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Abstract. In this paper, we introduce the neighborhood versions of topological indices,
namely neighborhood degree-eccentric connectivity index(ndec index), neighborhood first Za-
greb degree-eccentric index(nfzde index), neighborhood second Zagreb degree-eccentric in-
dex(nszde index), neighborhood amplified degree-eccentric connectivity index(nadec index),
neighborhood harmonic degree-eccentric index(nhde index), neighborhood fourth geometric-
arithmetic degree-eccentric index(nfgade index), neighborhood fifth atom bond connectivity
degree-eccentric index(nfabcde index), neighborhood Randic degree-eccentric index(nrde in-
dex). We compute the general formulae for all these neighborhood versions of topological in-
dices of standard graphs. Moving on, various graph theoretic properties and bounds of these
topological indices are studied.

1 Introduction

Topological indices are numbers associated with chemical structures derived from their hydrogen
-depleted graphs as a tool for compact and effective description of structural formulas which are
used to study and predict the structure-property correlations of organic compounds. Molecular
descriptors are playing significant role in chemistry, pharmacology, etc. Among them topological
indices have a prominent place [2]. In 1947, Harold Wiener introduced the first topological
index related to molecular branching and showed that his topological index is closely related
to the boiling points of alkane molecules, his QSPR and QSAR analysis showed that it is also
related with other quantities such as the parameters of its critical point, density, surface tension,
viscosity of its liquid phase. The Wiener index W (G) of G [12] is defined by

W(G) = Z de(u,v)

u, eV (Q)

In this paper, all graphs are simple, finite and connected. As usual, we denote the number
of vertices and edges of a graph G by n = |V| and m = |E|, respectively. Let v € V(G). The
number of edges incident at v in G is called the degree(or valency) of the vertex v in G and is
denoted by d¢(v) or d,, we denote the maximum degree of G by A(G) or A, the minimum degree
of G by 6(G) or &, where A(G) = maxz{deg(v) | v € V(G)} and §(G) = min{deg(v) | v €
V(G)}. The open neighborhood N(v) of a vertex v is the set of all vertices adjacent to v in G
and N[v] = N(v) U {v} is called the closed neighborhood of v [4, 6]. Let N(v) denotes the
set of neighbors of v, the sum of degrees of the neighbors of v is called the neighbor degree
sum, denoted by D, and is given by D, = Z dy, [9, 10]. The distance d(u,v) or dg(u,v)

u€N (v)
is defined as the length of the shortest path between v and v in G. The eccentricity of a vertex
v e V(Q)is e, = maz{d(u,v) : u € V(G)}. The radius (G) of G is the minimum eccentricity
of the vertices while the diameter d(G) is the maximum eccentricity of all vertices in the graph.
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If G is r-regular graph with n vertices then, m = %5 edges [3, 5, 7]. In 1997, the topological
descriptor termed the eccentric connectivity index [11] is defined as

Zdev

veV(Q)

The amplified eccentric connectivity index of a graph G with at least one edge[8] is defined as

£%(G) = Z (duey + dyey) .

uveV(QG)

A graph is equieccentric if all of its vertices have the same eccentricity.

Lemma 1.1. [1]Cauchy-Schwarz Inequality : Let x; and y; be real numbers for all 1 < i <n

then
(35e0) = (557) (5)

Equality holds if and only if x; = ky; for some constant k for every 1 < i < n.

Lemma 1.2. [1]Chebyshev‘s Inequality : Let a; < ay < --- < apandby < by < --- < b, be
real numbers then we have

n

Zn:azib SnZal i

i=1 i=1 i=1

or
n 1 n n
- Z P2 bi
n
i=1 i=1 i=1
Equality holds if and only if a) = a, = --- =anorby =by=---=b,.
Lemma 1.3.//] Let ay,a,,--- ,a, and by, by, - ,b, be two sequences of non- negative real
numbersandci>0,i:1,2,-~-,nsuchthat%;z%jz >“” and ‘> 2> zg—zthen

Zasz
>

n
Z azbz
¢

i=1

In this article, We study the graph theoretic properties of these new topological indices for
some well known graphs.

