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Abstract. In this work, we employ the framework of nabla calculus on time scales to develop
new dynamic Hardy-type inequalities involving negative exponents. Specifically, we extend
Hardy-type inequalities for the exponent γ < 0 by applying the nabla chain rule, integration by
parts, and the nabla version of the reverse Hölder’s inequality on time scales. When the time scale
T = R represents the set of real numbers, our results reduce to well-known integral inequalities
previously introduced by Azzouz. In contrast, when the time scale T = N0 represents the set of
non-negative integers, we derive new discrete inequalities. Furthermore, we present inequalities
for other time scales, such as T = qN0 for q > 1, which constitute largely novel contributions.

1 Introduction

Hardy-type inequalities play a fundamental role in mathematical analysis, with numerous ap-
plications in differential equations, functional analysis, and mathematical physics. Since the
classical Hardy inequality was introduced by G.H. Hardy in the early 20th century, various gen-
eralizations and extensions have been developed, including both integral and discrete versions.
To unify these cases, time scales calculus offers a framework that integrates differential and dif-
ference calculus, making it possible to extend Hardy-type inequalities to dynamic systems on
hybrid domains.

In 1920, Hardy [1] proved the following result:

Theorem 1.1. Let {λk}∞k=1 be a sequence of non-negative real numbers. If γ > 1, {λk}∞k=1 ≥ 0
for all k ≥ 1, and

∑∞
k=1 λ

γ
k < ∞, then

∞∑
k=1

(
1
k

k∑
i=1

λi

)γ

≤
(

γ

γ − 1

)γ ∞∑
k=1

λγ
k . (1.1)

In 1925, Hardy [2] also presented the continuous analog of inequality (1.1) as follows:

Theorem 1.2. If γ > 1 and ω(ζ) ≥ 0) be integrable functions over the finite interval (0, ζ) for
every positive ζ, then ∫ ∞

0

(
Ω(ζ)

ζ

)γ

dζ ≤
(

γ

γ − 1

)γ ∫ ∞

0
ωγ(ζ) dζ, (1.2)

where
Ω(ζ) =

∫ ζ

0 ω(ζ) dζ, for all ζ > 0.

Furthermore, the constant
(

γ
γ−1

)γ
in inequalities (1.1) and (1.2) is the best possible.
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In 1927, Hardy and Littlewood [3] established the reverse inequality of (1.2) for 0 < γ < 1,
on the condition that the integral Ω(ζ) =

∫ ζ

0 ω(ζ) dζ is replaced with Ω(ζ) =
∫∞
ζ

ω(ζ) dζ.

Theorem 1.3. Let ω(ζ) consisting of non-negative integrable function on [0,∞). If 0 < γ < 1,
then ∫ ∞

0

(
Ω(ζ)

ζ

)γ

dζ ≥
(

γ

γ − 1

)γ ∫ ∞

0
ωγ(ζ) dζ, (1.3)

where
Ω(ζ) =

∫∞
ζ

ω(ζ) dζ, for all ζ > 0.

In 2007, Yang [8] established the Hardy-type integral inequalities for negative exponent γ <
0 as follows:

Theorem 1.4. If γ < 0, ω(ζ) ≥ 0 and 0 <
∫∞

0 ζ(γ−r)ωγ(ζ) d(ζ) < ∞, then

(i) For γ < 0 and r > 1,∫ ∞

0

1
ζr

(Ωγ(ζ)) dζ ≤
(

γ

1 − r

)γ ∫ ∞

0
ζ(γ−r)ωγ(ζ) dζ, (1.4)

where

Ω(ζ) =
∫∞
ζ

ω(ζ) dζ, for all ζ > 0.

(ii) For γ < 0 and r < 1,∫ ∞

0

1
ζr

(Ωγ(ζ)) dζ ≤
(

γ

r − 1

)γ ∫ ∞

0
ζ(γ−r)ωγ(ζ) dζ, (1.5)

where
Ω(ζ) =

∫ ζ

0 ω(ζ) dζ, for all ζ > 0.

Furthermore, the constants
(

γ
1−r

)γ
and

(
γ

r−1

)γ
in inequalities (1.4) and (1.5) are the best

possible.

In 2020, Benaissa et al. [12] generalized the inequalities (1.4) and (1.5) by introducing a
monotone weighted function

(
ζ

ω2(ζ)

)
as given by

Theorem 1.5. Let γ < 0, ω1, ω2 > 0 and 0 <
∫∞

0 ω2
−r(ζ) (ζ ω1(ζ))

γ
dζ < ∞, then

(i) If r > 1 and ζ
ω2(ζ)

is non-decreasing function,

∫ ∞

0

Ωγ(ζ)

ωr
2(ζ)

dζ ≤
(

γ

1 − r

)γ ∫ ∞

0
ω2

−r(ζ) (ζ ω1(ζ))
γ
dζ, (1.6)

where

Ω(ζ) =
∫∞
ζ

ω1(ζ) dζ, for all ζ > 0.

(ii) If 0 ≤ r < 1 and ζ
ω2(ζ)

is non-increasing function,

∫ ∞

0

Ωγ(ζ)

ωr
2(ζ)

dζ ≤
(

γ

r − 1

)γ ∫ ∞

0
ω2

−r(ζ) (ζ ω1(ζ))
γ
dζ, (1.7)

where

Ω(ζ) =
∫ ζ

0 ω1(ζ) dζ, for all ζ > 0.
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(iii) If r < 0 and ζ
ω2(ζ)

is non-decreasing function,∫ ∞

0

Ωγ(ζ)

ωr
2(ζ)

dζ ≤
(

γ

r − 1

)γ ∫ ∞

0
ω2

−r(ζ) (ζ ω1(ζ))
γ
dζ, (1.8)

where

Ω(ζ) =
∫ ζ

0 ω1(ζ) dζ, for all ζ > 0.

In 2023, Azzouz et al. [19] extended the inequalities (1.6), (1.7) and (1.8) by replacing (0,∞)
with (τ1, τ2), where 0 ≤ τ1 < τ2 ≤ ∞ as follows:

Theorem 1.6. Let γ < 0, 0 ≤ τ1 < τ2 ≤ ∞ and ω1, ω2 are positive measurable function on
(τ1, τ2), then

(i) If r > 1 and ζ
ω2(ζ)

is non-decreasing function,

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

dζ ≤
(

γ

1 − r

)γ ∫ τ2

τ1

ω2
−r(ζ)

(
1 −

(
ζ

τ2

) 1−r
γ

)γ−1

(ζ ω1(ζ))
γ
dζ, (1.9)

where

Ω(ζ) =
∫ τ2

ζ
ω1(ζ) dζ, for all ζ > 0.

