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Abstract Let R and S be hemirings, and M a commutative additive monoid. In this paper,
we present the construction of an (R,S)-semimodule over hemirings as a generalization of the
(R,S)-bisemimodule. We use the hemiring structure because, if the semiring structure were
used, the (R,S)-semimodule would actually become an (R,S)-bisemimodule. Furthermore,
we present the construction of (R,S)-subsemimodules, cyclic (R,S)-semimodules, and factor
(R,S)-semimodules over hemirings, along with an investigation of some of their properties.

1 Introduction

Researchers have generalized ring structures to hemiring and semiring structures. According
to [1], a nonempty set R is called a hemiring if (R,+) is a commutative monoid with identity
element 0R; (R, ·) is a semigroup; it satisfies both the left and right distributive properties; and
it satisfies 0Rr = 0R = r0R for every r ∈ R. Furthermore, Golan [1] defines a semiring as
a nonempty set R that is a hemiring with a multiplicative identity element 1R. Some related
properties of semirings and hemirings are presented in [1, 2, 3, 4].

On the other hand, the module structure has also been generalized to a semimodule structure.
According to [1], a left semimodule over a semiring R is a commutative monoid (M,+) with
identity element 0M , equipped with a scalar multiplication −·− : R × M → M , defined by
− ·− (r,m) = rm, for every r ∈ R and m ∈ M , satisfying the following properties:

(i) r(m+m′) = rm+ rm′

(ii) (r + r′)m = rm+ r′m

(iii) (rr′)m = r(r′m)

(iv) 1Rm = m

(v) r0M = 0M = 0Rm

for all r, r′ ∈ R and m,m′ ∈ M . The definition of a right semimodule over a semiring R
is given analogously. If, in the definition of a semimodule above, the semiring structure is
replaced with a hemiring structure, then property (iv) is not satisfied because a hemiring does not
contain an identity element for the multiplication operation. Further concepts of semimodules
over semirings have been discussed in [5, 6, 7, 8]. Next, Golan [1] defines the structure of a
bisubsemimodule over semirings. Let R and S be semirings. An (R,S)-bisemimodule M is a
left R-semimodule and a right S-semimodule that satisfies the compatibility condition (rm)s =
r(ms) for all m ∈ M , r ∈ R, and s ∈ S. Some properties of (R,S)-bisemimodules are
presented in [1] and [9]. Furthermore, the structure of (R,S)-bisemimodules can be viewed as a
generalization of the structure of (R,S)-bimodules.

The (R,S)-bimodule structure has been generalized to the (R,S)-module structure, which
was introduced in [10]. It can be shown that every (R,S)-bimodule is an (R,S)-module, but
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not vice versa. An (R,S)-module is an (R,S)-bimodule if R and S are both rings with central
idempotents. Some related properties of (R,S)-modules are presented in [10, 11, 12].

Until now, there has been no research that generalizes the (R,S)-bisemimodule structure
to the (R,S)-semimodule structure. Therefore, in this study, we construct (R,S)-semimodules
over hemirings as a generalization of (R,S)-bisemimodules. We choose the hemiring structure
because, if the semiring structure is used, (R,S)-semimodules will actually become (R,S)-
bisemimodules. Furthermore, this paper presents the construction of (R,S)-subsemimodules,
cyclic (R,S)-semimodules, factor (R,S)-semimodules, along with an investigation of their
properties.

Throughout this paper, R and S are hemirings, unless stated otherwise.

2 The Concept of (R,S)-Semimodules over Hemirings

In this section, we present the definition of an (R,S)-semimodule over a hemiring and some of
its properties.

Definition 2.1. Let R and S be hemirings, and (M,+) a commutative monoid. We define the
scalar multiplication function − ·− •− : R ×M × S −→ M by − ·− •−(r,m, s) = r ·m • s for
all r ∈ R, m ∈ M , and s ∈ S. A commutative monoid M is called an (R,S)-semimodule under
the scalar multiplication operation − ·− •− if for every r, r′ ∈ R, m,n ∈ M , and s, s′ ∈ S, the
following conditions are satisfies:

(i) r · (m+ n) • s = r ·m • s+ r · n • s

(ii) (r + r′) ·m • s = r ·m • s+ r′ ·m • s

(iii) r ·m • (s+ s′) = r ·m • s+ r ·m • s′

(iv) r(r′ ·m • s)s′ = (rr′) ·m • (ss′)

(v) r · 0M • s = 0M = 0R ·m • 0S .

Hereafter, throughout this paper, r ·m•s is simply written as rms. Based on the definition of
M as an (R,S)-semimodule, it can be shown that a hemiring R is an (R,R)-semimodule under
multiplication over the hemiring R. The following are some examples of (R,S)-semimodules
over a hemiring.