2 Main Results

For every vertex v € V(G), the sum of the eccentricities of the neighbors of v is called neighbor
eccentric sum, denoted by E,, = Z €y-
u€EN (v)

We define the following topological indices, which are presented in the below Table.
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SL. Topological Indices Formula
No.
1. Neighborhood degree-eccentric connec- | N.£(G) = Z D,E,
tivity index(ndec index) weV(Q)
2. Neighborhood first Zagreb degree- | N.E|(G) = Z (D,E,)?
eccentric index(nfzde index) u€V(Q)
3. Neighborhood second Zagreb degree- | N.E»(G) = Z (DuEyD,E,)
eccentric index(nszde index) weE(Q)
4, Neighborhood amplified degree- | N.£%(G) = Z (DyE, + DyE,)
eccentric ~ connectivity  index(nadec weB(Q)
index)
. . 2
5. Nelghbprhood ha.rmonlc degree- | N.H.(G) = Z D.E. 1 D.E.
eccentric index(nhde index) weE(G)
2Dy E,DyFE,
6. Neighborhood fourth geometric- | N.GA4(G) = Z D\/EW
arithmetic degree-eccentric index(nfgade weB(G) 4T Dol
index)
7. Neighborhood fifth atom bond connec- | N.ABCs(G) =
tivity degree-eccentric index(nfabcde in- D E, + D,E, —2
dex) 2 DuE.D,E,
uw€E(G)
I
8. Neighborhood Randic degree-eccentric | N . R(G) = Z —_—.
: . VD.E,D,E,
index(nrde index) weE(G)

In Figure G|, D,, =4+4+4+4=16forevery 1 <i<6and F,, =2+2+2+2 =8 for
every 1 <i<6.

U1
V6
Vs
V4
Figure : G|

6
Nefc(Gl) = Z DU@'EW
i=1

V2

U3

:Dvl Evl + szEvz + Dngm + Dv4Ev4 + Dv5Ev5 + Dv(,Ev(,
=16 x84+ 16 x84+ 16 x8+16 x8+ 16 x 8+ 16 x 8

=6 x 128
=768.
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N.E(Gh)

N.E»(Gh)

6
=) (Dy,Ey,)
i=1

=(Dy, By, )* + (D, By + (Do, Euy)* + (Do, By, )* + (D Eug)* + (D By, )?
=(16 x 8)* + (16 x 8)* 4 (16 x 8)* 4 (16 x 8)* 4 (16 x 8)* + (16 x 8)*

=6 x (128)?

=98304.

= Y (DuE.D,E,)
uw€E(G))
=(Dy, By, Dy, Ey,) + (Dy, Ey, Dy, Ey,) + (Do, Ey Doy Eyg) 4 (D, Ey, Dy Ey,)
+(Dy, Ev, Dy, Evy) + (Do, By, Dy, Ey,) + (Dy, Ev, Dy Euy)
+(Dyy By, Do, By,) + (Do, By, Dy By
+(Duvy Boy Dos Evg) + (Do, By Dy Ev)
+(Dus Evs Dy Ey)

=4(16 x 8)> 4+ 3(16 x 8)% +2(16 x 8)% +2(16 x 8)> 4 (16 x 8)?
=196608.

NegaC(Gl) = Z (DuEu +D’UE’U)

weE(Gh)
=(Dy, Ey, + Dy, Ey,) + (D, E,,
+Dy, Ey,) + (Do, By, + Dy Eys) 4 (Do, By, 4 Dy Ey)
+(Dy, By, + Dy, Ey,) + (Do, Ev, + Dy, Ey,) + (Do, By, + Dy Ey,)
+(Doy By, + Dy, Ey,) + (Do, By, + Do By )
+(Du, By, + DysEvy) + (Do, Ey, + Dy Ey)
+(Dos Evs + Dy Ey)
=8(16 x 8) 4+ 6(16 x 8) + 4(16 x 8) + 4(16 x 8) +2(16 x 8)
=3072.
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H.(G1) =

2

D,E,

D.,E, +

wveE(Gy)

