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Abstract In this article, we present several results related to Hermite—Hadamard type in-
equalities for functions whose second-order derivatives are s-convex in the first kind. Using
various techniques, including Holder’s inequality and the power mean inequality, we derive new
inequalities that extend the classical Hermite-Hadamard framework. Additionally, we explore
applications to special means and the midpoint formula, providing further insights into the be-
havior of s-convex functions and their practical implications.

1 Introduction

Inequalities represent a dynamic and impactful area of research. The practical significance of
mathematical inequalities has been well-recognized over the years, contributing to the devel-
opment of various branches of mathematics and other scientific disciplines. Convex functions
establish an elegant and profound connection between analysis and geometry, often evoking a
sense of challenge for the reader. The general theory of convex functions serves as a powerful
tool for addressing problems in analysis. Inequalities involving convex functions are particularly
effective in advancing many areas of mathematics, which has garnered substantial attention in
the literature.

Convexity plays a significant role in our daily lives through numerous applications in industry,
business, medicine, and art. Breckner [7] introduced the concept of s-convex functions, often
referred to as s-convex functions of the second kind in the literature. Building on this, Noor et
al. and Awan et al. proposed the definition of s-convex functions of the first kind (see [12]).
Notably, both forms of s-convexity reduce to standard convexity when s = 1.

The classical Hermite—-Hadamard inequality provides upper and lower bounds for the integral
average of any convex function defined on a closed interval, using the midpoint and endpoints of
the domain. Given the extensive applications of the Hermite—Hadamard inequality and convex
functions, it is natural to explore further inequalities of this type involving convex functions. For
additional studies on this topic, refer to [9, 10, 11, 15] and the references therein.

To get our generalizations, we start with the definitions and results used in our article.

Definition 1.1. [4] A function f : [a;,a2] € R — R is called a convex function if, for any
0,5 € [a1,az] and t; € [0, 1], the following inequality holds:

f(tho + (1 =t)s) <t f(o) + (1= t)f(s).

Theorem 1.2. [8] Let f : I = [a;,a2] C R — R be a convex function defined on an interval I
and let a1, ay € I with a1 < ay. Then

f<a142ra2) Sazial/f(g)da w_ (1.1)

IN
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The corresponding inequality is well-known in the literature as the Hermite—Hadamard in-
equality for convex functions.

Definition 1.3. [5] A function f : [0,00) — R is called an s-convex function in the first kind if
it satisfies the inequality

fltio+ (1 —t1)s) <t:°f(o) + (1 —t:1°) f(s),
where o,¢ € [0,00) and ¢, s € [0, 1].

Here we take a convention that 0° = 1.

This class of convexity is represented by K. It may be observed that if we put s = 0 and
s = 1 in the above definition, then s-convexity changes into refinement of quasi convex and
ordinary convex functions, respectively [3].

The convexity of function is the basis for numerous inequalities in mathematics. Note that, in
latest problems linked to the convexity, generalized concepts about convex functions are required
to obtain applicable results. One of this generalization is the concept of s-convex functions which
can generalize numerous inequalities related to convex functions such as Hermite-Hadamard
inequality, trapezoid and midpoint inequality, etc..

Lemma 1.4. [/3] Let f : I C R — R be a twice differentiable function on I and let ay,a; € I
with ay < ay. If f" € L]ay, az), then the following equality holds:

1 7 ay + ar
azal/f(a)da_f< 2 )

1
2
= (02 —an)” 16(“) /t12f// <t1a1 eraz +(1— t1)a1> dty

0

1
—i—/(tl — )2 (tlaz +(1—-t)4 ;“2> dty | . (1.2)
0

Lemma 1.5. [/] Assume that f : [0,00) — [0,00) is an s-convex function in the first kind with
€ (0,1), and let ay, ay € [0,00) with ay < ap. If f"" € Lla1, az), then the following inequality

holds: ap

aj

The above inequalities are sharp.

Inspired by [14], this paper presents applications to special means and midpoint-type inequal-
ities.

The primary objective of this paper is to establish new Hermite—Hadamard type inequalities

for functions whose second derivatives, raised to certain powers, are s-convex in the first kind.
The well-known Holder’s inequality, in its general integral form, is stated as follows [2]:

1 1
Theorem 1.6. Let 1 < p,q < ocowith—+—-=1.1Iff € L,and ¢ € L, then f¢ € L, and
p q

/ F)(w)ldu < | Fll19lls (1.4)

where f € Ly if | fllp = ([ |f (w)[Pdu)? < .

