the LCC I" and « is a (0,2) type tensor field defined by

a(se1,20) = g(Asxy, 20) = (T n) (30) — kn(sa)n(s0) (3.2)

and
Asey =T,,& — kn(50)E. (3.3)

The symmetry of the tensor field « is equivalent to the closure of the 1-form 7 that can be
observed from equation (3.2). Taking the inner product with s in (3.1), and setting s, = sy =
e; for 1 <i < n, we obtain the following expression

S(30,353) = S(502, 353) — (kn — 1)a(30, 353) + (k — 1) (543, 202), (3.4)

where S and S are the Ricci tensors of " and I, respectively. Let Q and  be the Ricci operators
of I and T, respectively. Then we have S (30, 7i3) = g(Qs0, 33) and S (50, 553) = g(Qs22, 353).
Let us assume an orthonormal frame field on (M™, g) and contracting (3.4) with respect to
s and 20, then
F=r—k(n—1)a, 3.5)

where a = traceA, 7 and r are the scalar curvatures of (M", g) with respect to TandT, respec-

tively, and
n

a= Za(ei,ej), 1<i<n.
i=1

As a consequence of equation (3.5), we arrive at the following proposition:

Proposition 3.1. Let (M™, g) be a Riemannian manifold admitting an SSNMC [, then the scalar
curvatures 7 and r of (M™, g) corresponding to T and T coincide if and only if either a = 0 or
I" reduces to an SSRMC.

Interchanging s, and 373 in (3.4), we obtain

S(363,30) = S(563,30) — (kn — 1)a(36, 30) + (k — 1)a(s0, ). (3.6)
After using equations (3.2), (3.4) and (3.6), it forms

S50, 553) — S(353,50) = [k(n + 1) = 2[{a (s, 20) — a(50, 33)}

3.7
= [’i(n + 1) — 2]d’l7(%3, %2), ( )

where the operator d is the exterior derivative of g. Based on (3.7) and Proposition 2.3, the
following proposition is established:

Proposition 3.2. Let (M™, g) be an n-dimensional Riemannian manifold endowed with an SS-
NMC T'. Then the Ricci tensor S of I is symmetric if and only if either k = ni“ or its exterior
derivative d vanishes.

Theorem 3.3. Let (M", g) be an n-dimensional Riemannian manifold equipped with an SSNMC
T, then the curvature tensor R of an SSNMC T satisfies the following identities for all s, 30, 353
and sy on (M™, g):
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(i) R(
(ii) R(
(iii) (f%l R)(%z_, %3)%4 + (f%ZR)(%3,_%1)%4 + (f%3R)(%1 , %2)%4

s, 0)7 + R0, 50 )5 =0,

sy, 30) 33 + R(50, 363) 501 + R(563, 501 ) 502 = 0, provided that 0 is closed,

= 2n(50)R(502, 23) 524 + 20(502) R(523, 221) 524 + 20(563) R(521, 222) 524,

)
(iv) 'R(301, 30, 303, 504) + 'R(501, 302, 34, 53) = k{a(301, 353) 9 (502, 324) — (302, 34) g (521, 323)
+ a(se1, 5)9 (502, 203) — (302, 53) g (501, 224) } + 2(k — 1)dn(321, 52) g (524, 223),

(v) 'R(501, 302, 353, 54) — 'R(563, 34, 321, 502) = 6{dn(5e1, 353) g (302, 34) + (54, 31) g (522, 323)
—a(sn,35)9(>a, 5a)} + (8 — D{dn(sa, 25)9(50, 202) + dn(sa, 52)g(5a, 2a) }.