Example 2.2. Let (2N0,+, ·) and (3N0,+, ·) be hemirings, and (Mm×n(N0),+) a commutative
monoid. We can show that Mm×n(N0) is an (2N0, 3N0)-semimodule under the scalar multipli-
cation operation defined as follows:

− ·− •− : 2N0 ×Mm×n(N0)× 3N0 → Mm×n(N0)

(r, [aij ], s) 7→ r ·A • s := r[aij ]s = [raijs],

for all r ∈ 2N0, s ∈ 3N0, and [aij ] ∈ Mm×n(N0).

Example 2.3. Let R and S be hemirings defined by

R =

{(
a b

0 0

)∣∣∣∣∣a, b ∈ 2N0

}
and S =

{(
a 0
b 0

)∣∣∣∣∣a, b ∈ 2N0

}
.

Let (M1,+) and (M2,+) be commutative monoids defined by

M1 =

{(
a 0
b c

)∣∣∣∣∣a, b, c ∈ 2N0

}
and M2 =

{(
a b

0 c

)∣∣∣∣∣a, b, c ∈ 2N0

}
.

Both M1 and M2 are (R,S)-semimodules under the usual matrix multiplication operation.
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Example 2.4. Let S⋆ be a hemiring of diagonal 2 × 2 matrices over 2N0, M a commutative

additive monoid of 2×1 vectors over 2N0, and R =

{(
a b

0 0

)∣∣∣∣∣a, b ∈ 2N0

}
a hemiring. Next,

we define a hemiring S, derived from the hemiring S⋆, by equipping it with the commutative
multiplication operation AB := BA for all diagonal matrices A,B ∈ S. Furthermore, we define
a scalar multiplication operation − ·− •− : R×M×S → M by − ·− •−(Y,m,X) = Y ·m•X :=
XYm for all matrices Y ∈ R, vectors m ∈ M , and diagonal matrices X ∈ S. Therefore,
the commutative monoid M is an (R,S)-semimodule under the scalar multiplication operation
− ·− •− as defined above.

Previously, we explained that (R,S)-semimodules is a generalization of (R,S)-bisemimodules.
Thus, every (R,S)-bisemimodule is an (R,S)-semimodule, but the converse is not necessarily
true, since there exists an (R,S)-semimodule that is not an (R,S)-bisemimodule.

Example 2.5. Based on Example 2.4, we know that the commutative monoid M is an (R,S)-
semimodule. Furthermore, we can show that M is a left R-semimodule under the usual matrix
multiplication and a right S-semimodule under the scalar multiplication −∗− : M × S −→ M
defined by m ∗ A := Am for every vector m ∈ M and diagonal matrix A ∈ S. Now, let B ∈ R
be any matrix, m ∈ M a vector, and A ∈ S a diagonal matrix. We obtain (Bm) ∗ A = ABm ̸=
BAm = B(m ∗A). Thus, M is not an (R,S)-bisemimodule.

Example 2.6. Let R and S be hemirings defined by

R =

{(
a b

0 0

)∣∣∣∣∣a, b ∈ 2N0

}
and S =

{(
a 0
b 0

)∣∣∣∣∣a, b ∈ 2N0

}
.

According to Example 2.3, we have M2 =

{(
a b

0 c

)∣∣∣∣∣a, b, c ∈ 2N0

}
which is an (R,S)-

semimodule under the usual matrix multiplication operation. We can show that M2 is a left
R-semimodule under the usual matrix multiplication, but it is not a right S-semimodule under

the same operation. Let the matrix

(
2 4
0 2

)
∈ M2 and

(
2 0
8 0

)
∈ S. We obtain

(
2 4
0 2

)(
2 0
8 0

)
=

(
36 0
16 0

)
̸∈ M2

Hence, M2 is not an (R,S)-bisemimodule.

If R is a hemiring, then an element a ∈ R is called multiplicatively central idempotent if it
satisfies aa = a and ax = xa for every element x ∈ R. In order for an (R,S)-semimodule to
form an (R,S)-bisemimodule, additional conditions are required, as explained in the following
proposition.

Proposition 2.7. Let M be an (R,S)-semimodule. If the hemirings R and S each have a multi-
plicatively central idempotents, then M is an (R,S)-bisemimodule.

Proof. Assume that the hemirings R and S each have a multiplicatively central idempotent. We
will show that M is an (R,S)-bisemimodule. The existence of these multiplicatively central
idempotents is used to define scalar multiplication operations on M . Let α ∈ R and β ∈ S be
multiplicatively central idempotents. We define the scalar multiplication operation as follows

·α : M × S → M

(m, s) → ·α(m, s) = αms

and

·β : R×M → M

(r,m) → ·β(r,m) = rmβ,
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for all m ∈ M , r ∈ R, and s ∈ S.
We will prove that M is a right S-semimodule under the scalar multiplication operation ·α. Let
s, s′ ∈ S and m,n ∈ M . We obtain

a). (m+ n)s = α(m+ n)s = αms+ αns = ms+ ns

b). m(s+ s′) = αm(s+ s′) = αms+ αms′ = ms+ms′

c). (ms)s′ = (αms)s′ = α(αms)s′ = α2m(ss′) = αm(ss′) = m(ss′)

d). 0Ms = 0M = m0S .