Note that if we set p = g = 2, the above inequality becomes the Cauchy—Schwarz inequality.
Additionally, if we set ¢ = 1 and let p — oo, we obtain

/ F)d(w)ldu < | fllsliéll,
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where || || represents the essential supremum of | f|, defined as

HNMZ%QWUWN

Definition 1.7. Let f and ¢ be real-valued functions defined on [a;,a;]. If |f| and |f||¢|? are
integrable on [ay, ay], then for ¢ > 1, the following inequality holds:

1

/ () |6 (w)] dus < / 1 (u0)| du / ) |6(w)| 7 du | (15)

This inequality is known as the power mean inequality (see [3]).

This article is organized as follows: In the next section, we estimate the bounds of a Hermite—
Hadamard inequality by examining the absolute difference between the first and middle terms
of (1.1), utilizing second-order differentiable s-convex functions of the first kind. These results
include several findings from [13] as special cases. Sections 2 and 3 focus on applications to
special means and midpoint formulas, respectively. The final section offers a conclusion, along
with remarks and suggestions for future research directions.

2 Main Results

We will now present and prove three generalized results related to Hermite-Hadamard type
inequalities for s-convex functions of the first kind, using Definition 1.3, Lemma 1.4, Lemma
1.5, Theorem 1.6, and Definition 1.7.

Theorem 2.1. Let f : I C [0,00) — R be a twice differentiable function on I° such that " €
Llay,az), where ay,a; € I° and ay < ay. If | f"| is an s-convex in the first kind on [ay, ay)] for
some fixed s € [0, 1], then following inequalities hold:

1 7 ap +ap (az — a1)? s|f" (a1)]
az—al/f(")d"f( 2 )§ 6 [3(3—{-3)

el () ]

(s +2)(s +3)
(az —a1)2 4 3 2 "
< B+ D2 (s +2)(s+3) [(s" 455 + 145> + 225+ 6) | /' (a1)]
+ (s* + 95 +205* + 125 + 6) | f (a2)|] - (22)

Proof. Using Lemma 1.4 and the definition of the absolute value, we obtain

ay
1 a1 + ar
d —
az_al/f(O')U f< 2 >
1
RV
< 7((12 16CL1) /tlz
0

+/1(1 —t)?
0

According to the assumption, | f”| is an s-convex function in the first kind, so we can take

f (tlaleraz +(1- tl)al)’ <t

a1 + ar

f” (t'2 + (1 — t1>a1> dt,

y (tlaz (=)@ ;’az)’dtl . 2.3)

()| + - e
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n a1+ az
(5]

and

a; + ar

f’ <t1a2+(1—t1) >’ <t |7 (a2)| + (1 —t1°)

Utilizing above two results, (2.3) becomes

1 7 a1 + ap
az—al/f(a)dg_f( 2 )

(ay —ay)?
16

IN

1
P for e - np -
0

1

1
+1f” (a1)|/(t12*t18+2)dt1 + 1" (a2)|/t15(1 —t1)*dt
0

0
By putting the values of the following facts, result of (2.1) is accomplished.

1

02— )ty = ——
/(1 ) (s +3)

; s+ ° _1
O/(t‘ 24 (1 —11)2(1 —t1%))dt, _§+m
and

1
2

O/“S(l Bl P s rourie yToene s

For the second inequality of Theorem 2.1, we know that | f”| is an s-convex in the first kind, it
must satisfies

12 (al +az>’ < (@) + 51" (a2)]

2 - s+ 1
By applying the above inequality to (2.1), we acquired (2.2). O
Remark 2.2. By taking s = 1 in Theorem 2.1, we acquire the result related to Hermite—

Hadamard type inequality for convex function [13]. Also, if we take s = 0 in Theorem 2.1,
we we acquire the result related to Hermite—Hadamard type inequality for refinement of quasi
convex function, i.e.,

17 ar +as (a3 —a1)?
az—a1/f(a)d0_f( 2 ) =g [

(ay —ar)?
48

f// (al ‘;a2) ‘ + ‘f// (a2)|:|

IN

(17 (an)[+ 11" (a2)]] -

Theorem 2.3.Let f : I C [0,00) — R be a twice differentiable function on I° such that
1" € Llay,ay), where ay,az € I° and ay < ay. If | f"|? is an s-convex in the first kind on [a1, 3]