2

2
+

" D, E,, + Dy,,E,,

2
+

DU] EU] + D’U3E1}3

2
+

DU] Evl + Dvs Ev5
2

Dv; E’U] + DvﬁEv(,
2

2

+
DUZEUZ + DU3E’U3

2
+

+ +

szE’Uz + D’U4E’U4

2
+

DU3E’U3 + D’U4E’U4

2
+

Dstv3 + Dstvs

2
+

D’U4E’U4 + D7J5E’U5

D’U4E’U4 + D'UﬁE'Ué

D’UzE’Uz + D’U(,E’U(,

+

N.GA4(Gy) =

2
D’USE’U5 + D'UﬁE'Uﬁ

1 1
4(16x8)+3(16x8

1
_12<16><8>

3

32°

uwv€E(G))

+2 ! +2 ! + !
16 x 8 16 x 8 16 x 8

2vD,E,D,E,
D.E, + D,E,

72\/D1}1Ev1DU2Ev2

2\/Dy,Ey, D, E,,

N D'UIEU] + D'U')E?)z

D?)] Evl + D1;3Ev3

2\/D1,1E DusEy,  24/DyEy Dy Ey

DUIEU, + Dy Ey; Dy By + Dy Ey

2\/D,E,D By, 24/DinEy DBy, 21/Diy By Dy B
Dy,Ey, + Dy,Ey, ' Dy,Ey, + DyyEy, ' DiyEy, + Dy By,
2\/Dy,E,Dy, By, 2y/Dyy By, Dy, B,

Dy, Ey, + Dy, Ey, | Dy Ey, + Dy, B,

2\/D,Ev,DosEvy . 2y/Duy By Doy By,

Dy, Ey, + Dy.E,, ' Dy,Ey, + Dy B,

2\/DosEv; Do, B,

D’UiEUS + D’UﬁEvﬁ

2,/(16 x 8)? 2,/(16 x 8)?
=4 43T
C16x8 16 x 8
24/(16 x 8)? 24/(16 x 8)?
+2 +2 | 44—
C16x8 16 x 8
24/(16 x 8)2
16 x 8

=24.
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D.,E,+ D,E, -2

D.E,D,E,

) \/
Dy, E, +D,E, -2

>

weE(G,

/
/

N.ABCs(G) =

(q\]

|
=)
+|e5
5|
g
Sl
AT
(q\]

_ ol
=)
+|e5
|
g

Dv; EU] D1)5Ev5

+

Dy Ey, Dy Ey

Dy, Ey, + Dy Ey, —2

/
/

+

) + D1)4E1)4 - 2
D, E,D,FE,,

\/ Dy, E,

AT
(@\]
|
S
+|g
Q

D?):)_ Eq;

+

D, Ey,D, E,,

Dy Ey, 4+ Dy E,, —2

/
/

+

(q\]

_ wy
S
+|ef
IS
&
=
lT
(q\]

_ =t
S
+|ef
IS
&

+

Dy E,, + Dy E, —2

gl

Dy E,, +DyE, —2

g

Dy, Ey, + Dy, Ey, — 2

Dvs E1)5 D1)6 Ev(,

N
[q\l
NN
~—~|0c0 N
00VA | e
X —~|c0
O %)
O | — X
— VA
S~— 6
[\l \O | w—
— I —
~—
~— N
o
+ +
—
/N N 7N e\
[q\l [\l (q\l | e
~—~ ~— —
=2 = (s %]
X6 XrO XrO 6%
O | — O |— \O |w— — [ —
— [ ~— — [ — — [ ~— ~—
N~— N~— N~— 2
Q Q Q <
— &
~ N~ ~—__— ~ o
<t o\l (o] — o
I + + Il Il
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= >

wveE(Gy) D E D E
B 1 1
/Do By, Dy, E, JDU, Ey Dy, E,
- ! + 1
\/D’U]E’U|D’U5EU5 \/DU] EU]DUGE’U(,
+ ! + ! + !
\/ D, E,,D,, E,, \/ Dy, Ey,Dy, Ey, \/ D, Ey, Dy, E.y,
+ ! + !
\/D’U3EU3DU4EU4 \/D1)3 EU3D1J5 EU5
- ! + 1
\/DwEmDstv5 \/DWEWDUGEUG
N
/Dy By Dy By,
1 1 1
=4 43| — | +2 | ——
(«/(16x8)2> («/(16x8)2> ( (16><8)2>
1 1
+2 +
<\/(16><8)2> (16 x 8)2
Y P
(16 x 8)?
_3
- 327
Theorem 2.1. Let G = K, then
(i) Ne&(Kn) =n(n—1)>.
(ii) N.E\(K,) = n(n — 1)
(iii) N.Er(K,) = nn—1)7
(iv) Ne£*(Ky,) = (n— *.
(V) NeH( n) =
(vi) N.GA4(K,) = ”<";”.
.. na/(n—1)3—1
(vii) N.ABCs(K,) = "=t
(viii) NoR(K,) = ﬁ