Thus, M is a right S-semimodule under the scalar multiplication operation ·α. Next, we prove
that M is a left R-semimodule under the scalar multiplication operation ·β . Let r, r′ ∈ R and
m,n ∈ M . We get

a). r(m+ n) = r(m+ n)β = rmβ + rnβ = rm+ rn

b). (r + r′)m = (r + r′)mβ = rmβ + r′mβ = rm+ r′m

c). r(r′m) = r(r′mβ) = r(r′mβ)β = (rr′)mβ2 = (rr′)mβ = (rr′)m

d). r0M = 0M = 0Rm.

Thus, M is a left R-semimodule under the scalar multiplication operation ·β .
Now, let r ∈ R, m ∈ M , and s ∈ S. We compute

r(ms) = r(αms)

= r(αms)β

= (rα)m(sβ)

= (αr)m(βs)

= α(rmβ)s

= α(rm)s

= (rm)s.

Hence, M is an (R,S)-bisemimodule.

Next, we present the definitions of subtractive and strong sets in an (R,S)-semimodule.

Definition 2.8. Let M be an (R,S)-semimodule and N ⊆ M a nonempty set. The set N is called

(i) a subtractive if, for all m,m′ ∈ M , the conditions m,m+m′ ∈ N and m′ ∈ M imply that
m′ ∈ N .

(ii) a strong if, for all m,m′ ∈ M , the condition m+m′ ∈ N implies that m,m′ ∈ N .

Below, we provide several examples of subtractive and strong sets of an (R,S)-semimodule.

Example 2.9. Let 6N0 be an (2N0, 3N0)-semimodule. The set 12N0 is both substractive and
strong in 6N0.

Example 2.10. Let Mm×n(N0) be an (2N0, 3N0)-semimodule. The set Mm×n(2N0) is both
subtractive and strong in Mm×n(N0).

3 On (R,S)-Subsemimodules over Hemirings

In this section, we present the definition of (R,S)-subsemimodules over hemirings, along with
some of their properties.

Definition 3.1. Let M be an (R,S)-semimodule. A nonempty subset N ⊆ M is called a sub-
semimodule of M if N is closed under addition and scalar multiplication in M .
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Based on the definition above, a nonempty set N ⊆ M is called a subsemimodule of an
(R,S)-semimodule M if N is itself an (R,S)-semimodule under the same addition and scalar
multiplication operations as M . In the following, we provide necessary and sufficient conditions
for an (R,S)-subsemimodule.

Proposition 3.2. Let M be an (R,S)-semimodule and N ⊆ M a nonempty set. The set N is a
subsemimodule of the (R,S)-semimodule M if and only if it satisfies the following conditions

(i) a+ b ∈ N , for all a, b ∈ N .

(ii) ras ∈ N , for all r ∈ R, a ∈ N , and s ∈ S.

Proof. Assume that N is a subsemimodule of the (R,S)-semimodule M . This means that N is
closed under addition and scalar multiplication in M . Consequently, for every r ∈ R, a, b ∈ N ,
and s ∈ S, we have a+ b ∈ N and ras ∈ N . Conversely, suppose that for every r ∈ R, a, b ∈ N ,
and s ∈ S we have a + b ∈ N and ras ∈ N . Then N is closed under addition and scalar
multiplication in M . Furthermore, since N ⊆ M , it follows that for all r, r′ ∈ R, m,n ∈ N , and
s, s′ ∈ S, the following properties hold

(i) r(m+ n)s = rms+ rns

(ii) (r + r′)ms = rms+ r′ms

(iii) rm(s+ s′) = rms+ rms′

(iv) r(r′ms)s′ = (rr′)m(ss′)

(v) r0Ms = 0M = 0Rm0S .

Thus, N is an (R,S)-semimodule under the same scalar multiplication operation as M , and
hence N is an (R,S)-subsemimodule of M .

In the following, we provide several examples of subsemimodules of an (R,S)-semimodule
over a hemiring.

Example 3.3. Let M be an (R,S)-semimodule. The sets {0M} and M are the trivial (R,S)-
subsemimodules of M .

Example 3.4. Let R and S be hemirings defined by

R =

{(
a b

0 0

)∣∣∣∣∣a, b ∈ 2N0

}
and S =

{(
a 0
b 0

)∣∣∣∣∣a, b ∈ 2N0

}
.