(ii) If 0 ≤ r < 1 and ζ
ω2(ζ)

is non-increasing function,

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

dζ ≤
(

γ

r − 1

)γ ∫ τ2

τ1

ω2
−r(ζ)

(
1 −

(
τ1

ζ

) r−1
γ

)γ−1

(ζ ω1(ζ))
γ
dζ, (1.10)

where

Ω(ζ) =
∫ ζ

τ1
ω1(ζ) dζ, for all ζ > 0.

(iii) If r < 0 and ζ
ω2(ζ)

is non-decreasing function,

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

dζ ≤
(

γ

r − 1

)γ ∫ τ2

τ1

ω2
−r(ζ)

(
1 −

(
τ1

ζ

) r−1
γ

)γ−1

(ζ ω1(ζ))
γ
dζ, (1.11)

where

Ω(ζ) =
∫ ζ

τ1
ω1(ζ) dζ, for all ζ > 0.

Over the past two decades, the theory of time scales introduced to unify continuous and dis-
crete analysis has become a powerful framework for extending classical inequalities to dynamic
settings. In this direction, many authors have explored Hardy-type inequalities on time scales
using delta and nabla calculus.

In 2005, Rehak [7] was the first to extend the classical Hardy inequality (1.2) within the
framework of time scales. Moreover, Rehak showed that if γ > 1 and ω1 ≥ 0 and the delta
integral

∫ ζ

τ1
ω1(ζ)∆ζ exists, then∫ ∞

τ1

(
Ωσ(ζ)

σ(ζ)− τ1

)γ

∆ζ <

(
γ

γ − 1

)γ ∫ ∞

τ1

ωγ
1 (ζ)∆ζ, (1.12)

where
Ω(ζ) =

∫ ζ

τ1
ω1(ζ)∆ζ, for ζ ∈ [τ1,∞).

In particular, a number of studies have investigated Hardy-type inequalities using alternative
approaches in time scale calculus, notably through the use of the delta integral [11, 14, 15,
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18, 25, 26, 27] and the nabla integral [13, 16, 17, 22, 23, 24, 28]. These studies highlight the
ongoing interest in dynamic Hardy-type inequalities and demonstrate the potential for further
development in this area.

A comparative overview of Hardy-type inequalities on different time scales is presented in
Table 1. This summary highlights the types of time scales, definitions, associated inequalities,
and their applications.

Time Scale Definition Hardy-Type Inequality Applications
Continuous Time R Classical Hardy inequalities in-

volving integrals and derivatives
Analysis of differential equa-
tions and continuous integral in-
equalities

Discrete Time Z Discrete Hardy-type inequalities
for sums and difference opera-
tors

Stability analysis and behavior
of discrete dynamic systems

Time Scales Arbitrary closed subsets of R Unified generalizations of
Hardy-type inequalities for both
continuous and discrete cases

Modeling hybrid systems with
both continuous and discrete dy-
namics

Delta and Nabla Time
Scales

Based on forward/backward
jump operators σ, ρ

Extensions of Hardy-type in-
equalities using delta or nabla
calculus

Systems with forward or back-
ward evolving dynamics, e.g.,
population models or control
systems

Mixed Time Scales Combination of different time
scales

Corresponding Hardy-type in-
equalities developed for mixed
time scales

Systems with components
evolving on different time scales

Table 1. Hardy-type inequalities on various time scales

While significant attention has been given to Hardy-type inequalities involving positive ex-
ponents, relatively fewer results exist for inequalities with negative exponents, particularly in the
context of nabla calculus. Recent studies, such as Aly et al. [21], have partially addressed this
gap by establishing certain inequalities with negative exponents within nabla calculus on time
scales.

Motivated by these developments, the main objective of this paper is to develop new Hardy-
type inequalities with negative exponents in the nabla calculus framework on time scales. Specif-
ically, we aim to generalize the results of Azzouz et al. [19] by using the reverse Hölder’s in-
equality, nabla integration by parts, and the nabla chain rule. Our findings yield dynamic versions
of known inequalities when the time scale T = R, and yield new discrete results for T = N0.
We also provide new inequalities on quantum time scales such as T = qN0 for q > 1.

The remainder of the paper is structured as follows. In Section 2, we present the necessary
definitions, theorems, and lemmas related to nabla calculus on time scales. Section 3 establishes
our main results and derives corresponding corollaries for specific time scales, including T = R,
T = N0, and T = qN0 .

2 Preliminaries and basic Lemmas

In this section, we introduce the fundamental results and lemmas of nabla calculus. For further
details on time scale analysis, we refer the reader to the works by Bohner and Peterson [4, 5, 6]
which provide an extensive review of time scale calculus.

Definition 2.1. [4]. A time scale T is an arbitrary non-empty closed subset of the set of all real
numbers R.

Definition 2.2. [4]. Let T represent a time scale. The forward jump operator σ : T → T is
defined for any ζ ∈ T as follows:

σ(ζ) = inf{ζ1 ∈ T : ζ1 > ζ}.

Similarly, the backward jump operator ρ : T → T is defined for each ζ ∈ T as follows:

ρ(ζ) = sup{ζ2 ∈ T : ζ2 < ζ}.

Definition 2.3. [4].



HARDY-TYPE INEQUALITIES IN NABLA CALCULUS 207

(i) The forward graininess function µ : T → [0,∞) is defined by

µ(ζ) = σ(ζ)− ζ.

(ii) The backward graininess function ν : T → [0,∞) is defined by

ν(ζ) = ζ − ρ(ζ).

Definition 2.4. [4]. Let ω : T → R be a function defined on a time scale T. Then we define the
function ωσ : T → R by

ωσ(ζ) = (ω ◦ σ)(ζ) = ω(σ(ζ)), ζ ∈ T,

and the function ωρ : T → R by

ωρ(ζ) = (ω ◦ ρ)(ζ) = ω(ρ(ζ)), ζ ∈ T.

Definition 2.5. [6]. A function ω : T → R is called the ∇-derivative of ω at a point ζ ∈ Tκ if,
for any ϵ > 0, there exists a neighbourhood N around ζ such that for all ζ1 ∈ N , we have∣∣∣∣ [ω(ρ(ζ))− ω(ζ1)]− ω∇(ζ)[ρ(ζ)− ζ1]

|ρ(ζ)− ζ1|

∣∣∣∣ ≤ ϵ.

In this context ω∇(ζ) is referred to as ∇-derivative of ω(ζ) at ζ.

