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Abstract. In this work, we employ the framework of nabla calculus on time scales to develop
new dynamic Hardy-type inequalities involving negative exponents. Specifically, we extend
Hardy-type inequalities for the exponent v < 0 by applying the nabla chain rule, integration by
parts, and the nabla version of the reverse Holder’s inequality on time scales. When the time scale
T = R represents the set of real numbers, our results reduce to well-known integral inequalities
previously introduced by Azzouz. In contrast, when the time scale T = Ny represents the set of
non-negative integers, we derive new discrete inequalities. Furthermore, we present inequalities
for other time scales, such as T = ¢™ for ¢ > 1, which constitute largely novel contributions.

1 Introduction

Hardy-type inequalities play a fundamental role in mathematical analysis, with numerous ap-
plications in differential equations, functional analysis, and mathematical physics. Since the
classical Hardy inequality was introduced by G.H. Hardy in the early 20th century, various gen-
eralizations and extensions have been developed, including both integral and discrete versions.
To unify these cases, time scales calculus offers a framework that integrates differential and dif-
ference calculus, making it possible to extend Hardy-type inequalities to dynamic systems on
hybrid domains.
In 1920, Hardy [1] proved the following result:

Theorem 1.1. Let { A\ }32 | be a sequence of non-negative real numbers. If v > 1, {A\z}72, >0
forallk > 1, and ) ;2| A} < oo, then

[e’e) 1 k Y y v oo
;<k2A> : (v—l) ;A? (1.1)

In 1925, Hardy [2] also presented the continuous analog of inequality (1.1) as follows:

Theorem 1.2. [f v > 1 and w(¢) > 0) be integrable functions over the finite interval (0, () for

every positive (, then
[e%s} Q‘(<)>7d ( v )’Y [e%¢) Y J L2
[T (B) ac< (25) [Twoa (12)
where

Q) = Jyw()dC, forali¢ > 0.

~
Furthermore, the constant (ﬁ) in inequalities (1.1) and (1.2) is the best possible.
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In 1927, Hardy and Littlewood [3] established the reverse inequality of (1.2) for 0 < v < 1,

on the condition that the integral Q(¢ fo ¢) d¢ is replaced with Q(¢) = [ COO w
Theorem 1.3. Let w(() consisting of non-negative integrable function on [0,00). If0 < v < 1,
then
e} v v [e's]
[7(B) acz (-2) [ (13)
0 ¢ y=1) Jo
where

fC ¢)d¢, forall ¢ > 0.

In 2007, Yang [8] established the Hardy-type integral inequalities for negative exponent y <
0 as follows:

Theorem 1.4. If v < 0, w({) > 0and 0 < [;° ¢O~"w(¢) d({) < oo, then

il ]
L) e (14)

(i) Fory <Qandr > 1,

| @acs (;

fC ¢)d¢, forall ¢ > 0.
(ii) Forv < Qandr < 1,

| @@ (2

fo ¢)d¢, forall ¢ > 0.
Furthermore, the constants (%) and (—]> in inequalities (1.4) and (1.5) are the best
possible.

where

Y [ee]
D) o (15)

where

In 2020, Benaissa et al. [12] generalized the inequalities (1.4) and (1.5) by introducing a
monotone weighted function (%(C)) as given by

Theorem 1.5. Ler v < 0, wy,wy > 0and 0 < [~ w, " (¢) (Cwi(¢))” d¢ < oo, then

(i) Ifr > 1and %(C) is non-decreasing function,

[ 28 < (1) [[arocaor e (16

where

Q) = fcoo wi(¢)d¢,  forall ¢ > 0.

(ii) If 0 <r < 1and %@) is non-increasing function,

A iiécc)) s (2 1)7 | e cao) a (17)

where
= [fwi(Q)dC,  forall¢ > 0.



HARDY-TYPE INEQUALITIES IN NABLA CALCULUS 205

(iii) If r < 0 and #(C) is non-decreasing function,
> QY v o]
/o w;((g)) = (ﬂ 1> /0 w7 (C) (Cwr (€))7 d, (1.8)

where
Q(¢) = fgC wi(Q)d¢,  forall ¢ > 0.