According to Example 2.3, we have M1 =

{(
a 0
b c

)∣∣∣∣∣a, b, c ∈ 2N0

}
which is an (R,S)-

semimodule under the usual matrix multiplication. We can show that the nonempty set K of

M , with K =

{(
x 0
0 y

)∣∣∣∣∣x, y ∈ 2N0

}
, is an (R,S)-subsemimodule of M1. Furthermore, let(

a 0
0 b

)
,

(
a′ 0
0 b′

)
∈ K,

(
x y

0 0

)
∈ R, and

(
c 0
d 0

)
∈ S. We compute

(
a 0
0 b

)
+

(
a′ 0
0 b′

)
=

(
a+ a′ 0

0 b+ b′

)
∈ K

and (
x y

0 0

)(
a 0
0 b

)(
c 0
d 0

)
=

(
xac+ ybd 0

0 0

)
∈ K.

Thus, K is an (R,S)-subsemimodule of M1.
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Every ideal of the hemiring of R is an (R,R)-subsemimodule of R. However, an (R,R)-
subsemimodule of R is not necessarily an ideal of the hemiring R. A subsemimodule of the
(R,R)-semimodule R is an ideal of the hemiring R if R is a semiring.

Furthermore, we present some properties of (R,S)-subsemimodules over a hemiring. The
first property shows that the intersection of an arbitrary (possibly infinite) family of (R,S)-
subsemimodules of M is also an (R,S)-subsemimodule of M .

Proposition 3.5. Let M be an (R,S)-semimodule. If {Ni}i∈I is a family of (R,S)-subsemimodules
of M , then

⋂
i∈I

Ni is also an (R,S)-subsemimodule of M .

Proof. Since Ni is an (R,S)-subsemimodule of M for every i ∈ I , it follows that 0M ∈ Ni for
all i ∈ I . Thus, 0M ∈

⋂
i∈I

Ni and consequently
⋂
i∈I

Ni ̸= ∅. Let a, b ∈
⋂
i∈I

Ni. Then a, b ∈ Ni

for all i ∈ I . Since each Ni is an (R,S)-subsemimodule of M , it follows that a + b ∈ Ni for
every i ∈ I . Consequently, a + b ∈

⋂
i∈I

Ni. Next, let r ∈ R and s ∈ S. Again, since each Ni

is an (R,S)-subsemimodule of M , we have ras ∈ Ni for every i ∈ I . Hence, ras ∈
⋂
i∈I

Ni.

Therefore,
⋂
i∈I

Ni is an (R,S)-subsemimodule of M .

Next, we show that the sum of an arbitrary (possibly infinite) family of (R,S)-subsemimodules
of M is also an (R,S)-subsemimodule of M .

Proposition 3.6. Let M be an (R,S)-semimodule. If {Ni}i∈I is a family of (R,S)-subsemimodule
of M , then

∑
i∈I

Ni is also an (R,S)-subsemimodule of M .

Proof. Since Ni is an (R,S)-subsemimodule of M for all i ∈ I , we have 0M ∈ Ni for all
i ∈ I . Thus, 0M ∈

∑
i∈I

Ni, and consequently
∑
i∈I

Ni ̸= ∅. Let a, b ∈
∑
i∈I

Ni. Then there exist

elements ni,mi ∈ Ni for each i ∈ I such that a =
∑
i∈I

ni and b =
∑
i∈I

mi. Since Ni is an

(R,S)-subsemimodule of M , it follows that

a+ b =
∑
i∈I

ni +
∑
i∈I

mi =
∑
i∈I

(ni +mi) ∈
∑
i∈I

Ni.

Next, let r ∈ R and s ∈ S. Since each Ni is an (R,S)-subsemimodule of M , we have

ras = r
(∑

i∈I

ni

)
s =

∑
i∈I

rnis ∈
∑
i∈I

Ni.

Therefore,
∑
i∈I

Ni is an (R,S)-subsemimodule of M .

In the following, we provide the definition of an k-subsemimodule of (R,S)-semimodules
over hemirings, as a generalization of the k-subsemimodule of R-semimodules defined in [6].

Definition 3.7. Let M be an (R,S)-semimodule. An (R,S)-subsemimodule N of M is called
an k-subsemimodule if N is a subtractive subsemimodule; that is, if x, x + y ∈ N and y ∈ M ,
then y ∈ N .

Example 3.8. According to Example 2.9, we know that the set 12N0 is a subtractive set of the
(2N0, 3N0)-semimodule 6N0. Moreover, since 12N0 is also an (2N0, 3N0)-subsemimodule of
6N0, it follows that 12N0 is a k-subsemimodule of 6N0.

Example 3.9. Referring to Example 2.10, we have that the set Mm×n(2N0) is a subtractive set
of the (2N0, 3N0)-semimodule Mm×n(N0). Moreover, since Mm×n(2N0) is also an (2N0, 3N0)-
subsemimodule of Mm×n(N0), it follows that Mm×n(2N0) is an k-subsemimodule of Mm×n(N0).