Definition 2.6. (See [4], Definition 8.42). A function Ω : T → R is called a ∇-integral of
function ω : T → R if, Ω∇(ζ) = ω(ζ) holds for all ζ ∈ Tκ. We then define the integral of ω by∫ τ2

τ1

ω(ζ)∇(ζ) = Ω (τ2)− Ω (τ1) for all ζ ∈ T.

Definition 2.7. (Ld-Continuity, [see [4], Definition 8.43]). A function ω : T → R is said to
be left-dense continuous if it is continuous at all left-dense points in T and possesses finite
right-hand limits at the right-dense points. The set of all such left-dense continuous functions is
represented by Cld (T,R).

Theorem 2.8. (Existence of a nabla Antiderivative, [see [4], Theorem 8.45]). Every ld-continuous
function has a nabla antiderivative.

Theorem 2.9. (see [4], Theorem 8.46). If ζ ∈ Tκ and ω ∈ Cld (T,R), then∫ ζ

ρ(ζ)

ω(ζ)∇ζ = ν(ζ)ω(ζ), (2.1)

where
ν(ζ) = ζ − ρ(ζ).

Theorem 2.10. (see [4], Theorem 8.48). Assume τ1, τ2 ∈ T and ω : T → R is ld-continuous.

(i) If T = R, then ∫ τ2

τ1

ω(ζ)∇ζ =

∫ τ2

τ1

ω(ζ)dζ,

where the integral on the right is the Riemann integral from calculus.

(ii) If T consists of only isolated points, then

∫ τ2

τ1

ω(ζ)∇ζ =


∑

ζ∈(τ1,τ2]
ω(ζ)ν(ζ) if τ1 < τ2,

0 if τ1 = τ2,

−
∑

ζ∈(τ2,τ1]
ω(ζ)ν(ζ) if τ1 > τ2.
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(iii) If T = hZ, where h > 0, then

∫ τ2

τ1

ω(ζ)∇ζ =


∑ τ2

h

ζ=
τ1+h

h

ω(ζh)h if τ1 < τ2,

0 if τ1 = τ2,

−
∑ τ1

h

ζ=
τ2+h

h

ω(ζh)h if τ1 > τ2.

(iv) If T = Z, then

∫ τ2

τ1

ω(ζ)∇ζ =


∑τ2

ζ=τ1+1 ω(ζ) if τ1 < τ2,

0 if τ1 = τ2,

−
∑τ1

ζ=τ2+1 ω(ζ) if τ1 > τ2.

Some relationship between time-scale calculus T, continuous calculus R and discrete calcu-
lus Z on time scales.

(i) If T = R, then ρ(ζ) = ζ, ν(ζ) = 0,

ω∇(ζ) = ω′(ζ), and
∫ τ2

τ1

ω(ζ)∇ζ =

∫ τ2

τ1

ω(ζ) dζ. (2.2)

(ii) If T = Z, then ρ(ζ) = ζ − 1, ν(ζ) = 1,

ω∇(ζ) = ω(ζ)− ω(ζ − 1) = ∇ω(ζ), and
∫ τ2

τ1

ω(ζ)∇ζ =
τ2∑

ζ=τ1+1

ω(ζ), (2.3)

where ∇ are the backward difference operators.

(iii) If T = qN0 = {ζ = qi : i ∈ N} ∪ {0} where q > 1, then ρ(ζ) = ζ
q , ν(ζ) =

ζ (q−1)
q ,

ω∇(ζ) =
q
(
ω(ζ)− ω

(
ζ
q

))
(q − 1)ζ

and
∫ τ2

τ1

ω(ζ)∇ζ =
(q − 1)

q

logq τ2∑
i=logq τ1+1

qiω(qi). (2.4)

Lemma 2.11. (Chain Rule, [see [10], Lemma 3.1]). Let ω2 : R → R be a continuous func-
tion, ω2 : T → R be a ∇-differentiable function on Tκ, and ω1 : R → R be a continuously
differentiable function. Then, there exists a point d in the interval [ρ(ζ), ζ] such that

(ω1 ◦ ω2)
∇
(ζ) = ω′

1 (ω2(d))ω
∇
2 (ζ). (2.5)

Theorem 2.12. (Integration By Parts, [see [4], Theorem 8.47]). Let τ1, τ2 ∈ T and ω1, ω2 : T →
R are ld-continuous functions, then∫ τ2

τ1

ω1(ζ)ω
∇
2 (ζ)∇ζ = ω1(ζ)ω2(ζ)|τ2

τ1
−
∫ τ2

τ1

ω∇
1 (ζ)ωρ

2 (ζ)∇ζ. (2.6)

Theorem 2.13. (Reverse Hölder’s Inequality, [see [9], Theorem 2.3.6]). Let τ1, τ2 ∈ T and
ω1, ω2 ∈ Cld ([τ1, τ2] ,R), we have

∫ τ2

τ1

|ω1(ζ)ω2(ζ)| ∇ζ ≥
(∫ τ2

τ1

|ω1(ζ)|
γ ∇ζ

) 1
γ
(∫ τ2

τ1

|ω2(ζ)|
γ′
∇ζ

) 1
γ′

, (2.7)

where γ < 0 or γ′ < 0 and 1
γ + 1

γ′ = 1.
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3 Main Results

In this section, we present several lemmas that are essential for proving the main results of
this paper. Throughout this study, we assume that ω1 and ω2 are ld-continuous functions on
the interval [τ1, τ2]T. Also, by γ′ we denote the conjugate exponent of γ, i.e., 1

γ + 1
γ′ = 1.

Furthermore, we assume the existence of positive constants K1 and K2 such that

ρ(ζ)− τ1

ζ − τ1
≥ 1

K1
, ζ > τ1, (3.1)

and

ρ(ζ)− 1
τ2

ζ − 1
τ2

≥ 1
K2

, ζ >
1
τ2
. (3.2)

Lemma 3.1. Let τ1, τ2 ∈ T, with γ < 0 and r > 1. Suppose that ω1 is a ld-continuous and
∇-integrable function on [τ1, τ2]T. Then

Ω
γ(ζ) ≤

(
γ

1 − r

)γ−1 (
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ,

(3.3)
where
Ω(ζ) =

∫ τ2

ζ
ω1(ζ)∇ζ.