In 2023, Azzouz et al. [19] extended the inequalities (1.6), (1.7) and (1.8) by replacing (0, oo)
with (71, 7), where 0 < 71 < 72 < 00 as follows:

Theorem 1.6. Ler v < 0, 0 < 71 < 1 < o0 and wy,w; are positive measurable function on
(11, 72), then

(i) Ifr > 1and %(C) is non-decreasing function,

/ 2:((8 = (1 XT)W/T WZ_T(<)<1 - (i)l;y—l((wl(o)”dg (19)

where
Q)= [Pwi(¢)d¢, forall¢ > 0.

(ii) If0 <r < 1and %(0 is non-increasing function,

[5G () oo (2)
where

Q) = [Swi(C)dC,  forall ¢ > 0.

(iii) If r < 0 and % is non-decreasing function,

y—1
) (Cwi(¢)d¢,  (1.10)

Wy

[P () [=o(-(2)
where

Q(Q) = [Swi(C)dC,  forall ¢ > 0.

Over the past two decades, the theory of time scales introduced to unify continuous and dis-
crete analysis has become a powerful framework for extending classical inequalities to dynamic
settings. In this direction, many authors have explored Hardy-type inequalities on time scales
using delta and nabla calculus.

In 2005, Rehak [7] was the first to extend the classical Hardy inequality (1.2) within the
framework of time scales. Moreover, Rehak showed that if v > 1 and w; > 0 and the delta

integral ff} wi(€) AC exists, then

~ QU(OY (v)” o
/ﬂ (a(g)—n Ac<\5=7 /n wy (¢) A, (1.12)
where

Q(¢) = [ w1(0)AC, for ¢ € [r1,00).
In particular, a number of studies have investigated Hardy-type inequalities using alternative
approaches in time scale calculus, notably through the use of the delta integral [11, 14, 15,

v—1
) (Cwi(¢)d¢,  (1.11)
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18, 25, 26, 27] and the nabla integral [13, 16, 17, 22, 23, 24, 28]. These studies highlight the
ongoing interest in dynamic Hardy-type inequalities and demonstrate the potential for further
development in this area.

A comparative overview of Hardy-type inequalities on different time scales is presented in
Table 1. This summary highlights the types of time scales, definitions, associated inequalities,
and their applications.

for sums and difference opera-
tors

Time Scale Definition Hardy-Type Inequality Applications
Continuous Time R Classical Hardy inequalities in- Analysis of differential equa-
volving integrals and derivatives tions and continuous integral in-
equalities
Discrete Time Z Discrete Hardy-type inequalities Stability analysis and behavior

of discrete dynamic systems

Time Scales

Arbitrary closed subsets of R

Unified  generalizations  of
Hardy-type inequalities for both
continuous and discrete cases

Modeling hybrid systems with
both continuous and discrete dy-
namics

scales

equalities developed for mixed

Delta and Nabla Time Based on forward/backward Extensions of Hardy-type in- Systems with forward or back-
Scales jump operators o, p equalities using delta or nabla ward evolving dynamics, e.g.,
calculus population models or control

systems
Mixed Time Scales Combination of different time Corresponding Hardy-type in- Systems ~ with  components

evolving on different time scales

time scales

Table 1. Hardy-type inequalities on various time scales

While significant attention has been given to Hardy-type inequalities involving positive ex-
ponents, relatively fewer results exist for inequalities with negative exponents, particularly in the
context of nabla calculus. Recent studies, such as Aly et al. [21], have partially addressed this
gap by establishing certain inequalities with negative exponents within nabla calculus on time
scales.

Motivated by these developments, the main objective of this paper is to develop new Hardy-
type inequalities with negative exponents in the nabla calculus framework on time scales. Specif-
ically, we aim to generalize the results of Azzouz et al. [19] by using the reverse Holder’s in-
equality, nabla integration by parts, and the nabla chain rule. Our findings yield dynamic versions
of known inequalities when the time scale T = R, and yield new discrete results for T = Nj.
We also provide new inequalities on quantum time scales such as T = ¢"° for ¢ > 1.