Proof. To obtain (i), we interchange »; and sz, in (3.1) and add with (3.1). Also, the cyclic sum
of (3.1) gives
R(521, 302) 563 + R(50, 33) 301 + R(3e3, 501 ) 500 = {363, 502) — (502, 363) } 511
+ {a(s, 253) — a3, 51) } 202

+ {a(n, 1) — a(sn, )},

which satisfies the first identity of Bianchi if and only if the 1-form 7 is closed. Hence, (ii) is
verified. Also, the Bianchi’s second identity for I" can be exhibited as follows

(F%l R)(%z, %3)%4 + (f%zR)(%3, %1)%4 + (f%3R)(%1, %2)%4
= —R(T (301, 50), 363) 24 — R(T (502, 353), 521 ) 324 — R(T (353, 3¢1), 202) 514,

From the above equation with equation (1.1) and (i), we get (iii).

Ifg(R(%l, %2)%3, %4) = /R(%l, nH, 13, %4) and g(R(%l y %2)%3, %4) = /R(%l, ), 13, %4), then
(3.1) becomes

IR(%I, 0, 13, %4) == /R(%la ), A4, %3) + H{Oé(%la %3)9(%23 %4)
— a(s0,35)9(51, 324)} + (K — D{a(s1, 50) (3.8)
— a5, ) }g(5a, ).

The expressions for (iv) and (v) can be solved by utilizing equations (3.2) and (3.8). Thus, the
theorem. O

Theorem 3.4. Let a Riemannian manifold (M™, g) of dimension n > 3 admits an SSNMC T.
Then the necessary and sufficient condition for the projective curvature tensor with respect to T’
and T to coincide is that either 1-form n is closed or k = 1, that is, an SSNMC T defined in (2.1)
reduces to an SSNMC in Agashe and Chafle sense.

Proof. Suppose 7 is closed, then from (3.2), we get «v is symmetric. Now, equation (3.1) brings
R(3¢1,30) 35 = R(501, 30) 35 + k{a(s, 553) 50 — a(50, 35) 7 }. 3.9
Taking the contraction of equation (3.9) along s, we obtain

S(}Q, %3) = S(%z,%3) — /-;(n - 1)0[(%2,%3). (310)

From the above equation it follows that

Q= Qi — k(n — 1) Ay (3.11)
and
F=r—k(n—1a. (3.12)
The projective curvature tensor [15] with respect to an SSNMC T is given by
_ _ 1 _ _
P(%l, %2)%3 = R(%] y %2)%3 - [S(%Q, %3)%1 — S(%l , %3)%2} . (313)

n—1
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With the help of (1.4), (3.9) and (3.10), the latest equation becomes
P51, 30) 53 = P(321, 30) 53 (3.14)

On the other hand, we suppose that £ = 1, an SSNMC T defined in (2.1) becomes [18]. Then
equation (3.1) takes the form

R(5¢1,300) 303 = R(511, 300) 303 + (511, 53) 300 — (51, 323) 71 (3.15)

Taking the contraction of equation (3.15) along s}, we obtain

S(s2,353) = S22, 253) — (n — D302, 353). (3.16)
Also, from (3.16), it follows that
Qra = Qs — (n— 1) Asry (3.17)
and
F=r—(n-1)a. (3.18)

In view of equations (1.4), (3.13) and (3.15)-(3.18), we notice that equation (3.14) is satisfied.
Next, we assume that an SSNMC I" on (M™, g) satisfies (3.14). Using equations (1.4), (3.1),
(3.4), (3.11) and (3.13) in (3.14), we get

k—1

n—1 [{a(%3, w0) — a3, 33) b + {a(s, 23) — a(sa, %1)}%2}

+ (v — 1){a(,0) — a(s0, 1)}z = 0.
Contracting the above expression along sz, turns
(k= 1)dn(50,35) =0,
which shows that either x = 1 or its exterior derivative d vanishes. O

Theorem 3.5. Consider an n-dimensional Riemannian manifold (M™, g) endowed with an SS-
NMC T" whose curvature tensor R vanishes, then

(i) (M™,g) is projectively flat,
(ii) the (1,2)-type tensor « is symmetric in its lower indices.