1 1
for some fixed s € [0, 1] and q > 1 with 2; + 5 =1, then the following below stated inequalities
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hold:
oo ()< () ()
[( i+ (452) \) s (sl (52 e (aﬁfﬂ .
< o) (ZPIH); (= 1)5 [(<sz+s+ DI @)l + s 17" @)l")
+ (sf" ()" + (s* +s+1) 3] (2.5)
T <2p1+1> (If”(a1)|q+|f”( ) 6)

Proof. By using Lemma 1.4 and the definition of the absolute value, we have

1 7 a1 + az
az—al/f(g)da_f< 2 )‘
1
< 2—(11 [ (a1+a2 (l—tl)m) dt,
[
1
+/(1ft1)2

0

1
[r
0

J <t1a2 +(1 tl)al—;az>’dt1 . Q2.7

Applying (1.4) to

f” <t1al—£a2 =+ (1 — tl)CLl) ’ dty

and 1
/(141)2 ”(tla2+(1t1)a‘;a2)‘dtl,
0
we have
1
+
/t12 I (tl il 5 20 —tl)a1>‘dt1
0
1
1 q q
(/tlzludtl) (/ ( at a (1 — t1>a1> dtl)
0
and

(1-—
h) 2

o\_

<t1a2 + (1 —t])a] +a2)‘dt]

1

1 v/ I
(/(l—tl)ZPdt1> (/ I <t1a2+(1—t1)a1;a2> qdh) .
0 0




HERMITE-HADAMARD TYPE INEQUALITIES 31

According to the assumption, | f”|? is an s-convex function in the first kind, so we can take

f// (tlal;az + (] _ tl)a1>

q
< tls

(M52 -

y [ a1+ an I
()]

and

a1 + ar

q
)\swfwww+mw>

Vi (tlaz-i- (1—1t)

Utilizing above four results, (2.7) becomes

a»
1 ar + ap (a2 — ar)?
- <
ar — aq /f(U)da f( 2 ) - 16 x
a
1

/tIZPdtl

0

L
q

1 1
q
f// <a1‘;a2>’ /tlsdtl+|f//(al)|q\/(1*tls)dtl 4
0 0

1 1
1 P 1

1
(1—t)%adt, 1F" (a2)|? [ tiodty + |f” (al +a2> (1 —t,%)dt,
j ool (252

0 0
By putting the values of the following facts, result of (2.4) is accomplished.

<=

1

1
/t12pdt1— /1—t1 VPt
0 0
1
/tsdt _ !
1 1—5+1
0

1
s
(1 —t,%)dt .
/ ! ' s+1
0

For the second inequality of Theorem 2.3, we know that | f”/|? is an s-convex in the first kind, it

must satisfies
17 (al +a2> e < |f// (a1)|q + s |f// (a2)|q
—5 .

- s+1
By applying the above inequality to (2.4), we acquired (2.5).
For the last result of Theorem 2.3, we have a function & : [0,00) — R, h(y) = y", n € (0,1],
which is concave, we can write

a™ + ar™ _ h(ay) + h(ay) <h (a1 —|—a2) _ (al +a2>” 08
5 < .

and

2 2 2

V ay,ay > 0. For the above inequality, if we choose

ar= (2 s+ DI @)l + 5177 @), az =17 (@)l + (2 + 5+ 1)1 (@)
1
and n = —. Applying the inequality (2.8) to the inequality (2.5), we get (2.6). O
q

Remark 2.4. Theorem 2.3 gives
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(i) Result related to Hermite—-Hadamard type inequality for convex function by replacing s =
1

1, 1.e.,
1 7 a; + ap (az —ay)? 1 »
— <
az—a1/f(o)da f( 2 ) =716 \p+1)
ai

[<|f”(al)|q+|fﬁ (11142»112)|‘I>411+ <‘f//(a];¢12)‘q+|f//<a2)|Q>(]1]

2 2

< (az — a1)2 1 P %
- 16 2p+1

[(3}”” (an)|* + | <a2>q)é . (If” (a0)" + 3| " (az)qﬂ |

4 4

(i1) Result related to Hermite—Hadamard type inequality for refinement of quasi convex func-
tion by replacing s = 0, i.e.,

1 7 al + ax
az—al/f(o)da_f< 2 )

(aZ_al)z 1 % n a1+ az "
< Lol (L) | () + e

: (az;;l)z (2pl+l>;“f”(a‘)|+|f"(02)|}
< o) (2p1+1>% (i (a1)|q;’f"(a2)|q>é.