Theorem 2.2. Let G = K,, ,, be the complete bipartite graph, then

(i) No&¢(Kpmn) = 4m*n?.

(ii) NeEy(Kpn) = 4m?n’(m + n)
(iii) NoEs(Kynn) = 4min?,

(iv) Ne&%(Kypn) = 2m*n?(m +n)
(v) NeHe(Kmn) = G-

(Vi) NeGAy(Kop,p) = 2omn,

(vii) N.ABCs(K,, ) = \/@’T’1
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(Vlll) NeR(Km,n) - 2\/%

Theorem 2.3. Let G = K ,, be the star graph, then
(i) N£°(Ky ) = 3n%

(ii) NeEl(Klm): 3(1 + 4n).
(iii) N F>(K,,,) = 2n.
(iv) N.£(Ky,) = (2n+ 1).
(v) NeHo(Kin) = 527

(vi) N.GAs(K; ) = 32m

(vii) N.ABCs(K, ) = \/@

(viii) N.R(K| ) =

-

Theorem 2.4. Let G = C,, be the cycle graph, then

4n? if n is even

(i) Nefc(cn) = { 4n (n _ 1) ifnis odd.

1 3 . .
(i) NoBy(Coy = (O e
lon(n —1)*, ifnis odd.
3 . .
(i) NEy(C,) = oo Sniseven
lon(n —1)%, ifnis odd.
, 8n2, if n is even
(lV) Nefac(cn> = f .
8n(n—1), ifnisodd.
1 if nis even
NeHe n) = 4
(V) (C ) { 4(nn,1)a lfn is odd.

n, ifniseven

) N.GA(C,) =
(vi) +(Cn) {Zn, i is odd,

(vii) NLABC(C,) vin-2 if n is even
Vil e n) =
’ /252 ifn s odd.
1 if n is even
Ne ) = 4>
(viii) NeR(Cn) { . ifn s odd.
Theorem 2.5. Let G = P, then
n—2
18n — 12+8> (2n—2i), ifniseven
(i) Ne&o(Pn) = ’;,31
20n — 2848 "(2n—2i), ifn is odd.
=3
n—2

2

2 (560> — 128n + 176) +32 ) _(2n — 2i)?,

(”) NeEl(Pn) - =3

n—1

96n? — 288n + 336 + 32> _(2n — 2i)?,
=3

if nis even

if nis odd.
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168n? — 448n + 752 + 32 Z(Zn —2i)(2n—2i—2), ifniseven
i=3
(iii) N.Es(P) =1{ 12(2n2 — 8n +8) + 24(4n? — 20n + 24) + 32(n + 1)2
%
+Z(2n—2i)(2n—2i—2)7 if nis odd.
=3
n—2
44n — 40 + 16 Z(Zn —2i), ifniseven
(iv) Ne&*(P) = Z;
36n —48+16 Y (2n —2i), ifnisodd.
i=3

8n 16 + l4n 36 + 8n+12 + 8n+8

1
+ E - , if n is even
(v) N.H.(P,) = (2n —2i) + (2n —2i — 2) if

n—3
2

if n is odd.

4 4 1
§n-16 T T4n—36 T 2nt1) T ; (2n—2i) + (2n—2i —2)’

4y/6(n—2)2n—4) | 84/3(2n—4)2n—6) | 4/(n+2)(nt1)
v 8n—16 + v 4n—36 + Y 2n+3 +1

271721 (2n—2i-2)
1 .
+ 62 2n—22 (an—2i-2) if nis even
44/6(n— 2 (2n—4) 84/3(2n—4)(2n—6)

Sn 16 14n— 36

V(2n —24)(2n — 2i — 2)
4 i is odd,
+ Z (2n—20)+ (2n—2i—2)' fnis odd

2 8n—18 14n—38
6(n—2)(2n—4) 3(2n—4)(2n—6)

4(n+2)+4(n+1)-2 8(n+1)—2
T2\ At T A

(vi) N.GA4(P,) =

n —.