Proof. Let R = 0 and « is symmetric. Then we can rewrite equation (3.9) as
R(501,302) 353 = K[a(50, 363) 361 — (321, 503) 5] (3.19)

which gives
S(50,503) = k(n — 1a(s0,53) and r=rk(n—1)a. (3.20)

Using equations (1.4), (3.19) and (3.20), we can conclude that the projective curvature tensor is
flat.
Conversely, if P =0 and R = 0, then equations (1.4) and (3.1) yield

1

R(%] y %2)%3 = m

[S(%z, s3)501 — S(o11, %3)%2} 3.21)

and
R(5e1,50) 503 = f{[cu(%g7 23) 301 — a1y, %3)%2] +(k-1) [a(%z, ) — a(%l,%g)]%g. (3.22)
Comparing (3.21) and (3.22), along with the use of (3.4), yields
(kn — 1)[a(583, 302) — @502, 363) | 501 + (kn — 1) [a(51, 553) — (323, 501) | 52
—(k = 1)(n = D[a(sa,0) — a(sa, )] =0.
Taking the contraction of the above equation with respect to »¢;, we obtain
a3, 0) = a(sn, 13),

provided x # n%] Therefore, the proof is concluded. O
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Theorem 3.6. Let (M™, g) be a Riemannian manifold endowed with an SSNMC T whose curva-
ture tensor R vanishes. Then the tensor field o is symmetric if and only if the following identity
holds for all vector fields s\, 35, 33, 24:

(n—2) { 'Cse1, 900, 33, 23) + "W (521, 30, 323, %4)} = —2'R(s01, 202, 323, 214).

Proof. Taking the inner product of (1.5) with the vector field ¢4, we get

1

st ot

/C(%l ) %27 %37 %4) = ,R(%l ) %27 %37 %4) -
= S(oa,205)9(50, 2a) + g3, 33)S (50, 2a) — g(3a, 35)S (30, %4)} (3.23)

+ Tn—Z) |:g(%2,%3)g(%1,%4) —g(%17%3)9(%27%4>}7

(n—1)(
where 'C (521, 302, 513, 54) = g(C(5¢1, 302) 5¢3, 3¢4). Assume that the tensor field « is symmetric
and R = 0.

By substituting (3.19) and (3.20) in (3.23), we have

n 2Kka

'C(501, 0, 03, 50) = e "R(t1, 500, 323, 714) + )] [g(%z, 23) (51, #4)

(3.24)
—g(501,53)9 (522, %4)}-

The concircular curvature tensor [11] of type (0,4) with respect to the LCC I is defined by

r

m {g(%z, 3)g (31, 74)

/W<%l ) %27 %37 %4) = /R(%l ) %Za %37 %4) -
(3.25)
- g(%h %3)9(%27 J{4):| )

where 'W (321, 202, 313, 324) = g(W (521, 302) 53, 324). Inserting (3.20) and (3.25) in (3.24), we get
(n—2) [ 'O, 50, 503, 224) + "W (321, 302, 23, %4)} = —2'R(s21, 202, 323, 214). (3.26)
Conversely, from equations (3.1), (3.23), (3.25) and (3.26), we get

S(202, 363) 301 — S(321, 303) 300 — g (301, 363) Q02 + (312, 323) Q311

=2(n— 1)[r{a(n,3) — a(sn,3)m} + (k— 1){a(n, ) — a(sq, ) } ). G2
On taking the contraction of equation (3.27) with respect to 3, we have
a(s,m) = asn, ),
which shows that « is symmetric. This completes the proof. O

Corollary 3.7. Let (M", g) be an n-dimensional Riemannian manifold equipped with an SSNMC
I, whose curvature tensor R vanishes identically, then