Next, we introduce the definition of the multiplication between nonempty subsets of the
hemiring R, the hemiring S, and the (R,S)-semimodule M .
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Definition 3.10. Let M be an (R,S)-semimodule and X ⊆ R, Y ⊆ M , and Z ⊆ S be nonempty
subsets. The multiplication of the sets X , Y , and Z is defined by

XY Z =

{
n∑

i=1

ximizi | xi ∈ R,mi ∈ Y, zi ∈ Z, (∀i = 1, 2, ..., n)

}
.

Since the structure of an (R,S)-semimodule involves two hemirings, the concept of the anni-
hilator is divided into two parts, namely the annihilator over the hemiring R and the annihilator
over the hemiring S. In the following, we provide the definition of the annihilator of a nonempty
subset of an (R,S)-semimodule M .

Definition 3.11. Let M be an (R,S)-semimodule and X a nonempty subset of M . The annihila-
tor of X over the hemiring R is defined as (0M :R X) = {r ∈ R | rXS = 0M}. The annihilator
of X over the hemiring S is defined as (0M :S X) = {s ∈ S | RXs = 0M}.

We can show that the annihilator of a set in the (R,S)-semimodule M is generally a sub-
hemiring of each respective hemiring, but not necessarily an ideal. If the hemiring S satisfies
S2 = S, then (0M :R X) forms a left ideal of R. Likewise, (0M :S X) will form a right ideal of
S if the hemiring R satisfies R2 = R.

Furthermore, if X is an (R,S)-subsemimodule of M , then (0M :R X) and (0M :S X) can
form ideals in R and S, respectively, under certain additional conditions, as explained in the
following proposition.

Proposition 3.12. Let N be an (R,S)-subsemimodule of M .

(i) If the hemiring S satisfies S2 = S, then (0M :R N) is an ideal of R.

(ii) If the hemiring R satisfies R2 = R, then (0M :S N) is an ideal of S.

Proof. (i) Clearly, (0M :R N) is a submonoid of R. Next, let r ∈ R and a ∈ (0M :R N).
Then aNS = 0M . Since S2 = S, it follows that raNS = raNSS = r(aNS)S = 0M , so
ra ∈ (0M :R N). Furthermore, since N is an (R,S)-subsemimodule and S2 = S, we have
arNS = arNSS = a(rNS)S ⊆ aNS = 0M , so ar ∈ (0M :R N). Thus, (0M :R N) is an
ideal of R.

(ii) Similarly, (0M :S N) is a submonoid of S. Next, let s ∈ S and a ∈ (0M :S N). Then
RNa = 0M . Since R2 = R, it follows that RNas = RRNas = R(RNa)s = 0M , so
as ∈ (0M :S N). Furthermore, since N is an (R,S)-subsemimodule and R2 = R, we have
RNsa = RRNsa = R(RNs)a ⊆ RNa = 0M , so sa ∈ (0M :S N). Thus, (0M :S N) is
an ideal of S.

Furthermore, let M be an (R,S)-semimodule. Then the annihilator of M over the hemiring
R is (0M :R M) = {r ∈ R | rMS = 0M} and the annihilator of M over the hemiring S is
(0M :S M) = {s ∈ S | RMs = 0M}.

Example 3.13. Let Mm×n(N0) be a (2N0, 3N0)-semimodule. The annihilator of Mm×n(N0)
over the hemiring 2N0 is(

0Mm×n(N0) :2N0 Mm×n(N0)
)
=
{
x ∈ 2N0 | x(Mm×n(N0))(3N0) = 0Mm×n(N0)

}
=
{

02N0

}
.

Similarly, the annihilator of Mm×n(N0) over the hemiring 3N0 is(
0Mm×n(N0) :3N0 Mm×n(N0)

)
=
{
y ∈ 3N0 | (2N0)(Mm×n(N0))y = 0Mm×n(N0)

}
=
{

03N0

}
.

4 The Construction of Cyclic (R,S)-Semimodules

According to Proposition 3.5, we conclude that the intersection of an arbitrary (possibly infinite)
family of (R,S)-subsemimodules of M is itself an (R,S)-subsemimodule of M . This result
motivates the definition of an (R,S)-subsemimodule of M generated by a subset of M .
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Definition 4.1. Let M be an (R,S)-semimodule and Y ⊆ M . We define the set ⟨Y ⟩ as the
intersection of all (R,S)-subsemimodules of M that contain Y . Moreover, ⟨Y ⟩ is called the
(R,S)-subsemimodules of M generated by Y .

Based on the definition above, we know that ⟨Y ⟩ is an (R,S)-subsemimodule of M that con-
tains Y and is contained in every (R,S)-subsemimodule of M that contains Y . In other words,
⟨Y ⟩ is the smallest (R,S)-subsemimodule of M containing Y . Next, we present a proposition
that describes the structure of the elements in the (R,S)-subsemimodule ⟨Y ⟩.