Proof. Let γ < 0 and r > 1. By applying the reverse Hölder’s inequality (2.7) for exponents
satisfying 1

γ + 1
γ′ = 1, we obtain

Ω(ζ) =

∫ τ2

ζ

ω1(ζ)∇ζ

=

∫ τ2

ζ

(ρ(ζ)− τ1)
− 1+γ−r

γγ′ (ρ(ζ)− τ1)
1+γ−r
γγ′ ω1(ζ)∇ζ

≥
(∫ τ2

ζ

(ρ(ζ)− τ1)
1+γ−r

γ′ ω1
γ(ζ)∇ζ

) 1
γ
(∫ τ2

ζ

(ρ(ζ)− τ1)
− 1+γ−r

γ ∇ζ

) 1
γ′

. (3.4)

By applying the chain (2.5) rule to the term (ζ−τ1)
r−1
γ , there exists a point d ∈ [ρ(ζ), ζ] such

that

γ

r − 1

[
(ζ − τ1)

r−1
γ

]∇
= (ζ − τ1)

r−1
γ −1 ≥ (d− τ1)

r−1
γ −1

≥ (ρ(ζ)− τ1)
r−1
γ −1. (3.5)

Since γ < 0 and r > 1, it follows that r−1
γ − 1 < 0 and d ≤ ρ(ζ). Then, by applying

inequality (3.5), we obtain

∫ τ2

ζ

(ρ(ζ)− τ1)
− 1+γ−r

γ ∇ζ ≥
(

γ

r − 1

)∫ τ2

ζ

[
(ζ − τ1)

r−1
γ

]∇
∇ζ

=

(
γ

r − 1

)(
(τ2 − τ1)

r−1
γ − (ζ − τ1)

r−1
γ

)
. (3.6)

By substituting inequality (3.6) into inequality (3.4), we get

Ω(ζ) ≥
(

γ

r − 1

) 1
γ′ (

(τ2 − τ1)
r−1
γ − (ζ − τ1)

r−1
γ

) 1
γ′
(∫ τ2

ζ

(ρ(ζ)− τ1)
1+γ−r

γ′ ω1
γ(ζ)∇ζ

) 1
γ

.

(3.7)
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For γ < 0, the inequality (3.7) simplifies to

Ω
γ(ζ) ≤

(
γ

1 − r

)γ−1 (
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
(∫ τ2

ζ

(ρ(ζ)− τ1)
1+γ−r

γ′ ω1
γ(ζ)∇ζ

)
,

which satisfies inequality (3.3).

Lemma 3.2. Let τ1, τ2 ∈ T, with γ < 0 and r < 1. Suppose that ω1 is a ld-continuous and
∇-integrable function on [τ1, τ2]T. Then

(i) If r−1
γ ≤ 1, then

Ω
γ(ζ) ≤

(
γ

r − 1

)γ−1
((

ζ − 1
τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1 ∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ.

(3.8)

(ii) If r−1
γ ≥ 1, then

Ω
γ(ζ) ≤

(
γ

r − 1

)γ−1
((

ζ − 1
τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1 ∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ,

(3.9)

where
Ω(ζ) =

∫ ζ

τ1
ω1(ζ)∇ζ.

Proof. Case 1: For r−1
γ ≤ 1.

Let γ < 0 and r < 1. By applying reverse Hölder’s inequality (2.7) for exponents satisfying
1
γ + 1

γ′ = 1, we obtain

Ω(ζ) =

∫ ζ

τ1

ω1(ζ)∇ζ

≥

(∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

) 1
γ
(∫ ζ

τ1

(
ρ(ζ)− 1

τ2

)− 1+γ−r
γ

∇ζ

) 1
γ′

. (3.10)

By applying the chain rule (2.5) to the term
(
ζ − 1

τ2

) r−1
γ

, there exists a point d ∈ [ρ(ζ), ζ]

such that

γ

r − 1

[(
ζ − 1

τ2

) r−1
γ

]∇
=

(
ζ − 1

τ2

) r−1
γ −1

≥
(
d− 1

τ2

) r−1
γ −1

≥
(
ρ(ζ)− 1

τ2

) r−1
γ −1

. (3.11)

Since r−1
γ − 1 ≤ 0 and d ≤ ρ(ζ), then from inequality (3.11), we have

∫ ζ

τ1

(
ρ(ζ)− 1

τ2

)− 1+γ−r
γ

∇ζ ≥
(

γ

r − 1

)∫ ζ

τ1

[(
ζ − 1

τ2

) r−1
γ

]∇
∇ζ

=

(
γ

r − 1

)((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)
. (3.12)



HARDY-TYPE INEQUALITIES IN NABLA CALCULUS 211

Substituting inequality (3.12) into inequality (3.10), we get

Ω(ζ) ≥
(

γ

r − 1

) 1
γ′
((

ζ − 1
τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

) 1
γ′ (∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

) 1
γ

.

(3.13)
For γ < 0, the inequality (3.13) simplifies to

Ω
γ(ζ) ≤

(
γ

r − 1

)γ−1
((

ζ − 1
τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1 ∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ,

which satisfies inequality (3.8).

Case 2: For r−1
γ ≥ 1.

Ω(ζ) =

∫ ζ

τ1

ω1(ζ)∇ζ

≥

(∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

) 1
γ
(∫ ζ

τ1

(
ζ − 1

τ2

)− 1+γ−r
γ

∇ζ

) 1
γ′

. (3.14)

Since r−1
γ − 1 ≥ 0 and ζ ≥ d, then from inequality (3.11), we have

∫ ζ

τ1

(
ζ − 1

τ2

)− 1+γ−r
γ

∇ζ ≥
(

γ

r − 1

)∫ ζ

τ1

[(
ζ − 1

τ2

) r−1
γ

]∇
∇ζ

=

(
γ

r − 1

)((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)
. (3.15)

Substituting inequality (3.15) into inequality (3.14), we get

Ω(ζ) ≥
(

γ

r − 1

) 1
γ′
((

ζ − 1
τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

) 1
γ′ (∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

) 1
γ

.

(3.16)
For γ < 0, the inequality (3.16) simplifies to

Ω
γ(ζ) ≤

(
γ

r − 1

)γ−1
((

ζ − 1
τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1 ∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ,

which satisfies inequality (3.9).

We now formulate the time scale version of inequality (1.9) in the context of nabla calculus.

Theorem 3.3. Assume τ1, τ2 ∈ T, with γ < 0, r > 1 and ω1, ω2 be ld-continuous and ∇-
integrable functions such that (ζ−τ1)

ω2(ζ)
is non-decreasing on [τ1, τ2]T ⊆ (0,∞). If inequality (3.1)

is satisfied, then
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(i) For 1−r
γ ≥ 1,∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

1 − r

)γ

K
r−1
γ′

1

∫ τ2

τ1

ω2
−r(ζ)

(
1 −

(
ζ − τ1

τ2 − τ1

) 1−r
γ

)γ−1

((ρ(ζ)− τ1)ω1(ζ))
γ ∇ζ.