Theorem 2.5. Let f : I C [0,00) — R be a twice differentiable function on I° such that
1" € Llay, ay), where ay,az € I° and ay < ay. If | f"|? is an s-convex in the first kind on [a1, 3]
Jor some fixed s € [0, 1] and q > 1, then the following below stated inequalities hold:

1 7 a1 + ar
az—al/f(g)d0f< 2 )‘

(a2_a1)2 S 7 3 [ a1+ az ! é
= T (s+3|f (‘“)'q+s+3f< 2 ) )
s(s? +6s+11) g (a1 +a\|? 6f" (a2)|? )i‘
((s+l)(s+2)(s+3)f< 2 ) T DGE+2)G1I) ] 29)
(a2_al)2 s*+s+3 1" q 3s 1" q .
< 3 ((s+1)(s+3) |f" (a1)] +mw (a2)] )
s(s>+6s+ 11)|f" (a1)|?  s*+6s>+11s>+6s5+6 ,, q @
< (s+1)2(s+2)(s+3) (s+1)2%(s+2)(s+3) f (a2)|> ] (2.10)
< (az—a1)2 l [(S4+553+]432+228+6)|fﬁ (a1)|q
24{2(s+1)2(s+2)(s+3)}¢
F(s* + 953 + 205 + 125+ 6) [ (a2)|] " . @.11)
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Proof. Using Lemma 1.4 and the definition of absolute value, we have

1 7 ay; + ar
azal/f(a)da_f< 2 )

1
< az—a1 / //( a1+a2—|—(1—t1)a1> ity
0

1 -

+/(1—t1)2 7" <t1a2+(1—t1)“‘;“2>’dt1 . 2.12)

0 .

Applying (1.7) to

1
[r
0

f” <t1al —;az =+ (1 tl)a1>’dt1

and
1
/(1 —t1)2 " (tlaz-f- (1 —tl)al;azﬂdtl,
0
we have
1
/tlz f” <t1 a -;az + (1 — tl)al) ‘ dty
0
_1 1
1 q 1 q q
(/tlzdh) (/ ( a1+a2+(1—t1)a1> dtl)
0 0
and

(1 — tl)z

o— _

7 <t1a2 +(1—t)H ;az) ‘ dty

1

(/1(1_t1)2dt,) q (/] (1—t) <t1a2+(1—t1)6”—£(12>‘th1)q
0

0

According to the assumption, | f”|? is an s-convex function in the first kind, we can take

q
(02 ) (B3] - e

a
<t®

and

q

q
I (tm + (1 —tl)‘”;az)‘ <t |7 (a2)|" 4 (1 = £1°)

n a1+ az
2
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Utilizing above four results, (2.12) becomes

ay
1 a1 + ar
az—a1/f(0>daf< 2 >
1 =3
V2
< % (/tlzdh) %

o

1 1
I (a1 eraz) "1 /t13+2dt1 U () /(t12 _ t1s+2)dt1)
0 0
1 7
+ (/(1 —tl)zdtl) X
0

1—1
1 q 1 q
(|f”(a2)q/t15(l—tl)zdtﬁt 1% <a1-2ka2>’ /(1—t18)(1—t1)2dt1>
0 0

By putting the values of the following facts, result of (2.9) is accomplished.

Q=

1

1 1

/tlzdtl == / 1 — tl Zdtl,

0 0

1

1
ts+2dt -
/ 1 1 S+37

1
_ s+2 — S
/ Jdt = 3(s+3)’
0

1 S )
O/t‘ (L =t)dt = 2 T 3)

and
1

5 o s(s2 465+ 11)
/(1 — 0O =) = S G 3)

0

For the second inequality of Theorem 2.5, we know that | f”/|? is an s-convex in the first kind, it

must satisfies q p
pr (e [" U )l s 1 ()
2 - s+1 '

By applying the above inequality to (2.9), we acquired (2.10).
For the last result of Theorem 2.5, take

P2 +s+3
(s+1)(s+3)

3s

"= GFDETY

7 (an)|” + 1" (@),
s(s? +6s+11)

(s+1)2(s+2)(s+3)

st 465 +11s2+6s5+6
(s+1)2(s+2)(s +3)

ay =

7 (an)|* +

7 (a2)[*

1
and n = . in (2.8) and after applying this inequality to (2.10), we get (2.11). O
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Remark 2.6. Theorem 2.3 gives

(i) Result related to Hermite—-Hadamard type inequality for convex function by replacing s =

1, 1.e.,
T a) + ap (a2 —ar)?
o [ flea £ (M52 < g
[<|f//(a1)|Q+3‘f//(a]-gaz) ‘1>q+ <3|f//(a1-5az)|q+|f//(a2)|Q><1]
4 4

< (m—a) sz (a)l” +31/" <az>|‘1)é (A (an)|” + 514" <a2>|'I>3]
- 48 8 8
. -y (f"<a1>q+|f"<az>q)‘l‘,

24 2
where first inequality is the same result as we found in [13].
(i1) Also if we take ¢ = 1 in (2.11), then (2.2) achieved.