The remainder of the paper is structured as follows. In Section 2, we present the necessary
definitions, theorems, and lemmas related to nabla calculus on time scales. Section 3 establishes
our main results and derives corresponding corollaries for specific time scales, including T = R,
T = Ny, and T = ¢™.

2 Preliminaries and basic Lemmas

In this section, we introduce the fundamental results and lemmas of nabla calculus. For further
details on time scale analysis, we refer the reader to the works by Bohner and Peterson [4, 5, 6]
which provide an extensive review of time scale calculus.

Definition 2.1. [4]. A time scale T is an arbitrary non-empty closed subset of the set of all real
numbers R.

Definition 2.2. [4]. Let T represent a time scale. The forward jump operator ¢ : T — T is
defined for any ¢ € T as follows:

o(¢) =inf{¢; € T: ¢ > (}.
Similarly, the backward jump operator p : T — T is defined for each { € T as follows:

p(¢) =sup{Ga € T: { < (}.
Definition 2.3. [4].



HARDY-TYPE INEQUALITIES IN NABLA CALCULUS 207

(i) The forward graininess function p : T — [0, co) is defined by
u(¢) =a(¢) = <.

(ii) The backward graininess function v : T — [0, c0) is defined by
v(¢) =¢ = p(Q)-

Definition 2.4. [4]. Let w : T — R be a function defined on a time scale T. Then we define the
function w? : T — R by

w?(¢) = (woo)(¢) =w(e((), ¢eT,

and the function w” : T — R by

w(() = (wep)(¢) =w(p((), (¢eT.

Definition 2.5. [6]. A function w : T — R is called the V-derivative of w at a point ¢ € T, if,
for any € > 0, there exists a neighbourhood N around ¢ such that for all {; € N, we have

‘ [w(p(Q)) = w (@] =V (Qlp(Q) =l _
1p(¢) =Gl T

In this context wV (¢) is referred to as V-derivative of w(() at ¢.

Definition 2.6. (See [4], Definition 8.42). A function Q : T — R is called a V-integral of
function w : T — R if, QV(¢) = w(¢) holds for all ¢ € T,. We then define the integral of w by

/T2 W(OV(C) = Q(m) —Q(n) forallCeT.

Definition 2.7. (Ld-Continuity, [see [4], Definition 8.43]). A function w : T — R is said to
be left-dense continuous if it is continuous at all left-dense points in T and possesses finite

right-hand limits at the right-dense points. The set of all such left-dense continuous functions is
represented by Ciq (T, R).

Theorem 2.8. (Existence of a nabla Antiderivative, [see [4], Theorem 8.45]). Every ld-continuous
function has a nabla antiderivative.

Theorem 2.9. (see [4], Theorem 8.46). If ( € T, and w € Cy4 (T, R), then

¢
/ w(©) VT = v(Q) w(©). @.1)

where
v(¢) = ¢ = p(¢).
Theorem 2.10. (see [4], Theorem 8.48). Assume 71,7 € T and w : T — R is ld-continuous.
(i) If T =R, then

/ lﬁw(ovc -/ szw(c)dc,

where the integral on the right is the Riemann integral from calculus.

(ii) If' T consists of only isolated points, then

e @QV(C)  ifT <,
0 ifm =1,

) 7246(72771]""(()”(() if 1 > .
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(iii) If T = hZ, where h > 0, then

Q -~ .
. ZZ”:$ w(Ch)h  ifn < m,
/ W(C)VC: 0 l'le = T2,
71 722}7172*’1 w(Zh)h if 1 > 1.
~ T h

(iv) If T = Z, then

. Z?:T]H w(C) ifm <,
[ wteve=4o  fn=n,
" =37 W@ ifn> .

Some relationship between time-scale calculus T, continuous calculus R and discrete calcu-
lus Z on time scales.