(3.17)

(ii) For 1−r
γ ≤ 1,∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

1 − r

)γ

Kr
1

∫ τ2

τ1

ω2
−r(ζ)

(
1 −

(
ζ − τ1

τ2 − τ1

) 1−r
γ

)γ−1

((ρ(ζ)− τ1)ω1(ζ))
γ ∇ζ,

(3.18)

where
Ω(ζ) =

∫ τ2

ζ
ω1(ζ)∇ζ.

Proof. By using Lemma 3.1, we obtain that

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ ≤
(

γ

1 − r

)γ−1 ∫ τ2

τ1

ω−r
2 (ζ)

(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1

(∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ

)
∇ζ. (3.19)

Applying integration by parts (2.6), we get

∫ τ2

τ1

ω−r
2 (ζ)

(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
(∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ

)
∇ζ

= ω2(ζ)

(∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ

)∣∣∣∣τ2

τ1

+

∫ τ2

τ1

(ρ(ζ)− τ1)
1+γ−r

γ′ ω1
γ(ζ)ωρ

2 (ζ)∇ζ,

(3.20)

where

ω1(ζ) =

∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ, ω1
∇(ζ) = − (ρ(ζ)− τ1)

1+γ−r
γ′ ω1

γ(ζ),

ω2
∇(ζ) = ω−r

2 (ζ)
(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1

and

ω2(ζ) =

∫ ζ

∞
ω−r

2 (ζ)
(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
∇ζ.

Since ω1(τ2) = 0, then inequality (3.20) becomes



HARDY-TYPE INEQUALITIES IN NABLA CALCULUS 213

∫ τ2

τ1

ω−r
2 (ζ)

(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
(∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ

)
∇ζ

=

∫ τ2

τ1

(ρ(ζ)− τ1)
1+γ−r

γ′ ω1
γ(ζ)

(∫ ρ(ζ)

∞
ω−r

2 (ζ)
(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
∇ζ

)
∇ζ

=

∫ τ2

τ1

(ρ(ζ)− τ1)
1+γ−r

γ′ ω1
γ(ζ)

∫ ρ(ζ)

∞

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

∇ζ

 ∇ζ.

(3.21)

Note that by using (2.1), we get

∫ ρ(ζ)

∞

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

∇ζ

=

∫ ζ

∞

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

∇ζ −
∫ ζ

ρ(ζ)

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

∇ζ

=

∫ ζ

∞

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

∇ζ − η(ζ)

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

. (3.22)

Since
(
(ζ−τ1)

ω2(ζ)

)r
and

(
1 −

(
τ2−τ1
ζ−τ1

) r−1
γ

)γ−1

are non-decreasing functions, then ζ ≤ ζ, it

follows that

∫ ζ

∞

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

∇ζ ≤
(
(ζ − τ1)

ω2(ζ)

)r
(

1 −
(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

∫ ζ

∞
(ζ − τ1)

1−r
γ −1 ∇ζ.

(3.23)

From inequalities (3.22) and (3.23), we have

∫ ρ(ζ)

∞

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

∇ζ

≤
(
(ζ − τ1)

ω2(ζ)

)r
(

1 −
(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1 ∫ ζ

∞
(ζ − τ1)

1−r
γ −1 ∇ζ − η(ζ)

(
(ζ − τ1)

ω2(ζ)

)r

(ζ − τ1)
1−r
γ −1

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

=

(
(ζ − τ1)

ω2(ζ)

)r
(

1 −
(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1(∫ ρ(ζ)

∞
(ζ − τ1)

1−r
γ −1 ∇ζ

)
. (3.24)
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By substituting inequality (3.24) into inequality (3.21), we get

∫ τ2

τ1

ω−r
2 (ζ)

(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
(∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ

)
∇ζ

≤
∫ τ2

τ1

(ρ(ζ)− τ1)
1+γ−r

γ′ ω1
γ(ζ)(ζ − τ1)

r
ω2

−r(ζ)

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

(∫ ρ(ζ)

∞
(ζ − τ1)

1−r
γ −1 ∇ζ

)
∇ζ. (3.25)

To complete proof, we have two cases:

Case 1: If 1−r
γ ≥ 1.

Applying the chain rule (2.5) to the term (ζ − τ1)
1−r
γ , there exists a point d ∈ [ρ(ζ), ζ], such

that

γ

1 − r

[
(ζ − τ1)

1−r
γ

]∇
= (ζ − τ1)

1−r
γ −1 ≥ (d− τ1)

1−r
γ −1

≥ (ρ(ζ)− τ1)
1−r
γ −1. (3.26)

Since 1−r
γ ≥ 1, it follows that 1−r

γ −1 ≥ 0 and d ≥ ρ(ζ). Then by applying inequality (3.26),
we obtain

∫ ρ(ζ)

∞
(ρ(ζ)− τ1)

1−r
γ −1 ∇ζ ≤

(
γ

1 − r

)∫ ρ(ζ)

∞

[
(ζ − τ1)

1−r
γ

]∇
∇ζ

=

(
γ

1 − r

)
1

(ρ(ζ)− τ1)
r−1
γ

. (3.27)

Multiplying and dividing on right hand side of inequality (3.25), by the term
(

ρ(ζ)−τ1

ζ−τ1

) 1−r
γ −1

, we get

∫ τ2

τ1

ω−r
2 (ζ)

(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
(∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ

)
∇ζ

≤
(
ρ(ζ)− τ1

ζ − τ1

) 1−r
γ −1 ∫ τ2

τ1

(ρ(ζ)− τ1)
1+γ−r

γ′ ω1
γ(ζ)(ζ − τ1)

r
ω2

−r(ζ)

(
1 −

(
τ2 − τ1

ζ − τ1

) r−1
γ

)γ−1

(∫ ρ(ζ)

∞
(ρ(ζ)− τ1)

1−r
γ −1 ∇ζ

)
∇ζ. (3.28)

Using inequalities (3.27), (3.28) and (3.1), we have

∫ τ2

τ1

ω−r
2 (ζ)

(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
(∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ

)
∇ζ

≤
(

γ

1 − r

)
K1

r−1
γ′

∫ τ2

τ1

ω2
−r(ζ)

(
1 −

(
ζ − τ1

τ2 − τ1

) 1−r
γ

)γ−1

((ρ(ζ)− τ1)ω1(ζ))
γ ∇ζ. (3.29)

Substituting inequality (3.29) into inequality (3.19), we get
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∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

1 − r

)γ

K1
r−1
γ′

∫ τ2

τ1

ω2(ζ)
−r

(
1 −

(
ζ − τ1

τ2 − τ1

) 1−r
γ

)γ−1

((ρ(ζ)− τ1)ω1(ζ))
γ ∇ζ,

which satisfies inequality (3.17).