(iii) Result related to Hermite—Hadamard type inequality for refinement of quasi convex func-
tion by replacing s = 0, i.e.,

T a1+ as (a3 —a1)?
az—m/f(g)da_f( 2 >< 48 {

(o2 = a4 o () £ (@)
48

(a2 — ay)? (If” (an)|* +1£" <az>lq>‘l‘.

()i

IN

- 24 2

3 Application to Special Means

We begin with the definition of the following special means, as taken from [6].
(1) The Arithmetic Mean:

ay +az

A: A(al,az) = 2 N

ar,az € [0,00).
(2) The p-Logarithmic Mean:

1
a2p+1 _ a1p+1 P

Ly = Ly(a1,a2) = (p+ D)(az — ar)

;a1 # ag, ar,an € (0,00),

where p € R\ {—1,0}.
Next, we will establish some relationships between different means using the results obtained
in the previous section.

Example 3.1. Let the function f : [0, 1] — [0, 1] be defined by f(c) = o®. Then

(i) Theorem 2.1 becomes

(s = D(aa —a1)? 9
16

) A2 (ay, ap) +

S
|A%(a1,a2) — Li(ar, a2)| <

2(12572

(s+1)(s+2)(s+3)

sap2 24+ 6s+2
{3(34—3) (3(8+1)(S+2)

s(s—1)(ag — ar)?
48(s+1)2(s +2)(s +3)

+(s* + 957 +20s% + 125 + 6)ar* 7] .

[(s* + 557 + 145> 4+ 225+ 6)a;*~?
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(i1) Theorem 2.3 becomes

|A%(a1,a2) — Li(a1, a2)]
1

et a (L (L)

(50 + A% (ar, )t + (54 (ar, a2) + 0s™)

< s(s—1)(az — a1)? 1 g 1 \# y
- 16 2p+1 s+1
1 1
{((32 + s+ D)ay? 4 sb°) 7 + (sa® + (s* + s + 1)ar?®) ‘1}
Na—a)2 [ 1 \7 ,
< 8(8 )(012 al) ( ) A% (a?éaa2qs) )

8 2p+1

(iii) Theorem 2.5 becomes

|A% (a1, a2) — Li(a1, az)|

1
s(s— D(az—a)* [( s 3 '
< qs qs
= 48 s+3al +s—|—3A (a1, 02)
s(s2 + 65+ 11) 6 );
A% (a1, a2) + -
(3 D e 2" @)t s ]
s(s — 1)(az — a1)? s +s5+3 3s :
< B per sypur Ll
< 18 GG TerDEra™
( s(s4+6s+11) 0 st 4657 +115° +6546 qs>;
+ a “
(s + D2(s +2)(s +3) (s +12(s +2)(s +3)
B o 2
< s(s —1)(az — ar) [(s* 4 55° + 1457 4+ 225 + 6)a; %

24{2(s + 1)2(s +2)(s + 3)}7

+(s* + 957 + 205 + 125 + 6)ar ] .

Remark 3.2. In a similar way as of Example 3.1, we can find various relationship of our obtained
results with well known special means.

4 Application to Midpoint Formula

Let d be the division of the interval [ suchthatd : a; = 09 < 01 < -+ < 0| < 0 = ap, f 1S
integrable on [a, a,] and consider the quadrature formula

J= / f(o)do = M(f,d) + R(f.d),

where
n—1
M) = 7 (25 (o - )
k=0

is the midpoint formula and R(f, d) denotes the associated approximation error of the interval I.
Now, we are going to drive some estimated for midpoint formula
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Theorem 4.1. Let f : I C [0,00) — R be a twice differentiable function on I° such that " €
Llay,ay), where ay,a; € I° and ay < ay. If | f"| is an s-convex in the first kind on [ay, ay)] for
some fixed s € [0, 1), then the following inequalities hold:
Ok + Okt1
2

