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Abstract. A ring R is said to be a Principal ideal ring (for short PIR), if for any ideal
of R is a principal ideal. (R, M) it’s means that R local ring with maximal M. it is well
known that (R, M) is a PIR if and only if the maximal ideal M is a principal. A(R)* is the
set of all non-zero annihilating ideals. The annihilating-ideal graph of R, denoted AG(R), is
a graph with vertices A(R)* and two distinct ideal vertices I; and I, connected by an edge
{I,, L} if I, = (0). For a graph G, the Gutman index of G is denoted as Gut(G) equal to
> i mev(c) Aui)d(uz)d(ur, uz). In this paper, we give some important properties of AG(R)
and we obtain Gut(AG(R))where R is a finite local PIR.

1 Introduction

Let us assume that R is a commutative ring with identity, and (R, M, n) is a finite local PIR with
maximal ideal M and satisfied, M™ = (0), for some integer n > 2. It is established that this
ring structure admits exactly n — 1 principal ideals, namely M, M2, M3, ..., M™~! (See [1, 2]).
The interplay between graph theory and ring theory was first introduced by 1. Beck in [3]. Later,
D. F. Anderson and P. S. Livingston have revisited the concept in their paper [4], their definition
has become more widely studied for analyzing the algebraic structure of rings through graph
theory. Those two papers have led to the development of zero divisor graph theory which has
become a valuable tool for understanding and studying the structure of commutative rings (See
[5,6,7,8,9]). M. Behboodi and Z. Rakeei, [10], have presented the definition of " Annihilating-
ideal graph of commutative ring R", is referred to AG(R), its vertices are of all non-zero ideals
of R, and two different ideals I; and I, connected by an edge {I;, I} if I; I, = (0). For a simple
connected graph G, " V(Q) is the set of all vertices of G, E(G) is the set of all edges of G, d(u)
represents the degree of the vertex u € V(G), §(G) = min,cy (g)d(v), A(G) = maz ey (cyd(v)
and d(v, u) is the value of the distance between the vertices v, v € V(G). The order of a graph G,
denoted by n(G) equal the cardinal number of V' (G), while the size of G, equal the cardinal num-
ber of E(G) and denoted by m(G), the eccentricity of vertex u € G is the distance between the
vertex u € V(G) and a vertex furthest from u and denoted by e(u), rad(G) = min,cy(c)e(u),
diam(G) = maz,ey (gye(u), and Cen(G) = {u € V(G) : e(u) = rad(G)}. The Gutman index
of G, (for short Gut(QG)) is defined as Gut(G) = > (u1)d(uz)d(uy, up), where u; and uy any
vertices in G " additional details can be found in [11, 12].

The value of the Gutman index for the graph AG(R, M, n) has been determined under the
assumption that the ring PIR is a finite local. This paper consists of three sections: the first one
represents the introduction and the second one illustrates some basic properties of annihilating
ideal where R local PIR. such as degree and size. In addition, we have found a relation between
graphs AG(R;) and AG(R;), where Ry = (Ry, M,n) and Ry = (Rp, M2,n + 2). In section
three, we have used the results in section two to find Gutman index of graphical rings.



244 Mohammed N. Authman and Husam Q. Mohammad

2 Some properties of annihilating-ideal graph over finite local PIRs

This part of the study focuses on examining the structural properties of the annihilating-ideal
graph associated with a finite local principal ideal ring This part of the study focuses on exam-
ining the structural properties of annihilating ideal graph associated with a finite local PIR ring
(R, M,n), where M denotes the principal maximal ideal of R with nil-potency index n € Z, and
give some basic properties of this graph.

From definition, V(AG(R, M,n)) = A(R,M,n)* = {M* : 1 < i < n — 1}, the two ver-
tices M*, M7 € A(R, M,n)* incident to the edge {M*, M7} if and only if M?M7 = (0), thus
M7 = (0) if and only if i + j > n, and this occurs if and only if 1 < i < n — 1 and
n—i < j <n— I; therefore, E(AG(R,M,n)) = {{M*\, M’} :i+j>n,1<ij<n-—1}=
UM M} : 1 <i<n-—1,n—i<j<mn—1}. Clearly, the vertex M! is adjacent with
only vertex M"™~!, the vertex M? is adjacent with only two vertices: M™~! and M™2, similarly
the vertex M| 31! adjacent with the only ([2] — 1)- vertices: M3+ .. pMm=2 pr-t)
thus d(M") = i forany 1 < i < [%] — 1. Also, the vertex M"~! is adjacent with only
(n — 2)-vertices: M, M? ... M"~2 the vertex M2 is adjacent with only (n — 3)-vertices:
M2, M3, ..., M™% and M"~! | similarly M %1 is adjacent with the only ([2] — 1)-vertices:
MIEIHL A2 M=) thus d(M?) = i — 1 forany [%] < i < n — 1. Therefore, we can
give the first proposition in this paper:

Proposition 2.1. Suppose that M* € A(R, M,n)* fori € {1,2,....,n — 1}. Then
i—1 ifie{[3],...,n—1}

The next result establishes the fundamental properties of the graph AG(R, M,n) of finite
local PIRs:

Theorem 2.2. The following statement is valid, for each integer n greater than 1:

1) AG(R, M,n) has order n — 1 and the size

(n—1)% :ifnisodd,
an(n—2) :ifnis enen.

— A—

2) 5((AG (R, M,n))) =d(M") =1and A(AG(R,M,n)) =d(M"") =n—2.

3) rad (AG (R, M,n)) =1 and diam (AG (R, M,n)) = 2.

4) Cen (AG (R,M,n)) = A(R,M,n)" for n=2,3, and Cen (AG (R,M,n)) = {M"~'} for
any n > 3.

Proof. 1) obviously, n(AG(R, M,n)) = |A(R, M,n)*| = n—1 and since 2m(AG(R, M,n)) =
selary = o317y (M)+527"',1 d (M), then by Proposition 2.1 we have m(AG(R, M

KT i Sy - 1) = JeR 13 =

2
1(n—1)? ifnis odd,
in(n—2) :ifnisenen.

(2), (3) and (4)are obvious.
O

Now, in the following figures, we find the annihilating-ideal graphs of finite local PIRs whose
orders less than or equal 8:
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Clearly, AG(R,M,2) = K,, AG(R,M,3) = K,, AG(R,M,4) = K,,, AG(R,M,5) =
K, +(K2UK1), AG(R, M, 6) = K, —|—(K1,2UK1), AG(R, M,7) = K, +[(K1 +(K2UK]))UK]]
and AG(R,M,8) = K, + [(K; + (K12 U K1)) U K;]. We see that there is a relation between
these graphs; this relation is showing in the following results:

Proposition 2.3. < {M? M3 ... M"} > sq(rarni2)= AG(R, M, n).

Proof. Define the mapping ¢ : {M? M3, ..., M"} — A(R,M,n)* by ¢(M*) = M*~! for
k = 2,3,...,n. Clearly, ¢ is one-to-one and onto mapping. To verify that adjacency is pre-
served under the mapping ¢; let {M* M7} is an edge in {M? M3 ..., M"} theni + j >
n+2for2 <ij <n+1,thus (i—1)+(j—1) > nforl <i,j < n— 1, therefore
(M=, M1} = {p(M?),¢(M7)} is an edge in AG(R, M,n). Similarly, if {M*~! M7~}
is an edge in AG(R, M, n) then {M’, M7} is an edge in <{M? M?> ..., M"}> sc(r mnt2)
Hence <{]\427 M3, ey Mn}>AG(R,JW,n+2) = AG(R, M, TL) O
Corollary 2.4. AG(R,M,n+2) = K, + [AG(R,M,n) U K,].

Proof. Let A = {M? M?,...,M"}, then A(R, M,n +2)* U {M', M"*}. Clearly, the vertex
M+ is adjacent with all vertices of A U {M'}, and the vertex M! is adjacent with the only

vertex M™ "', hence AG(R, M,n+2) = K| + [<{M?* M>,...,M"}> 46 (r,mn+2) U K1), then
by Proposition 2.3 we get the proof. O

3 Gutman Index of Annihilating-ideal Graph of Finite Local PIRs
If n = 2, 3,4, then we have AG(R, M,2) = K, AG(R, M,3) =2 K, and AG(R,M,4) = K, ».