Case 2: If 1−r
γ ≤ 1.

Since γ < 0 and 1−r
γ ≤ 1, it follows that 1−r

γ − 1 ≤ 0 and d ≥ ζ. Then by applying
inequality (3.26), we obtain

∫ ρ(ζ)

∞
(ζ − τ1)

1−r
γ −1 ∇ζ ≤

(
γ

1 − r

)∫ ρ(ζ)

∞

[
(ζ − τ1)

1−r
γ

]∇
∇ζ

=

(
γ

1 − r

)
1

(ρ(ζ)− τ1)
r−1
γ

. (3.30)

Using inequalities (3.30) and (3.25), we have

∫ τ2

τ1

ω−r
2 (ζ)

(
(ζ − τ1)

r−1
γ − (τ2 − τ1)

r−1
γ

)γ−1
(∫ τ2

ζ

(
ρ(ζ)− τ1

) 1+γ−r
γ′ ω1

γ(ζ)∇ζ

)
∇ζ

≤
(

γ

1 − r

)(
ζ − τ1

ρ(ζ)− τ1

)r ∫ τ2

τ1

ω2
−r(ζ)

(
1 −

(
ζ − τ1

τ2 − τ1

) 1−r
γ

)γ−1

((ρ(ζ)− τ1)ω1(ζ))
γ ∇ζ.

(3.31)

Substituting inequality (3.31) into inequality (3.19), we get

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

1 − r

)γ

K1
r

∫ τ2

τ1

ω2
−r(ζ)

(
1 −

(
ζ − τ1

τ2 − τ1

) 1−r
γ

)γ−1

((ρ(ζ)− τ1)ω1(ζ))
γ ∇ζ,

which satisfies inequality (3.18).

Remark 3.4. If the time scale T = R in Theorem 3.3 and τ1 = 0, then ρ(ζ) = ζ. Consequently,
we see that inequality (3.1) holds with K1 = 1. As a result, inequalities (3.17) and (3.18)
simplifies to inequality (1.9), and for τ2 = ∞, we obtain inequality (1.6).

Corollary 3.5. If T = N0 in Theorem 3.3 with τ1 = 0, τ2 = ∞ and ω1, ω2 are positive sequences
such that ζ

ω2(ζ)
is a non-decreasing on [τ1,∞) then, by using relation (2.3), we have

(i) If 1−r
γ ≥ 1, then

∞∑
ζ=1

Ωγ(ζ)

ωr
2(ζ)

≤
(

γ

1 − r

)γ

2
r−1
γ′

∞∑
ζ=1

(ζ − 1)γ ω2
−r(ζ)ω1

γ(ζ). (3.32)

(ii) If 1−r
γ ≤ 1, then

∞∑
ζ=1

Ωγ(ζ)

ωr
2(ζ)

≤
(

γ

1 − r

)γ

2r
∞∑
ζ=1

(ζ − 1)γ ω2
−r(ζ)ω1

γ(ζ). (3.33)
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where

Ω(ζ) =
∞∑

ζ=ζ+1

ω1(ζ) and
ρ(ζ)− τ1

ζ − τ1
=

ζ − 1
ζ

= 1 − 1
ζ
≥ 1

2
, ζ > τ1.

Thus inequality (3.1), holds with K1 = 2 and ζ ≥ 2.

Corollary 3.6. If T = qN0 for q > 1. τ1 = 1, τ2 = ∞ and ω1, ω2 are positive sequences such that
ζ−1
ω2(ζ)

is a non-increasing on [τ1,∞) then, by using relation (2.4) , we have

(i) If 1−r
γ ≥ 1, then

∞∑
i=logqτ1+1

qi
Ωγ(qi)

ωr
2(q

i)
≤
(

γ

1 − r

)γ

q
r−1
γ′

∞∑
i=logqτ1+1

qi ω2
−r(qi)

(
(qi−1 − 1)ω1(q

i)
)γ

. (3.34)

(ii) If 1−r
γ ≤ 1, then

∞∑
i=logqτ1+1

qi
Ωγ(qi)

ωr
2(q

i)
≤
(

γ

1 − r

)γ

qr
∞∑

i=logqτ1+1

qi ω2
−r(qi)

(
(qi−1 − 1)ω1(q

i)
)γ

, (3.35)

where

Ω(qi) =
(q − 1)

q

∞∑
i=logqζ+1

qi ω1(q
i) and

ρ(ζ)− τ1

ζ − τ1
=

qi−1 − 1
qi − 1

= lim
i→∞

qi−1 − 1
qi − 1

≥ 1
q
.

Thus the inequality (3.1) holds with K1 = q, where q > 1.

We now formulate the time scale version of inequality (1.10) in the context of nabla calculus.

Theorem 3.7. Assume τ1, τ2 ∈ T, with γ < 0, 0 ≤ r < 1 and ω1, ω2 be ld-continuous and ∇-

integrable functions such that
(
ζ− 1

τ2

)
ω2(ζ)

is non-increasing on [τ1, τ2]T ⊆ (0,∞). If inequality (3.2)
is satisfied, then

(i) For r−1
γ ≤ 1,

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

r − 1

)γ

K2
r

∫ τ2

τ1

ω2
−r(ζ)

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1((
ρ(ζ)− 1

τ2

)
ω1(ζ)

)γ

∇ζ.

(3.36)

(ii) For r−1
γ ≥ 1,∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

r − 1

)γ

K2
r−1
γ

∫ τ2

τ1

ω2
−r(ζ)

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1((
ρ(ζ)− 1

τ2

)
ω1(ζ)

)γ

∇ζ,

(3.37)

where
Ω(ζ) =

∫ ζ

τ1
ω1(ζ)∇ζ.
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Proof. For r−1
γ ≤ 1.

By using Lemma 3.2, we obtain that

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ ≤
(

γ

r − 1

)γ−1 ∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1

(∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ. (3.38)

Applying integration by parts (2.6), we get

∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1(∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ

= ω2(ζ)

(∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)∣∣∣∣∣
τ2

τ1

−
∫ τ2

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)ωρ

2 (ζ)∇ζ,

(3.39)

where

ω1(ζ) =

∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ, ω1

∇(ζ) =

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ),

ω2
∇(ζ) = ω−r

2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1

and

ω2(ζ) = −
∫ ∞

ζ

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1

∇ζ.

Since ω1(τ1) = 0, then inequality (3.39) becomes

∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1(∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ

=

∫ τ2

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)

∫ ∞

ρ(ζ)

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1

∇ζ

 ∇ζ

=

∫ τ2

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)

∫ ∞

ρ(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

∇ζ

 ∇ζ.