© (oni —0x)® [sl"(on)] | 1 s
R < 30 5645 3t ervera)

21f" (ox+1)]
+(5+ 1)(8—1—2)(5-1-3)}

Uk+1_07€)3 [(
48(s+1)%(s +2)(s +3)

IN

s* 4553 + 1457 4225 + 6)|f" (o)
k=0

+(s* + 957 + 20 + 125 + 6)| " (011)] -

Proof. We can write the inequality of Theorem 2.1 for [0y, 0%41] (K = 0,1,...,k — 1) of the
division d,

Ok+1

/ flo)do — (o1 — o) f <Jk+20k+l)‘
(Ore1 —or)? [s]f"(on)] 1 s o {0k + Opsi
ST [3<s+3> +{s+<s+1><s+z>} (2>'
2|f"(ox+1)|
+(3+ 1)(5—|—2)(s+3)]
(0k+1 — Uk)3 "
S WerGroeey I 240l (0)

+(s* + 957 + 205 + 125 + 6)| " (0411 ] -

By applying summation from £ = 0 to k = n — 1 to the above result, we obtain

o)do — M(f,d) ;fé L/ )do — (oup1 — o%) f (W)”
S [711‘(0)610 — (oks1 — ow)f (“*2")]
k=0 | | o
< S B (el ()
n 2| f" (ok41)] }
GFIGT 2+
<

(k1 — ox)’ 4 3 2 "
24854— 26126+ 3) [(s* +55° + 145" + 225 4 6)| f" (o)

+(s* + 957 +20s* + 125 4+ 6)| f (011)]] -
O

Theorem 4.2. Let f : I C [0,00) — R be a twice differentiable function on I° such that
1" € Llay,ay), where ay,az € I° and ay < ay. If | f"| is an s-convex in the first kind on [a1, 3]

1 1
for some fixed s € [0, 1] and q > 1 with 2; + 5 =1, then the following below stated inequalities
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hold:
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Proof. The proof follows with the same technique of the previous theorem, applying to the
inequality of Theorem 2.3 on [0, o+1]. O

Theorem 4.3. Let f : I C [0,00) — R be a twice differentiable function on I° such that
" € Llay, ap), where ay,ay € I° and ay < ap. If | f"|? is an s-convex in the first kind on [a1, a;)
for some fixed s € [0, 1] and q > 1, then the following below stated inequalities hold:

n—1 é
|R(f, d)| < Z (O'k+l4g O—k)s f// (Uk +20k+1> ‘q> +

k=0
6
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1

s . g 3
(5ol +

o (O + oks1 \|?
f< 2 )

( $?+s+3
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s+1)(s+2)(s+3)

q

" q 3s " q
|f" (o)l +m|f (0k+1)> +
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k=0

s(s* +6s+11) " q st 4+ 653 +11s> +65+6 , D
((s+1)2(s+2)(s+3)f( I G e+ o6+ ¢ (0k+1>|)

(0k+1 —Uk)3
=24 {2(s+ 1)2(s +2)(s +3)}7
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Proof. The proof follows with the same technique of Theorem 4.1, applying to the inequality of
Theorem 2.5 on [0, 0+1]- O

[(s* + 55 + 145> 4+ 225+ 6)| f" (o) |
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5 Conclusion and Remarks

5.1 Conclusion

The Hermite—-Hadamard dual inequality is one of the most well-known inequalities, with nu-
merous generalizations and variants found in the literature. In this paper, we have extended
this inequality using the class of s-convex functions of the first kind. Consequently, our results
encompass all known findings for convex functions and provide refinements for quasi-convex
functions. In Section 2, we presented three different results estimating the bounds of the abso-
lute difference between the left and middle terms of the Hermite-Hadamard dual inequality. We
employed various techniques, including the power mean and Hélder’s inequality, capturing sev-
eral results previously discussed in [13]. Sections 3 and 4 focus entirely on applications related
to well-known special means and midpoint formulas.
Now, we will provide some remarks and future ideas for readers.
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5.2 Remarks and Future Ideas

(i) All the inequalities presented in this article can also be formulated in reverse for concave
functions, using the simple relation that a function f is concave if and only if — f is convex.

(i) There is potential to explore the Fejér inequality by incorporating symmetric weights.
(iii) This work could be extended to the time scale domain.
(iv) It may be interesting to express all results stated in this article in a discrete context.

(v) Additionally, the results discussed here could be adapted for fractional calculus.
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