4
4(2n —2i) +4(2n —2i—2) -2
+2 ; 16(2n — 2:)(2n — 2i — 2) ’

8n 18 n—16 V8n
2\/ )(2n—4) + \/ 2n7 4)(2n—6) + (n-&j)
4(2n —2i) +4(2n —2i—2) —
t2 Z 2n—22)(2n—22—2) !

(vii) N.,ABC5(P,) = if nis even

if n is odd.

2 2 1 1
+ + +
\/ 1202 —45n-+48 V/48n2—240n+288 2V 43n+2 | 4(ntl)

1
+ if n is even
Z\/2n722(2n721 2)’ /
1

(viii) N.R(P,) = 1

\/6(71 2)(2n 4) + \/3(2n—4)(2n—6) RRFICESY

if nis odd.

1
Z\/2n—22 Y(2n —2i—2)

Theorem 2.6. Let G = W,,(n > 5), then
(i) N.&(W,,) =6(n—1)%+5(n*+4n —5).
(i) NeEy(Wy,) = (n— 1) (36n® — 83n% + 358n + 589).
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(iii) N.Ex(W,)
(iv) Ne&*“(Wh)

6n’+3n+81
(v) NeHe(Wy) =2(n—1) <6O7L3+23O:2—10n+1550>

(n— )(30n + 11502 f20n+775)
(n —1)(6n 4+ 3n + 81).

(vi) NeGAy(W,) = (n—1) <2“3°”§,1?32i,f371°"“5° + 1).

.. n2—Tn n—1)v/484+10n
(Vll) NEABCS(WTL) - (n B 1)\/30713-59071277;;32-%150 + : 2)5+5n+ .

(viii) NeR(Wy) = (n—1) ( 1 + 25+15n>'

/301349012 —270n+150

Remark 2.7. (i) If G is regular graph then D,, = D, and we denote maz(D,) = D.
(ii) If G is a regular equieccentric graph then D, F,, = D, E, and D, E,D,E,(DyE,+D,E,—
2) =2D?E%(DE, — 1).
Theorem 2.8. Let G be a regular equieccentric graph with m edges then, N.GA4(G) = m.

2D, E.,D,E,
Proof. We have, N.GA4(G) = D,E, + D,E,

w€EE(G)

N.GA(G) = > 2V (DuB)?

2(D,E,)

. From Remark 2.7(ii),

3 Bounds

Theorem 3.1. Let G be a regular equieccentric graph with m edges then, 4m> < DN.GA4(G) x
N.R(G) x N.£%(G).

2D, E,D,E,
Proof. We know that, N.GA4(G) = Z —_—

te) DyE,+ D, E,
N.R(G ,and N.£%¢(G) = D,E, + D,E,).
- T L NC(G) = Y (DB D)

w€eE(G w€EE(G)

Ifa= \/DuEuDva and b = PulutDelo thep,

RS (ﬁx 13).

weE(Q) wveE(Q)

Squaring and applying Lemmal.l and Lemmal.2, we have

(55,02 ()

wveE( wveE(G)

> 2vD.E.D,E, DuButDuBy
m- < E _—— X E 2
DuEu + DUEU DuEuDva

u’UEE(G) U’UGE(G)

DUEU + D'UEU
>

<N,GA4(G) x Zuzu T vy
2D, E,D,E,

uw€E(G)
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11

1
2 § E
2m SN@GAL‘,(G) X m (DuEu -+ DUEU)
EE(G) uv€E(G)

2m? <N,GA4(G) x (;;) N.R(G) x N.£%(@Q)

4m> <DN,GA4(G) x N.R(G) x N.£%(G).