(3.40)

Note that by using (2.1), we get
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∫ ∞

ρ(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

∇ζ

=

∫ ζ

ρ(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

∇ζ +

∫ ∞

ζ

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

∇ζ

=η(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

+

∫ ∞

ζ

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

∇ζ.

Since the function
(

ζ− 1
τ2

ω2(ζ)

)r

and

(
1 −

(
τ1− 1

τ2
ζ− 1

τ2

) r−1
γ

)γ−1

are non-increasing functions, then

ζ ≥ ζ, it follows that

∫ ∞

ρ(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

∇ζ

≤ η(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

+

(
ζ − 1

τ2

ω2(ζ)

)r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1 ∫ ∞

ζ

(
ζ − 1

τ2

) r−1
γ′ −r

∇ζ

=

(
ζ − 1

τ2

ω2(ζ)

)r
1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1(∫ ζ

ρ(ζ)

(
ζ − 1

τ2

) r−1
γ′ −r

∇ζ +

∫ ∞

ζ

(
ζ − 1

τ2

) r−1
γ′ −r

∇ζ

)

=

(
ζ − 1

τ2

ω2(ζ)

)r
1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1 ∫ ∞

ρ(ζ)

(
ζ − 1

τ2

) 1−r
γ −1

∇ζ. (3.41)

Using inequalities (3.40) and (3.41), we get

∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1(∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ

≤
∫ τ2

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r
1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

(∫ ∞

ρ(ζ)

(
ζ − 1

τ2

) 1−r
γ −1

∇ζ

)
∇ζ. (3.42)
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Apply the chain rule (2.5) to the term (ζ − 1
τ2
)

1−r
γ , there exists a point d ∈ [ρ(ζ), ζ], such that

γ

1 − r

[(
ζ − 1

τ2

) 1−r
γ

]∇
=

(
ζ − 1

τ2

) 1−r
γ −1

≥
(
d− 1

τ2

) 1−r
γ −1

≥
(
ρ(ζ)− 1

τ2

) 1−r
γ −1

. (3.43)

Since γ < 0 and 0 ≤ r < 1, it follows that 1−r
γ − 1 ≤ 0, d ≤ ζ and the term γ

1−r < 0, then
from inequality (3.43), that

∫ ∞

ρ(ζ)

(
ζ − 1

τ2

) 1−r
γ −1

∇ζ ≤
(

γ

1 − r

)∫ ∞

ρ(ζ)

[(
ζ − 1

τ2

) 1−r
γ

]∇
∇ζ

=

(
γ

r − 1

)
1

(ρ(ζ)− 1
τ2
)

r−1
γ

. (3.44)

Using inequalities (3.42) and (3.44), we have

∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1(∫ ζ

τ1

(
ρ(ζ)− 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ

≤ γ

r − 1

(
ζ − 1

τ2

ρ(ζ)− 1
τ2

)r ∫ τ2

τ1

ω2
−r(ζ)

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1((
ρ(ζ)− 1

τ2

)
ω1(ζ)

)γ

∇ζ.

(3.45)

Substituting inequality (3.45) into inequality (3.38), we get

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

r − 1

)γ

K2
r

∫ τ2

τ1

ω2
−r(ζ)

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1((
ρ(ζ)− 1

τ2

)
ω1(ζ)

)γ

∇ζ,

which is inequality (3.36).

Case 2: For r−1
γ ≥ 1.

By using Lemma 3.2, we obtain that

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ ≤
(

γ

r − 1

)γ−1 ∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1

(∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ. (3.46)

Applying integration by parts (2.6), we get
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∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1(∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ

= ω2(ζ)

(∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)∣∣∣∣∣
τ2

τ1

−
∫ τ2

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)ωρ

2 (ζ)∇ζ,

(3.47)

where

ω1(ζ) =

∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ, ω1

∇(ζ) =

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ),

ω2
∇(ζ) = ω−r

2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1

and

ω2(ζ) = −
∫ ∞

ζ

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1

∇ζ.

Since ω1(τ1) = 0, then inequality (3.47) becomes

∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1(∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ

=

∫ τ2

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)

∫ ∞

ρ(ζ)

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1

∇ζ

 ∇ζ

=

∫ τ2

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)

∫ ∞

ρ(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r (
ζ − 1

τ2

) r−1
γ′ −r

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1

∇ζ

 ∇ζ.

(3.48)

By applying inequality (3.41) to inequality (3.48), we obtain

∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1(∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ

≤
∫ τ2

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)

(
ζ − 1

τ2

ω2(ζ)

)r
1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1(∫ ∞

ρ(ζ)

(
ζ − 1

τ2

) 1−r
γ −1

∇ζ

)
∇ζ.

(3.49)

Using inequalities (3.44), (3.49) and (3.2), we have

∫ τ2

τ1

ω−r
2 (ζ)

((
ζ − 1

τ2

) r−1
γ

−
(
τ1 −

1
τ2

) r−1
γ

)γ−1(∫ ζ

τ1

(
ζ − 1

τ2

) 1+γ−r
γ′

ω1
γ(ζ)∇ζ

)
∇ζ

≤ γ

r − 1
K2

r−1
γ

∫ τ2

τ1

ω2
−r(ζ)

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1((
ζ − 1

τ2

)
ω1(ζ)

)γ

∇ζ. (3.50)
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By substituting inequality (3.50) into inequality (3.46) and using ρ(ζ) ≤ ζ, we get

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

r − 1

)γ

K2
r−1
γ

∫ τ2

τ1

ω2
−r(ζ)

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1((
ρ(ζ)− 1

τ2

)
ω1(ζ)

)γ

∇ζ,

which is inequality (3.37).

Remark 3.8. If the time scale T = R in Theorem 3.7 and τ1 = 0, then ρ(ζ) = ζ. Consequently,
we see that inequality (3.2) holds with K2 = 1. As a result, inequalities (3.36) and (3.37)
simplifies to inequality (1.10), and for τ2 = ∞, we obtain inequality (1.7).

Corollary 3.9. If T = N0 in Theorem 3.7 with τ1 = 0, τ2 = ∞ and ω1, ω2 are positive sequences
such that ζ

ω2(ζ)
is non-increasing then, by using relation (2.3), we have

(i) If r−1
γ ≤ 1, then

∞∑
ζ=1

Ωγ(ζ)

ωr
2(ζ)

≤
(

γ

r − 1

)γ

2r
∞∑
ζ=1

(ζ − 1)γ ω2
−r(ζ)ω1

γ(ζ). (3.51)

(ii) If r−1
γ ≥ 1, then

∞∑
ζ=1

Ωγ(ζ)

ωr
2(ζ)

≤
(

γ

r − 1

)γ

2
r−1
γ

∞∑
ζ=1

(ζ − 1)γ ω2
−r(ζ)ω1

γ(ζ), (3.52)

where

Ω(ζ) =
ζ∑

ζ=1

ω1(ζ) and
ρ(ζ)− 1

τ2

ζ − 1
τ2

=
ζ − 1
ζ

= 1 − 1
ζ
≥ 1

2
, ρ(ζ) >

1
τ2
.