(n—2)'L(501, 502, 53, 724) + n ' R(521, 502, 363, 54) = O.
Proof. We know that the Riemannian manifold of (M™, g) of n-dimension satisfies
'C(51, 20,303, 504) + "W (521, 302, 523, 34) = "L(5¢1, 302, 303, 704) + 'R(321, 302, 563, 524).  (3.28)
The inner product of (1.7) with ¢ is given by

1
"L(501, 502, 53, 54) = 'R(511, 502, 503, 34) — po—) [5(%2, 23) (521, 74)

— S(oe1,903)g(502, 224) + g(522, 223) S (521, 224) (3.29)

— g(s11,223)S (502, %4)},
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where 'L is the conharmonic curvature tensor and 'L(3z1, 30, 363, 304) = g(L(301, 302) 353, 324).
From (3.26) and (3.28), we get

(n—2)'L(501, 50,203, 54) +n'R(01, 50, 33, 224) = 0.

Thus, the proof completes. O

4 Group manifolds with respect to a semi-symmetric non-metric connection

An n-dimensional Riemannian manifold (M", g) endowed with an SSNMC T  satisfies the con-
ditions of being a group manifold [13], then it must satisfy the following equations

~
I
o
o
5
a
=

=0. 4.1)
From (2.15) and (4.1), we get
(Toan) (553) 522 — (D) (32) 33 = 0.
By using (2.10) the above equation yields
(Coqm)(522) = 0 = (T ) (522) = (26 — 1)) (522). 4.2)
With the help of (3.1) and (4.1), we obtain
R(301,50)50 = —k(k — 1) [n(501)1(33) 32 — 1(32)1(323) 221 . (4.3)
Contracting (4.3) with respect to s, we have
S(sa,553) = k(K — 1) (n — 1)n(a)n(sa3), (4.4)
which implies
Qs = k(k — 1) (n = 1)n(32)¢. 4.5)
Replacing sz3 by € in equation (4.4) and with the help of using (1.2), we have
S(30,8) = Kk — 1)(n = 1)n(§)g(>2,¢).
This leads to the following key result:

Theorem 4.1. If a Riemannian manifold (M™, g) (n > 3) be equipped with an SSNMC T, then
the eigenvalue of the Ricci tensor S with respect to the eigenvector € is k(k — 1)(n — 1)n(§).

Proposition 4.2. If a Riemannian manifold (M™, g) (n > 3) be equipped with an SSNMC T,
then the eigenvalue of the Ricci tensor S with respect to the eigenvector & is zero if and only if
either k =0 orx = 1.

Again, contracting (4.5) corresponds to sz, gives

r=r(k—1)(n—1)n(&). (4.6)

From equations (4.3) and (4.4), substituted into (1.4), we obtain P = 0. Hence, the theorem
below holds:

Theorem 4.3. A group manifold (M™, g) endowed with an SSNMC T is projectively flat.
Additionally, we will prove the following theorems.

Theorem 4.4. A group manifold (M™, g) equipped with an SSNMC T is &-conformally flat.



198 R. Kumar, S. K. Chaubey, M. A. Khan and L. Chawngthu

Proof. Applying equations (4.3)—(4.6) in equation (1.5), we get

9GamnGa) —gGa i) @)

If the conformal curvature tensor C satisfies C(5¢, 502)¢ = 0, then an n-dimensional Riemannian
manifold (M", g) is said to be -conformally flat [3].
On replacing s by ¢ in equation (4.7), we get

C(%l, %2)5 =0.
Thus, the proof completes. O

Theorem 4.5. A group manifold (M", g) of dimension n. (n > 3), endowed with an SSNMC T is
Ricci-symmetric if and only if T is either

(i) a semi-symmetric recurrent metric connection introduced by Andonie and Smaranda [21],
and Liang [30] or

(ii) an SSNMC defined by Agashe and Chafle [18] or
(iii) a new type of SSNMC defined by Chaubey and Yildiz [14].