Proposition 4.2. Let M be an (R,S)-semimodule and Y ⊆ M . If Y = ∅, then ⟨Y ⟩ = {0}. If
Y ̸= ∅, then we have

⟨Y ⟩ =

{
t∑

i=1

riyisi +
k∑

j=1

njy
′
j

∣∣∣ri ∈ R, yi, y
′
j ∈ Y, si ∈ S, nj ∈ N0,

(∀i = 1, 2, ..., t)(∀j = 1, 2, ..., k) for some t, k ∈ N
}
.

Proof. Suppose Y ̸= ∅, and define

A =

{
t∑

i=1

riyisi +
k∑

j=1

njy
′
j | ri ∈ R, yi, y

′
j ∈ Y, si ∈ S, nj ∈ N0,

(∀i = 1, 2, ..., t)(∀j = 1, 2, ..., k) for some t, k ∈ N
}
.

We will prove that ⟨Y ⟩ = A. Since ⟨Y ⟩ is the intersection of all (R,S)-subsemimodules of
M containing Y , it is clear that Y ⊆ ⟨Y ⟩. Because ⟨Y ⟩ is closed under addition and scalar
multiplication by elements of the hemiring R and S, we have A ⊆ Y ⊆ ⟨Y ⟩. Next, we will
show that ⟨Y ⟩ ⊆ A. This is equivalent to showing that A is an (R,S)-subsemimodule of M

containing Y . Let y ∈ Y . Then we have y = 0y0 + 1y ∈ A, so Y ⊆ A. Let
( t∑

i=1
riyisi +

k∑
j=1

njy
′
j

)
,
( q∑

i=1
r′iy

′
is

′
i +

l∑
j=1

n′
jy”j

)
∈ A. Then

( t∑
i=1

riyisi +
k∑

j=1

njy
′
j

)
+
( q∑

i=1

r′iy
′
is

′
i +

l∑
j=1

n′
jy”j

)

=
( t∑

i=1

riyisi +
q∑

i=1

r′iy
′
is

′
i

)
+
( k∑

j=1

njy
′
j +

l∑
j=1

n′
jy”j

)
∈ A.

Next, let r ∈ R and s ∈ S. Then

r
( t∑

i=1

riyisi +
k∑

j=1

njy
′
j

)
s =

t∑
i=1

(rri)yi(sis) +
k∑

j=1

(rnj)y
′
js ∈ A.

Thus, A is an (R,S)-subsemimodule of M containing Y . Hence, ⟨Y ⟩ ⊆ A, and therefore
⟨Y ⟩ = A.

If we take a singleton set {x} for some x ∈ M , then (R,S)-subsemimodules of M generated
by x ∈ M is

⟨x⟩ = {rxs+ nx | r ∈ R, s ∈ S, n ∈ N0}.
Below, we provide the definitions of cyclic (R,S)-semimodules and finitely generated (R,S)-
semimodules.

Definition 4.3. An (R,S)-semimodule M is called a cyclic (R,S)-semimodule if there exists an
element x ∈ M such that M = ⟨x⟩.
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Definition 4.4. An (R,S)-semimodule M is called a finitely generated (R,S)-semimodule if
there exists a finite subset Y ⊆ M such that M = ⟨Y ⟩.

Next, we present several examples of cyclic and finitely generated (R,S)-semimodules.

Example 4.5. Let 6N0 be a (2N0, 3N0)-semimodule. It follows that 6N0 is a cyclic (2N0, 3N0)-
semimodule with generator 6 ∈ 6N0. Hence, 6N0 = ⟨6⟩.

Example 4.6. Let M2(4N0) be an (2N0, 2N0)-semimodule. Consider the set Y ⊆ M2(4N0)

with Y =

{(
4 0
0 0

)
,

(
0 4
0 0

)
,

(
0 0
4 0

)
,

(
0 0
0 4

)}
. Then, M2(4N0) is a finitely

generated (2N0, 2N0)-semimodule generated by the set Y . Hence, M2(4N0) = ⟨Y ⟩.

5 The Construction of Factor (R,S)-Semimodules

In this section, we present the definition of a factor (R,S)-semimodule over a hemiring and some
of its properties. We begin by defining a relation "∼" on an (R,S)-semimodule.

Definition 5.1. Let M be an (R,S)-semimodule and N an (R,S)-subsemimodule of M . We
define a relation "∼" on M by

m1 ∼ m2 if and only if there exist n1, n2 ∈ N such that m1 + n1 = m2 + n2.

It can be shown that relation "∼" on an (R,S)-semimodule is an equivalence relation.

Proposition 5.2. Let M be an (R,S)-semimodule and N an (R,S)-subsemimodule of M . The
relation "∼" on M is an equivalence relation.