The vertex M"™~! is adjacent with for all vertices of AG (R, M, n), hence diam(AG(R, M,n))
2 for any n > 4. Since AG(R, M,n) is a connected graph, therefore we can write

) . 1f ¢ ;>
d(M"',M7) = ! ?f“—].—n’ forany n >4, and
2 idfi+j <n,
Gut(AG(R,M,n)) = ZMQM%MR’M’R)* d(MHd(M7)d(M?, M7) = Gut(AG(R, M,n)) =
> d(M)d(MP)d(M?, M) + > d(MH)d(M?)d(M?, M?)
M* MI€A(R,M,n)* M* M€ A(R,M,n)*
d(M*,M9)=1 d(M*,M7)=2
= > d(MY)d(M7) 42 > d(M?)d(M7)
M* M’ €A(R,M,n)* M* M’ €A(R,M,n)*
d(M*,MI)=1 d(M*,M7)=2
Theorem 3.1.

i . i . L(5p4 —28n3 + 64n2 — 68n + 27 ;ifnis odd
> d(M¥)d(M?)d(M*, M7) = {418( )

4_ne3 2 _ i
MM AR M) 15 (5n* —28n° +52n” — 32n) :if nis even
d(M*,M7)=1
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Proof. d(M*,M’) = 1ifandonlyif 1 <i<n-—1landn—i<j <n— 1, this holds if and
only ifeither 1 <i < [f]—-landn—i<j<n—lor[2]<i<n—-2andi+1<j<n-1
Let,

X = > d(M¥Yd(M?)d(M?, M7) = d(M%Yd(M?)
M ,M?cA(R,M,n)* i=1 j=n—i
d(M*,MI)=1
! ; ; ; ,
then we have X = >°1% 7 S d(MY)d(MP) + Sy i d(MY)d(MI). If 1 < i <
[2] —landn —i<j <n—1thenweseethatl <i< [71 —1land [3] < j <n— linthis
case. Let X = Z[ : - Z] . d(M?")d(M?) then by Proposition 2.1 we get:

ST ST ) = AT st 1) = S () it
(n—l) (1}_1'_1)) 1 N
Z( 21 i((2n —3)i — %) = Z( (2n — 3)i2 — 72( F1-1.3 _ 2714[2(211_3)((%1 _

7 1=
1)([%})(2((%1) —1)+1- 3((%1) ([27 = 1)%]. If nis odd, then we have:

X1 = %2020 =3)(2 - (2 R - 1) + 1) =3[P - D
= 5(2n=3)(n—1)(n+1)n - %( 1?(n—1)?

1
384(

LX) = 13n* — 24n° — 10n? + 24n — 3). 3.1

If n is even, then we have:

X1 =420 -3)(5 - D(HQ(F-D)+1) =3[)1(3 - P
= ﬁ(Zn =3)(n—=1)(n—2)n— ﬁnz(n —2)?
Xy = 351;4(1371 — 60n° +92n% — 48n). (3.2)

n

Now, when [5] < i <n—2andi+ 1 < j < n — 1, consequently, we obtain [2] <
i,7 < n — 1 in this case. Let X, = Z;:rzﬂ Z] 11 d(M*)d(M7). Therefore, we conclude that
[5] <4, <n— 1inthis case, and by Proposition 2.1 we get:

Xo =20 X (=)0 = 1) = X = ()5 — X5 D)

|
)

- (i—l)(n(n—1)—i(i—|—1)—2(n—1—i)):é (i — 1) (2 = 3n+2) — 2 +1)

=121 i=[31

=1y [Z,LW[(n —3n+1)i+2i* = — (> =3n+2)] = L[-12(n* - 3n+2)(n—[2] - 1)+
2

%

—-2)(n—1)(Bn* —n—12) = ([51)([5] — 1)(6n* — 180 —3([5])* + 11([5]) +2)]. If nis
odd, then we have:

X2 L1122 =30 4+ 2)(n — B 1) 4 (n = 2)(n — 1)(3n? —n — 12) — (2)(z —
1)(6n? — 18n — 3(%1)? + 11725 4 2)]

e P 1 1 )
= (n"=3n+2)(n—3)+ 24(n 2)(n—1)(3n*—n—12) 384(n 2)((n—1)(21n"—56n+27)
Xy = 3‘84(2771 —200n° + 522n? —568n +219) (3.3)
Similarly, if n is even, then we have:
X, = 384(27n — 164n° + 324n? —208n) (3.4)

Now, if n is odd, then by 3.1 and 3.3 we get:
X = X1+ X, = 55;(13n* = 2403 — 10n? +24n — 3) + 5 (27n* — 2000 + 522n% — 568n 4 219)

= %(Sn“ — 2803 + 64n® — 68n + 27).
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Also, if n is even, then by 3.2 and 3.4 we get:
X=X1+X;= ﬁ(Bn“ —60n3 +92n% — 48n) + ﬁ(27n4 — 164n> + 324n% — 208n)

1
= @(Sn“ —28n° 4 52n% — 32n).