(i) T =R, then p(¢) = ¢, v(¢) =0,

WY(C)=w/(¢), and / T w(O)VC = / " w(C)de. 2.2)

(ii) If T = Z, then p(¢) = ¢ — 1, v(¢) = 1,

T2

WV () =w(() —w(¢—1)=Vw(¢), and /Tzw(g)vc: > w@), @3

C=71+1

where V are the backward difference operators.

(i) If T = g™ = {¢ = ¢" : i € N} U {0} where ¢ > 1, then p(¢) = &, v(¢) = <<Qq—‘>,

w — W < ™ IquTZ
wV<<>=q<(8_1)C(q)) ad [Cuove=Y ). e
7 i=log, 71+1

Lemma 2.11. (Chain Rule, [see [10], Lemma 3.1]). Let w, : R — R be a continuous func-
tion, wp : T — R be a V-differentiable function on T*, and w; : R — R be a continuously
differentiable function. Then, there exists a point d in the interval [p((), (] such that

(w1 0w2)Y (¢) = wi (wa(d)) wy (C). 2.5)

Theorem 2.12. (Integration By Parts, [see [4], Theorem 8.47]). Let 11,7 € T and wy,w; : T —
R are ld-continuous functions, then

[T @ OV = @@l - [ ¥ @ w0 26)

Theorem 2.13. (Reverse Holder’s Inequality, [see [9], Theorem 2.3.6]). Let 7,7 € T and
Wi, Wy € Cld ([7’1,7’2] ,R), we have

[ @l ves ([ aor w) (f “latorve) e

wherev<00r7’<0and%+$:1.
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3 Main Results

In this section, we present several lemmas that are essential for proving the main results of
this paper. Throughout this study, we assume that w; and w, are 1d-continuous functions on

the interval [y, 72|7. Also, by 7/ we denote the conjugate exponent of ~, i.e., L4 % = 1.
Furthermore, we assume the existence of positive constants K and K, such that
— 1
PO-m, Lo, 3.1)
¢—m 1
and
1
p(CQ)—= 1 1
Oom 1oL (32)
¢ = 2 ™

Lemma 3.1. Let 71,7 € T, with v < 0 and r > 1. Suppose that w is a ld-continuous and
V-integrable function on |11, 7). Then

vl r—1 r—i\Y—1 [T _ Liy—r .
m(c)g(l’jr) (C-m)F = (m-m)) /ﬁ (b —7) 7 @ Q) VL,
(3.3)
where

Q(C) = fCTZ w1 (Z) VZ

Proof. Let v < 0 and r > 1. By applying the reverse Holder’s inequality (2.7) for exponents
satisfying 3 + - = 1, we obtain

Qo) = /< Q) Ve

B /c (@ =)~ 57 (@) =) T Q) VT

> ( / C0© - m) T © vc)i ( / 6@ -n) ) e

r—1

By applying the chain (2.5) rule to the term ({ —7) = , there exists a point d € [p({), ¢] such
that

: [(Z_Tl)%]v —C-m)F ' 2 @d-m)F !

r—1
— r—1
> (p(Q) —m) 7 (3.5)
Since v < 0 and r > 1, it follows that TW;I —1 < 0andd < p(¢). Then, by applying
inequality (3.5), we obtain

_(rjl)((Tz_ﬂ)"a‘_(g_ﬁ)"&‘). (3.6)

By substituting inequality (3.6) into inequality (3.4), we get

20> (25) " (m-m7 = =) ([ 00 - e @ w) o
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For v < 0, the inequality (3.7) simplifies to

vl r—1 r—1\ V1 7o liy—r .
0= (%) (C-F -@-mF)" ([ 00-nFTe @),
which satisfies inequality (3.3).

O

Lemma 3.2. Let 71,7 € T, with v < 0 and r < 1. Suppose that w; is a ld-continuous and
V-integrable function on [y, 2|1. Then

(i) If%l < 1, then

a0 (1) ((c— 1) ~(n- 1)) [ (w0~ ;)mec) ve.

(ii) If%l > 1, then

r—1 r—1 -1 Iy —r
v\ 1\ 7 Y /1N -
@< (;25) <@—D) ~(n-1) ) [(c-5) @@

(3.9)

where

Q(0) = [ i (©) VC.
Proof. Case 1: For %1 <1.