Proof. (i) It can be shown that "∼" is reflexive. Let m ∈ M . We prove that m ∼ m. Since
m+ 0M = m+ 0M for some 0M ∈ N , we have m ∼ m.

(ii) It can be shown that "∼" is symmetric. Let m1,m2 ∈ M with m1 ∼ m2. We prove that
m2 ∼ m1. By definition, there exist n1, n2 ∈ N such that m1 + n1 = m2 + n2. Rewriting,
m2 + n2 = m1 + n1. Hence, it follows that m2 ∼ m1.

(iii) It can be shown that "∼" is transitive. Let m1,m2,m3 ∈ M with m1 ∼ m2 and m2 ∼
m3. We prove that m1 ∼ m3. By definition, there exist n1, n2, n3, n4 ∈ N such that
m1 + n1 = m2 + n2 and m2 + n3 = m3 + n4. Adding n3 to both sides of the first
equation gives m1 + n1 + n3 = m2 + n2 + n3. Substituting the second equation, we get
m1 + n1 + n3 = m3 + n2 + n4. Since n1 + n3, n2 + n4 ∈ N , it follows that m1 ∼ m3.

Thus, "∼" is an equivalence relation.

Since "∼" is an equivalence relation on the (R,S)-semimodule M , M is partitioned into
equivalence classes. The equivalence class of an element m ∈ M is the set

[m] = {x ∈ M | x ∼ m}
= {x ∈ M | x+ n1 = m+ n2, for some n1, n2 ∈ N}.

Furthermore, for every m1,m2 ∈ M , we have m1 ∼ m2 if and only if [m1] = [m2]. The set of
all equivalence classes in M is defined as

M/N = {[m] | m ∈ M} = {m+N | m ∈ M},

which we call the partition of the (R,S)-semimodule M .
Since N is a commutative additive submonoid of M , we define the factor monoid M/N under

the addition by
(a+N) + (b+N) := (a+ b) +N,

for all a+N, b+N ∈ M/N . The zero element (identity) in M/N is 0 +N .
Next, we state a theorem showing that the commutative additive monoid M/N forms an

(R,S)-semimodule under a suitably defined scalar multiplication.
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Theorem 5.3. Let N be a subsemumodule of the (R,S)-semimodule M . The commutative addi-
tive monoid M/N is an (R,S)-semimodule under the scalar multiplication defined by

r(a+N)s := (ras) +N,

for all r ∈ R, s ∈ S, and a+N ∈ M/N .
Moreover, M/N is called the factor (R,S)-semimodule of M with respect to N .

Proof. First we show that scalar multiplication is a binary operation. Let r ∈ R, s ∈ S, and
a+N ∈ M/N . Then r(a+N)s = (ras) +N ∈ M/N , showing that the scalar multiplication
is closed. Next, let a + N, b + N ∈ M/N with a + N = b + N . Then there exist n1, n2 ∈ N
such that a + n1 = b + n2. For any r ∈ R and s ∈ S, we have ras + rn1s = rbs + rn2s.
Since rn1s, rn2s ∈ N , it follows that ras + N = rbs + N . Hence, scalar multiplication is
well-defined and thus a binary operation. Next, we verify that M/N satisfies the axioms of an
(R,S)-semimodule:

(i) For all a+N, b+N ∈ M/N , r ∈ R, and s ∈ S,

r((a+N) + (b+N))s = r((a+ b) +N)s

= (r(a+ b)s) +N

= (ras+ rbs) +N

= ((ras) +N) + ((rbs) +N)

= (r(a+N)s) + (r(b+N)s).

(ii) For all a+N ∈ M/N , r, r′ ∈ R, and s ∈ S,

(r + r′)(a+N)s = ((r + r′)as) +N

= (ras+ r′as) +N

= ((ras) +N) + ((r′as) +N)

= (r(a+N)s) + (r′(a+N)s).

(iii) For all a+N ∈ M/N , r ∈ R, and s, s′ ∈ S,

r(a+N)(s+ s′) = (ra(s+ s′)) +N

= (ras+ ras′) +N

= ((ras) +N) + ((ras′) +N)

= (r(a+N)s) + (r(a+N)s′).

(iv) For all a+N ∈ M/N , r, r′ ∈ R, and s, s′ ∈ S,

r(r′(a+N)s)s′ = r((r′as) +N)s′

= (rr′ass′) +N

= (rr′)(a+N)(ss′).

(v) For all m ∈ M , r ∈ R, and s ∈ S,

r(0M +N)s = (r0Ms) +N = 0M +N = (0Rm0S) +N = 0R(m+N)0S .

Thus, by (i)-(v), M/N is an (R,S)-semimodule.

In the following, we present several examples of factor (R,S)-semimodules.