O
Theorem 3.2.
; . i . Lon* —8n3 +4n2+8n—6 ;ifnis odd
> d(M*)d(M?)d(M*, M7) = {418(2 4 8n3 +4n? +8 ) i
M MI€A(R,M,n)* 75 (2" — 8n” +4n” + 8n) fifnis even

d(M*,M7)=2

Proof. d(M*, M7) = 2ifand onlyif i+j < n, and this holds if and only if either 1 <i < [2]~1
and [2] <j<n—i—lorl1<i<[%]-2andi+1<j<[2]-L

LetY = ZM*,MJ‘GA(R,M,n)* d(M*)d(M?)d(M*, M7) = ZZMi,MjeA(RA,M,n)* d(M*)d(M),
d(M*,M7)=2 d(M*,M7)=2
then we have:

Y =2 d(MY)d(M7) +2 d(M*Y)d(M7).
=1 j=[%] =1 =i+l

1 n—i . % n—i—1 . n—i—1
LetYl—ZZ( 21~ Z] [g]ll( —1) 2335 (Z'*(%'\]_Zﬂ [5 11)

=22Fﬂlu"iéml> A —(n—i- 1)+ 151 - 1]
=S4 il =304 2031 - [31(13] 1) + (3 - 20)i + 7]
= (7 =30+ 2031 - [31(31 -S4 -G -2 A e e DA

1
=30 =3n+2[51 = [51(151 = D)([5]1 - ([31([51 - 1) — s 2n =3)[51([5] - D)(2[5] —
1)+ 3512151 - 1)~
If nis odd then we have:
Yi= h(n? —3n 4 2mp - —1)(33 (251 - 1)) — (20 - 3 (- (2
1)+ ‘]‘(n-z&-l)Z(n-z‘rl _ 1)2

Y = 192 (Sn —24n3 +22n2 + 24n — 27) 3.5
Similarly, if n is even, then we have:
= le(sn‘* — 1203 — 20n* 4 48n) (3.6)

Now,if 1 <i<[2] —2andi+1<j<[2] -1 LetYs =25 512 S aariya(ard)

we see that 1 <i,j < [5] — 1 in this case, then by Proposition 2.1 we get:

2 1 2 1. i . 2 nrz
v — 25 Sy < 2 Sy ) - 28
z(z+1))

(%7[WZ(]2 Zf-\23 Zf122

= 3[310051 = D*(131 = 2) = 3([31 = D*([53]1 = 2)* = 5 (151 = D([5] - 2)(2[5] - 3).
If n is odd, then we have:
Y= %("21 (PFH2(5) = 2 () () = s (g (2 (n - 2)
Y, = 1,%(311“ — 8n® — 6n* 4 8n +3) (3.7)

Similarly, if n is even, then we have:

Y, = 3n* — 20n° 4 36n% — 16n) (3.8)

102
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Now, if n is odd, then by 3.5 and 3.7 we get:

Y =

Vi + Y, = 5(5n* — 2403 + 22n% + 24n — 27) + 55 (3n* — 8n3 — 6n% + 8n + 3) =

= (2n* — 8n3 +4n? + 8n — 6).
Also, if n is even, then by 3.6 and 3.8 we get:

Y:

Y1 +Y; = 5 (5n* — 1203 — 20n? + 48n) + 145 (3n* — 20n° 4 36n* — 16n) = 7 (2n* —

8n° + 4n? + 8n). ]

Finally, by Theorems 3.1 and 3.2, we can give the main result of this paper:

Corollary 3.3.

= (Tn* —36n® +68n? — 60n +21) : ifnis odd,

25 (7Tn* = 36n° + 56n? — 24n) sifnis even.

0|

Gut(AG(R,M,n)) = {
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