Let v < 0and r < 1. By applying reverse Holder’s inequality (2.7) for exponents satisfying
% + $ = 1, we obtain

e
Q) = / w(0) Ve

z( [ (s jz)lj'?wovc)#(/; (-1 W);,. 3.10)

r—1

By applying the chain rule (2.5) to the term (Z - Tiz) ", there exists a point d € [p(C), ]
such that

| r;]_l
> (p(C) - n) : (3.11)

[(o-2) " v () [[65)7] =
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Substituting inequality (3.12) into inequality (3.10), we get
r—1

w02 (2)" ()7 () 7) ([ bo-2) T wrem)

For v < 0, the inequality (3.13) simplifies to

wo(2) (3 - (-0)7) [ (o-2) T o

which satisfies inequality (3.8).

Case 2: For ’T_' > 1.

¢

) = [ w @V
> A v)vL ey \%4 WI 3.14
[T wom) ([T w)" e

Since % —1>0and Z > d, then from inequality (3.11), we have

[E2)

1+

o r—17 V
L 5 </ 1\7
< (2 ]2
- (2 )((c—l)”—(n—l)") (3.15)

r—1 5 B

Substituting inequality (3.15) into inequality (3.14), we get

1
I4y—r

w0 ()" (37 (- 27) (L6 wom)

(3.16)

For v < 0, the inequality (3.16) simplifies to

wo=(2) " ((3) 7 (1)) Ly e

which satisfies inequality (3.9).

We now formulate the time scale version of inequality (1.9) in the context of nabla calculus.

Theorem 3.3. Assume 1,7 € T, with v < 0, r > 1 and wy,w;, be ld-continuous and V-

integrable functions such that “=2 is non-decreasing on [11, 2] C (0, 00). If inequality (3.1)

) ) wa(€)
is satisfied, then
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Al
1=ry 71
< (%) & [er© (1—(“_) ) ((6(0) =) (€))" V.
" 3.17)
(ii) For =8 <1,
Al
< (+5) & [ e (1 - (“)) ((p(€) = 7)1(O))” V€,
l (3.18)

where

Q) = [P (@) Ve

Proof. By using Lemma 3.1, we obtain that

[Ehecc (1) [ (c-mT - -m=)

(" 60 - wrove) ve (3.19)

Applying integration by parts (2.6), we get

[ @ (c=mF - m-m=) T ([ 0= e @) v

_ I+y—r

~ an(6) /C " 0@ )

w7 (@) vc) 4 / " (0(0) = ) T w1 (O Wb (C) VI,

T1

where

and

wa(¢) :[:WQT(C) ((C—Tl)%l —(7'2—7'1)T;l)%l V¢,

Since wy(m2) = 0, then inequality (3.20) becomes
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/: w, "(¢) ((C )7 — (- 71)7)7_1 </CT2 (o) =7) - w7 (0) VC) Ve

= [ - e ( [0 (@ =) v v

- [t ([ (G €= (- (322)) )
Note that by using (2.1, we get
[ e (-62)7) =

LS e (D7) e [ (G e
(-G=)7) =

LS e (-32)7) e ()
e

r—1

_ . 7=l
Since (%) and (l — (%) ! ) are non-decreasing functions, then { < (, it

follows that

[ e (-)7) =) (-6 )
( _

[ @

(3.23)
From inequalities (3.22) and (3.23), we have

G e (-()7) =

) (- (D)) [T st (g e

S (-()7) ([Tt e
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By substituting inequality (3.24) into inequality (3.21), we get

/T]TZ w, "(¢) ((C - T])% —(r— 7_1)7;1 )7—1 </CT2 B ) -

wi"(¢) vg) Ve
S/:(p(g) —m) @ (O~ ) T(O) (1 - (7'2 — ﬂ) TWI)WI

¢—m

p(C) lr g _
</ C-m)" vc)w

(3.25)
To complete proof, we have two cases:
Case 1: Ifl;—r > 1.
Applying the chain rule (2.5) to the term (¢ — T])I_TT, there exists a point d € [p(¢), (], such

that
Y = 1=V = I=r_ I=r g
— ~y = — ~ > — ¥
2 [C-mF] =C-n)F " 2@-n)
—,
> (p(Q) =) 7 (3.26)