Thus the inequality (3.2), holds with K2 = 2 and ζ ≥ 2.

Corollary 3.10. If T = qN0 for q > 1. τ1 = 1, τ2 = ∞ and ω1, ω2 are positive sequences such
that ζ−1

ω2(ζ)
is a non-increasing on [τ1,∞) then, by using relation (2.4), we have

(i) If r−1
γ ≥ 1, then

∞∑
i=logqτ1+1

qi
Ωγ(qi)

ωr
2(q

i)
≤
(

γ

r − 1

)γ

qr
∞∑

i=logqτ1+1

qi ω2
−r(qi)

(
(qi−1 − 1)ω1(q

i)
)γ

. (3.53)

(ii) If r−1
γ ≤ 1, then

∞∑
i=logqτ1+1

qi
Ωγ(qi)

ωr
2(q

i)
≤
(

γ

1 − r

)γ

q
r−1
γ

∞∑
i=logqτ1+1

qi ω2
−r(qi)

(
(qi−1 − 1)ω1(q

i)
)γ

,

(3.54)
where

Ω(qi) =
(q − 1)

q

logqζ∑
i=1

qi ω1(q
i) and

ρ(ζ)− 1
τ2

ζ − 1
τ2

=
qi−1

qi
≥ 1

q
.



222 Suket Kumar and Rohit Chauhan

Thus the inequality (3.2) holds with K2 = q, where q > 1.

We now formulate the time scale version of inequality (1.11) in the context of nabla calculus.

Theorem 3.11. Assume τ1, τ2 ∈ T, with γ < 0, r < 0 and ω1, ω2 be ld-continuous and ∇-

integrable functions such that
(
ζ− 1

τ2

)
ω2(ζ)

is non-decreasing on [τ1, τ2]T ⊆ (0,∞). If inequality (3.2)
is satisfied, then

(i) If 1−r
γ ≤ 1,∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

r − 1

)γ ∫ τ2

τ1

ω2
−r(ζ)

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1((
ρ(ζ)− 1

τ2

)
ω1(ζ)

)γ

∇ζ.

(3.55)

(ii) If 1−r
γ ≥ 1,

∫ τ2

τ1

Ωγ(ζ)

ωr
2(ζ)

∇ζ

≤
(

γ

r − 1

)γ

K2
r−1
γ

∫ τ2

τ1

ω2
−r(ζ)

1 −

(
τ1 − 1

τ2

ζ − 1
τ2

) r−1
γ

γ−1((
ρ(ζ)− 1

τ2

)
ω1(ζ)

)γ

∇ζ,

(3.56)

where

Ω(ζ) =
∫ ζ

τ1
ω1(ζ)∇ζ

Proof. The proof of Theorem 3.11 is analogous to that of Theorem 3.7, so we omit the details.

Remark 3.12. If the time scale T = R in Theorem 3.11 and τ1 = 0, then ρ(ζ) = ζ. Conse-
quently, we see that inequality (3.2) holds with K2 = 1. As a result, inequalities (3.55) and
(3.56) simplifies to inequality (1.11), and for τ2 = ∞, we obtain inequality (1.8).

Corollary 3.13. If T = N0 in Theorem 3.11 with τ1 = 0, τ2 = ∞ and ω1, ω2 are positive
sequences such that ζ

ω2(ζ)
is a non-decreasing then, by using relation (2.3) , we have

(i) If r−1
γ ≤ 1, then

∞∑
ζ=1

Ωγ(ζ)

ωr
2(ζ)

≤
(

γ

r − 1

)γ ∞∑
ζ=1

(ζ − 1)γ ω2
−r(ζ)ω1

γ(ζ). (3.57)

(ii) If r−1
γ ≥ 1, then

∞∑
ζ=1

Ωγ(ζ)

ωr
2(ζ)

≤
(

γ

r − 1

)γ

2
r−1
γ

∞∑
ζ=1

(ζ − 1)γ ω2
−r(ζ)ω1

γ(ζ), (3.58)

where

Ω(ζ) =
ζ∑

ζ=1

ω1(ζ) and
ρ(ζ)− 1

τ2

ζ − 1
τ2

=
ζ − 1
ζ

= 1 − 1
ζ
≥ 1

2
.
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Thus the inequality (3.2), holds with K2 = 2 and ζ ≥ 2.

Corollary 3.14. If T = qN0 for q > 1. τ1 = 1, τ2 = ∞ and ω1, ω2 are positive sequences such
that ζ−1

ω2(ζ)
is a non-increasing on [τ1,∞) then, by using relation (2.4), we have

(i) If r−1
γ ≥ 1, then

∞∑
i=logqτ1+1

qi
Ωγ(qi)

ωr
2(q

i)
≤
(

γ

r − 1

)γ ∞∑
i=logqτ1+1

qi ω2
−r(qi)

(
(qi−1 − 1)ω1(q

i)
)γ

. (3.59)

(ii) If r−1
γ ≤ 1, then

∞∑
i=logqτ1+1

qi
Ωγ(qi)

ωr
2(q

i)
≤
(

γ

1 − r

)γ

q
r−1
γ

∞∑
i=logqτ1+1

qi ω2
−r(qi)

(
(qi−1 − 1)ω1(q

i)
)γ

,

(3.60)

where

Ω(qi) =
(q − 1)

q

logqζ∑
i=1

qi ω1(q
i) and

ρ(ζ)− 1
τ2

ζ − 1
τ2

=
qi−1

qi
≥ 1

q
.

Thus the inequality (3.2), holds with K2 = q, where q > 1.

4 Conclusion

In this paper, we have established new dynamic Hardy-type inequalities with negative exponents
using the framework of nabla calculus on time scales. By employing key tools such as the nabla
chain rule, integration by parts, and the reverse Hölder’s inequality, we extended previously
known results in the continuous setting to a broader time scales context. Our findings generalize
classical inequalities given by Yang, Benaissa and Azzouz et al., and introduce discrete and
quantum analogues for time scales T = N0 and T = qN0 (q > 1), which to the best of our
knowledge, have not been reported in existing literature.
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