Example 5.4. Let 6N0 be an (2N0, 3N0)-semimodule and 12N0 a subsemimodule of 6N0. Then,
the factor (2N0, 3N0)-semimodule of 6N0 with respect to 12N0 is

6N0/12N0 = {m+ 12N0 | m ∈ 6N0} = {0 + 12N0, 6 + 12N0}.
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Example 5.5. Let R =

{(
a b

0 0

)∣∣∣∣∣a, b ∈ 2N0

}
and S =

{(
a 0
b 0

)∣∣∣∣∣a, b ∈ 2N0

}

be hemirings, M1 =

{(
a 0
b c

)∣∣∣∣∣a, b, c ∈ 2N0

}
an (R,S)-semimodule, and K an (R,S)-

subsemimodule of M1 given by K =

{(
x 0
0 y

)∣∣∣∣∣x, y ∈ 2N0

}
. Then, the factor (R,S)-

module of M1 with respect to K is

M1/K =

{(
a 0
b c

)
+K |

(
a 0
b c

)
∈ M1

}
=

{(
0 0
b 0

)
+K | b ∈ 2N0

}
.

Next, we define the annihilator of a factor (R,S)-semimodule.

Definition 5.6. Let P be a proper (R,S)-subsemimodule of M . The annihilator of M/P over
the hemiring R is (P :R M) = {r ∈ R | rMS ⊆ P}. Similarly, the annihilator of M/P over the
hemiring S is (P :S M) = {s ∈ S | RMs ⊆ P}.

Based on Proposition 3.12, it follows that (P :R M) forms an ideal in R if the hemiring S
satisfies the property S2 = S. Likewise, (P :S M) forms an ideal in S if the hemiring R satisfies
the property R2 = R.

Next, we present several properties of factor (R,S)-semimodules over hemirings.

Proposition 5.7. Let M be an (R,S)-semimodule, and N an (R,S)-subsemimodule of M .

(i) If a ∈ N , then a+N = N .

(ii) If N is an k-subsemimodule of M and a ∈ N , then, for any b ∈ M , a+N = b+N if and
only if b ∈ N .

(iii) If N is an k-subsemimodule of M , then, for any c ∈ M , c+N = N if and only if c ∈ N .

Proof. Let M be an (R,S)-semimodule, and N an (R,S)-subsemimodule of M .

(i) Let a ∈ N . Since a+ 0M = 0M + a, we have a ∼ 0M . Hence, a+N = 0M +N = N .

(ii) Let b ∈ M and assume that a + N = b + N . Then, there exist x, y ∈ N such that
a+x = b+y. Since N is an k-subsemimodule, it follows that b ∈ N . Conversely, if b ∈ N ,
then b+N = N . Since a ∈ N , we also have a+N = N , and thus a+N = b+N .

(iii) Let c ∈ M and assume that c+N = N . Then, there exist x, y ∈ N such that c+x = 0M+y.
Since N is an k-subsemimodule of M , it follows that c ∈ N . Conversely, if c ∈ N , then
clearly c+N = N .

Proposition 5.8. Let M be an (R,S)-semimodule.

(i) If N and K are (R,S)-subsemimodules of M with N ⊆ K, then K/N = {k+N | k ∈ K}
forms an (R,S)-subsemimodule of M/N .

(ii) If K is an k-subsemimodule of an (R,S)-semimodule M , then K/N forms an k-subsemimodule
of the (R,S)-semimodule M/N .

Proof. Let M be an (R,S)-semimodule.

(i) Since K is an (R,S)-subsemimodule of M , we have 0M + N ∈ K/N , so K/N ̸= ∅. Let
m+N,m′ +N ∈ K/N , r ∈ R, and s ∈ S. Then

(m+N) + (m′ +N) = (m+m′) +N ∈ K/N

and
r(m+N)s = (rms) +N ∈ K/N.

Hence, K/N is an (R,S)-subsemimodule of M/N .
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(ii) Let K be an k-subsemimodule of M . Since K/N is an (R,S)-subsemimodule of M/N , it
remains to show that K/N satisfies the k-subsemimodule condition. Let u + N, v + N ∈
M/N with u + N, (u + N) + (v + N) ∈ K/N . We prove that v + N ∈ K/N . Since
(u + N) + (v + N) ∈ K/N , it follows that (u + v) + N ∈ K/N . This means there
exists k ∈ K such that (u + v) + N = k + N . Hence, there exist x, y ∈ N such that
u+ v + x = k + y. Since K is a k-subsemimodule and N ⊆ K, it follows that v ∈ K, and
therefore v +N ∈ K/N . Thus, K/N is a k-subsemimodule of M/N .

6 Conclusion remarks

This paper presents the structure of (R,S)-semimodules over hemirings as a generalizaion of
(R,S)-bisemimodules and their properties. This study introduces a new algebraic structure,
expected to provide a reference for future researchers to explore its specific properties.
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