Since 1_7’" > 1, it follows that 1;—7" —1>0andd > p(¢). Then by applying inequality (3.26),
we obtain

/:O(p(c)—ﬂ)‘f—lWS(lyr) /p<<) [(C—n)‘ﬂvvz

1
— (1 7 ) — (3.27)
T (p(Q) =) T
_ =7 1
Multiplying and dividing on right hand side of inequality (3.25), by the term (% ’
—7'1
, we get

[Car@ (e ) ([ 60 -

w7(C) VC) V¢

< (’@?) ' /:(p(c) — 1) T W (O~ 1) @ T (O) <1 - <TCz—_TT11>T>V_]

(3.28)

Using inequalities (3.27), (3.28) and (3.1), we have

[ @ (€= = =) ([ @) @) v

<(i25) @ [ oo (1 (5) lf)%l ((p(Q) =) (Q)) V¢ (3:29)

Substituting inequality (3.29) into inequality (3.19), we get
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<(75) 87 [Ca0” (1 - (C_>> ((6(6) = m) w1 ())" V¢,

which satisfies inequality (3.17).
Case 2: If% <1.

Since v < 0 and l;—r < 1, it follows that 1_77’ —1 < 0and d > (. Then by applying
inequality (3.26), we obtain

[e-my=ves (75 [ e =) v

- () (+(C) 1n>”~“ o

Using inequalities (3.30) and (3.25), we have

L@ (-7 —m-m =) ([ 0@ - e @) v

—1

(%) Gig2s) [ oo (1 -(5=2) ) ((0(0) = ()" V.

(3.31)
Substituting inequality (3.31) into inequality (3.19), we get
o%t
At
v\ "ol (—n\ "
< (1) & [ e (1—(T2_Tl) ) ((6(6) = m) Q)" W6,
which satisfies inequality (3.18). O

Remark 3.4. If the time scale T = R in Theorem 3.3 and 7; = 0, then p(¢) = ¢. Consequently,
we see that inequality (3.1) holds with K = 1. As a result, inequalities (3.17) and (3.18)
simplifies to inequality (1.9), and for m = oo, we obtain inequality (1.6).

Corollary 3 S.If T = Ny in Theorem 3.3 with 1y = 0, 7 = o0 and wy, wy are positive sequences
such that o ( 9 is a non-decreasing on [11,00) then, by using relation (2.3), we have

(i) Ifl*Tr > 1, then

2278 S( > 25 3¢~ 1)@ (Qw(©): (3.32)
¢=1 2 P
(ii) IJCFTT <1, then
o0 Q 'Y o
2 w:<(§>) = (11«) 27 (= 1) @ (Qw " (©): (3.33)
¢=1 2 =
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where
o = pPQ-mn _¢-1_ 1
Q(C)—CECHmK) and T =1 R

Thus inequality (3.1), holds with K| =2 and { > 2.

Corollary 3.6. If T = ¢"° for g > 1. 7y = 1, 7» = oo and wy, w, are positive sequences such that

52 © is a non-increasing on |11, 00) then, by using relation (2.4), we have

(i) If‘%’“ > 1, then

.Q”/(qi> ~ T > . . i1 Ny
¥ . < 'Y/ ¥ T ¥ 7 _ 1 ‘A . X 4
| > “ae S\i=) > dwr (@) (g Jwi(q')) - (3.34)
i=logqTi+1 i=logqTi+1
(ii) 1f$ < 1, then
= s Q“/(ql) Y K > i — i i—1 SN\ Y
1 , < ' ‘a r 1 1 _ 1 1 X
D« ) <\ ) ¢ Y. dw (@) (4 Jwi(g))", (3.35)
i=log,T+1 i=logqTi+1
where
, (¢g—1) > ) ) p(Q)—m ¢ '—-1 ¢ =1 1
Q(¢") = q'wi(¢") and = — = lim — > —.
) q z‘_lozgq:cﬂ @) ! q =1 imoo q' — 1 q

Thus the inequality (3.1) holds with K| = q, where q > 1.
We now formulate the time scale version of inequality (1.10) in the context of nabla calculus.