Proof. The covariant derivative of (4.4) yields

(Toa S) (522, 53) = k(s — 1) (n — 1) (Do) (522) (53) + n(502) (Do) (553)] . (4.8)
Using (4.2) in (4.8), we have

(., 9) (502, 53) = 2k(k — 1) (26 — 1) (n — 1)n(e)n(322)n(5a3). 4.9

Note that a Riemannian manifold (M™", g) is Ricci symmetric if and only if I'S = 0. Since

n(321) # 0 and therefore (4.9) shows that the group manifold is Ricci symmetric if and only if

k=0,1,1 O
[ N0)

Theorem 4.6. Let (g,&zb)_ be a Ricci soliton on an n-dimensional group manifold (M™, g)
equipped with an SSNMC T'. Then the Ricci soliton is

(i) shrinking if ¢ <0,
(ii) steady if ¢ =0,
(iii) expanding if ) > Q.
Proof. 1f (M", g) is a group manifold with respect to I, then equations (2.17) and (4.2) give

(£e9) (301, 50) = 2(2k = 1)n(a)n(52). (4.10)
A Ricci soliton (g, J, ¢) on a Riemannian manifold (M", g) satisfies [24]
L79+25+2g =0, 4.11)

where g, .J, 1) are the metric tensor, a soliton vector field and a soliton constant, respectively.

The value of ¢ determines the type of soliton; the soliton is shrinking when ¢ < 0, the Ricci
soliton is called a steady soliton when ¢ = 0 and the Ricci soliton is called an expanding soliton
when ¢ > 0. If we interchange the soliton vector field J with £ in equation (4.11) and use
equations (4.4) and (4.10), we can get a new expression as

(26— 1) + k(k = 1)(n — 1)|n(Ga)n(a) + Ag(a, 22) = 0. (4.12)
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If we replace the vector field sz, with £ in equation (4.12), it becomes

[ = {(1 = 2k) + £(1 — &) (n = 1) }n(§)|n(3a) =0, (4.13)
which implies that
v =[1+r(n—3) = (n—1)]n(¢),
since n(s¢1) # 0 generally holds on (M™, g). Thus, this completes the proof. i

Following the above theorem, we present the following corollary:

Corollary 4.7. Let a group manifold (M™, g) be equipped with an SSNMC T admits a Ricci
soliton (g, &, ¥). Then we have the following data:

’ Value of ‘ Linear connection ‘ Value of ‘ Soliton is
0 SSRMC P =n(&) expanding
1 SSNMC by Agashe and Chafle v =-n() shrinking
3 SSNMC by Chaubey and Yildiz ¥ =2 n(E) expanding
5 Example

Let M3 = {(2,y,2) € R : z # 0} be a 3-dimensional Riemannian manifold, where (z,v, 2)
are regarded as the standard coordinates in R>.

Let s1, s, and s3 be vector fields defined on M? that are linearly independent at each point of
M? and are expressed as follows:

gz 0 o
oy’ 0z

s1=ePF =, s =e

ox
where 3 is a positive real constant. A Riemannian metric g on M? can be defined as
gij =2p, for i=j, gi;; =0, for i#j,
where ¢,7 = 1,2,3.

Let & = s3 and the 1-form 7)(3¢;) = g(5¢1, s3) be defined on M?3, then the Lie brackets for the
vector fields sy, s, s3 are given by

[s1,5] =0, [s1,83] = —Bs1, [52,83] = —fs2.
The LCC T" of the metric tensor g is given by Koszul’s formula which is determined by

29(T s, 50, 303) = 3019(502, 503) + 3029(503, 301) — 2039(321, 202) — g(521, [222, 53]

- g<%2’ [%17%3}) + g(%37 [%17%2])'