Theorem 3.2. Let G be a regular equieccentric graph then,

2m(N.GA4(G))* < D(NH.(G))*NeE(G)

2 /D.E,D,E,
Proof. We know that, NeGA4(G) = m,
uw€E(G)
NH.(G) = Y 2z
el D,E, + D,E,
weE(G)
— E — 2 —
and NEEZ(G) = D.E,D,E,. Leta = DuEutD,Ey and b = v/ D,E,D,E,, by

uw€E(G)
squaring and applying Lemmal.l and Lemmal.2, we have,

2
(NGGA4(G))2 = Z DE‘— \% DyE,DyE,

weEE(G) + DuEy

3 (2)2 3 («/DuEuDvK,)z

<
- D.E,+ D,FE,
weE(G) weE(G)
o) 2
2 _
(NGA(@) = > ( BE D, E) > (DuE.D,E,)
weE(G) wweE(G)
D
(NeGA4(G))2 S%(NeHe(G))ZNeEZ(G>

2m(N.GA4(G))* <D(N.H.(G))*N.E»(G).

O

2mD*E>(DE,—1)

Theorem 3.3. Let G be a regular equieccentric graph then, D, E,+D,FE,—2 > N (G)

Proof. From Remark 2.7(ii), we have

2D*E2(DE, — 1)
D,E,D,E,
2D’E2(DE, — 1)

Z DyE,+ DyE, -2 = Z D, E,D,E,
uwv€E(G) w€EE(G)

D,E,+ D,E, -2 =

Using Lemmal .3,
2 Y DEYDE,-1)x Y 1
Z ZDin(DEu — 1) x 1 > weE(Q) weE(QG)
D,E,D,E, - Z D.,E,D,E,
weE(Q)
2m?*D?E2(DE, — 1)
- NeEz(G)

uwv€E(G)
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Therefore,
2mD?E2(DE, — 1)
N.E(G)

D,E,+D,E, —-2>

2m(DE,—1)

Theorem 3.4. Let G be a regular equieccentric graph then N.ABCs(G) < m/ =5 AR

D.,E,+ D,E, -2
= 2

Proof. We Know that, N, ABCs(G D EDLE — (*).
u=u vHU

weE(G)
Squaring () and applying Lemma 1.1, we have

2
Z \/DuEu+Dva—2 <
DyE.DyE, =

s (T 5 ()

uwveE(Q) uwveE(Q) uwveE(Q)
> > (prr)
< D.E,+ DyE, -2 <7) .
uwve E(G) weE(G DuBE.DvE

From Remark 2.7(ii) and Lemma 1.3. Since G is regular equieccentric, D = D,, = D,, and E,, = E,, we have

2
( 3 DuEquDvaZ) <2m2D2E§(DEu—l) m

DuEoDyE, N.Eo(G) “ DB
uwvEE(G)

3 DuE,+DyB, =2 _  [2m(DE, — 1)

DuE.D,E, — "\l N.E:G)
uwvEE(G)
2m(DE, — 1)
N.AB <my | D2 — 1)
C(@) = =N E @

Remark 3.5. We observe some of the following bounds :
(i) N£°(G) > €°(G). Equality holds if and only if G = K.
(i) £°(G) < £°¢(G). Equality holds if and only if G = K.
(iii) €°(G) < €%¢(GQ) < N£*(@G). Equality holds if and only if G = K.

(iv) If D E, = D,E, = t, for every u,v € V(G). Then, N.H.(G) = N.R(G) and if G is a
unicyclic graph then, N.E|(G) = N.E»>(G) > N.GA4(G).
For t = 1 in Remark 3.5(iv), N.ABC5(G) < l and N.ABC5(G) < N.£%(G).
If G is a unicyclic graph then, N.£%¢(G) > [ and N.E|(G) = N.E»(G) = N.H.(G) =
N.GA4(G) = N.R(G) = .
For ¢t > 1 in Remark 3.5(iv), N.£*“(G) < N.E»(G) and if G is a unicyclic graph then,
N.£9%(G) > N.E\(G), N.£%(G) > N.H.(G) and N.£%(G) > N.R(G).

4 Conclusion remarks

In this paper, we have proposed eight new topological indices based on neighborhood concept
and we have formulated the neighborhood degree eccentricity of some standard graphs. Further,
we have obtained various results and bounds for the neighborhood degree eccentricity index of
a graph.
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