Theorem 3.7. Assume 11,7 € T, withy < 0, 0 < r < 1 and wy,w; be ld-continuous and V-
L

integrable functions such that i?T is non-increasing on [11, 2|1 C (0, 00). If inequality (3.2)
is satisfied, then i

: r—1
(i) For =1 <1,

O
Lfﬁgw
2l VKT i B - = =\ 1 5
- (7‘—1> : /T w2 (¢) (1 (C—é) ) ((p(c) Tz) m(()) V¢
(3.36)
(ii) For =1 > 1,
5 o
[,%8VC
iy -1
< ( v )WKZTJ' /Tzwf"(g) (1_ (Tl_flz> 7 ) ((p(c)—]) w1(g)>"/ o
Tl n (-1 ~
(3.37)
where
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Proof. For "1 < 1.

By using Lemma 3.2, we obtain that

[EGses() o) 60 7)

&

— w(0) ( /f (r@-2) w«m) [0-2) T e ve
| n (3.39)
where
al0= [ (w0~ 1) T @ wt0-(w0-1) T wre,
wo=ao( D7 (-1)7)
and

r—1y 71
- o (C—AINT /o NT T -\ _
wi” e - — —[=—2= .
17(¢) (/p(o<w2(o> << TZ) (1 (C—Jz) ) vc) V¢

Note that by using (2.1), we get
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y—1
. . -L\" =\ 7 . . .
Since the function (w (?) ) and (1 — (2 2 ) ) are non-increasing functions, then
2 Y

¢ > ¢, it follows that

00 =
( / (c - 1) vc) V¢. (3.42)
p(¢) 2
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Apply the chain rule (2.5) to the term ({ — 2 )I_TT, there exists a point d € [p((), ], such that

_?2

Vv
T N
)
=
|
N—
\
S =
~—
i
L

(3.43)

Since v < 0 and 0 < r < 1, it follows that I;T —1<0,d < ¢ and the term 1% < 0, then
from inequality (3.43), that

e’} . IITT*I _ v S _ 1% _
/p@(CTz) VC§<1—T)/,J(<>[<CD> 1 Ve

- (1) (6(¢) - ok o

Substituting inequality (3.45) into inequality (3.38), we get

= ()
/ﬂ TGN

Rl T2 _ 1\
S(rzl) Kzr/ﬂ ) (I_C—l)

which is inequality (3.36).

Case 2: For ’”T‘l > 1.

By using Lemma 3.2, we obtain that

Applying integration by parts (2.6), we get
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(3.47)
where
¢ 1+3 r B +;{
w1<<>—/ (c—;) w17(Q) VE, mV(o—(c—le) @7 (0),
17 Al
o <<>:w;’<<>((<ﬁ) (nrz) )
and

" (0 (/:) W (©) ((c— :2) - (n - :2)2‘>”‘1 vc) V¢
o L&) D7) )

By applying inequality (3.41) to inequality (3.48), we obtain
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By substituting inequality (3.50) into inequality (3.46) and using p(¢) < ¢, we get

() = oo - (2E) ) ((0-2) o)

™

which is inequality (3.37).

Remark 3.8. If the time scale T = R in Theorem 3.7 and 7; = 0, then p(¢) = ¢. Consequently,
we see that inequality (3.2) holds with K, = 1. As a result, inequalities (3.36) and (3.37)
simplifies to inequality (1.10), and for 7, = oo, we obtain inequality (1.7).