Using the above formula, we find

[y, 51 = Bss, [s,50=0, [s,s3 = —Bs1,
1—‘5251 = 0, FSZSZ = ﬁ83, r5283 = _6527
Fs381 = 0, F5382 = 07 FS3S3 = 0,

where I' is the LCC. Also, by using the above results and (2.1), we get

1:‘5151 :5537 f5152:07 1—‘5153 = (Zﬁfl)ﬂsla
[y,s1 =0, [y,50 = Bs3, [y,53 = (26— 1)Bsy,
[y,51 = 2(k — 1)Bs1, [s,80 = 2(k — 1)Bsa, [y,83 =22k — 1)Bss.
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The non-vanishing components of the Riemannian curvature tensor R and the Ricci tensor S,
respectively, are obtained as follow:

R(s1,82)s81 = 2k%s,, R(s1,83)s1 = 2k2s3, R(s1,82)80 = —2k3%s1,
R(s2,83)80 = 2k5%s3, R(s1,83)s3 = —4K%52%s, R(s2,83)s3 = —4K%52%s,,
S(s1,s1) = —4r32, S(s2,82) = —4r32, S(s3,83) = —8K%[2.

Accordingly, the other values can be obtained by using symmetric properties. The scalar
curvature is given by r = —8x3%(x + 1). From the above results, it can be easily shown that 7'
defined in (1.3) is valid for all s;, (i = 1,2,3), i.e.,

T(Sl, 53) = 2681
and
n(s3)s1 — n(s1)s3 = 28s;.

It can be concluded that T" defined in equation (2.1) is a type of connection known as a semi-
symmetric connection on the manifold (M?3, g). Also, it can be seen that

(fslg)(sla $3) = —4Hﬁ2 #0.

This shows that the above equation is an SSNMC I" on (M?, g). Similarly, we can also verify
for other components. It is easy to prove that I" satisfies

(T ) (522) = (L) (521).-

Thus, if (M?3, g) is equipped with T, then it is said to be closed under I" if and only if T"is defined
for all points in M. )
Suppose (I, 1) (302) = 51n(302) — 9(['se, 22, €), we get

(i) (32) = (D) (301).

This verifies the statement of Proposition 2.3. Let |, 55, 53 € M3 and the linear combination
of s1, s, and s3 can be expressed by

s = 201 51 + 2280 + %1333,
s = a0 51+ %8y + 200783,
3y = %3151 + %3252 + %3353.
Then
"T(301, 30, 353) = g(T (5¢1, 32), 5¢3)
=487 [’ — a0 ) + (507507 — 307 30%) 3537
and
"T(30, 521, 53) = 42 [(%13%21 — %23%11)%31 + (%13%22 — %23%12)%32].

Thus, the above results confirm the statement of Theorem 2.6.

Now, through direct calculations considering the above facts and R(s;, s;)sx = 0, for all
i,4,k = 1,2,3, it follows that the Riemannian manifold (A3, ) equipped with an SSNMC T is
flat. Consequently, the curvature tensor with respect to the LCC I is given by

R(%] s %2)%3 = 2/€ﬁ2 [(—%1 1%22%32 — 2K 1%23%33 + %12%21%32

+ 2650 0 5533 ) 51 — (50?500 st 4 205010007 503

— ! — 2/{%13%22%33)32 — (%13%21%31

3,22 1,3 1 2,3 2
+%1 M — M My My — M3 )83].
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Using the previously derived components of the Ricci tensor S associated with the LCC I, the
following result follows:

2 1 2,2 1 3.3 2 1 2
S(%Q,%g)%] - S(%l,%3)%2 :4,‘1,8 [(—%1 M3 —2/{%1 V9 IVA] + 217200 3
+ 2/6%13%21%33)81 — (%12%21%31 + 2/6%12%23%33
— ! — 2/{%13%22%33)32 — (%13%21%31

3 3

3,22 1 1 2 2
+%1 M3 — K AT M3 — M3 )83]

Based on the above arguments and using equation (1.4), we can conclude that P (¢, 36)3c3 = 0,
i.e., the Riemannian manifold (M?, g) is projectively flat. Therefore, Theorem 3.5 is verified.
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