Corollary 3.9. If T = Ny in Theorem 3.7 with 71 = 0, 7, = 00 and w1, w, are positive sequences
such that %(C) is non-increasing then, by using relation (2.3), we have

(i) If 51 <1, then

o) Q ~ o
2 w:fg = <ri1) 27 (¢=D)Twr " (Qwi(©). (3.51)
¢=1 2 =
(ii) If% > 1, then

0o Q ~ . o

2 W:((CC')) = (Tj 1> 25 ) (=) () wi (<), (3.52)

=172 i

where
C O-% _¢-1 11 |
¢=1 ™

Thus the inequality (3.2), holds with K, = 2 and > 2.
Corollary 3.10. If T = ¢™ for ¢ > 1. 7 = 1, 7 = 00 and wy,w, are positive sequences such
that 52;(2) is a non-increasing on |11, o) then, by using relation (2.4), we have

(i) If’“T—‘ > 1, then

2 qig;((gz)k(rqur > de @) (@ = Dwile)) . (353)

i=logqT+1 i=logqmi+1

(ii) If’"—;1 < 1, then

i=loggm+1 wy(4) 1-r i=loggT+1
(3.54)
where
lOQqC 1 i
(g—1) o p(Q) == ¢! 1
Q(z):Té q'wi(q") and e 7 25
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Thus the inequality (3.2) holds with K, = q, where g > 1.
We now formulate the time scale version of inequality (1.11) in the context of nabla calculus.

Theorem 3.11. Assume 1,17 e T, with v < 0, r < 0 and wy,w; be ld-continuous and V-

integrable functions such that ) is non-decreasing on |11, 2]t C (0, 00). If inequality (3.2)
is satisfied, then

(i) Ifi=r <1,

[ o

< () 7 [fer© (1 (g)) (- 2) @) ve.
(3.56)

where

Q(¢) =[5 wi(Q) V¢

Proof. The proof of Theorem 3.11 is analogous to that of Theorem 3.7, so we omit the details.
|

Remark 3.12. If the time scale T = R in Theorem 3.11 and 71 = 0, then p(¢) = (. Conse-
quently, we see that inequality (3.2) holds with K, = 1. As a result, inequalities (3.55) and
(3.56) simplifies to inequality (1.11), and for 7 = oo, we obtain inequality (1.8).

Corollary 3.13. If T = Ny in Theorem 3.11 with 1 = 0, m» = o0 and wy,w; are positive
sequences such that #(C) is a non-decreasing then, by using relation (2.3) , we have

(i) If%l < 1, then

s Q’Y vy oo
Zw’ < ) D =17 () wi(Q). (3.57)
¢=1 2 i
(ii) Ifr > 1, then
ngg)) = (r ) 27 Y (= 1w (Qwn(6), (3.58)
¢=1 2 part

where

pPO-% ¢-1 1
(-+ ¢ <
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Thus the inequality (3.2), holds with K, = 2 and ¢ > 2.

Corollary 3.14. If T = ¢"° for ¢ > 1. 7y = 1, » = 00 and wy,w, are positive sequences such

that 52;(41) is a non-increasing on |1y, 00) then, by using relation (2.4), we have

(i) If =51 > 1, then

> qim.(q,i)éanjl)7 > e @) (@ = D). 659

i=logqTi+1 i=logqTi+1

(ii) If% < 1, then

> 20 ()T Y e @ @ - D)

i=logqTi+1 “2 (ql) I=r i=logqTi+1
(3.60)
where
logq(¢ 1 i
- (g—1) - , p(Q)— = ¢ _ 1
Q¢*) = —+= q'wi(q") and 2= > -
(¢") . ; 1(¢") (1 .

Thus the inequality (3.2), holds with K, = q, where g > 1.

4 Conclusion

In this paper, we have established new dynamic Hardy-type inequalities with negative exponents
using the framework of nabla calculus on time scales. By employing key tools such as the nabla
chain rule, integration by parts, and the reverse Holder’s inequality, we extended previously
known results in the continuous setting to a broader time scales context. Our findings generalize
classical inequalities given by Yang, Benaissa and Azzouz et al., and introduce discrete and
quantum analogues for time scales T = Ny and T = ¢ (¢ > 1), which to the best of our
knowledge, have not been reported in existing literature.
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